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Abstract. Some Ostrowski type inequalities for functions whose second derivatives
in absolute value at certain powers are s-convex in the second sense are established. Two
mistakes in a recently published paper are pointed out and corrected.

1. Introduction

We recall that Hudzik and Maligranda in [2]| have defined a function
f:10,00) — R to be s-convex in the second sense if

fAz+ (1 =XNy) <Xf(z) + (1=X1)°f(y)

holds for all z,y € [0,0), A € [0,1] and for some fixed s € (0,1]. The class
of s-convex functions in the second sense is usually denoted with K2. Tt
can be easily seen that for s = 1, s-convexity reduces to ordinary convexity
of functions defined on [0,00). It is proved in [2| that all functions from
K2,s¢€(0,1) are nonnegative.

In a recent paper [5|, Set et al. proved the following inequalities for
functions whose second derivatives in absolute value at certain powers are
s-convex in the second sense.

THEOREM 1. ([5|, Theorem 4) Let I < [0,00), f : I — R be a twice
differentiable function on I° such that f” € L'[a,b], where a,b e I with a < b.
If | f"] is s-convez in the second sense on [a,b] for some fized s € (0,1], then
the following inequality holds:
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L rwa- s+ (a5 1)

1 " ()] 2" (a)|
B Q(b—a){{ s+3 (s+1)(s+2)(s+3)](x_a)3

1" ()] 2| f"(b)|
* { s+3 (S+1)(s+2)(s+3)}(b_$)3}’

for each x € [a,b].

THEOREM 2. ([5|, Theorem 6) Let I < [0,00), f : I — R be a twice
differentiable function on I° such that f” € L'[a,b], where a,b € I with a < b.
If |12 is s-convex in the second sense on [a,b] for some fized s € (0,1] and
q > 1, then the following inequality holds:

i [ rwar— s+ (o= 50w
S0 ()

(b—a)® (1) 75 (| ()] 2/ £ (b)) i
+2(b—a)<3> <s+3 +(S—|—1)(s—|—2)(s+3)> ’

for each x € [a,b].

However, it’s a pity that Theorem 7 in [5] is not valid since a nonnegative
|f”]? could not be an s-concave function for any fixed s € (0,1) which
has been mentioned in [3|, and, it is the Hoélder inequality but not the
power mean inequality, which has been used in proving the Theorem 6
of [5].

In this work, we will derive some Ostrowski type inequalities for functions
whose second derivatives in absolute value at certain powers are s-convex in
the second sense, which not only provide generalizations of Theorem 1 and
Theorem 2, but also give some interesting special results.

2. Main results

In order to establish our main results, we need the following lemma.

LEMMA 1. Let I c R, f: I — R be a twice differentiable function on I°
such that f" € L'[a,b], where a,b e I with a <b. Then for any 6 € [0,1] and
€ [a,b], the following equality holds:
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@ s [ [a-nse+e O a0 (- 0 o
— (Q”Eb__“ij Ll <t2 — 92 :Zt) "tz + (1 —t)a) dt
+ gzb__xi:; Ll <t2 - HZ__Zt> F"(tx + (1 —t)b) dt.

Proof. From ([5], Lemma 1), we have

S

1

= | fd =@+ @ - @)
r—a)3 (! )3t
= (2(b— C)L) L 2" (tx + (1 — t)a) dt + ;lzb—i) JO 2" (tx + (1 — t)b) dt,

for each x € [a, b].

On the other hand, we have

b a
[ - 10410

b
o e Al IO

= 2(1)1—a) [f(t —a)(t —b)f"(t)dt + Lb(t —a)(t—b)f"(t) dt]
_ Q(bl_a) {(x —a)? Ll (t2 - Z:Zt) £tz + (1 — t)a) dt
(b—a) Ll (t2 - Z:Z;) F(tz + (1= 1)) dt],

by changing the variable ¢ of the first integral to tz + (1 —¢)a and the variable
t of the second integral to tz + (1 — ¢)b on the third line.
Consequently,

o[- a0 e IO oo (o - ) )
~ -0 [ e+ (-2 )]
+a[b_1aLbf(t)dt—W]
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(z —a)®

