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1 Introduction
Let Lp2π/r (1 ≤ p < ∞) be the class of all 2π/r–periodic real–valued functions, integrable in the Lebesgue sense
with p–th power over Qr = [−π/r, π/r] with the norm

‖f (·)‖Lp2π/r =

⎛⎜⎝∫︁
Qr

| f (t) |p dt

⎞⎟⎠
1/p

,

where r ∈ N. It is clear that Lp2π/r ⊂ Lp2π/1 = L
p
2π and

‖f (·)‖Lp2π = r
1/p‖f (·)‖Lp2π/r

for f ∈ Lp2π/r .
We will consider, for f ∈ L12π , the trigonometric Fourier series

Sf (x) := a0(f )2 +
∞∑︁
ν=1

(aν(f ) cos νx + bν(f ) sin νx)

with the partial sums Sk f and the conjugate Fourier series

̃︀Sf (x) := ∞∑︁
ν=1

(aν(f ) sin νx − bν(f ) cos νx)

with the partial sums ̃︀Sk f . We also know that if f ∈ L12π , then

̃︀f (x) := −1π
π∫︁

0

ψx (t)
1
2 cot t2dt,
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with
ψx (t) := f (x + t) − f (x − t) ,

exists for almost all x [1, Theorem (3.1)IV].
Let A :=

(︀
an,k

)︀
be an infinite matrix of real numbers such that

an,k ≥ 0 when k, n = 0, 1, 2, ..., lim
n→∞

an,k = 0 and
∞∑︁
k=0

an,k = 1,

and let A∘ :=
(︀
a∘n,k

)︀
, where

a∘n,k = an,k when k ≤ n and a∘n,k = 0 when k > n.

We will use the notations

An,r =
∞∑︁
k=0

⃒⃒
an,k − an,k+r

⃒⃒
, A∘

n,r =
n∑︁
k=0

⃒⃒
a∘n,k − a

∘
n,k+r

⃒⃒
for r ∈ N and (︃

Tn,A f (x)̃︀Tn,A f (x)
)︃
:=

∞∑︁
k=0

an,k

(︃
Sk f (x)̃︀Sk f (x)

)︃
(n = 0, 1, 2, ...) ,

for the A−transformation of Sk f or ̃︀Sf , respectively.
In this paper,wewill study theupper boundsof

⃒⃒
Tn,A f (x) − f (x)

⃒⃒
and

⃒⃒⃒̃︀Tn,A f (x) − ̃︀f (x)⃒⃒⃒by the functions of
modulus of continuity type. These are nondecreasing continuous functions having the following properties:
ω (0) = 0, ω (δ1 + δ2) ≤ ω (δ1) + ω (δ2) for any 0 ≤ δ1 ≤ δ2 ≤ δ1 + δ2 ≤ 2π. We will also consider functions
from the following subclasses Lp2π/r (ω)β , L

p
2π/r

(︀̃︀ω)︀β of Lp2π/r :
Lp2π/r (ω)β : =

{︁
f ∈ Lp2π/r : ωβ f (δ)Lp2π/r = O (ω (δ)) when δ ∈ [0, 2π] and β ≥ 0

}︁
,

Lp2π/r
(︀̃︀ω)︀β : =

{︁
f ∈ Lp2π/r : ̃︀ωβ f (δ)Lp2π/r = O (︀̃︀ω (δ)

)︀
when δ ∈ [0, 2π] and β ≥ 0

}︁
,

where r ∈ N, ω and ̃︀ω are functions of modulus of continuity type. Moreover,

ωβ f (δ)Lp2π/r := sup
0≤|t|≤δ

{︃⃒⃒⃒⃒
sin rt2

⃒⃒⃒⃒β
‖φ. (t)‖Lp2π/r

}︃

with φx (t) := f (x + t) + f (x − t) − 2f (x) ,

̃︀ωβ f (δ)Lp2π/r = sup
0≤|t|≤δ

{︃⃒⃒⃒⃒
sin rt2

⃒⃒⃒⃒β
‖ψ· (t) ‖Lp2π/r

}︃
.

