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Abstract. Let ApDq denote the disk algebra. Every endomorphism of ApDq is induced
by some φ P ApDq with }φ} ≤ 1. In this paper, it is shown that if φ is not an automorphism
of D and φ has a fixed point in the open unit disk then the endomorphism induced by φ
is decomposable if and only if the fixed set of φ is singleton. Further, we determine the
local spectra of the endomorphism induced by φ in the cases when the fixed set of φ either
includes unit circle or is a singleton.

1. Introduction
Let X be a complex Banach space and BpXq denote the Banach algebra

of all bounded linear operators on X. For T P BpXq, the resolvent set ρpT q
of T is the set tλ P C : pλ ´ T q´1 P BpXqu. The complement of ρpT q in C
is called the spectrum of T and is usually denoted by σpT q. The resolvent
function R : ρpT q ÝÑ BpXq, defined as, Rpλq “ pλ´ T q´1 for each λ P ρpT q,
is analytic on ρpT q. Hence for x P X, the function Rx : ρpT q ÝÑ X, defined
as Rxpλq “ pλ´T q´1x for each λ P ρpT q, is also an analytic function on ρpT q
and satisfies pλ´ T qRxpλq “ x for each λ P ρpT q. The function Rxpλq may
have an analytic extension to an open set G containing ρpT q. If for a fixed
x P X, any two of such analytic extensions agree on their common domain,
then we say that T has Single Valued Extension Property (abbreviated as
SVEP). Equivalently, an operator T P BpXq is said to have the SVEP if
for every open set G Ď C, the only analytic solution f : G ÝÑ X of the
equation pλ´ T qfpλq “ 0 for all λ P G is the zero function on G. It is clear
that if the point spectrum σppT q of T has empty interior, then T has SVEP.
The examples of operators without SVEP can be found among those which
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are surjective but not invertible ([5]). For x P X, the local resolvent of T
at x, denoted by ρT pxq, is defined as the union of all open subsets G of C for
which there is an analytic function f : G ÝÑ X satisfying pλ´ T qfpλq “ x
for all λ P G. The complement of ρT pxq in C is called the local spectrum
of T at x and is denoted by σT pxq. For a subset F Ď C, the local spectral
subspace of T is defined by XT pF q “ tx P X : σT pxq Ď F u. The subspace
XT pF q is not necessarily closed but is invariant under each operator which
commutes with T . If XT pF q is closed for every closed subset F of C then we
say that T satisfies Dunford’s property pCq. An operator T is said to have
Bishop’s property pβq if for every open subset G of C and every sequence of
analytic functions fn : G ÝÑ X with the property that pλ´ T qfnpλq ÝÑ 0
as n ÝÑ 8, locally uniformly on G, then fnpλq ÝÑ 0 as n ÝÑ 8, locally
uniformly on G. For T P BpXq, it is well known that T has property pβq ùñ
T has property pCq ùñ T has Single Valued Extension Property. The
implications cannot be reversed in general, for suitable examples see [2]
and [11]. An operator T is said to satisfy the decomposition property pδq
if for every open cover tU, V u of C, X “ XT pUq ` XT pV q, where XT pUq
is defined as the set of all x P X such that there is an analytic function
f : CzU ÝÑ X satisfying pλ ´ T qfpλq “ x. An operator T is called
decomposable if for every open cover tU, V u of C there exist T -invariant
closed subspaces Y and Z of X such that σpT |Y q Ď U , σpT |Zq Ď V and
X “ Y `Z. An operator is decomposable if and only if it has both properties
pβq and pδq. For further study of local spectral theory we refer to [1, 2, 4, 9]
and [12].

Let D be the open unit disk in the complex plane and D denote its closure in
the complex plane. Let ApDq denote the Banach algebra of analytic functions
on D which are continuous on D, equipped with supremum norm and pointwise
addition and multiplication. An endomorphism T : ApDq ÝÑ ApDq is a linear
map which also satisfies T pf1f2q “ T pf1qT pf2q, for all f1, f2 P ApDq. Every
endomorphism T of ApDq is induced by some φ P ApDq with }φ} ≤ 1, in
the sense that T pfq “ f ˝ φ, for all f P ApDq. In fact, if z is the identity
function then φ “ Tz. Thus endomorphisms of ApDq are nothing but the
composition operators induced by some φ P ApDq with }φ} ≤ 1. Therefore,
throughout this paper we denote by Cφ, the endomorphism on ApDq induced
by φ P ApDq. For further details on the disk algebra we refer to [6].

