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Abstract: The present paper deals with the rate of convergence of the general class of Durrmeyer operators,
which are generalization of Ibragimov-Gadjiev operators. The special cases of the operators include some well
known operators as particular cases viz. Szasz-Mirakyan-Durrmeyer operators, Baskakov-Durrmeyer opera-
tors. Here we estimate the rate of convergence of Ibragimov-Gadjiev-Durrmeyer operators for functions having
derivatives of bounded variation.
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1 Introduction

With the idea of general definition unifying several definitions of Durrmeyer operators, in [1] we have recently
introduced a general class of Durrmeyer operators by modifying the Ibragimov-Gadjiev operators introduced
in [2]. For the details of these new operators and some approximation properties see [3]. Let us recall these
new Durrmeyer operators.

Let (@n () pery and (Pn (£)) .y be the sequences of functions in € (R*) , which is the space of continuous
function on R* := [0, oo) such that ¢ (0) = 0, ¥ (t) > 0, forall t and limu—,cc 1/n%1 (0) = 0. Also let (@) pen
denote a sequence of positive numbers satisfying the conditions

. An _ . _
nll_rggc7 =1land nh_)ngc anPn (0) =1, 1; 2 0.

The Ibragimov-Gadjiev-Durrmeyer operators are defined by

- 1% —AnWYn 0 v
Mafi0) = - m)anhn 3 K8 (50, (0) 1)
x /0 TF KD (1,0, antpn (0)) Wdy, )

where y
K (6,0, antpn (0)) = K (6, £, 1) ,
u u=anPn(t),t=0
X, t € R* and —oo < u < oo, is a sequence of functions of three variables x, t, u such that K is entire analytic
function with respect to variable u for each x,t € R* and for each n € N. On the other hand, K, must
meet several conditions under which the {Mn}, .y represents a method to approximate a function f. These
conditions are:
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(1) Every function of this sequence is an entire function with respect to u for fixed x, t € R* and K (x, 0, 0) =
1forx e R*andn € N,

2 {(—1)” aaTva" (x, t, u)‘ o} >0forv=0,1,...,any fixed u; and x € R",
u=uy,t=
(This notation means that the derivative with respect to u is taken v times, then one set u = u; and t = 0.)
B LK (X, t,u)

number such that m + n = 0 or a natural number.
(4) Kn(0,0,u)=1foranyu € R, and

o = —nx{%Kmm(x,t,u) } forallx e R*andne N,v=0,1,...,misa
u=ui,t=

u=us,t=0

lim prﬁ,V) (x,0,uy) =0,
X—r00

for any p € Nand fixed u = u;.
(5) For any fixed t and u, the function Ky (x, t, u) is continuously differentiable with respect to variable x €
R* and satisfying the equality

d
aKn (x,0, uq) = —nuy Km+n (x, 0, uq)
for fixed u = u;.
6) i & Kn (x, t,u) =1 2 Knom (3%, £, u) forallx € R",n € N,v=0,1,... and fixed
+uimx ou u=uy,t=0 u u=uz,t=0

u==uj.
With the assumptions imposed on Ky, the operators My, are linear and positive. Furthermore, using Taylor’s
expansion of Ky, (x, t, u) at any point u; € R with the assumption (1), it follows that

o _ v
SOKY (x, 0, antpn (0)) E2n¥n Oy
W)!
v=0
Also, the following equality holds:
= v) _ v!
[0 unax= 0t o

The operators (1) reduce to some well-known Durrmeyer operators in particular cases:

(i) if we choose Kn (x,t,u) = [1+t+ux]™, an = n, Yn (0) = 1/n, the operators (1) reduce to Baskakov-

Durrmeyer operators,

(ii) if we choose Kn (x, t, u) = e ™) q, = n, 1, (0) = 1/n, the operators (1) reduce to Szasz-Durrmeyer
operators,

(i) If Kn (x, t, u) is entire analytic function with respect to u and
Kn(x,t,u) = Kn(t+ux), an = n, Pn(0) = 1/n, the operators (1) reduce to generalized Baskakov-
Durrmeyer operators given in [4].

The simultaneous approximation behaviors of (1) were presented in [3].