It is easy to see that ̃︀ω0f (·)Lp2π/r = ̃︀ωf (·)Lp2π/r and ω0f (·)Lp2π/r = ωf (·)Lp2π/r are the classical moduli of continuity.
It is clear that ̃︀ωβ f (δ)Lp2π/r ≤ ̃︀ωα f (δ)Lp2π/r and ωβ f (δ)Lp2π/r ≤ ωα f (δ)Lp2π/r ,
and consequently

Lp2π/r
(︀̃︀ω)︀α ⊆ Lp2π/r

(︀̃︀ω)︀β and Lp2π/r (ω)α ⊆ Lp2π/r (ω)β
for β ≥ α ≥ 0

The above deviations were estimated in the paper [2] and generalized in [3] as follows:
Theorem A. [3, Theorem 10, p. 97] Let f ∈ Lp2π (ω)β with 1 < p < ∞ and 0 ≤ β < 1 − 1

p , and let ω satisfy the
conditions ⎧⎪⎨⎪⎩

π∫︁
π/(n+1)

(︂
t−𝛾 |φx (t)|
ω (t)

)︂p
sinβp t2dt

⎫⎪⎬⎪⎭
1/p

= Ox
(︀
(n + 1)𝛾

)︀
(1.1)
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with 0 < 𝛾 < β + 1
p , ⎧⎪⎨⎪⎩

π/(n+1)∫︁
0

(︂
|φx (t)|
ω (t)

)︂p
sinβp t2dt

⎫⎪⎬⎪⎭
1/p

= Ox
(︁
(n + 1)−1/p

)︁
(1.2)

and ⎧⎪⎨⎪⎩
π/(n+1)∫︁
0

(︃
ω (t)
t sinβ t

2

)︃q
dt

⎫⎪⎬⎪⎭
1/q

= O
(︁
(n + 1)β+1/p ω

(︁ π
n + 1

)︁)︁
, (1.3)

where q = p (p − 1)−1 . Then⃒⃒
Tn,A∘ f (x) − f (x)

⃒⃒
= Ox

(︁
(n + 1)β+

1
p +1 A∘

n,1ω
(︁ π
n + 1

)︁)︁
.

Theorem B. [3, Theorem 9, p. 97] Let f ∈ Lp2π
(︀̃︀ω)︀β with 1 < p < ∞ and 0 ≤ β < 1 − 1

p , where ̃︀ω satisfies the
conditions ⎧⎪⎨⎪⎩

π∫︁
π/(n+1)

(︂
t−𝛾 |ψx (t)|̃︀ω (t)

)︂p
sinβp t2dt

⎫⎪⎬⎪⎭
1/p

= Ox
(︀
(n + 1)𝛾

)︀
(1.4)

with 0 < 𝛾 < β + 1
p , ⎧⎪⎨⎪⎩

π/(n+1)∫︁
0

(︂
|ψx (t)|̃︀ω (t)

)︂p
sinβp t2dt

⎫⎪⎬⎪⎭
1/p

= Ox
(︁
(n + 1)−1/p

)︁
(1.5)

and ⎧⎪⎨⎪⎩
π/(n+1)∫︁
0

(︃ ̃︀ω (t)
t sinβ t

2

)︃q
dt

⎫⎪⎬⎪⎭
1/q

= O
(︁
(n + 1)β+1/p ̃︀ω (︁ π

n + 1

)︁)︁
, (1.6)

where q = p (p − 1)−1 . Theñ⃒⃒⃒︀Tn,A∘ f (x) − ̃︀f (x)⃒⃒⃒ = Ox (︁(n + 1)β+ 1
p +1 A∘

n,1̃︀ω (︁ π
n + 1

)︁)︁
.

In our theorems we generalize the above results by considering functions from Lp2π/r and using An,r with
r ∈ N instead of A∘

n,1.
Hereafter

∑︀b
k=a = 0 when a > b.

2 Statement of the results
In this section we will present the estimates of the quantities

⃒⃒
Tn,A f (x) − f (x)

⃒⃒
and

⃒⃒⃒̃︀Tn,A f (x) − ̃︀f (x)⃒⃒⃒. Addi-
tionally, we will formulate some remarks and corollaries.