2. Main results
Definition 2.1. Let φ P ApDq with }φ} ≤ 1. For each positive integer n,
let φn denote the n-th iterate of φ with itself. The fixed set of φ is defined
as Xn≥1rangepφnq.
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Note that the fixed set of φ is either singleton or infinite. Further,
the fixed set of φ is connected and compact subset of D. The following
lemma gives a necessary and sufficient condition for the fixed set of φ to be
infinite.

Lemma 2.2. Let φ P ApDq with φp0q “ 0 and }φ} ≤ 1. Suppose that φ is
not an automorphism of D. Then the fixed set of φ is infinite if and only if
}φn} “ 1 for each positive integer n.

Proof. Suppose that the fixed set of φ is infinite. If possible, let N P N be
such that }φN} ă 1. First we assume that 0 ă |φ1p0q| ă 1.

Choose ε ą 0 such that p1` εq|φ1p0q| ă 1. Then by differentiability of φ
at 0, we can find a δ ą 0 such that

(1) |φN`1pzq| ă p1` εq|φ
1p0q||φN pzq| whenever |φN pzq| ă δ.

Since |φN pzq| ă 1 for all z P D therefore, by Schwarz’s lemma |φN`1pzq| ă
|φN pzq| for all z P Dzt0u. Hence |φN`1pzq| ă δ whenever |φN pzq| ă δ. This
together with (1) gives

|φN`2pzq| ă rp1` εq|φ
1p0q|s2|φN pzq| whenever |φN pzq| ă δ.

By induction, it follows that for each n ≥ 1,

|φN`npzq| ă rp1` εq|φ
1p0q|sn|φN pzq| whenever |φN pzq| ă δ.

Let F “ tφN pzq : |φN pzq| ≤ δ
2u. Then F is a compact subset of D with

non-empty interior. Also, }φn} ≤ 1 for each n ≥ 1. Hence, by Montel’s
theorem, tφn : n ≥ 1u is a normal family. Therefore, there exist a subsequence
pφnkq

8
k“1 of pφnq8n“1 and an analytic function f on D such that φnk converges

to f uniformly on F . Now

}φnk}F “ sup
wPF

|φnkpwq| ≤ rp1` εq|φ
1p0q|snk

δ

2
Ñ 0 as k Ñ8.

Hence }f}F “ 0. Because F has non-empty interior and f is analytic, it
follows that f ” 0 on D.

Thus φnk converges to 0 uniformly on each compact subset of D.
Let F1 “ tz P D : |z| ≤ }φN}u. Since }φN} ă 1, so φN pDq Ď F1. Now for

each n ≥ 1,

}φN`n} “ sup
zPφN pDq

|φnpzq|

≤ sup
zPF1

|φnpzq|

“ }φn}F1 .

As F1 is a compact subset of D, therefore }φnk}F1 converges to 0. This implies
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that }φN`nk} converges to 0. Hence
8
Ş

k“1

rangepφN`nkq “ t0u. Consequently,
8
Ş

n“1
rangepφnq “ t0u, which contradicts the fact that the fixed set of φ is

infinite. Hence }φn} “ 1 @n ≥ 1.
If φ1p0q “ 0, then put ε in place of p1 ` εq|φ1p0q| and rest of the proof

goes same as above.
Conversely, suppose that }φn} “ 1 for each positive integer n. Then for

