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1 Introduction

Let LIZ’ ar (1 < p < o0) be the class of all 271/ r—periodic real-valued functions, integrable in the Lebesgue sense
with p—th power over Q; = [-71/r, /r] with the norm

1/p

Ol = | [17O P ac|

clI?

; p
where r € N. It is clear that L 1

_ 7D
i = L5 and

FOllzz, =P IFO,

forf e LIZJn/r'

We will consider, for f € L}, the trigonometric Fourier series

Sf(x) := aoz(f) + é(av(f) cos vx + by(f) sin vx)

with the partial sums S, f and the conjugate Fourier series

gf(x) = i(av(f) sinvx — by(f) cos vx)

v=1

with the partial sums §kf . We also know that if f € L}, then

Foo = —%/l[)x (0 % cot Ldt,
0
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with
Ux(O):=f(x+t)-f(x-1),

exists for almost all x [1, Theorem (3.1)IV].
Let A := (ay ) be an infinite matrix of real numbers such that

anx20when k,n=0,1,2,..., nli_}n@lo an = 0and Z anx =1,
k=0

and let A° := (a; ;) , where
an i = an When k <nanda,; = 0when k> n.

We will use the notations

oo

An,yr = Z |an,k = n,k+r
=0

Tnaf 09 ) 7 Sif (9 )
< Tn,Af(X) > o Zan,k < gkf(x) ) (n=0,1,2,...),

k=0

n
[e] o [e]
’ An,r = Z ‘an,k - an,k+r
k=0

forr e Nand

for the A-transformation of S;f or §f , respectively.
In this paper, we will study the upper bounds of ] Toaf ) -f 0 | and

Ty af (%) - f® ‘ by the functions of
modulus of continuity type. These are nondecreasing continuous functions having the following properties:
w(0) =0, w(d1+62) <w(b1)+w () forany 0 < 81 < 6, < 1 + 6> < 271. We will also consider functions

from the following subclasses L’Z’n/r () » LIZJn/r (E))ﬂ of Lgn/r :
L’z’n/r () = = {f € lejn/r : wﬁf(G)Lin,, = 0 (w (6)) when § € [0, 271] and 8 > O} ,
L, (@), + ={feLb,, :@f (@) =0(@(©) whens e [0,27] and =0},

where r € N, w and w are functions of modulus of continuity type. Moreover,

wpf (8)pp = sup {

i o<|t|<8

B
.ot
sz‘ |‘P-(t)|L§n/r}

withpx(t) :=f(x+t)+f(x-t)-2f (x),

wpf (8)p = sup {

2 0g|t]|<6

B
. rt
sin 5 [ 1. (t)|Lgn/,}-

It is easy to see that wof (-)Lg = (Df(-)lea ) and wof (~)L127 S wf (')L’; , are the classical moduli of continuity.
It is clear that
Gpf B)rs, < Daf B)yy, and wyf B)yy < waf Bz

and consequently

p ) p Y p p
LZn/r (w)a < LZn/r (w)ﬁ and LZn/r (w)a < Ler/r (w)ﬁ

forfzaz=0
The above deviations were estimated in the paper [2] and generalized in [3] as follows:
Theorem A. [3, Theorem 10, p. 97] Let f € L} (w)gwithl <p <ocand0sf<1- 1%’ and let w satisfy the

conditions
1/p

/ (W)psinﬁ”;dt = 0x ((n+1)") D

71/(n+1)
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withO <~y < B+ 1,

7/(n+1) » p
lox (O o Bp t - -1/p
/ ( 0 ) sin 2dt = Ox ((n+1) ) (1.2)
0
and
m/(n+1) o q 1/q
w(t _ B+1/ Vi
[ (;29.) ar -o(mrrro(my). =
o 2

where g =p(p-1)"". Then
[ Taef (0= F 00| = Ox ((n+ P57 A7 0 (7))

n+1

Theorem B. [3, Theorem 9, p. 97] Let f € L} (E))ﬁ withl <p<ocoandO0<pf<1- p%, where w satisfies the
conditions

