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Communicated by A. Fryszkowski

Abstract. Some Ostrowski type inequalities for functions whose second derivatives
in absolute value at certain powers are s-convex in the second sense are established. Two
mistakes in a recently published paper are pointed out and corrected.

1. Introduction

We recall that Hudzik and Maligranda in [2] have defined a function
f : r0,8q Ñ R to be s-convex in the second sense if

fpλx` p1´ λqyq ≤ λsfpxq ` p1´ λqsfpyq

holds for all x, y P r0,8q, λ P r0, 1s and for some fixed s P p0, 1s. The class
of s-convex functions in the second sense is usually denoted with K2

s . It
can be easily seen that for s “ 1, s-convexity reduces to ordinary convexity
of functions defined on r0,8q. It is proved in [2] that all functions from
K2
s , s P p0, 1q are nonnegative.
In a recent paper [5], Set et al. proved the following inequalities for

functions whose second derivatives in absolute value at certain powers are
s-convex in the second sense.

Theorem 1. ([5], Theorem 4) Let I Ă r0,8q, f : I Ñ R be a twice
differentiable function on I˝ such that f2 P L1ra, bs, where a, b P I with a ă b.
If |f2| is s-convex in the second sense on ra, bs for some fixed s P p0, 1s, then
the following inequality holds:
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(1)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´ fpxq `

ˆ

x´
a` b

2

˙

f 1pxq

ˇ

ˇ

ˇ

ˇ

≤ 1

2pb´ aq

"„

|f2pxq|

s` 3
`

2|f2paq|

ps` 1qps` 2qps` 3q



px´ aq3

`

„

|f2pxq|

s` 3
`

2|f2pbq|

ps` 1qps` 2qps` 3q



pb´ xq3
*

,

for each x P ra, bs.

Theorem 2. ([5], Theorem 6) Let I Ă r0,8q, f : I Ñ R be a twice
differentiable function on I˝ such that f2 P L1ra, bs, where a, b P I with a ă b.
If |f2|q is s-convex in the second sense on ra, bs for some fixed s P p0, 1s and
q ≥ 1, then the following inequality holds:

(2)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´ fpxq `

ˆ

x´
a` b

2

˙

f 1pxq

ˇ

ˇ

ˇ

ˇ

≤ px´ aq3

2pb´ aq

ˆ

1

3

˙1´ 1
q
ˆ

|f2pxq|q

s` 3
`

2|f2paq|q

ps` 1qps` 2qps` 3q

˙
1
q

`
pb´ xq3

2pb´ aq

ˆ

1

3

˙1´ 1
q
ˆ

|f2pxq|q

s` 3
`

2|f2pbq|q

ps` 1qps` 2qps` 3q

˙
1
q

,

for each x P ra, bs.

However, it’s a pity that Theorem 7 in [5] is not valid since a nonnegative
|f2|q could not be an s-concave function for any fixed s P p0, 1q which
has been mentioned in [3], and, it is the Hölder inequality but not the
power mean inequality, which has been used in proving the Theorem 6
of [5].

In this work, we will derive some Ostrowski type inequalities for functions
whose second derivatives in absolute value at certain powers are s-convex in
the second sense, which not only provide generalizations of Theorem 1 and
Theorem 2, but also give some interesting special results.

2. Main results
In order to establish our main results, we need the following lemma.

Lemma 1. Let I Ă R, f : I Ñ R be a twice differentiable function on I˝
such that f2 P L1ra, bs, where a, b P I with a ă b. Then for any θ P r0, 1s and
x P ra, bs, the following equality holds:



400 Z. Liu

(3)
1

b´a

ż b

a
fptq dt´

„

p1´θqfpxq`θ
fpaq`fpbq

2



`p1´ θq

ˆ

x´
a`b

2

˙

f 1pxq

“
px´ aq3

2pb´ aq

ż 1

0

ˆ

t2 ´ θ
b´ a

x´ a
t

˙

f2ptx` p1´ tqaq dt

`
pb´ xq3

2pb´ aq

ż 1

0

ˆ

t2 ´ θ
b´ a

b´ x
t

˙

f2ptx` p1´ tqbq dt.

Proof. From ([5], Lemma 1), we have

1

b´ a

ż b

a
fptq dt´ fpxq ` px´

a` b

2
qf 1pxq

“
px´ aq3

2pb´ aq

ż 1

0
t2f2ptx` p1´ tqaq dt`

pb´ xq3

2pb´ aq

ż 1

0
t2f2ptx` p1´ tqbq dt,

for each x P ra, bs.
On the other hand, we have

1

b´ a

ż b

a
fptq dt´

fpaq ` fpbq

2

“
1

2pb´ aq

ż b

a
pt´ aqpt´ bqf2ptq dt

“
1

2pb´ aq

„
ż x

a
pt´ aqpt´ bqf2ptq dt`

ż b

x
pt´ aqpt´ bqf2ptq dt



“
1

2pb´ aq

„

px´ aq3
ż 1

0

ˆ

t2 ´
b´ a

x´ a
t

˙

f2ptx` p1´ tqaq dt

` pb´ xq3
ż 1

0

ˆ

t2 ´
b´ a

b´ x
t

˙

f2ptx` p1´ tqbq dt



,

by changing the variable t of the first integral to tx`p1´ tqa and the variable
t of the second integral to tx` p1´ tqb on the third line.