1
= (1_0)[2@—@) L t2f"(tx + (1 — t)a) dt

+ éb(b__x; Ll 21" (ta + (1 — t)b) dt}
e[gb__"’g JOI (2 — i:‘;t)f”(tx +(1—t)a)dt
+ gzb__x; Ll (t2 = Z:Zt> F'(tx + (1= 1)b) dt}
_ ggb__“;j fo 1 <t2 - 92:3t> 't + (1= t)a) dt
n ;lzl:—xij Ll ( HZ_t)f (tz + (1 — t)b) dt.

The proof is completed.

THEOREM 3. Let [ < [0,0), f: I — R be a twice differentiable function
on I° such that f" € L'[a,b], where a,b e I with a <b. If |f"|? is s-convex
in the second sense on [a,b] for some fized s € (0,1] and ¢ > 1, then the
following inequalities hold:

fbf@) t - [(1 —0) /() + 0

’b_a a

f(a)+f(b)]
2

R S I
< (ZC—a)3[19b_a +1<eb_a)3]1_;

2xz—a 3\ z—a

{L+3 s i T <92:Z)8+3]|f”<x)lq

* [2(1_92:2)s+2<(5+2)9(3+3)2:2 HCE 8i2)(8+3))

Q=

(s+1)(s+2)2:z (s+1)(s—?—2)(s—|—3]|f” }
3q1-1
o () |

2(b
0 b—a 2 b—a s+3 ,
{L—i—B s+2b—x+(s+2)(s+3)<gb_m> ]|f (z)|?
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* [2(1—953__5'2)8+2<<8+2ﬁ5+3>2i§ * (5+1)(s—?—2)(8—|—3)>

0 b—a 2 " a
T T )h—2 (s+1)(s+2)(s+3)]|f (b”q}

f hl‘ [7%]wth0<0<%<b_ <]_ fTeaChxe[“T*'b,b]
]jf Bt — [1 o7y 4 6710+ f()]

. 9)( —C‘Q“J)f%a:)

a b—a 2
M 2(1_%_9@) ((s+2)( +3)b— x+(s+1)(5+2)(8+3)>
0 b—a 2 , @
+(s+1)( +2)b—x (s+1)(s+2)(s+3)]|f (b)|q}
for each x € [a, “EP] with 0 < =2 < g < b=2 <1,

’Jf P dt— {1 0)f(x) + 0L DF f(b)}+(1—9)<x—a—i_b>f'(:c)
S2(b )><Zi: _;>1_q{<si22:2_si3>|f,/($)|lq

0 b—a 2 " q e
+[ s+1)(s+2)x—a_ (3+1)(s+2)(s—|—3)]|f (a)] }
b—=x
2

(
i (G —;)){(i;;: - Si3>|f”(lw)lq
+ [(3—1-1)9(34-2)2:2 o (8+1)(8i2)(8+3):||f”(b)|q}q

2
1 0 b—a 2 b—a\*™7, ,,
_ q
X{ s+3 s+2b—x+(s+2)(s+3)<0b—x> ]|f @)l
[ s+2 0
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for eachme[a,‘%b] Uﬂ'thoﬁ%ﬁ%g@gl, or for eachxe[“Ter,b]
with 0 < =2 < 2=¢ < g < 1,

22z—a 3\ z—a

s si2i:z+(s+2)2(s+3)(92:Z>8+3]|f”(m)lq

* [2< H>s+2<(s+2f(s+3)i:2 * (s+1)(s—|2—2)(5+3)>

1

ezl G
LBz

2

T
0o (G- 1>1_{( - @
+[(s+1f(5+2)2:2_( +1)(s iz)(w:s)}f”(b)'q}

for each x € [“;b,b] with 0 < bf << 2 <1

< (x—a)3[1_9b—a +1<eb—a>3]1—;

b—a
( +1)(s+2)x—a (s+1)(s
)