each positive integer n, there is a real number θn such that |φnpeiθnq| “ 1.
Let φnpeiθnq “ eiαn , αn is real. Since peiαnq8n“1 is a bounded sequence,
therefore there is a real number β and a subsequence peiαnk q8k“1 such that
eiαnk converges to eiβ as k goes to infinity. We claim that eiβ is in rangepφnq
for each positive integer n. On contrary, suppose that there is a natural
number N such that eiβ is not in rangepφN q. Since rangepφN q is a compact
subset of D therefore, distpeiβ, rangepφN qq “ δ ą 0. For each nk ≥ N ,
eiαnk P rangepφN q. Therefore, |eiαnk ´ eiβ| ≥ δ ą 0 @nk ≥ N , which
contradicts the fact that eiαnk converges to eiβ . Therefore, eiβ is in the fixed
set of φ. Since 0 and eiβ are in the fixed set of φ and the fixed set is connected,
we conclude that the fixed set of φ is infinite.

Remark 2.3. If φ has a fixed point z0 P D other than 0, then by the
transform ηpzq “ z0´z

1´z0z
, we see that ψ “ η ˝ φ ˝ η has 0 as its fixed point.

Also, ψn “ η ˝ φn ˝ η for each n ≥ 1. Now it can be easily seen that }ψn} “ 1
if and only if }φn} “ 1 and the cardinality of the fixed sets of φ and ψ are
the same. Hence Lemma 2.2 also holds in this case.

Remark 2.4. The fixed set being infinite does not necessarily imply that
φ has a fixed point on the boundary. For example, φpzq “ z3´z

2 has infinite
fixed set as 0, i,´i are in range of each φn but φ has no fixed point on the
boundary.

The following proposition is an improvement over the Lemma 3 of [7].

Proposition 2.5. Suppose that φ P ApDq with }φ} ≤ 1 and φp0q “ 0.
Then we have following cases.

(1) If φ is an automorphism of D, then σppCφq “ tφ1p0qn : n ą 0u Y t1u.
(2) If φ is not an automorphism of D and the fixed set of φ is infinite, then

σppCφq “ t1u.
(3) If the fixed set of φ is t0u then

σppCφq “

$

’

&

’

%

t0, 1u, if φ ” 0,

t1u, if φ ‰ 0 but φ1p0q “ 0,

tφ1p0qn : n ą 0u Y t1u, otherwise.
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Proof. From Lemma 3 of [7], we know that if φ P ApDq with }φ} ≤ 1 and
φp0q “ 0 then

(2) σppCφq Ď tφ
1p0qn : n ≥ 1u Y t0, 1u.

(1). If φ is an automorphism of D, then by Schwarz’s lemma, φpzq “ φ1p0qz.
In this case, for each n ≥ 0, we have

Cφz
n “ φpzqn “ φ1p0qnzn.

Hence φ1p0qn is an eigenvalue of Cφ for each n ≥ 0. Since Cφfpzq “ 0 for all
z P D implies that f ” 0, we have σppCφq “ tφ1p0qn : n ≥ 0u.

(2). Suppose that φ is not an automorphism of D and the fixed set K of
φ is infinite. Let |λ| ă 1 and f P ApDq be such that

pλ´ Cφqfpzq “ 0, for all z P D.

Then
|λ|}f}K “ }f}K ,

where }f}K “ sup
zPK

|fpzq|. Hence we have }f}K “ 0. Since the fixed set K

is a connected subset of D containing more than one point, it follows that
f ” 0. Now as 1 P σppCφq, so from (2), we conclude that σppCφq “ t1u.

(3). If the fixed set K of φ is t0u, then from Theorem 9 of [7], we have
σpCφq “ tφ

1p0qn : n ≥ 1u Y t0, 1u. If φ ” 0, then Cφpzq “ φpzq “ 0. Since
Cφp1q “ 1, therefore σppCφq “ t0, 1u. Also, by preceding Lemma 2.2, there is
a natural number N such that }φN} ă 1. Hence by Theorem 1.2 of [8], CNφ is
compact and so Cφ is a Riesz operator. As the spectrum of a Riesz operator
consists of countable eigenvalues clustering possibly at 0, so for each n ≥ 0,
φ1p0qn is an eigenvalue of Cφ, provided φ1p0q ‰ 0. If φ ‰ 0 and φ1p0q “ 0,
then it is easy to see that σppCφq “ t1u. Thus the result follows.