Consequently,

1

b´ a

ż b

a
fptq dt´

„

p1´ θqfpxq ` θ
fpaq ` fpbq

2



` p1´ θq

ˆ

x´
a` b

2

˙

f 1pxq

“ p1´ θq

„

1

b´ a

ż b

a
fptq dt´ fpxq `

ˆ

x´
a` b

2

˙

f 1pxq



` θ

„

1

b´ a

ż b

a
fptq dt´

fpaq ` fpbq

2


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“ p1´ θq

„

px´ aq3

2pb´ aq

ż 1

0
t2f2ptx` p1´ tqaq dt

`
pb´ xq3

2pb´ aq

ż 1

0
t2f2ptx` p1´ tqbq dt



` θ

„

px´ aq3

2pb´ aq

ż 1

0
pt2 ´

b´ a

x´ a
tqf2ptx` p1´ tqaq dt

`
pb´ xq3

2pb´ aq

ż 1

0

ˆ

t2 ´
b´ a

b´ x
t

˙

f2ptx` p1´ tqbq dt



“
px´ aq3

2pb´ aq

ż 1

0

ˆ

t2 ´ θ
b´ a

x´ a
t

˙

f2ptx` p1´ tqaq dt

`
pb´ xq3

2pb´ aq

ż 1

0

ˆ

t2 ´ θ
b´ a

b´ x
t

˙

f2ptx` p1´ tqbq dt.

The proof is completed.

Theorem 3. Let I Ă r0,8q, f : I Ñ R be a twice differentiable function
on I˝ such that f2 P L1ra, bs, where a, b P I with a ă b. If |f2|q is s-convex
in the second sense on ra, bs for some fixed s P p0, 1s and q ≥ 1, then the
following inequalities hold:

(4)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

„

p1´ θqfpxq ` θ
fpaq ` fpbq

2



` p1´ θq

ˆ

x´
a` b

2

˙

f 1pxq

ˇ

ˇ

ˇ

ˇ

≤ px´ aq3

2pb´ aq

„

1

3
´
θ

2

b´ a

x´ a
`

1

3

ˆ

θ
b´ a

x´ a

˙31´ 1
q

ˆ

"„

1

s` 3
´

θ

s` 2

b´ a

x´ a
`

2

ps` 2qps` 3q

ˆ

θ
b´ a

x´ a

˙s`3

|f2pxq|q

`

„

2

ˆ

1´ θ
b´ a

x´ a

˙s`2ˆ θ

ps` 2qps` 3q

b´ a

x´ a
`

2

ps` 1qps` 2qps` 3q

˙

`
θ

ps` 1qps` 2q

b´ a

x´ a
´

2

ps` 1qps` 2qps` 3q



|f2paq|q
*

1
q

`
pb´ xq3

2pb´ aq

„

1

3
´
θ

2

b´ a

b´ x
`

1

3

ˆ

θ
b´ a

b´ x

˙31´ 1
q

ˆ

"„

1

s` 3
´

θ

s` 2

b´ a

b´ x
`

2

ps` 2qps` 3q

ˆ

θ
b´ a

b´ x

˙s`3

|f2pxq|q
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`

„

2

ˆ

1´ θ
b´ a

b´ x

˙s`2ˆ θ

ps` 2qps` 3q

b´ a

b´ x
`

2

ps` 1qps` 2qps` 3q

˙

`
θ

ps` 1qps` 2q

b´ a

b´ x
´

2

ps` 1qps` 2qps` 3q



|f2pbq|q
*

1
q

for each x P ra, a`b2 s with 0 ≤ θ ≤ x´a
b´a ≤ b´x

b´a ≤ 1, or for each x P ra`b2 , bs

with 0 ≤ θ ≤ b´x
b´a ≤ x´a

b´a ≤ 1,

(5)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

„

p1´ θqfpxq ` θ
fpaq ` fpbq

2



` p1´ θq

ˆ

x´
a` b

2

˙

f 1pxq

ˇ

ˇ

ˇ

ˇ

≤ px´ aq3

2pb´ aq

ˆ

θ

2

b´ a

x´ a
´

1

3

˙1´ 1
q
"ˆ

θ

s` 2

b´ a

x´ a
´

1

s` 3

˙

|f2pxq|q

`

„

θ

ps` 1qps` 2q

b´ a

x´ a
´

2

ps` 1qps` 2qps` 3q



|f2paq|q
*

1
q

`
pb´ xq3

2pb´ aq

„

1

3
´
θ

2

b´ a

b´ x
`

1

3

ˆ

θ
b´ a

b´ x

˙31´ 1
q

ˆ

"„

1

s` 3
´

θ

s` 2

b´ a

b´ x
`

2

ps` 2qps` 3q

ˆ

θ
b´ a

b´ x

˙s`3

|f2pxq|q

`

„

2

ˆ

1´ θ
b´ a

b´ x

˙s`2ˆ θ

ps` 2qps` 3q

b´ a

b´ x
`

2

ps` 1qps` 2qps` 3q

˙

`
θ

ps` 1qps` 2q

b´ a

b´ x
´

2

ps` 1qps` 2qps` 3q



|f2pbq|q
*

1
q

for each x P ra, a`b2 s with 0 ≤ x´a
b´a ≤ θ ≤ b´x

b´a ≤ 1,

(6)
ˇ

ˇ

ˇ

ˇ

1

b´a

ż b

a
fptq dt´

„

p1´θqfpxq ` θ
fpaq`fpbq

2



`p1´θq

ˆ

x´
a`b

2

˙

f 1pxq

ˇ

ˇ

ˇ

ˇ

≤ px´ aq3

2pb´ aq

ˆ

θ

2

b´ a

x´ a
´

1

3

˙1´ 1
q
"ˆ

θ

s` 2

b´ a

x´ a
´

1

s` 3

˙

|f2pxq|q

`

„

θ

ps` 1qps` 2q

b´ a

x´ a
´

2

ps` 1qps` 2qps` 3q



|f2paq|q
*

1
q

`
pb´ xq3

2pb´ aq

ˆ

θ

2

b´ a

b´ x
´

1

3

˙1´ 1
q
"ˆ

θ

s` 2

b´ a

b´ x
´

1

s` 3

˙

|f2pxq|q

`

„

θ

ps` 1qps` 2q

b´ a

b´ x
´

2

ps` 1qps` 2qps` 3q



|f2pbq|q
*

1
q



Ostrowski type inequality 403

for each x P ra, a`b2 s with 0 ≤ x´a
b´a ≤ b´x

b´a ≤ θ ≤ 1, or for each x P ra`b2 , bs

with 0 ≤ b´x
b´a ≤ x´a

b´a ≤ θ ≤ 1,

(7)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

„

p1´ θqfpxq ` θ
fpaq ` fpbq

2



` p1´ θq

ˆ

x´
a` b

2

˙

f 1pxq

ˇ

ˇ

ˇ

ˇ

≤ px´ aq3

2pb´ aq

„

1

3
´
θ

2

b´ a

x´ a
`

1

3

ˆ

θ
b´ a

x´ a

˙31´ 1
q

ˆ

"„

1

s` 3
´

θ

s` 2

b´ a

x´ a
`

2

ps` 2qps` 3q

ˆ

θ
b´ a

x´ a

˙s`3

|f2pxq|q

`

„

2

ˆ

1´ θ
b´ a

x´ a

˙s`2ˆ θ

ps` 2qps` 3q

b´ a

x´ a
`

2

ps` 1qps` 2qps` 3q

˙

`
θ

ps` 1qps` 2q

b´ a

x´ a
´

2

ps` 1qps` 2qps` 3q



|f2paq|q
*

1
q

`
pb´ xq3

2pb´ aq

ˆ

θ

2

b´ a

b´ x
´

1

3

˙1´ 1
q
"ˆ

θ

s` 2

b´ a

b´ x
´

1

s` 3

˙

|f2pxq|q

`

„

θ

ps` 1qps` 2q

b´ a

b´ x
´

2

ps` 1qps` 2qps` 3q



|f2pbq|q
*

1
q

for each x P ra`b2 , bs with 0 ≤ b´x
b´a ≤ θ ≤ x´a

b´a ≤ 1.