=

q

Proof. By Lemma 1 and using the Holder inequality, we have

’biaLbf(t)dt— [(1—9)f(x)+0f(a)—2i-f(b):|

ra-o(e- 250 ) 1@

x—a3 1 —a
= (z(b—i)L tz‘G%t " (te + (1 = t)a)| dt
_ )3t Ca
+§Eb_3l)ﬁ) t* — z_mt|f”(tﬂz+(1—t)b)|dt
(@—a) (! b— -
§2<b_a>(f0 L dt)
! q
" (L =00+ (1 1) >|th>




404 Z. Liu

2 b= atchtl_é
2 f| b x|
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* gzzb—_x();)’ (
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- (;Zb_—ac)x

- Zt‘]f”(tx +(1—t)b)[ dt> ’

1-1
q
)

— el 0= ol at)

i

1 _ 1-1
JtQ b—a, dt) !
0

b

b—x
— el + (- ol )

b—a 1_%
—0——t|dt
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b_
e
xr—a

Ll

Q=

-0

Q|

1
J, I
0

t(l—t)sdt)l]

! b—a ! b—
X <yf”(:c)yq 2 —0——t tsdtﬂf”(a)yqf t2 -0
0 r—a 0 r—a
1
(b— )’ f 20— T
t2 -6 t| dt
* 2(b—a)\ Jo b—x
(1" ()| 1t2—0b_att5dt+|f"(b)]qf1 2P =% (1~ 0y at :
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where

1 h— 92:3 h—
9) Jtz—ﬁ atdt:f t<0 a—t)dt
0 r—a 0 r—a
1 J—
+J t<t—9b a)dt
gb%(; r—a
1 6b—a 1 b—a\®
— % (e ,
3 2zxz—a 3\ xz—a
ebfa
r—a b—
tes dt = f t<0 a4 —t>tsdt
0 r —a
1 _
+f t<t—9b a)tsdt
9% Tr—a
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= _ 1 _
:J t(&b a—t)(l—t)sdt—l—f t(t—eb a)(l—t)sdt
0 T —a = r—a

B 2<1_92:2>8+2<(s+2is+3)i:3 " (3+1><3i2>(3+3>>

0 b—a 2
+(s+1)(s+2)xfa_(s+1)(5+2)(5+3)7

in case 0 < Qb = <1, or equivalently, 0 < 8 < == <1, and

! b—a L b—a 0b—a 1
12 -0 t|dt = t{ 0 —t|dt = - - =
(12) JO —da L (:):—a > 2r—a 3’

1 - 1 - _
(13)J _pbzay tsdt:J <9b a—t)t‘”ldt: b bza 1

0 x—a 0 x—a s+2x—a s+3’

1 b—a 1 b—a
14 20 1 —t)dt=| t(6 —t)(1=t)*dt
aa) [ fe-ol =t —nra= [ (6220 <)

B 0 b—a 2
T s+ D(s+2)z—a (s+1D(s+2)(s+3)’

in case Gb— > 1, or equivalently, 0 < 7= < 6 < 1, and similarly,

1
(15) j
po=a 1 _
f t(b t>dt+J t(t—eb a)dt
0 b ’;:7; b—=x

1 Hb—a+1( b—a)
3 2b—2x 3 b—2z'’
1

| dt

b_
t2—0
b—x

b—
(16) f LN PP
0 b—x
09=2 _ 1 -
=J t(@b a—t>t5dt~|—j t(t—eb a>t5dt
0 b—=x pi=2 b—=x
1 0 b—a 2 b—a

— )s+3

)

s+3_s+2b—x+(s+2)(s+3)( b—=x



406 Z. Liu

1
m>j
0
03=2 b—a 1 b—a
= AN —t (1 —t)%dt t{t—20 1—t)%dt
L <b—x >( ) +Lga< b—ﬂf)( )

:QO‘ﬂZ:ZYH<@+ais+m2:Z*%s+wwiﬂﬂs+@>
9 b—a 2

T GT)G+2b—2 (+D(s+2)E+3)

b—a

t2—0b t

(1—t)°dt

— X

in case 0 < 92:—; < 1, or equivalently, 0 < 0 < Z:—i <1, and

! b—a L'/ b—a 0b—a 1
18 2 —0 tldt=| t[{6 —t)dt == -
(18) J b JO <b—x ) 2b—x 3’