The rate of approximation for functions with derivatives of bounded variation is an active topic. Several
researchers have studied this problem, just to mention mention the works of Zeng, Tao and Cheng (see [5-7])
who estimated the rate of convergence of modified Szasz operators and Lupas Bezier operators for functions
having derivatives of bounded variation. We also mention some of the papers devoted to this subject which
were written for different operators as [8—12], and references therein. Also for some other results for different
Durrmeyer type operators, one can refer to [13]. In this paper, we shall estimate the rate of convergence of the
operators My for functions having derivatives of bounded variation.

2 Some Lemmas

In this section we give some useful lemmas which are necessary to prove our main results. Throughout the
rest of paper, we assume u; = an, (t) and t = 0.
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Lemmal. Let Tn,r(X), r € N, be the moment of order r of My, that is,
) [~ann (0)]"
!

<[ T -0 KD (1,0, anpn (0)) 0L OF
0 w)!

Tnr(X) = (n-m)ann(0) iK,&V) (x, 0, anPn (0)

v=0

then for n > m(r + 2), we have the following recurrence relation

Uy [n-mr+2)] Tpre1 (¥) = x (1 + uymx) [T;,, () + 2rTp -1 ()] + (1 + 2xuym) (r + 1) Tn,r (X) .

Also

Tho(x) = 1,

Tha(x) = (nz_mzxm) - 2m)1anll)n 0)’

Tpa(x) = x° (n ’_nz(fn’; Ern6—m3)r(:l;l£:l/(1?z)(0)} i [(n -2m) (znn—+36ﬂrlr; anPn (0)] (n-2m)(n —23"1) ;7 (0)

For each x = 0 and n > 3m one can easily obtain from the recurrence formula that

[5]
T()O<<a$(o>) >("'+"'+X+1>,

where |-| is integral part of (r + 1) /2.

Proof. Using the identity

Ix Kn(x, t, u)|u:u1 =-nui Kmn (X, t, u)|u:u1
X (=0 t=0

we have

X(1+uymx) T, (x) = (n—m)anl/Jn(O)iX(l+u1mx)d%1<$lv’ (x, 0, ann (o))w

v=0 )
" / " -0 K (7,0, anpn (0)) T2 O g,
0 w)!
~x (1 +uymx)r (n - m) anPn (0) ;Kﬁ,v) (x, 0, anthn (0)) H‘"Ep%
<[ -0 K 0.0, aupn o) E2rn O gy
0 !
= - m g )Y - K (6, 0, angpn (0) EmEn OF

v)!

v=0

l/)n (0)]V d)/ —rx

x / T 5= KD 1, 0, anpn (0)) O (1 +ugmx) T g (X).
0 w)!
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Also using the identity given in the assumption (6), we get

X(L+uymx) [Tpy () +1Tnr1 (0] = (n—m)anhn (0) iKS’) (x, 0, antpn (0)) W

v=0

X [/m (v-yuyn) K,(q") v, 0, anPn (0)) (y — x)" M
0 (!
+urn /0 K (5, 0, anpn (0) (v - )7 I "‘"(";;,(0)] dy]

[-anipn (0)]"

= (n-m)ann(0) iK%v) (x, 0, anhn (0)) [an
v=0

W)!

5 * d _ o [Fann (0))"
[y ynm LK 00, a0 0 -xy e O gy

[-anpn (0)]" dy]

ann K 0,0, anpn 0) /- 07 EE

= (n - m) a"lp” (0) Z KS‘IV) (X’ 0, anll)n (O)) H“"lz’bvigfon

v=0

= d ,w r+2 [~@ntn (O)]V
[/0 i K 1,0, anpn O ¢ - 72 O

r+1 [-QnPn (0)]

dy

+(1 + 2xuym) /OM diyKﬁ'V) ¥, 0, anthn (0)) (v - X) dy

+x (14 xum) /0 0.0 @ ) - L “"(";;!(O)] dy
s [ K 0,0, aupn ) -7 E2AOL g

= —uym@r+2)Tyre1 (X) = (1 +2xuym) (r + 1) Tn,r (X)

X (L +xuim)rTy,—1 (X) +uinTy i1 (X).

Thus we obtain

uin—uym(r+2)] Tpper (1) = X (1+uymx) [Tn, (X) + 1Ty -1 (X)]
+(1+2xuym)(r+ 1) Tn,r (X)) +x (1 + xusm) rTy,;-1 (X)
X (1+uymx) [Tny (%) + 2rTn -1 (X)] + (1 + 2xuym) (r + 1) Tn,r (X) .