Proof. By Lemma 1 and using the Hölder inequality, we have

(8)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

„

p1´ θqfpxq ` θ
fpaq ` fpbq

2



` p1´ θq

ˆ

x´
a` b

2

˙

f 1pxq

ˇ

ˇ

ˇ

ˇ

≤ px´ aq3

2pb´ aq

ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

x´ a
t

ˇ

ˇ

ˇ

ˇ

|f2ptx` p1´ tqaq| dt

`
pb´ xq3

2pb´ aq

ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

b´ x
t

ˇ

ˇ

ˇ

ˇ

|f2ptx` p1´ tqbq| dt

≤ px´ aq3

2pb´ aq

ˆ
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

x´ a
t

ˇ

ˇ

ˇ

ˇ

dt

˙1´ 1
q

ˆ

ˆ
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

x´ a
t

ˇ

ˇ

ˇ

ˇ

|f2ptx` p1´ tqaq|q dt

˙
1
q
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`
pb´ xq3

2pb´ aq

ˆ
ż 1

0
|t2 ´ θ

b´ a

b´ x
t| dt

˙1´ 1
q

ˆ

ˆ
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

b´ x
t

ˇ

ˇ

ˇ

ˇ

|f2ptx` p1´ tqbq|q dt

˙
1
q

≤ px´ aq3

2pb´ aq

ˆ
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

x´ a
t

ˇ

ˇ

ˇ

ˇ

dt

˙1´ 1
q

ˆ

ˆ
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

x´ a
t

ˇ

ˇ

ˇ

ˇ

rts|f2pxq|q ` p1´ tqs|f2paq|qs dt

˙
1
q

`
pb´ xq3

2pb´ aq

ˆ
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

b´ x
t

ˇ

ˇ

ˇ

ˇ

dt

˙1´ 1
q

ˆ

ˆ
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

b´ x
t

ˇ

ˇ

ˇ

ˇ

rts|f2pxq|q ` p1´ tqs|f2pbq|qs dt

˙
1
q

“
px´ aq3

2pb´ aq

ˆ
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

x´ a
t

ˇ

ˇ

ˇ

ˇ

dt

˙1´ 1
q

ˆ

ˆ

|f2pxq|q
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´a

x´a
t

ˇ

ˇ

ˇ

ˇ

ts dt` |f2paq|q
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´a

x´a
t

ˇ

ˇ

ˇ

ˇ

p1´ tqs dt

˙
1
q

`
pb´ xq3

2pb´ aq

ˆ
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

b´ x
t

ˇ

ˇ

ˇ

ˇ

dt

˙1´ 1
q

ˆ

ˆ

|f2pxq|q
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´a

b´x
t

ˇ

ˇ

ˇ

ˇ

ts dt` |f2pbq|q
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´a

b´x
t

ˇ

ˇ

ˇ

ˇ

p1´ tqs dt

˙
1
q

,

where
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

x´ a
t

ˇ

ˇ

ˇ

ˇ

dt “

ż θ b´a
x´a

0
t

ˆ

θ
b´ a

x´ a
´ t

˙

dt(9)

`

ż 1

θ b´a
x´a

t

ˆ

t´ θ
b´ a

x´ a

˙

dt

“
1

3
´
θ

2

b´ a

x´ a
`

1

3

ˆ

θ
b´ a

x´ a

˙3

,

ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

x´ a
t

ˇ

ˇ

ˇ

ˇ

ts dt “

ż θ b´a
x´a

0
t

ˆ

θ
b´ a

x´ a
´ t

˙

ts dt(10)

`

ż 1

θ b´a
x´a

t

ˆ

t´ θ
b´ a

x´ a

˙

ts dt

“
1

s` 3
´

θ

s` 2

b´ a

x´ a
`

2

ps` 2qps` 3q

ˆ

θ
b´ a

x´ a

˙s`3

,
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(11)
ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

x´ a
t

ˇ

ˇ

ˇ

ˇ

p1´ tqs dt

“

ż θ b´a
x´a

0
t

ˆ

θ
b´ a

x´ a
´ t

˙

p1´ tqs dt`

ż 1

θ b´a
x´a

t

ˆ

t´ θ
b´ a

x´ a

˙

p1´ tqs dt

“ 2

ˆ

1´ θ
b´ a

x´ a

˙s`2ˆ θ

ps` 2qps` 3q

b´ a

x´ a
`

2

ps` 1qps` 2qps` 3q

˙

`
θ

ps` 1qps` 2q

b´ a

x´ a
´

2

ps` 1qps` 2qps` 3q
,

in case 0 ≤ θ b´ax´a ≤ 1, or equivalently, 0 ≤ θ ≤ x´a
b´a ≤ 1, and

ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

x´ a
t

ˇ

ˇ

ˇ

ˇ

dt “

ż 1

0
t

ˆ

θ
b´ a

x´ a
´ t

˙

dt “
θ

2

b´ a

x´ a
´

1

3
,(12)

ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

x´ a
t

ˇ

ˇ

ˇ

ˇ

ts dt “

ż 1

0

ˆ

θ
b´ a

x´ a
´ t

˙

ts`1 dt “
θ

s` 2

b´ a

x´ a
´

1

s` 3
,(13)

ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

x´ a
t

ˇ

ˇ

ˇ

ˇ

p1´ tqs dt “

ż 1

0
t

ˆ

θ
b´ a

x´ a
´ t

˙

p1´ tqs dt(14)