Remark 2.6. If φpz0q “ z0 for some non-zero z0 P D then it can be easily
shown that the above proposition is also true with φ1p0q replaced by φ1pz0q.

We now state following lemma which will be used in our subsequent
results. The proof of this lemma can be found in [13].

Lemma 2.7. Let X be a complex Banach space and T P BpXq. Suppose
that σpT q is not a singleton and

Ş

xPX
x‰0

σT pxq ‰ ∅ then T has Single Valued

Extension Property but T does not have decomposition property pδq and hence,
T is not decomposable.
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Theorem 2.8. Let φ P ApDq, }φ} ≤ 1, φp0q “ 0 and Cφ be the endomor-
phism induced by φ. If φ is not an automorphism and the fixed set of φ is
infinite, then Cφ has Single Valued Extension Property but does not have
decomposition property pδq. Hence, in this case, Cφ is not decomposable.

Proof. The Single Valued Extension Property follows directly from the
Proposition 2.5 as σppCφq “ t1u, in this case. If f is a non-zero function
in ApDq such that fp0q “ 0, then from Theorem 7 of [7], it follows that
BD Ď σCφpfq. Also, it is easy to see that σCφpαq “ t1u for each non-zero
α P C. Now, let f P ApDq be a non-constant function such that fp0q ‰ 0.
Then we can write fpzq “ fp0q ` gpzq, where gp0q “ 0. We claim that
1 P σCφpfq. For, if 1 R σCφpfq then there exist a neighborhood G1 of 1 and
an analytic function F : G1 ÝÑ ApDq defined by F pλq “ Fλ and satisfying

pλ´ CφqFλ “ f for each λ P G1.

This implies that Fλp0q “
fp0q
λ´1 , which contradicts the fact that F is analytic

on G1.
Hence 1 P

č

fPApDq
f‰0

σCφpfq. Now by preceding Lemma 2.7, Cφ does not have

decomposition property pδq.

Remark 2.9. If φ has a fixed point z0 P D other than 0, then as in
Remark 2.3, Cφ is similar to Cψ. Therefore, by above theorem, Cψ is not
decomposable. Since decomposability is preserved under similarity, so Cφ is
not decomposable.

Definition 2.10. Let X be a complex Banach space and T P BpXq. The
analytic core of T is the set KpT q of all x P X such that there exists a
sequence pynq8n“1 Ă X and δ ą 0 for which:

(1) x “ y0, and Tyn`1 “ yn for every n ≥ 0.
(2) }yn} ≤ δn}x} for every n P N.

The analytic core KpT q of T is a subspace of X and TKpT q “ KpT q.
Mbekhta [10] and Vrbova [14] proved that for each λ P C, Kpλ ´ T q “
XT pCztλuq. The proof of above facts can be found in [1], [10] or [14].

Remark 2.11. Let T, S P BpXq be similar operators. Then T “ ASA´1

for some A P BpXq. It can be easily seen that A´1KpT q Ď KpSq and
AKpSq Ď KpT q.

Lemma 2.12. Suppose that φ P ApDq with }φ} ≤ 1, φp0q “ 0 and φ is not
an automorphism of D. If the fixed set of φ includes BD, then KpCφq “ C.
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Proof. It is easy to see that C Ď KpCφq. We shall show that if f P KpCφq
with fp0q “ 0, then f ” 0. From this it will follow that KpCφq “ C. To this
end, let f P KpCφq and f has a zero of multiplicity n at 0. Then by definition
of analytic core, there is a sequence pfnq8n“1 Ď ApDq and δ ą 0 such that

f0 “ f, Cφfn`1 “ fn and }fn} ≤ δn}f} for each n ≥ 1.

This implies that }f} “ }fn ˝ φn} ≤ }fn} ≤ δn}f} for each n ≥ 1. Hence
δ ≥ 1. Since φpBDq Ě BD, therefore }fn ˝ φn} “ }fn} “ }f} for each n ≥ 1.
Hence we can take δ “ 1. Thus

F pλq “ ´
8
ÿ

n“1

λn´1fn

is an analytic function on D satisfying

pλ´ CφqF pλq “ f for each λ P D.