1/p
T e O\ gy t
/ (%) sinf? idt = O0x ((n+1)7) (1.4)
71/(n+1)
With0<7<ﬁ+llj,
/(n+1) p
/ (LX (t)|>p sinf? £dt =0 ((n + 1)"1/”) (1.5)
w (f) 2 X )
0
and
m/(n+1) G (t) q /q .
- Brifp o (T
0/ (tsinﬁ£> dt —O((n+1) Pw(n+1)), (1.6)

where g =p(p-1)"". Then
Ty pef (%) —f(X)‘ = Ox ((n + 1) AS @ (L)) _

n+1

In our theorems we generalize the above results by considering functions from L’z’n Ir and using An,r with
r € Ninstead of Aj ;.
Hereafter Zfza =O0whena > b.

2 Statement of the results

In this section we will present the estimates of the quantities |Tn, J00-f (x)| and Tn’ Af (0 —)~‘(x) . Addi-

tionally, we will formulate some remarks and corollaries.

Theorem 1. Suppose that f < Lgn/r, 1<p<oo,reN,f =0 and a function of the modulus of continuity type
w satisfies the conditions:

_n_ q q
(G o

t |sin

whereq=p(p-1)"t,

T =

w0 (e @) [sin 27\ _ -
{/ (wa) dty = 0x (tnr1)) -
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and

{/7 wolsng P\ 1o =
y(ni:l) w (t) tY - VX 5 .

with 0 <~y < B+ 117' If a matrix A is such that

-1

n r+l-1
{Z > an’k} =0(1) (2.4)

=0 k=l
is true for r € N, then

| Toaf (0 =F (0] = 0x ((n+ 5" Anyw (7).

Theorem 2. Suppose that f ¢ L
w satisfies the conditions:

2/ 1 <p<oo,reN,f =0 and a function of the modulus of continuity type

J t|sin %

whereq=p((p-1)",

r(nril) ﬁ p 1/p
s 1t
/ (W) ath - 0.). @6)
0
and 1
i ot B\F ’

r(n+1)

with 0 <y < B+ %. If a matrix A is such that (2.4) holds, then

Toaf 0)=F 00| = Ox ((n+ D5 Anso (1 55)) -

Remark 1. If we consider the following more natural condition

; (t rt B ? .

r(n+1)

for~ e (l IlJ + [5’) where B > 0, instead of (2.3) and for w and y analogously, then our estimates take the form

[ Taf 00 =F 0] = Ox ((n+ 1 Anro (57 ) -

and

= ~ ~( T

Tp,af () —f(x)’ = Ox ((n + 1P 4,0 (n n 1)) .

These considerations are natural because in the case of norm approximation the new conditions, as well as the
old ones, always hold for f € LZn/r (w)gorf e LZn/r (w ) with || . (t)||Lp instead of |@x ()| or with . ()| 2 /
instead of |\x (t)| , respectively. Therefore, if f € L2n/r (w)gorf e LZn/r ( )ﬁ’ then

ITn.af ©) ‘f(')HL‘;,,/, =0 <(" + 1P Anyw (nfl))

o+ 1 A ().

2ﬂ/r

or

Tpaf () -F ()

respectively.
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Remark 2. Forr = 1, we can observe that if we use, in the proof of Theorem 1 the estimate |D§,1 (t)| <k+ %
from Lemma 2, then we additionally need the condition

i(k+1)an,k=0(n+1). (2.8)
k=0

In this case we can apply the weaker condition

[ (480 fan [ ae} - ox (e 12)
0

instead of the condition (2.2).

Remark 3. We note that our extra conditions (2.4) and (2.8) for a lower triangular infinite matrix A always
hold.

Corollary 1. Using Remark 3 and the obvious inequality
Anyr<rAp,forreN (2.9)

our results improve and generalize the aforementioned Theorems A and B of Xh. Z. Krasniqi [3] without the
assumption <1 - 1.