Theorem 1. Suppose that f ∈ Lp2π/r, 1 < p < ∞, r ∈ N, β ≥ 0 and a function of the modulus of continuity type
ω satisfies the conditions:{︃∫︁ π

r(n+1)

0

(︃
ω (t)

t
⃒⃒
sin rt

2
⃒⃒β
)︃q

dt
}︃ 1

q

= O
(︁
(n + 1)β+1/p ω

(︁ π
n + 1

)︁)︁
, (2.1)

where q = p (p − 1)−1 , ⎧⎨⎩
∫︁ π

r(n+1)

0

(︃
|φx (t)|

⃒⃒
sin rt

2
⃒⃒β

ω (t)

)︃p
dt

⎫⎬⎭
1
p

= Ox
(︁
(n + 1)−1/p

)︁
(2.2)
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and ⎧⎨⎩
∫︁ π

r

π
r(n+1)

(︃
|φx (t)|

⃒⃒
sin rt

2
⃒⃒β

ω (t) t𝛾

)︃p
dt

⎫⎬⎭
1
p

= Ox
(︀
(n + 1)𝛾

)︀
, (2.3)

with 0 < 𝛾 < β + 1
p . If a matrix A is such that[︃ n∑︁

l=0

r+l−1∑︁
k=l

an,k

]︃−1
= O (1) (2.4)

is true for r ∈ N, then ⃒⃒
Tn,A f (x) − f (x)

⃒⃒
= Ox

(︁
(n + 1)β+

1
p +1 An,rω

(︁ π
n + 1

)︁)︁
.

Theorem 2. Suppose that f ∈ Lp2π/r , 1 < p < ∞, r ∈ N, β ≥ 0 and a function of the modulus of continuity typẽ︀ω satisfies the conditions:⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

(︃ ̃︀ω (t)
t
⃒⃒
sin rt

2
⃒⃒β
)︃q

dt

⎫⎪⎬⎪⎭
1
q

= O
(︁
(n + 1)β+1/p ̃︀ω (︁ π

n + 1

)︁)︁
, (2.5)

where q = p (p − 1)−1 , ⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

(︃
|ψx (t)|

⃒⃒
sin rt

2
⃒⃒β

̃︀ω (t)

)︃p
dt

⎫⎪⎬⎪⎭
1/p

= Ox (1) . (2.6)

and ⎧⎪⎨⎪⎩
π
r∫︁

π
r(n+1)

(︃
|ψx (t)|

⃒⃒
sin rt

2
⃒⃒β

̃︀ω (t) t𝛾

)︃p
dt

⎫⎪⎬⎪⎭
1
p

= Ox
(︀
(n + 1)𝛾

)︀
, (2.7)

with 0 < 𝛾 < β + 1
p . If a matrix A is such that (2.4) holds, theñ⃒⃒⃒︀Tn,A f (x) − ̃︀f (x)⃒⃒⃒ = Ox (︁(n + 1)β+ 1

p +1 An,r ̃︀ω (︁ π
n + 1

)︁)︁
.

Remark 1. If we consider the following more natural condition⎧⎪⎨⎪⎩
π
r∫︁

π
r(n+1)

(︃
|φx (t)|

⃒⃒
sin rt

2
⃒⃒β

ω (t) t𝛾

)︃p
dt

⎫⎪⎬⎪⎭
1
p

= Ox
(︁
(n + 1)𝛾−

1
p
)︁
,

for 𝛾 ∈
(︁
1
p ,

1
p + β

)︁
where β > 0, instead of (2.3) and for ̃︀ω and ψ analogously, then our estimates take the form⃒⃒

Tn,A f (x) − f (x)
⃒⃒
= Ox

(︁
(n + 1)β+1 An,rω

(︁ π
n + 1

)︁)︁
,

and ⃒⃒⃒̃︀Tn,A f (x) − ̃︀f (x)⃒⃒⃒ = Ox (︁(n + 1)β+1 An,r ̃︀ω (︁ π
n + 1

)︁)︁
.