Also from Theorem 7 of [7], the function

Gpλqpzq “ λ´1
8
ÿ

k“0

fpφkpzqqλ
´k for all z P D,

is analytic in tλ : |φ1p0q| ă |λ| ă 1u and satisfies

pλ´ CφqGpλq “ f.

As Theorem 2.8 ensures us that Cφ has SVEP, we must have

F pλq “ Gpλq for each λ with |φ1p0q| ă |λ| ă 1.

This implies that
8
ř

k“0

fpφkpzqqλ
´pk`1q `

ř8
k“1 λ

k´1fkpzq “ 0 for |φ1p0q| ă |λ| ă 1 and |z| ă 1.

The above expression is a Laurent expansion of an analytic function which is
zero on tλ : |φ1p0q|n ă |λ| ă 1u, therefore fpφkpzqq “ 0 for each k ≥ 1 and
|z| ă 1. Fix z0 P D, then by Schwarz’s lemma, φkpz0q ÝÑ 0 as k ÝÑ 8.
Now, since fpφkpz0qq “ 0 for each k ≥ 1 and fp0q “ 0, therefore f ” 0. Thus
KpCφq “ C.

Corollary 2.13. Suppose that φ P ApDq with }φ} ≤ 1, φpz0q “ z0 for
some non-zero z0 P D and φ is not an automorphism of D. If the fixed set of
φ includes BD, then KpCφq “ C.

Proof. If φpz0q “ z0 for some non-zero z0 P D, then from Remark 2.3,
Cψ “ CηCφCη and from above lemma KpCψq “ C. Further, by Remark 2.11,
C “ CηpCq “ CηpKpCψqq Ď KpCφq and CηpKpCφqq Ď KpCψq “ C. Hence
KpCφq “ C.
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Theorem 2.14. Suppose that φ P ApDq with }φ} ≤ 1, φpz0q “ z0 for some
z0 P D and φ is not an automorphism of D. If the fixed set of φ includes BD
then Cφ has property pβq. Moreover,

σCφpfq “

#

t1u, if f is a non-zero constant,
D, if f is non-constant.

Proof. If φ is not an automorphism and the fixed set of φ includes BD then
Cφ is a non-invertible isometry. Hence by Proposition 1.6.7 of [9], Cφ has
property pβq and, for each f P ApDq, σCφpfq is either contained in BD or is
equal to D. But from the Corollary 2.13, we have

KpCφq “ ACφpCzt0uq “ C,
where ACφpCzt0uq “ tf P ApDq : 0 R σCφpfqu. Hence

σCφpfq “ D, for each non-constant f P ApDq.
It is easy to see that σCφpαq “ t1u for each non-zero α P C. Thus the result
follows.

Definition 2.15. Let X be a complex Banach space and T P BpXq. The
quasi-nilpotent part of T is defined to be the set

H0pT q “ tx P X : lim
nÑ8

}Tnx}
1
n “ 0u.

Note that H0pT q is a subspace of X. Further, if T has Single Valued
Extension Property, then for each λ P C, H0pλ´ T q “ XT ptλuq. For proof,
see [1], [10] or [14].

Definition 2.16. An operator T P BpXq, where X is a complex Banach
space, is super-decomposable if, for every open cover tU, V u of C there is an
operator S P BpXq which commutes with T and for which

σpT |SXq Ď U and σpT |pI ´ SqXq Ď V.

It is easy to see that every super-decomposable operator is decomposable.
Now we determine the local spectra of Cφ at each f P ApDq when the

fixed set of φ is a singleton.

Proposition 2.17. Let φ P ApDq with }φ} ≤ 1 and φp0q “ 0. If the fixed
set of φ is t0u and φ1p0q “ 0, then Cφ is super-decomposable and for each
non-zero f P ApDq,

σCφpfq “

$

’

&

’

%

t1u, if fp0q ‰ 0 and g ” 0,

t0u, if fp0q “ 0 and g ‰ 0,

t0, 1u, if fp0q ‰ 0 and g ‰ 0,

where fpzq “ fp0q ` gpzq.
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Proof. If φ1p0q “ 0, then by Theorem 9 of [7], we have σpCφq “ t0, 1u and
hence by Proposition 1.4.5 of [9], Cφ is super-decomposable. Also, for the
closed sets t0u and t1u, we have

(3) ApDq “ ACφpt0uq ‘ACφpt1uq.