Remark 4. We note that instead of L’ _ ;y (W)g and Ly Ir (w) g we can consider other subclasses of L |, gener-

ated by any function of the modulus of continuity type e.g. wx such that

wx(f, 6) = ‘Stl‘llg lox ()] < wx (8)

or

8
wx(f, 6)=%/|<px(t)\dtswx(5).
0

Likewise in the conjugate case.

3 Auxiliary results

We begin this section by introducing some notation from [4] and [1, Section 5 of Chapter II]. For r = 1, 2... let

s (2k+n)t (2k+n)t rt k+n)t
sin —~ cos ~ cos & — cos (20t
DY ()=—-—2 Do, ()= ——2  and Dy, (t) = 2 2
tor (0 2sin kr (O 2sin %t kr (O 2sin %

It is clear by [1] that

S (0= 7 [ Fx+ 0D 0 de,

S ()= [ Fix+ 0D 0 de

and

Taf )= % [ F+0Y a9,
i k=0
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Taf )= [ Fx+0Y aniDis @t
o k=0

Hence

Tyaf (0 -F00) = & / P (0> aniDi (0 dt

k=0

and

Tuaf 0 -F0 = % [ 060 anr (O d.
0

Now, we present very useful property of functions of the modulus of continuity type.
Lemma 1. [1] A function w of the modulus of continuity type on the interval [0, 2] satisfies the following con-
dition
85 w (8,) < 267  w (81) for 6, = 61 > 0.
Next, we present the known estimates.

Lemma?2. [1]If O < |t| < 7, then

T
|DE,1 (t)| < 27

b/
< EYPTE
2 ¢
and if t C R, then
1
‘Di,l (t)| <k+ 5

fork e N.

Lemma3. [4,5] Letm,n,r e N, l € Zand (an) C C.Ift # 27, then

m m+r n+r-1

> _agsinkt = —Z(ak—ak+r)D R+ Y @D (0= Y aDC - (0),
k=n k=n k=m+1 k=n

m m+r n+r-1

> aycoskt = Z(ak W) Dy (0= D @D (O + Y DR, (t)

k=n k=n k=m+1 k=n

foreverym = n.
We additionally need two estimates as a consequence of Lemma 3.

Lemma4. Letr € N, 1 € Z and (an )i, C [0, o0) such that limy_,., @y = 0.Ift # 27, then

1
A s ——A
2|sin {sin | sm”| < nr+za"k)<|sin§sin’2t| i

> an Dy (D) <

k=0

Proof. By Lemma 3,

an,ka,l (t) = an k ¢
o o 2ssin 5
1 t
= Sent Zanksmktcosf+Zankcosktsm§
2 \k=0 k=0

t oo r-1
COSs 5
= 3 si 2t < E Ak~ ank+r D kr(t) § ankD k, r(t)>
sin 5 =0

k=0
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oo r-1
<Z An,k = An,k+r Dkr(t)"'zan ka r(t)>
k=0 k=0
and our lemma is proved. O
Lemma5. Letr € N,l € Z and (ap 1)r2o C [0, o) such that limy_,, a, x = 0. If t # 21” , then
iankﬁakl(t) Anr‘*‘zank S%An,r
e 2 ]sm sin % | |sin § sin % |
k=0
Proof. By Lemma 3,
oo oo Qk+1)t
—~ cos
> an D1 (t) = > ank 5 sinzi
k=0 k=0 2
_ 1 (< tcos LS tsin b
= Seinl Zankcos cosZ—Zan,ksmc smE
k=0 k=0
cos = 1
= 2 Slnzt (Z (an,k - an,k+r) Dz,r 0+ Z an,kDi,—r (0)
2 k=0 k=0
1 o r-1
_5 ( Z(ank ank+r)D kr(t) ZankD k, r(t))
k=0 k=0
and thus our proof is complete. O

We also need some special conditions which which follow from that which was mentioned earlier.