These considerations are natural because in the case of norm approximation the new conditions, as well as the
old ones, always hold for f ∈ Lp2π/r (ω)β or f ∈ L

p
2π/r

(︀̃︀ω)︀β with ‖φ. (t)‖Lp2π/r instead of |φx (t)| or with ‖ψ. (t)‖Lp2π/r
instead of |ψx (t)| , respectively. Therefore, if f ∈ Lp2π/r (ω)β or f ∈ L

p
2π/r

(︀̃︀ω)︀β, then⃦⃦
Tn,A f (·) − f (·)

⃦⃦
Lp2π/r

= O
(︁
(n + 1)β+1 An,rω

(︁ π
n + 1

)︁)︁
or ⃦⃦⃦̃︀Tn,A f (·) − ̃︀f (·)⃦⃦⃦Lp2π/r = O

(︁
(n + 1)β+1 An,r ̃︀ω (︁ π

n + 1

)︁)︁
,

respectively.
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Remark 2. For r = 1, we can observe that if we use, in the proof of Theorem 1 the estimate
⃒⃒
D∘
k,1 (t)

⃒⃒
≤ k + 1

2
from Lemma 2, then we additionally need the condition

∞∑︁
k=0

(k + 1) an,k = O (n + 1) . (2.8)

In this case we can apply the weaker condition⎧⎪⎨⎪⎩
π
n+1∫︁
0

(︂
t |φx (t)|
ω (t)

)︂p ⃒⃒⃒⃒
sin t2

⃒⃒⃒⃒βp
dt

⎫⎪⎬⎪⎭
1
p

= Ox
(︁
(n + 1)−1−1/p

)︁

instead of the condition (2.2).

Remark 3. We note that our extra conditions (2.4) and (2.8) for a lower triangular infinite matrix A always
hold.

Corollary 1. Using Remark 3 and the obvious inequality

An,r ≤ rAn,1 for r ∈ N (2.9)

our results improve and generalize the aforementioned Theorems A and B of Xh. Z. Krasniqi [3] without the
assumption β < 1 − 1

p .

Remark 4. We note that instead of Lp2π/r (ω)β and L
p
2π/r

(︀̃︀ω)︀β we can consider other subclasses of Lp2π/r gener-
ated by any function of the modulus of continuity type e.g. ωx such that

ωx(f , δ) = sup
|t|≤δ

|φx (t)| ≤ ωx (δ)

or

ωx(f , δ) =
1
δ

δ∫︁
0

|φx (t)| dt ≤ ωx (δ) .

Likewise in the conjugate case.

3 Auxiliary results
We begin this section by introducing some notation from [4] and [1, Section 5 of Chapter II]. For r = 1, 2... let

D∘
k,r (t) =

sin (2k+r)t
2

2 sin rt
2

, ̃︁D∘k,r (t) =
cos (2k+r)t

2
2 sin rt

2
and ̃︀Dk,r (t) = cos rt2 − cos

(2k+r)t
2

2 sin rt
2

It is clear by [1] that

Sk f (x) =
1
π

π∫︁
−π

f (x + t)D∘
k,1 (t) dt,

̃︀Sk f (x) = −1π
π∫︁

−π

f (x + t) ̃︀Dk,1 (t) dt
and

Tn,A f (x) =
1
π

π∫︁
−π

f (x + t)
∞∑︁
k=0

an,kD∘
k,1 (t) dt,
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̃︀Tn,A f (x) = −1π
π∫︁

−π

f (x + t)
∞∑︁
k=0

an,k̃︀Dk,1 (t) dt.
Hence

Tn,A f (x) − f (x) =
1
π

π∫︁
0

φx (t)
∞∑︁
k=0

an,kD∘
k,1 (t) dt

and

̃︀Tn,A f (x) − ̃︀f (x) = 1
π

π∫︁
0

ψx (t)
∞∑︁
k=0

an,k̃︁D∘k,1 (t) dt.

Now, we present very useful property of functions of the modulus of continuity type.

Lemma 1. [1] A function ω of the modulus of continuity type on the interval [0, 2π] satisfies the following con-
dition

δ−12 ω (δ2) ≤ 2δ−11 ω (δ1) for δ2 ≥ δ1 > 0.

Next, we present the known estimates.

Lemma 2. [1] If 0 < |t| ≤ π, then⃒⃒
D∘
k,1 (t)

⃒⃒
≤ π
2 |t| ,

⃒⃒⃒̃︁D∘k,1 (t)
⃒⃒⃒
≤ π
2 |t| ,

⃒⃒⃒̃︀Dk,1 (t)⃒⃒⃒ ≤ π|t|
and if t ⊂ R, then ⃒⃒

D∘
k,1 (t)

⃒⃒
≤ k + 1

2
for k ∈ N .