The moments can be obtained easily by using the above recurrence relation, keeping in mind the fact that

ZK(V) (X 0, anl/J (0)) ( a"l/)" (O))

v=0
and - |
KY (x, 0, uy) dx = —1"*,
Ko unax= et o
we omit the details. O

Remark 1. Let x € (0, o0) and C > 2; then for n sufficiently large, Lemma 1 yields that

2muyx? + 2x

Cx (1 + muyx)
(n-3m)uy

<Tho2(X) < m—3mu

Remark 2. Let x € (0,00) and C > 2. For n sufficiently large, using Cauchy-Schwarz inequality, it follows
from Remark 1 that,
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— V) [~antpn (0)]" v [~antpn O)"
(n- m) an@n (0) VZS‘KH (X’ 0, anl/)n (0)) W)! / |y X‘ Ky’ (v, 0, anl/Jn (0)) T y

. 12 [Cx (1 + mu1x)
< [Tn2 ()] m

Lemma 2. Let x € (0, o) and C > 2, then for n sufficiently large, we have
- _ S v) [~anPn )" [ ) [~ann (0)]"
An (X, w) = (n-m)ann(0) ;Kn (x,0, antpn (0)) T/o Ky” (v, 0, ann (0)) Tdy

Cx (1 + muyx)
(n-3m)(x - cu)2 Uy

,0<sw<x.

(n - m) ann (0) i KS’) (x,0, anpn (0)) M

~ w)!

/ K (7,0, anipn (0)) -0 Pn O an(t/;;'(o)] dy

X<z < oo,

1-2An(x,2)

Cx (1 + muyx)
(n-3m)(z-x)*u; '

Proof. The proof of the above lemma follows easily by using Remark 1. For instance, for the first inequality
for n sufficiently large and 0 < w < x, we have

= v _an n 0 v
In() = (n—m)anwn(O)Vz_;,léﬂ(x,o,anlpn(on[Eﬁ)f”
) [-antpn ()]
|50 0,0, anpn o) 2O gy
= v —anyPn (0)]"
< (n-m)angn(0) ;K% ) (x, 0, antn (0)) [E/’%
[ 0-0 [~antpn (0)]"
ok 0,0, anpnop O gy
Thn,2 (%) . C(x + muyx)
(W-x?" (n-3m(x-wi’u;
The proof of the second inequality follows along the similar lines. O

3 Main Results

By DB4(0, =), (Where g is some positive integer) we mean the class of absolutely continuous functions f
defined on (0, oo) satisfying the following conditions:

() f(B) = 0(t9), t — oo

(ii) the function f has the first derivative on the interval (0, oo) which coincide a.e. with a function which
is of bounded variation on every finite subinterval of (0, o). It can be observed that for all functions
f € DB4(0, =) we can have the representation

00 = f0) + / pOdt, x> ¢ > 0.

The main theorem of this paper is stated as:
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Theorem 3. Let f € DBy4(0, o0), g > 0 and x € (0, =0).Then for C > 2 and n sufficiently large, we have

CX(l + mulx) LﬁJ x+x/k , X x+x//n )
[Mn (5 ) = f (0] “m-3mu; Z \/ ((f )x) + VG \/ ((f )x)
k=1 x-x/k x-x//n

C(1+muix)
(n-3m)usx

ey [Cx(1+ mupx) ‘f/ () -f (X_)‘ C (x + muyx)

+ /() (n_3m)ull * 2 \ (n—3m)ill
[f/ (x7) +f (X_)} (2mxann (0) + 1)
2 (n-2m)ann (0)°’

(If @0 -f)-xf' (x| +If(x)]) + 0 (n79)

+

where \/2 f(x) denotes the total variation of fx on [a, b], and fx is defined by
fO) -f(x), Ost<x;
fX(t) = 0) t = X;

fO-f(x), x<t<oo,

Proof. Using the mean value theorem, we can write

M (520 -FQOl = (n=m)anipn () S KY (x, 0, anhn (0)) Z2nPn O

e w)!

[0 -1 0018 0,0, a0 EE O
0 !

/y (n—-m)anpn (0) iKS’) (x, 0, anpn (0))
X v=0

=/O°°

VA 2
x (H?”%) f' () K5 (v, 0, anipn (0)) du

dy

Also, using the identity
f(x*) +f () f(x) -f )
2 2

flw) = +(f)x() +

sen(u ) + [f’(X) - f(");”")} Xelw),

where

1, u=Xx;
Xxw) = { o, u#Xx.