It is easy to see that C Ď ACφpt1uq. Let f P ApDq has a zero of multiplicity
n at 0. Then fpzq “ zngpzq, g P ApDq. Hence,

lim
kÑ8

}Ckφf}
1
k ≤ lim

kÑ8
p}φk}

n}g}q
1
k “ lim

kÑ8
}φk}

n
k .

Since the fixed set of φ is t0u, therefore by Lemma 2.2, there is a natural
number N such that }φN} ă 1. Hence by Lemma 6 of [7], for a given ε ą 0
and r “ }φN}, there is a B ą 0 such that |φkpφN pzqq| ≤ Bεk for all z P D.
This implies that }φk`N} ≤ Bεk. Hence lim

kÑ8
}φk`N}

1
k`N ≤ ε. Thus

lim
kÑ8

}Ckφf}
1
k ≤ ε.

Therefore f P H0pCφq “ ACφpt0uq. If f is a non-zero function in ApDq then
fpzq “ fp0q ` gpzq, g P ApDq. Now using equation (3), it can be easily seen
that

σCφpfq “

$

’

&

’

%

t1u, if fp0q ‰ 0 and g ” 0,

t0u, if fp0q “ 0 and g ‰ 0,

t0, 1u, if fp0q ‰ 0 and g ‰ 0.

Remark 2.18. Suppose that φ has a fixed point z0 P D other than 0 and
φ1pz0q “ 0. From Remark 2.3, Cψ “ CηCφCη. Then it is easy to see that for
each f P ApDq,

(4) σCψpfq “ σCφpCηfq.

Let f P ApDq, then there exists a unique g P ApDq such that fpzq “
gpηpzqq for each z P D. Let gpzq “ gp0q`hpzq, where h P ApDq and hp0q “ 0.
Then

fpzq “ gpηpzqq “ gp0q ` hpηpzqq for each z P D.

Here hpηpz0qq “ hp0q “ 0. Thus each f P ApDq can be uniquely expressed as

(5) fpzq “ α` f1pzq,

where f1 P ApDq and f1pz0q “ 0.
Now, if g P ApDq is such that gpz0q “ 0, then g “ h ˝ η for some h P ApDq

with hp0q “ 0. Hence from Proposition 2.17 and equation (4), we get

t0u “ σCψphq “ σCφpCηhq “ σCφpgq.
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Now using equation (5) and the arguments used in Proposition 2.17, it can
be easily shown that for each non-zero f P ApDq,

σCφpfq “

$

’

&

’

%

t1u, if α ‰ 0 and f1 ” 0,

t0u, if α “ 0 and f1 ‰ 0,

t0, 1u, if α ‰ 0 and f1 ‰ 0.

In the subsequent results, we assume that φ1p0q ‰ 0.

Definition 2.19. (1). Let pFnq8n“1 be a sequence of subsets of C. The
limit inferior, lim inf Fn is the set of λ P C such that every neighbourhood of
λ has non-empty intersection with all but finitely many of the Fn.
(2). Let ξ be a mapping defined on a subset F of a metric space into the
subsets of C. Then ξ is said to be lower semicontinuous at x P F if for each
sequence pxnq8n“1 Ď F such that xn ÝÑ x, we have ξpxq Ď lim inf ξpxnq.

For x P X and T P BpXq, the local spectrum σT pxq is a function of two
variables x and T . In [3], Dollinger and Oberai studied the continuity of
σT pxq as a function of T and as a function of x. In particular, they proved
that if T has Dunford’s property pCq, then the map x ÞÝÑ σT pxq is lower
semicontinuous at each x P X.