0 — X
1
_ _ 1
tsdtzf <0b a—t)ts“dtz 0 b-a

1 b—a
2_

0 0 b*l' S+2b*$_5+3’
1 1
b—a b—a
20 2 -0 1 —%dt=| t(6 —t)(1—#t)*dt
@) [ lE-o=ta-na [ (o320 )0
0 b—a 2

T+ D(s+2)b—x (s+1D(s+2)(s+3)’

in case 02:—; > 1, or equivalently, 0 < Z:—‘z <f<1.

2
r—a<b—x<b-aandit follows 0 < =2 < 3=F < 1, which indicates
0

6 < 2o < bz <

Moreover, it should be noticed that for each = € [a, 22], we have 0 <
b—x

that three cases have to be considered as (i) -
a

(i) 0 < =2 <9 < =2 <1, (iii) 0 < 2 < 2£ < 9 < 1, and for
each = € [GTH’,b], we have 0 < b—2 < z—a < b— a and it follows
0< g:—z < % < 1, which indicates that another three cases have to be
considered as (iv)OSHSZ:—zgggf_ggl, (v)og’ﬁ—ﬁgegﬁgl, (vi)
b— _
o<pE<grco<l
Combining (8) with (9)—(20), and taking into account the above explana-
tion, the inequalities (4)—(7) follow.

The proof is thus completed. =

COROLLARY 1. Let I < [0,0), f: I — R be a twice differentiable function
on I° such that f" € L'[a,b], where a,b e I with a < b. If |f"| is s-convex
in the second sense on [a,b] for some fized s € (0,1], then the following
imequalities hold:
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2 ‘bi f " fryd - [(1 —0)f(w) + 0102 <b>]

+(1—6’)<az—a;b>f’(x)

S

{2( ) <s+2 s+3w a (s+1)(si2)(s+3))
+(S+1is+2)i (s+1)(s—2k2)(s+3)]’f()’}

( z)? 1 8 b—a 2 b—a
2(b a){{s—i—?: s+2b m+(s—|—2)(s+3)(0b )+3}|f()|

o210
e +2>z e ] [Cl)

for each x € [a, ib] wzth0<9<b%§g: <1, orforeachme[%rb,b]
with 0 < < =2 < 2= <

> <s+2 s+3>§_§+<s+1><sig><s+3>>

@ [ [ roa-[a-0s@ O amp (-0 1
f(zgib__aij{( izz Z_s+3>|f( )
06 b-a
+[(s+1)(s+2x a (s+1)( 3+2 3+3} ‘} i
.
é(b {[841—3 siﬂ? i (s +2) s—|—3< ) } 2l
*[2<1 9b 33) (<s+2ﬁs+3>§ §+<s+1><s 2)(s+3)>

0 b—a 2 "
T Der bz (T DE 6T >]'f (b)}

for each x € [a, ib] wzth0<—<9<b_ <1,

(23) ‘bijf dt_[(l_e)f(Hef();f()]
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<ol (e o))

+{(s+1 5+2) Z:Z (S—|—1)(5—?—2)(54—3)]‘]0”(@‘}
L

b—2x)3 0 b— M
2(b a) (3—|—2b 3—|—3 £ @)l

s+ D(s+2)(s+ 3)}“”(6)'}

(
for each x € [a, 2] with 0 < $=2 < 222 < 9 < 1, or for each z € [“£2,b]
with 0 < =2 < 420 < g <]

ra-o(e- 250 ) 1@
(2( C)l){{5i3_5i22:2+(8+2)2(8+3) <92:Z>S+3}|f"(ﬂﬁ)l

+{2<1_92—Z>S+2<(S+2)9(s+3)i—z+(5+1)(s—2k2)(s+3)>
0 b—a 2

e )s+2)x-a‘(s+1)(s+2)(s+3)]’f (a)’}

(
V(e Ly
b—a )

9 "
(s+1)(s+2)b—z (s+ 1)(s+2)(s+3)]’f (b”}

for each x € [“er,b] with 0 < %:—Z" <0< o<1

Proof. The inequalities (21)—(24) are immediate by setting ¢ = 1 in (4)—(7)
of the Theorem 3. u

REMARK 1. If we take 8 = 0 in Theorem 3 and Corollary 1, respectively,
then we recapture Theorem 2 and Theorem 1.