Lemma 3. [4, 5] Let m, n, r ∈ N, l ∈ Z and (an) ⊂ C. If t ≠ 2lπr , then

m∑︁
k=n

ak sin kt = −
m∑︁
k=n

(ak − ak+r)̃︁D∘k,r (t) +
m+r∑︁
k=m+1

ak̃︁D∘k,−r (t) −
n+r−1∑︁
k=n

ak̃︁D∘k,−r (t) ,

m∑︁
k=n

ak cos kt =
m∑︁
k=n

(ak − ak+r)D∘
k,r (t) −

m+r∑︁
k=m+1

akD∘
k,−r (t) +

n+r−1∑︁
k=n

akD∘
k,−r (t)

for every m ≥ n.

We additionally need two estimates as a consequence of Lemma 3.

Lemma 4. Let r ∈ N, l ∈ Z and (an,k)∞k=0 ⊂ [0,∞) such that limk→∞ an.k = 0. If t ≠ 2lπ
r , then⃒⃒⃒⃒

⃒
∞∑︁
k=0

an,kD∘
k,1 (t)

⃒⃒⃒⃒
⃒ ≤ 1

2
⃒⃒
sin t

2 sin
rt
2
⃒⃒ (︃An,r + r−1∑︁

k=0
an,k

)︃
≤ 1⃒⃒

sin t
2 sin

rt
2
⃒⃒An,r .

Proof. By Lemma 3,
∞∑︁
k=0

an,kD∘
k,1 (t) =

∞∑︁
k=0

an,k
sin (2k+1)t

2
2 sin t

2

= 1
2 sin t

2

(︃ ∞∑︁
k=0

an,k sin kt cos
t
2 +

∞∑︁
k=0

an,k cos kt sin
t
2

)︃

=
cos t

2
2 sin t

2

(︃
−
∞∑︁
k=0

(︀
an,k − an,k+r

)︀ ̃︁D∘k,r (t) −
r−1∑︁
k=0

an,k̃︁D∘k,−r (t)

)︃
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+12

(︃ ∞∑︁
k=0

(︀
an,k − an,k+r

)︀
D∘
k,r (t) +

r−1∑︁
k=0

an,kD∘
k,−r (t)

)︃

and our lemma is proved.

Lemma 5. Let r ∈ N, l ∈ Z and (an,k)∞k=0 ⊂ [0,∞) such that limk→∞ an.k = 0. If t ≠ 2lπ
r , then⃒⃒⃒⃒

⃒
∞∑︁
k=0

an,k̃︁D∘k,1 (t)

⃒⃒⃒⃒
⃒ ≤ 1

2
⃒⃒
sin t

2 sin
rt
2
⃒⃒ (︃An,r + r−1∑︁

k=0
an,k

)︃
≤ 1⃒⃒

sin t
2 sin

rt
2
⃒⃒An,r .

Proof. By Lemma 3,

∞∑︁
k=0

an,k̃︁D∘k,1 (t) =
∞∑︁
k=0

an,k
cos (2k+1)t

2
2 sin t

2

= 1
2 sin t

2

(︃ ∞∑︁
k=0

an,k cos kt cos
t
2 −

∞∑︁
k=0

an,k sin kt sin
t
2

)︃

=
cos t

2
2 sin t

2

(︃ ∞∑︁
k=0

(︀
an,k − an,k+r

)︀
D∘
k,r (t) +

r−1∑︁
k=0

an,kD∘
k,−r (t)

)︃

−12

(︃
−
∞∑︁
k=0

(︀
an,k − an,k+r

)︀ ̃︁D∘k,r (t) −
r−1∑︁
k=0

an,k̃︁D∘k,−r (t)

)︃

and thus our proof is complete.

We also need some special conditions which which follow from that which was mentioned earlier.