If φpzq “ z
2 , then it is easy to see that the set of eigenfunctions of Cφ

forms a Schauder basis of ApDq. We feel that this is the general nature of the
eigenfunctions of Cφ in the case when φ is not an automorphism, φ1p0q ‰ 0
and the fixed set of φ is t0u. Motivated by this simple example, we give the
following result.

Theorem 2.20. Let φ P ApDq with }φ} ≤ 1 and φp0q “ 0. If the fixed set
of φ is t0u then Cφ is super-decomposable. Moreover, if fn, n ≥ 0 is an
eigenfunction corresponding to the eigenvalue φ1p0qn and spantfn : n ≥ 0u is
dense in ApDq, then for each non-zero f P ApDq

σCφpfq “ tφ
1p0qn : n ≥ 0 and an ‰ 0u,

where fpzq “
8
ř

n“0
anfnpzq.

Proof. If the fixed set of φ is t0u, then by Theorem 9 of [7], σpCφq is countable.
Hence by Proposition 1.4.5 of [9], Cφ is super-decomposable.

It can be easily seen that f0 “ 1, f pkqn p0q “ 0 @k, 0 ≤ k ≤ n ´ 1 and
f
pnq
n p0q ‰ 0. Hence tfn : n ≥ 0u is linearly independent and from our
hypothesis tfn : n ≥ 0u is a Schauder basis of ApDq. From Proposition 1.3.2
of [9], we have

σCφpfnq “ tφ
1p0qnu, for each n ≥ 0.
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Let f P ApDq. Then there exists a sequence of scalars panq8n“1 such that f “
8
ř

n“0
anfn. For each n ≥ 0, put gn “

n
ř

m“0
amfm and Fn “ tφ1p0qm : 0 ≤ m ≤

n and am ‰ 0u. We claim that σCφpgnq “ Fn. The inclusion σCφpgnq Ď Fn
follows easily from the definition. For the reverse inclusion, suppose that for
a non-negative integer k, φ1p0qk P Fn but φ1p0qk R σCφpgnq. Consider F “

Fnztφ
1p0qku. Then fk R ACφpF q. Since σCφpgnq Ď F , σCφp

n
ř

m“0,m‰k

amfmq Ď

F and ACφpF q is a subspace of ApDq, therefore gn´
n
ř

m“0,m‰k

amfm P ACφpF q.

This implies that fk P ACφpF q, which is a contradiction. Thus σCφpgnq “ Fn.
It is easy to observe that

F0 Ď F1... Ď Fn Ď Fn`1...

Hence, lim inf Fn “ tφ1p0qn : n ≥ 0 and an ‰ 0u. Since gn ÝÑ f and the
map g ÞÝÑ σCφpgq is lower semicontinuous [3], therefore

σCφpfq Ď tφ
1p0qn : n ≥ 0 and an ‰ 0u.

To prove that above inclusion goes other way round, suppose that for some
k ≥ 0, ak ‰ 0 and φ1p0qk R σCφpfq. Consider

F “ tφ1p0qn : n ≥ 0, n ‰ k and an ‰ 0u.

Then fk R ACφpF q. Since σCφpfq Ď F , σCφp
8
ř

n“0,n‰k

anfnq Ď F and ACφpF q

is a subspace of ApDq, hence f ´
8
ř

n“0,n‰k

anfn P ACφpF q. This implies that

fk P ACφpF q, which is a contradiction. Thus

tφ1p0qn : n ≥ 0 and an ‰ 0u Ď σCφpfq.

Since σCφpfq is compact, therefore

tφ1p0qn : n ≥ 0 and an ‰ 0u Ď σCφpfq.

Thus we get
σCφpfq “ tφ

1p0qn : n ≥ 0 and an ‰ 0u.

Remark 2.21. If φ has a fixed point z0 P D other than 0, then above
theorem is still true with φ1p0q replaced by φ1pz0q.

Combining Theorem 2.8 and Theorem 2.20, we have the following result.

Theorem 2.22. Let φ P ApDq with }φ} ≤ 1 and φpz0q “ z0, where |z0| ă 1.
Suppose that φ is not an automorphism of D. Then Cφ is decomposable if
and only if the fixed set of φ is tz0u.
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