Lemma 6. Let p € (1, o0). If condition (2.1) holds with g = p (p -

w of the modulus of continuity type, then

2(m+1)m

7 q
/ < w (t) )
o t|sin 7|

r r(n+1)

5] -1}

2(m+ )
T

wherem € {0, ...,

Proof. By substituting t = — u we obtain

1/q

2(m+1)m

T q
/ _w(®) dt
t|sin 2|’
2miln__n 2

r r(n+1)

Since w - u > ubyLemmal,
) w (Z(m;rl)rr _ u)
) (Z(m;rl)n _ u) ]sin % ‘ﬁ

Hence, by (2.1) our estimate follows.

1)}, r € N- {1}, B = 0 and some function
1/q
- B+1/p 4l
dt O((n+1) w<n+1>),
_n_ q 1/q

w (A - u)

3 du
2(m+)m ; 2(m+ )
((:) —u)‘smg((:) —u)‘

r(nqu) 2(m+1)m q e
/ w (7,, - U) du
) (Z(m;rl)n _ u) |sin 2 |ﬁ
q 1/q . . 1/q
< / (2 w(u)) du
J u |sin * |ﬁ
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Lemma7. Let p € (1, o). If condition (2.1) holds withq = p(p - 1)}, r € N, B = 0 and some function w of
the modulus of continuity type, then

2mn+(n) 1/q
r r(n+l q
w (f) _ p+1/p n
Zm/n <t|sin'2t|ﬁ> dt —O((n+1) w(n+1))’

wherem € {0, ..., [§]} and B <1~ .

Proof. By substituting ¢ = 2’"—" + u, analogously to the above proof, we obtain

2mm 1 1/q bid 1/q

T /r(n+1) < w (t) )q dt . 71) ( w (ZWIJ " u) )q du
t|sin % }ﬂ (207 4+ ) ) |sin § (227 + u) ]ﬁ

2mn 0
s 1/q
_y ( w (23" +u) )q
- 2 B
" (237 + u) [sin |
n 1/q
r(n+1) q
< DI C) NN - Oy ((n + )PP ( n ))
u|sin % |’B n+l
0 2
and we have the desired estimate. O

Lemma 8. Suppose that f € LIerr/r’ where 1 < p < oo andr € N - {1}. If condition (2.2) holds with some
function w of the modulus of continuity type and f3 = 0, then

2(m+1)7 | (t)| ¢ Bp Il,
! Px r _ ( —llp)
{ﬁ(mmn_ﬂ ( 0 ) sin — 3 dt} Ox ((n+1) ,
r r(n+1)
wherem € {0, ..., [§] - 1}.
Proof. By substituting t = M - u, we obtain
2me)n 1/p
. p Bp
lox (D] sin | at
w(b) 2
2m+mr __n
r r(n+1)
r(r:rl) 2(m+)n p 1p
)(p"( r —u)‘ . r(2(m+1)m A
= 2(m+ 1) st E r du
o \ ¢ ( o “)
r(nril) p 1/p
- / —J(ﬁ’if;)' 'sin %‘ du
o \¢ ( o u)
Since 2T _y; >y, we have
D) , p Up 1/p
/ [ox ()] ’Smrg’ du (Isox(u)l sin 74 )
) w (Z(m:-l)n _ u) 2 w (u)

Hence, by (2.2) our estimate follows. O
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Lemma9. Suppose that f € L2 I where 1 < p < oo and r € N. If condition (2.2) holds with some function w
of the modulus of continuity type and § = 0, then

{/H <|<px (t)|>
2mn w(b)

wherem € {0, ..., [5]}.

sin rn
2

& dt}p = Oy ((n + 1)"””) ,

Proof. By substituting t = 2”’” + u, analogously to the above proof, we obtain

G v D p v
to Bp e 2mn B
[0x (D) rt _ lox G2+ uw)[ | 1 (2mm
/ < w(t) sin 2 t - w (2'"% + u) ) r U du
2ma 0
n 1/p