Obviously, we have

(=m0 [ ( [ (f’(X) - ””;”“) Xx(u)du>

) vy 2
xS K (x, 0, antpn (0)) (M) K (1,0, anthn (0) dy = 0.

e w)!
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Thus, we have

[Mn (f; ) = f ()]

IN

(n —m) antpn (0) i K (x, 0, anpn (0)) [Fanyn (O))°

v=0 W)t

X/Ow f @) - f WIKY (v, 0, antpn (0)) Wdy

oo vy 2
/ ’ STKY (x,0, antpn (0)) <7[‘“”l/’” ©) )
X y=0

- m-mann ) [ L

xK5 (¥, 0, anipn (0)) (W + (f’)x(u)> du| dy

o (v) [~antn (0)]" 2
/)(;Kn (x, 0, anthn (0)) <T>

+(n-m)ann (0)/0

F () -f ()
— dy.

<K W, 0, antn (0)) ( sgn(u - x))) du

Also, it can be verified that

(1~ m) anthn 0) /0

oo U 2
[ > K 0. anpn 0) (m)

L v)!

xKY) (v, 0, antpn (0)) (ngn(u - x))> du| dy

f () =f @)
()2\ [Tn.2 (' @

IN

and

oo y = 3 N 2
(n-myanpn (0) [ | [ K4 (6,0, auipn (0) (%)
X y=0

)
« (S/) (y’ 0, an’lln (O)) (W) du

< JMHJ (x). 3)

dy

Combining (2)-(3), we have

(n — m) ann (0) /XN (/Xy(f')x(u)du>

oo v 2
xS K (x, 0, anpn (0)) (m) K (v, 0, anthn (0)) dy

— !

+(n - m)anpn (0) /Ox (/Xy(f’)x(u)du>

oo vy 2
xS K (6, 0, anpn (0)) (m) K (v, 0, anthn (0)) dy

e !

frx)-f ) (X)) +f ()
()z’ (T2 T2 + WT"J ¥

f(x)-f () () +f ()
= |An(f,2) + Ba(f, )] + ()2! [Ta2 (O + Wrn,l (0.

IMn (f; ) = f (O] <

+
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Collecting the above relations, we obtain the estimates

£ (')~ 00

2

IMn (f; )= f I < |An(f, X) + Bn (f, %) + Cn (f, )| +

" (x* +f/ (x)
+—[ ( )2 }Tn,l(x) ()

[Tn,2 (]2

with the denotations

An(f,x) = (n-m)anPn(0) /OX </Xy(f’)x(u)du)

oo N 2
x> KY (x, 0, anthn (0)) (M) KY (v, 0, anpn (0)) dy,

e w)!

2x
Bafn) = (n-m)anpn O) [ (/y(f’)x(u)du)
oo v\ 2
3" KD (x, 0, antpn (0) (7[‘“"(";;!(0” ) K (v, 0, anipn (0)) dy,
v=0 - y
Cn(f,X) = (n—m)ann(0) i (/ (f/)x(u)du)

oo )
xS K (, 0, antpn (0)) (M) K (v, 0, anipn (0)) dy.

e w)!
Applying Remark 2 and Lemma 1, we have
IMn (f; ) = f Ol < [An (f, X)| + [Bn (f, X)| + |Cn (f, X))

. f'(x7) - C (x + musx)
2 (n-3m)uy

/ -
[ () +f (x )} (2mxan@n (0) + 1)
2 (n-2m)ann (0)
In order to complete the proof, it is sufficient to estimate the terms An,(f, X), Bn,r(f, x) and Cn,:(f, x). Applying
integration by parts and Lemma 2 with w = x — x/+/n, we have

Xy
; /X(f')x(u)dudy/ln(x,y)’

x-x//n X ,
(/ - ) (x| 1An (6, )| dy
0 x-x/v/n

C(x+muyx) [*Vr x

n-3myu; J, \y/ ((F)x) 7( ) X_X/f\y/((f)x) dy

+

|A” (f’ X)|

IN

C(x +mupx) [T
(n-3mu,

X X
-V (O ays (6.
y x-x/v/n
By the substitution of u = £, we obtain

x-x//n x
AR VAR EY
y

\/ﬁ X
S V(ST

x-x/u

IN

1L§J /k+1 \X/ )
x (f)x) du
k=1 'k x-x/u

VAl x

D SRVAUZSY

k=1 x-x/k

IN
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Thus we have
Cx (1 +muyx) AU X *
|An (f, )| < S\ () + 2=\ () 5)