“
θ

ps` 1qps` 2q

b´ a

x´ a
´

2

ps` 1qps` 2qps` 3q
,

in case θ b´ax´a ≥ 1, or equivalently, 0 ≤ x´a
b´a ≤ θ ≤ 1, and similarly,

p15q

ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

b´ x
t

ˇ

ˇ

ˇ

ˇ

dt

“

ż θ b´a
b´x

0
t

ˆ

θ
b´ a

b´ x
´ t

˙

dt`

ż 1

θ b´a
b´x

t

ˆ

t´ θ
b´ a

b´ x

˙

dt

“
1

3
´
θ

2

b´ a

b´ x
`

1

3
pθ
b´ a

b´ x
q3,

p16q

ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

b´ x
t

ˇ

ˇ

ˇ

ˇ

ts dt

“

ż θ b´a
b´x

0
t

ˆ

θ
b´ a

b´ x
´ t

˙

ts dt`

ż 1

θ b´a
b´x

t

ˆ

t´ θ
b´ a

b´ x

˙

ts dt

“
1

s` 3
´

θ

s` 2

b´ a

b´ x
`

2

ps` 2qps` 3q
pθ
b´ a

b´ x
qs`3,
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p17q

ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

b´ x
t

ˇ

ˇ

ˇ

ˇ

p1´ tqs dt

“

ż θ b´a
b´x

0
t

ˆ

θ
b´ a

b´ x
´ t

˙

p1´ tqs dt`

ż 1

θ b´a
b´x

t

ˆ

t´ θ
b´ a

b´ x

˙

p1´ tqs dt

“ 2

ˆ

1´ θ
b´ a

b´ x

˙s`2ˆ θ

ps` 2qps` 3q

b´ a

b´ x
`

2

ps` 1qps` 2qps` 3q

˙

`
θ

ps` 1qps` 2q

b´ a

b´ x
´

2

ps` 1qps` 2qps` 3q
,

in case 0 ≤ θ b´ab´x ≤ 1, or equivalently, 0 ≤ θ ≤ b´x
b´a ≤ 1, and

p18q

ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

b´ x
t

ˇ

ˇ

ˇ

ˇ

dt “

ż 1

0
t

ˆ

θ
b´ a

b´ x
´ t

˙

dt “
θ

2

b´ a

b´ x
´

1

3
,

p19q

ż 1

0

ˇ

ˇ

ˇ

ˇ

t2´θ
b´ a

b´ x
t

ˇ

ˇ

ˇ

ˇ

ts dt “

ż 1

0

ˆ

θ
b´ a

b´ x
´t

˙

ts`1 dt “
θ

s` 2

b´ a

b´ x
´

1

s` 3
,

p20q

ż 1

0

ˇ

ˇ

ˇ

ˇ

t2 ´ θ
b´ a

b´ x
t

ˇ

ˇ

ˇ

ˇ

p1´ tqs dt “

ż 1

0
t

ˆ

θ
b´ a

b´ x
´ t

˙

p1´ tqs dt

“
θ

ps` 1qps` 2q

b´ a

b´ x
´

2

ps` 1qps` 2qps` 3q
,

in case θ b´ab´x ≥ 1, or equivalently, 0 ≤ b´x
b´a ≤ θ ≤ 1.

Moreover, it should be noticed that for each x P ra, a`b2 s, we have 0 ≤
x ´ a ≤ b ´ x ≤ b ´ a and it follows 0 ≤ x´a

b´a ≤ b´x
b´a ≤ 1, which indicates

that three cases have to be considered as (i) 0 ≤ θ ≤ x´a
b´a ≤ b´x

b´a ≤ 1,
(ii) 0 ≤ x´a

b´a ≤ θ ≤ b´x
b´a ≤ 1, (iii) 0 ≤ x´a

b´a ≤ b´x
b´a ≤ θ ≤ 1, and for

each x P ra`b2 , bs, we have 0 ≤ b ´ x ≤ x ´ a ≤ b ´ a and it follows
0 ≤ b´x

b´a ≤ x´a
b´a ≤ 1, which indicates that another three cases have to be

considered as (iv) 0 ≤ θ ≤ b´x
b´a ≤ x´a

b´a ≤ 1, (v) 0 ≤ b´x
b´a ≤ θ ≤ x´a

b´a ≤ 1, (vi)
0 ≤ b´x

b´a ≤ x´a
b´a ≤ θ ≤ 1.

Combining (8) with (9)–(20), and taking into account the above explana-
tion, the inequalities (4)–(7) follow.

The proof is thus completed.