Il
O\E
VRS

g
|
SIS
w‘sk
N~
+|E
<=
SN—
<4
=
-
|2
~__—
QU

IN
7 N
<
Sz
~~
El=
w
@,
=
-
| S
N——
=
Q
<
S
~~
=
+
=y
Ra
N
2
=
N——

and we have the desired estimate. O

Lemma 10. Suppose that f € L’Z’n/r, where 1 < p < coandr € N - {1}. If condition (2.3) holds with some
function w of the modulus of continuity type and B, v = 0, then

2mi)n_ q ‘ (t |Sln it }ﬁ 1/p
r r(n+1)
¥x = | dt =0x ((n+1)7),
Atz w(t) (Z(m:l)n _ t)
wherem € {0, ..., [5] - 1}.
Proof. By substituting t = M - u, we obtain
z(m:l)n_r(Tril) |(px (t)l ‘Sln rt
2(m:1)717% w (t) 2(m+1)n _
; - (2(m+1)n u)‘ du
o \w ( (m+ o
p 1/p
= ! [9x (W) ’sm u ’B du
25 \w (Z(m;rl)ﬂ _ u) u
Since w —u = u, we have
n 1/P n 1/p
r r B p
/ |ox (W) ‘sm—‘ < / |ox (W) 'sinr—u du
w <Z(m+1)ﬂ _ ) w (W) u” 2
fid r T
r(n+1)

r(n+1)

Hence, by (2.3) our estimate follows. O
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Lemma 11. Suppose that f L2 I where 1 < p < o andr € N, If condition (2.3) holds with some function w
of the modulus of continuity type and B, v = 0, then

2mn 7 1/p
N rt|B
/ (W) dt =0x((n+1)),

T r(n+1)

wherem € {0, ..., [] }.

Proof. By substituting ¢ = 2’"—" + u, analogously to the above proof, we obtain

1/p

FLLIN A 1/p
|x (t)] [sin rt’B B T ex(PE+u)| | r (2mn 5\?
/ ((u o (- Zan)'Y dt = /L —w (Mn T0) sin 5 (T + u)' du

2, _n r(n+1)

T r(n+1
i |@x (W) A
= ! (px— ‘Sin E‘ du
{/n (a)(z’”"+u)u7 2
r(n+1)

~

. /’r’ |ox (W) SinLu”’ ? "
B = w (u)u 2
= Ox((n+1)7)
and we have the desired estimate. O
4 Proofs of the results
4.1 Proof of Theorem 1
It is clear that
L 2 e LR .
Tl = 2> [ @ (t)Zan WDy (O de+ L > / gox(t)zan WDy () dt
m=0 mm 1
= L(+LX)

for an odd r, and

2mn +% 2(m+1)

[l’/ 1-1 r r o
1 °
ToafO-f() = - [ ] ec@X andii0de
m=0 omn ma 7 k=0
- LW+LE

for an even r, whence
|To,af ) = f ()| < I (O] + [T} ()| + 112 ()] -

By Lemmas 2 and 4,
L A o
L= r > [ i1 a0 de
m=0 ;mn k=0
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2mn, 2mn
1 [r/2] r r(n+1) r T oo
-5 51 I BT O INGT]) SEA. MO
m=0 2ms omn ,, k=0
r r r(n+1)
Zmn ( 1) Zmir'r n
[r/2] r r n+ [r/z] T
S S |sm Ssin |
T r r(n+1)
Consider the estimates
sm2 |‘forte[O m,
smr—t —meorte[zm—ﬂ,zm—ﬂ+ﬂ},
2 r r r

where m € {0, ..., [r/2]} with r € N - {1}. By the Holder inequality with p > 1 and g = ;£; we therefore
obtain

m=0 |, n,_n ammy T
r r(n+1) r r(n+1)

2z o Zmn
(/21 7 D 2 R
neisyy [ lacany / o,
r T r(n+1)
» 2 1
D TP 2ma, :
[r/2] T ) B\ P g s .
< / [ (0] sinrzt‘ al / w0 ),
20 | e 0 s t |sin 5|
T 1 : ) l
2mn 1 p 2mn 1 r
/2 T » amn .
A UZ] Ol g, 1t ’ dt w () (t-257)" dt
v 2m7r ol 2 p— — 3
r (U(t)( ) . t(t—f) ‘smﬂ