(n=3m)wu, k=1 x-x/k vn x-x//n

On the other hand we have

2x Yy
Bn (f, X)| ’—/ /(f’)x(u)dudy(l—/\n(x,y))

2x 2%

< / (Fxw)du| |1 - An (x, 2x)|+/ |(F x| 11 = An (x, y)| dy
x+x//n Y

% If (20) - f (%) - xf" (x7)| +/ \/ ((F)x) dy

C(1+mux) [* IR
+m x+x/ﬁ(y_x) \x/((f )X) dy

By the substitution of u = /;, we obtain

2x y
_ -2 /X d
/m/ﬁ(y X) \X/((f)) y

/1 \X//(f)x

f k+1 x+x/u

z / \/ (7)) du

k=1 X
LV xex/u

A

X

IN

IN

Thus we have

x+x/u x+x//n

F@0=FG0-xf' () + L) Z V @)+ V).
©)

C(1+muix)
(n-3m)u;x

|Bn (f’ X)| <

Finally, applying Holder’s inequality, we proceed as follows for the estimation of Cy(f, x) :

S
CaF )| = |(n—m) anipn (0) ( / (f’)x(u)du)
2x X

- .
«STKY (x, 0, anpn (0) K (v, 0, anthn (0)) (HMEP%) dy

v=0

IN

- N
(= m) antpn (0) D K3 (x, 0, anthpn (0)) (%)

v=0

x /Z B (F0) - £ () K (v, 0, antpn (0)) dy‘

(n = m) anihn (0) fj K (x, 0, antn (0))

v=0

+|f' M)

VN 2 poo
" (%) LU K (v, 0, antpn (0)) dy
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o .
< (n - m) anPn (0) ZKS’) (x, 0, anthn (0)) (M)

v=0 W)

x / K (1,0, anthn (0)) C1y>dy
2

X

+ UF%)\ (n=m) angn (0) Y~ Ky (x, O, antpn (0)

v=0

v 2 oo
x (“‘(‘”%) /2 K (1, 0, anthn (0)) (v ~ )2 dy

+|[F/ 0| (n = m) antpn (0) Y K (x, 0, anthn (0))

v=0

(Eamla O™y 1K 1,0, cp 01 . ©
: 2x
To estimate the integral

oo v 2 oo
(n-m) &npn (0) S K (x, 0, anthpn (0)) ([*“"2/’%) /2 KY (7,0, ann (0)) C1y*7dy,
v=0 X

we proceed as follows:
Obviously, y = 2x implies that t < 2(y - x) and it follows from Lemma 1, that

) vy 2 oo
(n = m) &ntpn (0) 3" K (x, 0, anhn (0)) (H‘"E/’%) /2 K (v, 0, anipn (0) C1y*4dy
v=0 X

IN

[~@ntn (0)]V)2

€129 (- m) anihn (0) ZK;V) (X, 0, antPn (0)) ( )

v=0

y /2 T KD (1,0, anihn (0)) (v - 02 dy

X

C12%Ty 24 (X) = 0 (n79) (n — o0).

Applying Schwarz inequality and Remark 1, third term in right hand side of (7) can be estimated as follows:

co o vy 2
If' )| (n = m) antpn (0)/2 Z K (x, 0, anthn (0)) <[WMEPV71)1'(O)]) K (v, 0, anhn (0)) |y - x| dy
X y=0 ’

IN

P (= myanp ©) [ K& (x, 0, (0)
0 o0

[ann O]\ o)
» (T) K (v, 0, anthn (0)) |y - x| dy

16| ((n - m) anpn (0) / 3K (6,0, anppn (0)
0 oo

IN

1/2

v 2
» (“‘E”%) K (1,0, anpn (0) (v - 1)° dy)

co o0 N 2 1/2
x((n—m)om% © [ & w0, apn) (EEb L) k) 1,0, au (0))dy>
v=0

_ oo+ Cx (1 + muyx)

- VO S

So, we have

C(1+muyx) oo+ Cx (1 + mu;x)
(n-3m)uix +HFeo) n-3mu; ®)

Therefore combining (4), (5), (6) and (8) we get desired result. O

|Cn(f, %) <0 (n77) +
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