Lemma 6. Let p ∈ (1,∞). If condition (2.1) holds with q = p (p − 1)−1, r ∈ N − {1}, β ≥ 0 and some function
ω of the modulus of continuity type, then⎧⎪⎪⎨⎪⎪⎩

2(m+1)π
r∫︁

2(m+1)π
r − π

r(n+1)

(︃
ω (t)

t
⃒⃒
sin rt

2
⃒⃒β
)︃q

dt

⎫⎪⎪⎬⎪⎪⎭
1/q

= O
(︁
(n + 1)β+1/p ω

(︁ π
n + 1

)︁)︁
,

where m ∈
{︀
0, ...,

[︀ r
2
]︀
− 1
}︀
.

Proof. By substituting t = 2(m+1)π
r − u we obtain⎧⎪⎪⎨⎪⎪⎩

2(m+1)π
r∫︁

2(m+1)π
r − π

r(n+1)

(︃
ω (t)

t
⃒⃒
sin rt

2
⃒⃒β
)︃q

dt

⎫⎪⎪⎬⎪⎪⎭
1/q

=

⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

⎛⎜⎝ ω
(︁
2(m+1)π

r − u
)︁

(︁
2(m+1)π

r − u
)︁ ⃒⃒⃒
sin r

2

(︁
2(m+1)π

r − u
)︁⃒⃒⃒β
⎞⎟⎠
q

du

⎫⎪⎬⎪⎭
1/q

=

⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

⎛⎝ ω
(︁
2(m+1)π

r − u
)︁

(︁
2(m+1)π

r − u
)︁ ⃒⃒
sin ru

2
⃒⃒β
⎞⎠q

du

⎫⎪⎬⎪⎭
1/q

.

Since 2(m+1)π
r − u ≥ u by Lemma 1,⎧⎪⎨⎪⎩

π
r(n+1)∫︁
0

⎛⎝ ω
(︁
2(m+1)π

r − u
)︁

(︁
2(m+1)π

r − u
)︁ ⃒⃒
sin ru

2
⃒⃒β
⎞⎠q

du

⎫⎪⎬⎪⎭
1/q

≤

⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

(︃
2 ω (u)
u
⃒⃒
sin ru

2
⃒⃒β
)︃q

du

⎫⎪⎬⎪⎭
1/q

.

Hence, by (2.1) our estimate follows.
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Lemma 7. Let p ∈ (1,∞). If condition (2.1) holds with q = p (p − 1)−1, r ∈ N, β ≥ 0 and some function ω of
the modulus of continuity type, then⎧⎪⎨⎪⎩

2mπ
r + π

r(n+1)∫︁
2mπ
r

(︃
ω (t)

t
⃒⃒
sin rt

2
⃒⃒β
)︃q

dt

⎫⎪⎬⎪⎭
1/q

= O
(︁
(n + 1)β+1/p ω

(︁ π
n + 1

)︁)︁
,

where m ∈
{︀
0, ...,

[︀ r
2
]︀}︀

and β < 1 − 1
p .

Proof. By substituting t = 2mπ
r + u, analogously to the above proof, we obtain⎧⎪⎨⎪⎩

2mπ
r + π

r(n+1)∫︁
2mπ
r

(︃
ω (t)

t
⃒⃒
sin rt

2
⃒⃒β
)︃q

dt

⎫⎪⎬⎪⎭
1/q

=

⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

(︃
ω
(︀2mπ

r + u
)︀(︀2mπ

r + u
)︀ ⃒⃒
sin r

2
(︀2mπ

r + u
)︀⃒⃒β
)︃q

du

⎫⎪⎬⎪⎭
1/q

=

⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

(︃
ω
(︀2mπ

r + u
)︀(︀2mπ

r + u
)︀ ⃒⃒
sin ru

2
⃒⃒β
)︃q

du

⎫⎪⎬⎪⎭
1/q

≤

⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

(︃
2 ω (u)
u
⃒⃒
sin ru

2
⃒⃒β
)︃q

du

⎫⎪⎬⎪⎭
1/q

= Ox
(︁
(n + 1)β+1/p ω

(︁ π
n + 1

)︁)︁
and we have the desired estimate.