Corollary 1. Let I Ă r0,8q, f : I Ñ R be a twice differentiable function
on I˝ such that f2 P L1ra, bs, where a, b P I with a ă b. If |f2| is s-convex
in the second sense on ra, bs for some fixed s P p0, 1s, then the following
inequalities hold:
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p21q

ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

„

p1´ θqfpxq ` θ
fpaq ` fpbq

2



` p1´ θq

ˆ

x´
a` b

2

˙

f 1pxq

ˇ

ˇ

ˇ

ˇ

≤ px´ aq3

2pb´ aq

"„

1

s` 3
´

θ

s` 2

b´ a

x´ a
`

2

ps` 2qps` 3q

ˆ

θ
b´ a

x´ a

˙s`3

|f2pxq|

`

„

2

ˆ

1´θ
b´ a

x´ a

˙s`2ˆ θ

ps` 2qps` 3q

b´ a

x´ a
`

2

ps` 1qps` 2qps` 3q

˙

`
θ

ps` 1qps` 2q

b´ a

x´ a
´

2

ps` 1qps` 2qps` 3q



|f2paq|

*

`
pb´ xq3

2pb´ aq

"„

1

s` 3
´

θ

s` 2

b´ a

b´ x
`

2

ps` 2qps` 3q
pθ
b´ a

b´ x
qs`3



|f2pxq|

`

„

2

ˆ

1´θ
b´ a

b´ x

˙s`2ˆ θ

ps` 2qps` 3q

b´ a

b´ x
`

2

ps` 1qps` 2qps` 3q

˙

`
θ

ps` 1qps` 2q

b´ a

b´ x
´

2

ps` 1qps` 2qps` 3q



|f2pbq|

*

for each x P ra, a`b2 s with 0 ≤ θ ≤ x´a
b´a ≤ b´x

b´a ≤ 1, or for each x P ra`b2 , bs

with 0 ≤ θ ≤ b´x
b´a ≤ x´a

b´a ≤ 1,

p22q

ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

„

p1´θqfpxq`θ
fpaq`fpbq

2



`p1´θq

ˆ

x´
a`b

2

˙

f 1pxq

ˇ

ˇ

ˇ

ˇ

≤ px´ aq3

2pb´ aq

"ˆ

θ

s` 2

b´ a

x´ a
´

1

s` 3

˙

|f2pxq|

`

„

θ

ps` 1qps` 2q

b´ a

x´ a
´

2

ps` 1qps` 2qps` 3q



|f2paq|

*

`
pb´ xq3

2pb´ aq

"„

1

s` 3
´

θ

s` 2

b´ a

b´ x
`

2

ps` 2qps` 3q

ˆ

θ
b´ a

b´ x

˙s`3

|f2pxq|

`

„

2

ˆ

1´ θ
b´ a

b´ x

˙s`2ˆ θ

ps` 2qps` 3q

b´ a

b´ x
`

2

ps` 1qps` 2qps` 3q

˙

`
θ

ps` 1qps` 2q

b´ a

b´ x
´

2

ps` 1qps` 2qps` 3q



|f2pbq|

*

for each x P ra, a`b2 s with 0 ≤ x´a
b´a ≤ θ ≤ b´x

b´a ≤ 1,

p23q

ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

„

p1´ θqfpxq ` θ
fpaq ` fpbq

2



`p1´ θq

ˆ

x´
a` b

2

˙

f 1pxq

ˇ

ˇ

ˇ

ˇ
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≤ px´ aq3

2pb´ aq

"ˆ

θ

s` 2

b´ a

x´ a
´

1

s` 3

˙

|f2pxq|

`

„

θ

ps` 1qps` 2q

b´ a

x´ a
´

2

ps` 1qps` 2qps` 3q



|f2paq|

*

`
pb´ xq3

2pb´ aq

"ˆ

θ

s` 2

b´ a

b´ x
´

1

s` 3

˙

|f2pxq|

`

„

θ

ps` 1qps` 2q

b´ a

b´ x
´

2

ps` 1qps` 2qps` 3q



|f2pbq|

*

for each x P ra, a`b2 s with 0 ≤ x´a
b´a ≤ b´x

b´a ≤ θ ≤ 1, or for each x P ra`b2 , bs

with 0 ≤ b´x
b´a ≤ x´a

b´a ≤ θ ≤ 1,

p24q

ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

„

p1´ θqfpxq ` θ
fpaq ` fpbq

2



` p1´ θq

ˆ

x´
a` b

2

˙

f 1pxq

ˇ

ˇ

ˇ

ˇ

≤ px´ aq3

2pb´ aq

"„

1

s` 3
´

θ

s` 2

b´ a

x´ a
`

2

ps` 2qps` 3q

ˆ

θ
b´ a

x´ a

˙s`3

|f2pxq|

`

„

2

ˆ

1´θ
b´ a

x´ a

˙s`2ˆ θ

ps` 2qps` 3q

b´ a

x´ a
`

2

ps` 1qps` 2qps` 3q

˙

`
θ

ps` 1qps` 2q

b´ a

x´ a
´

2

ps` 1qps` 2qps` 3q



|f2paq|

*

`
pb´ xq3

2pb´ aq

"ˆ

θ

s` 2

b´ a

b´ x
´

1

s` 3

˙

|f2pxq|

`

„

θ

ps` 1qps` 2q

b´ a

b´ x
´

2

ps` 1qps` 2qps` 3q



|f2pbq|

*

for each x P ra`b2 , bs with 0 ≤ b´x
b´a ≤ θ ≤ x´a

b´a ≤ 1.