Using (2.2) with Lemma 9, (2.1) with Lemma 7 and (2.3) with Lemma 11 we have

[r/2]
[11(x)| =0« ( 1)%(;’1 £1)73 (n+ )PP (nfl)
[r/2] m 1 w(®) (l‘— MJ),Y q L
0 (DA S (n+1) { < n ) dt} |
Z ﬁmﬂJr,(,,ﬂ) t(t- ZTH) |Sinr7t}ﬂ

Since

1 1

mn . 1 _MJ'Y q q [ I 2mm\ ¢y q a
V ( v (- 27) ﬁ) dt} / ( wlte ) ﬁ> dt}
27;1n+’(n7:1) t(l’ Zmn ‘Sll’l rt‘ I r(Tnﬂ) t(t+2mn |sm rt+%mrr|
[, () ]
. B t
|/ e \ €2 [sin % |
- . q %
2‘1/ {U(t) t
J_n t2—y|Lt|ﬁ
L b3

r(n+1)
q
t("/*lfﬁ)q dt:|

() o ry

~I

IN

IN

QU

IN

s

r(n+1) r(n”q)

(-1-P)+5
-0 ((n+1)w (n711)) (r(nﬂ+ 1))
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< oo (1),

n+1

for0 <~ < B+ 1, weobtain

[r/2]
_1 1 T
0 =0x ()" (+ 177 (n+ 15w ()
m=0
[r/2] git e
0% 1-~y+p+=
+0x (D Anr > (1417 (n+ )7 0 ()
m=0
T 1 T
=0x ((n + 1P w (—n n 1)) + Oy ((n + 1)1"‘8*; Anrw (n n 1)) .
Analogously,
/ s 1 1 T
|13 ()] = Ox ((n+ Ve <n+ 1)) +0x ((n+ DI Anrw (n+ 1)) '
Similarly,

2(m+)m

[r/2] 1

Lol < : Z / o (0) Z @D} (0] dt
2m+)mr 2(m+1)m
1 [T/Z]—l r r(n+1) —r oo
-2 [ e o] S andi o)
m=0 2m+Dn _q 2m+Da__ n k=0
T r T r(n+1)

2m+n 7 2(m+1)n

[r/2] 1 D [r/2] 1

- Z / |g0tX(t)‘rt An, rdt+* Z / |§0X(t)‘dt
|sin 4§ sin %|

m=0 2m+)m g

T T T r(n+1)

Consider again the estimates

sin£ zgforte[o,n],

2

s

sinr—t
2 r r r(n+1)

SYSTOLPNN IV IR IV }

where m € {0, ..., [r/2] - 1} with r € N - {1}. By the Holder inequality with p > 1 and q = ;1 we get

/ 2(m+)m _ (nl) / 2(m+1)m
[r/2]-1 r i+ [T 2]-1 r
l@x (8)] [px (B)]
|Iz (X)‘ - An,r Z / rt (2(m+1)m _ 2 Z t dt
m=0 2m+Da_a K3 r m=0 2m+a__n
T T r r(n+1)
1
[r/2]-1 2mihn __n B P
m T r(n+1) ‘(px (t)| .ot
) 7An,r Z 2m+ln _ g 2(m+)m 7 |Sm 2 dt
m=0 I w (t) <f - t)
v o4
q
2(m:1)n_r(n;-il) w (t) (z(m:l)ﬂ _ t) dt
Amsn 7 ¢ (2(m+1)n _ t) ’sin rt ’ﬁ
r r T 2
1 1
2(m+1)m p 2(m+1)m q

[r/2]-1 r p T q
L1 ox (O |, rt[” _ a0
) w (6 2 dt ) A
3 T
m=0 2mi)nr 2me)n o t }Sln 7’