Lemma 8. Suppose that f ∈ Lp2π/r , where 1 ≤ p < ∞ and r ∈ N − {1}. If condition (2.2) holds with some
function ω of the modulus of continuity type and β ≥ 0, then{︃∫︁ 2(m+1)π

r

2(m+1)π
r − π

r(n+1)

(︂
|φx (t)|
ω (t)

)︂p ⃒⃒⃒⃒
sin rt2

⃒⃒⃒⃒βp
dt
}︃ 1

p

= Ox
(︁
(n + 1)−1/p

)︁
,

where m ∈
{︀
0, ...,

[︀ r
2
]︀
− 1
}︀
.

Proof. By substituting t = 2(m+1)π
r − u, we obtain⎧⎪⎪⎨⎪⎪⎩
2(m+1)π

r∫︁
2(m+1)π

r − π
r(n+1)

(︂
|φx (t)|
ω (t)

)︂p ⃒⃒⃒⃒
sin rt2

⃒⃒⃒⃒βp
dt

⎫⎪⎪⎬⎪⎪⎭
1/p

=

⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

⎛⎝
⃒⃒⃒
φx
(︁
2(m+1)π

r − u
)︁⃒⃒⃒

ω
(︁
2(m+1)π

r − u
)︁ ⃒⃒⃒⃒

sin r2

(︂
2 (m + 1) π

r − u
)︂⃒⃒⃒⃒β⎞⎠p

du

⎫⎪⎬⎪⎭
1/p

=

⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

⎛⎝ |φx (u)|
ω
(︁
2(m+1)π

r − u
)︁ ⃒⃒⃒sin ru2 ⃒⃒⃒β

⎞⎠p

du

⎫⎪⎬⎪⎭
1/p

.

Since 2(m+1)π
r − u ≥ u, we have⎧⎪⎨⎪⎩

π
r(n+1)∫︁
0

⎛⎝ |φx (u)|
ω
(︁
2(m+1)π

r − u
)︁ ⃒⃒⃒sin ru2 ⃒⃒⃒β

⎞⎠p

du

⎫⎪⎬⎪⎭
1/p

≤

⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

(︂
|φx (u)|
ω (u)

⃒⃒⃒
sin ru2

⃒⃒⃒β)︂p
du

⎫⎪⎬⎪⎭
1/p

.

Hence, by (2.2) our estimate follows.
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Lemma 9. Suppose that f ∈ Lp2π/r , where 1 ≤ p < ∞ and r ∈ N. If condition (2.2) holds with some function ω
of the modulus of continuity type and β ≥ 0, then{︃∫︁ 2mπ

r + π
r(n+1)

2mπ
r

(︂
|φx (t)|
ω (t)

)︂p ⃒⃒⃒⃒
sin rt2

⃒⃒⃒⃒βp
dt
}︃ 1

p

= Ox
(︁
(n + 1)−1/p

)︁
,

where m ∈
{︀
0, ...,

[︀ r
2
]︀}︀
.

Proof. By substituting t = 2mπ
r + u, analogously to the above proof, we obtain

⎧⎪⎨⎪⎩
2mπ
r + π

r(n+1)∫︁
2mπ
r

(︂
|φx (t)|
ω (t)

)︂p ⃒⃒⃒⃒
sin rt2

⃒⃒⃒⃒βp
dt

⎫⎪⎬⎪⎭
1/p

=

⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

(︃⃒⃒
φx
(︀2mπ

r + u
)︀⃒⃒

ω
(︀2mπ

r + u
)︀ ⃒⃒⃒⃒

sin r2

(︂
2mπ
r + u

)︂⃒⃒⃒⃒β)︃p
du

⎫⎪⎬⎪⎭
1/p

=

⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

(︃
|φx (u)|

ω
(︀2mπ

r + u
)︀ ⃒⃒⃒sin ru2 ⃒⃒⃒β

)︃p
du

⎫⎪⎬⎪⎭
1/p

≤

⎧⎪⎨⎪⎩
π

r(n+1)∫︁
0

(︂
|φx (u)|
ω (u)

⃒⃒⃒
sin ru2

⃒⃒⃒β)︂p
du

⎫⎪⎬⎪⎭
1/p

= Ox
(︁
(n + 1)−1/p

)︁

and we have the desired estimate.