COROLLARY 2. Let I < [0,0), f: I — R be a twice differentiable function
on I° such that f" € L'[a,b], where a,b e I with a <b. If |f"|9 is s-convex
in the second sense on [a,b] for some fized s € (0,1] and ¢ > 1, then the
following inequalities hold:
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ff b dt — [ ( +b>+6f(a);f(b)”
g 1
3

. <s-1+3_32+92+( +(39 )‘f< >"1

o 20 2
+((1_29) \eroes T eres )(5+3)>

* ETO6T) T TG e T )|
ig 252*( +(26 )‘f< )‘
(1-26)*" <(s+2§?g+3)+(8+1)(&‘>’"|2r2)(5>‘1 3)>

20 2 AT
+(s+1)(s+2)_(s+1)<s+2)(s+3)>’f (b)‘] }

for % <6<1.
Proof. Set z = ‘%“b in Theorem 3. m

REMARK 2. If we take ¢ = 1 in (25) and (26), then we get

(27) 'ff £) dt — [1 0/ <+b>+9f(a)42rf(b)”

409
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[ ()

_ s+2 20 2

*[(1 26) <(s—|—2)(8+3)+(8+1)( 2)(s+3)>
LA ! ]<| ()] + 1/ <b>|>}

(s+1)(s+2) (s+1)(s+2)(s+3)

for % <6 <I1.
REMARK 3. If we take § = 0 in (27), then we get a midpoint type inequality

1 b a+b
@) | [ roa-1("50)
(b—a)2 1 nfa+b " "
=3 [s+3‘f( 2 ) +(S+1)(s+2)(5+3)(‘f @l +1/ (b)D]'
If we take = 1 in (28) then we get a trapezoid type inequality

o S

e ]f ( N+ g (@l ron|

If we take 0—7 n(27) then we get a Simpson type inequality
o | [ g @ ar(50) + s
(b—a)’[ 1
<

8 [s+3 3(32+2)+(s+2)2( +3(> ”f< )‘

25 + 8 1\3+2

* [3(8—1—1)(54—2)(34—3) (3)

s e @ o)

1
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If we take § = 1 in (27) or (28), then we get an averaged midpoint-
trapezoid type inequality

@ [ [ i[nw 20 (“50) + s

2
(b—a)2 " pfa+b "
< g @2 () o

REMARK 4. If we put M = sup,¢q 4 | "] in (29)-(32), then we have
1 a+b M(s? +3s+4)(b—a)?

P t)dt — <

b—aLfU f( 2 )’_ 8(s+1)(s+2)(s+3)’

in which a misprint in Corollary 3 of [5] has been corrected,

1t fla)+ f(b)|  M(s?*+7s+8)(b— a)?
b—aLf(t)dt_ 2 ‘S8(3+1)(3+2)(3+3)’

(33)

(34)

M(b— a)?
T 24(s+1)(s+2)(s+3)

1 s+2 92 s+3
x [52 + 35 + (45 + 16) (3) +6(s+1) (3) }
and

(36) b_laf:f(t) at - i[f(a) ¥ 2f(“+ b) v f(b)” < m

2
REMARK 5. If we further take s = 1 in (32)—(36), i.e., for functions f with
convex |f”|, we have

w2 [ rwa- i@ ar () o)
<

b a _a2

(37 [ rwan- ()] < MO
U g L@ S0 MO~ a2
(39) i [ s L IO MO

which recaptures a result in [4].

3 [t [0 i var(5) « s < MO
[t [ o= ver (5 + s < MO

Obviously, (37)—(40) indicate that the Simpson type inequality has the
best error estimation for functions f with convex |f”|.
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