T r(n+1) r r(n+1)
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Using (2.2) with Lemma 8, (2.1) with Lemma 6 and (2.3) with Lemma 10 we have

1
2m+)n _ _ m 1
|IZ (X)‘ = Ox (1)An’r (n + 1)'Y
r;) 2med)n_ g t(M—t) \Sin%\ﬂ
[r/2]-1 .
+0x 1) r;) (n + 1) 1/p (n + 1)/3+1/pw (n . 1)
Since
q 3 - .
el U (W B t)ﬂy q : w (w - t) ¢ a
B t = / 3 dt
w—% t(w—l) ’Sll’l%t| r(nlil) t(m_t> )sinw
| / DwB
L r(n+1) t2 |Sln rt |ﬁ
< 2‘1 ’ JOIS d
L r(n+1] tz rt
o (s s
Ba q
< rgwl) [ ) / t(71ﬁ)th}
r(n+1) r(n+1)
(y-1-B)+1/q
= 1
O((n+ )w n+1 (r(n+1))
= 1- v+ﬂ+7 ( ))
<(n +1) rY n+1
for 0 <y < B+ 5, we obtain
[r/2]-1
1
L) = Ox(1)Anr ZO n+1)" (n+ 1)1’V+/3+;, ) (n 7_: 1)
m=
[r/2]-1 .
1/p B+1/p
+0x (1) Z;) (n+1)""P (n+1) w(n+1)
m

= Oy ((n + 1)“’;*1% Anyw (n—zl)) + Oy ((n +1)fw (n:{l)) .
Finally, by applying condition (2.4) we have

-1 n oo -1
[(n+1)Anr ZAnr < |: Z‘ank ank+r:|
=0 k=1
n | oo -1 n r+l-1 -1
< |: Z (an,k - an,k+r) :| = |:Z Z an,k:| =0()
1=0 | k=1 1=0 k=1
and our proof is complete. O

4.2 Proof of Theorem 2

Analogously, as in the proof of Theorem 1, we consider an odd r and an even r. Then,

Zmn n 2(m+)m

[r/2] [r/2]-1

Taf0-F = 13 / wx(t)ZankDokltt)dHf S /wx(t)ZankDokl(t)dt

moZmnrr
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= L(+L(x)

for an odd r, and

2mn 2(m+1)m

[r/21-1 v v [r/21-1 7

Tuaf@-F@ = 25 [ hOY aubia@derr > [ 50 andoi 0 de
m=0 s k=0 m=0 k=0

m 2mn+g
T r

T 00)+ 1 (%)

for an even r, whence

<

| Toaf 00 -F ()

Lm%mm%@my

Further, we can observe that the quantities I; ), 7’1 ®, b (x) are similar to the quantities I (x), I (x),
I, (x) from the proof of Theorem 1 and the estimates of De k1(t)and Y ay, kbvo k.1 (t) are similar to Dy , (£)
and ;7 a, Dy 1 (). The only difference is that we will use (2.5), (2.6) and (2.7) instead of (2.1), (2.2)and
(2.3) and Lemmas 6-11 with w and i instead of w and ¢, respectively. Therefore, we obtain the same estimates
of these terms, immediately. Thus our proof is complete. O

References

[1] Zygmund A., Trigonometric series, Cambridge, 2002

[2] Lenski W., Szal B., Approximation of functions belonging to the class LP(w) by linear operators, Acta Comment. Univ. Tartu.
Math., 2009, 13, 11-24

[3] KrasniqiXh.Z.,Slightextensions of some theorems on the rate of pointwise approximation of functions from some subclasses
of LP

[4] Szal B., On L-convergence of trigonometric series, ). Math. Anal. Appl., 2011, 373, 449-463

[5] SzalB., A new class of numerical sequences and its applications to uniform convergence of sine series, Math. Nachr., 2011,
284(14-15), 1985-2002



	1 Introduction
	2 Statement of the results
	3 Auxiliary results
	4 Proofs of the results
	4.1 Proof of Theorem 1
	4.2 Proof of Theorem 2