Proof. The inequalities (21)–(24) are immediate by setting q “ 1 in (4)–(7)
of the Theorem 3.

Remark 1. If we take θ “ 0 in Theorem 3 and Corollary 1, respectively,
then we recapture Theorem 2 and Theorem 1.

Corollary 2. Let I Ă r0,8q, f : I Ñ R be a twice differentiable function
on I˝ such that f2 P L1ra, bs, where a, b P I with a ă b. If |f2|q is s-convex
in the second sense on ra, bs for some fixed s P p0, 1s and q ≥ 1, then the
following inequalities hold:
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p25q

ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

„

p1´ θqf

ˆ

a` b

2

˙

` θ
fpaq ` fpbq

2


ˇ

ˇ

ˇ

ˇ

≤ pb´ aq2

16

ˆ

1

3
´ θ `

8

3
θ3
˙1´ 1

q

ˆ

"„ˆ

1

s` 3
´

2θ

s` 2
`

2p2θqs`3

ps` 2qps` 3q

˙
ˇ

ˇ

ˇ

ˇ

f2
ˆ

a` b

2

˙
ˇ

ˇ

ˇ

ˇ

q

`

ˆ

2p1´ 2θqs`2
ˆ

2θ

ps` 2qps` 3q
`

2

ps` 1qps` 2qps` 3q

˙

`
2θ

ps` 1qps` 2q
´

2

ps` 1qps` 2qps` 3q

˙

|f2paq|q


1
q

`

„ˆ

1

s` 3
´

2θ

s` 2
`

2p2θqs`3

ps` 2qps` 3q

˙
ˇ

ˇ

ˇ

ˇ

f2
ˆ

a` b

2

˙
ˇ

ˇ

ˇ

ˇ

q

`

ˆ

2p1´ 2θqs`2
ˆ

2θ

ps` 2qps` 3q
`

2

ps` 1qps` 2qps` 3q

˙

`
2θ

ps` 1qps` 2q
´

2

ps` 1qps` 2qps` 3q

˙

|f2pbq|q


1
q
*

for 0 ≤ θ ≤ 1
2 , and

p26q

ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

„

p1´ θqf

ˆ

a` b

2

˙

` θ
fpaq ` fpbq

2

ˇ

ˇ

ˇ

ˇ

≤ pb´ aq2

16

ˆ

θ ´
1

3

˙1´ 1
q
"„ˆ

2θ

s` 2
´

1

s` 3

˙ˇ

ˇ

ˇ

ˇ

f2
ˆ

a` b

2

˙ˇ

ˇ

ˇ

ˇ

q

`

ˆ

2θ

ps` 1qps` 2q
´

2

ps` 1qps` 2qps` 3q

˙

|f2paq|q


1
q

`

„ˆ

2θ

s` 2
´

1

s` 3

˙ˇ

ˇ

ˇ

ˇ

f2
ˆ

a` b

2

˙ˇ

ˇ

ˇ

ˇ

q

`

ˆ

2θ

ps` 1qps` 2q
´

2

ps` 1qps` 2qps` 3q

˙

|f2pbq|q


1
q
*

for 1
2 ≤ θ ≤ 1.

Proof. Set x “ a`b
2 in Theorem 3.

Remark 2. If we take q “ 1 in (25) and (26), then we get

p27q

ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

„

p1´ θqf

ˆ

a` b

2

˙

` θ
fpaq ` fpbq

2

ˇ

ˇ

ˇ

ˇ
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≤ pb´ aq2

8

"„

1

s` 3
´

2θ

s` 2
`

2p2θqs`3

ps` 2qps` 3q

ˇ

ˇ

ˇ

ˇ

f2
ˆ

a` b

2

˙ˇ

ˇ

ˇ

ˇ

`

„

p1´ 2θqs`2
ˆ

2θ

ps` 2qps` 3q
`

2

ps` 1qps` 2qps` 3q

˙

`
θ

ps` 1qps` 2q
´

1

ps` 1qps` 2qps` 3q



p|f2paq| ` |f2pbq|q

*

for 0 ≤ θ ≤ 1
2 , and

p28q

ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

„

p1´ θqf

ˆ

a` b

2

˙

` θ
fpaq ` fpbq

2

ˇ

ˇ

ˇ

ˇ

≤ pb´ aq2

8

"„

2θ

s` 2
´

1

s` 3

ˇ

ˇ

ˇ

ˇ

f2
ˆ

a` b

2

˙ˇ

ˇ

ˇ

ˇ

`

„

θ

ps` 1qps` 2q
´

1

ps` 1qps` 2qps` 3q



p|f2paq| ` |f2pbq|q

*

for 1
2 ≤ θ ≤ 1.

Remark 3. If we take θ “ 0 in (27), then we get a midpoint type inequality

(29)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´ f

ˆ

a` b

2

˙ˇ

ˇ

ˇ

ˇ

≤ pb´ aq2

8

„

1

s` 3

ˇ

ˇ

ˇ

ˇ

f2
ˆ

a` b

2

˙ˇ

ˇ

ˇ

ˇ

`
1

ps` 1qps` 2qps` 3q
p|f2paq| ` |f2pbq|q



.

If we take θ “ 1 in (28), then we get a trapezoid type inequality

(30)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

fpaq ` fpbq

2

ˇ

ˇ

ˇ

ˇ

≤ pb´ aq2

8

„

s` 4

ps` 2qps` 3q

ˇ

ˇ

ˇ

ˇ

f2
ˆ

a` b

2

˙
ˇ

ˇ

ˇ

ˇ

`
1

ps` 1qps` 3q
p|f2paq| ` |f2pbq|q



.

If we take θ “ 1
3 in (27), then we get a Simpson type inequality

(31)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

1

6

„

fpaq ` 4f

ˆ

a` b

2

˙

` fpbq


ˇ

ˇ

ˇ

ˇ

≤ pb´ aq2

8

„

1

s` 3
´

2

3ps` 2q
`

2

ps` 2qps` 3q

ˆ

2

3

˙s`3ˇ
ˇ

ˇ

ˇ

f2
ˆ

a` b

2

˙ˇ

ˇ

ˇ

ˇ

`

„

2s` 8

3ps` 1qps` 2qps` 3q

ˆ

1

3

˙3`2

`
s

3ps` 1qps` 2qps` 3q
p|f2paq| ` |f2pbq|q



.
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If we take θ “ 1
2 in (27) or (28), then we get an averaged midpoint-

trapezoid type inequality

(32)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

1

4

„

fpaq ` 2f

ˆ

a` b

2

˙

` fpbq

ˇ

ˇ

ˇ

ˇ

≤ pb´ aq2

16ps` 2qps` 3q

„

|f2paq| ` 2

ˇ

ˇ

ˇ

ˇ

f2
ˆ

a` b

2

˙ˇ

ˇ

ˇ

ˇ

` |f2pbq|s.

Remark 4. If we put M “ supxPra,bs |f
2| in (29)–(32), then we have

(33)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´ f

ˆ

a` b

2

˙ˇ

ˇ

ˇ

ˇ

≤ Mps2 ` 3s` 4qpb´ aq2

8ps` 1qps` 2qps` 3q
,

in which a misprint in Corollary 3 of [5] has been corrected,
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

fpaq ` fpbq

2

ˇ

ˇ

ˇ

ˇ

≤ Mps2 ` 7s` 8qpb´ aq2

8ps` 1qps` 2qps` 3q
,(34)

ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

1

6

„

fpaq ` 4f

ˆ

a` b

2

˙

` fpbq

ˇ

ˇ

ˇ

ˇ

(35)

≤ Mpb´ aq2

24ps` 1qps` 2qps` 3q

ˆ

„

s2 ` 3s` p4s` 16q

ˆ

1

3

˙s`2

` 6ps` 1q

ˆ

2

3

˙s`3

,

and

(36)
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

1

4

„

fpaq ` 2f

ˆ

a` b

2

˙

` fpbq

ˇ

ˇ

ˇ

ˇ

≤ Mpb´ aq2

4ps` 2qps` 3q
.

Remark 5. If we further take s “ 1 in (32)–(36), i.e., for functions f with
convex |f2|, we have

ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´ f

ˆ

a` b

2

˙ˇ

ˇ

ˇ

ˇ

≤ Mpb´ aq2

24
,(37)

ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

fpaq ` fpbq

2

ˇ

ˇ

ˇ

ˇ

≤ Mpb´ aq2

12
,(38)

which recaptures a result in [4].
ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

1

6

„

fpaq ` 4f

ˆ

a` b

2

˙

` fpbq

ˇ

ˇ

ˇ

ˇ

≤ Mpb´ aq2

81
,(39)

ˇ

ˇ

ˇ

ˇ

1

b´ a

ż b

a
fptq dt´

1

4

„

fpaq ` 2f

ˆ

a` b

2

˙

` fpbq

ˇ

ˇ

ˇ

ˇ

≤ Mpb´ aq2

48
.(40)

Obviously, (37)–(40) indicate that the Simpson type inequality has the
best error estimation for functions f with convex |f2|.
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