Lemma 10. Suppose that f ∈ Lp2π/r , where 1 ≤ p < ∞ and r ∈ N − {1}. If condition (2.3) holds with some
function ω of the modulus of continuity type and β, 𝛾 ≥ 0, then⎧⎨⎩

∫︁ 2(m+1)π
r − π

r(n+1)

2(m+1)π
r − πr

⎛⎝ |φx (t)|
⃒⃒
sin rt

2
⃒⃒β

ω (t)
(︁
2(m+1)π

r − t
)︁𝛾
⎞⎠p

dt

⎫⎬⎭
1/p

= Ox
(︀
(n + 1)𝛾

)︀
,

where m ∈
{︀
0, ...,

[︀ r
2
]︀
− 1
}︀
.

Proof. By substituting t = 2(m+1)π
r − u, we obtain⎧⎨⎩

∫︁ 2(m+1)π
r − π

r(n+1)

2(m+1)π
r − πr

⎛⎝ |φx (t)|
⃒⃒
sin rt

2
⃒⃒β

ω (t)
(︁
2(m+1)π

r − t
)︁𝛾
⎞⎠p

dt

⎫⎬⎭
1/p

=

⎧⎪⎨⎪⎩
∫︁ π

r

π
r(n+1)

⎛⎝
⃒⃒⃒
φx
(︁
2(m+1)π

r − u
)︁⃒⃒⃒

ω
(︁
2(m+1)π

r − u
)︁
u𝛾

⃒⃒⃒⃒
sin r2

(︂
2 (m + 1) π

r − u
)︂⃒⃒⃒⃒β⎞⎠p

du

⎫⎪⎬⎪⎭
1/p

=

⎧⎨⎩
∫︁ π

r

π
r(n+1)

⎛⎝ |φx (u)|
ω
(︁
2(m+1)π

r − u
)︁
u𝛾

⃒⃒⃒
sin ru2

⃒⃒⃒β⎞⎠p

du

⎫⎬⎭
1/p

.

Since 2(m+1)π
r − u ≥ u, we have⎧⎪⎨⎪⎩

π
r∫︁

π
r(n+1)

⎛⎝ |φx (u)|
ω
(︁
2(m+1)π

r − u
)︁
u𝛾

⃒⃒⃒
sin ru2

⃒⃒⃒β⎞⎠p

du

⎫⎪⎬⎪⎭
1/p

≤

⎧⎪⎨⎪⎩
π
r∫︁

π
r(n+1)

(︂
|φx (u)|
ω (u) u𝛾

⃒⃒⃒
sin ru2

⃒⃒⃒β)︂p
du

⎫⎪⎬⎪⎭
1/p

.

Hence, by (2.3) our estimate follows.
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Lemma 11. Suppose that f ∈ Lp2π/r , where 1 ≤ p < ∞ and r ∈ N. If condition (2.3) holds with some function ω
of the modulus of continuity type and β, 𝛾 ≥ 0, then⎧⎪⎪⎨⎪⎪⎩

2mπ
r + π

r∫︁
2mπ
r + π

r(n+1)

(︃
|φx (t)|

⃒⃒
sin rt

2
⃒⃒β

ω (t)
(︀
t − 2mπ

r
)︀𝛾
)︃p

dt

⎫⎪⎪⎬⎪⎪⎭
1/p

= Ox
(︀
(n + 1)𝛾

)︀
,

where m ∈
{︀
0, ...,

[︀ r
2
]︀}︀
.

Proof. By substituting t = 2mπ
r + u, analogously to the above proof, we obtain⎧⎪⎪⎨⎪⎪⎩

2mπ
r + π

r∫︁
2mπ
r + π

r(n+1)

(︃
|φx (t)|

⃒⃒
sin rt

2
⃒⃒β

ω (t)
(︀
t − 2mπ

r
)︀𝛾
)︃p

dt

⎫⎪⎪⎬⎪⎪⎭
1/p

=
{︃∫︁ π

r

π
r(n+1)

(︃ ⃒⃒
φx
(︀2mπ

r + u
)︀⃒⃒

ω
(︀2mπ

r + u
)︀
u𝛾

⃒⃒⃒⃒
sin r2

(︂
2mπ
r + u

)︂⃒⃒⃒⃒β)︃p
du
}︃1/p

=
{︃∫︁ π

r

π
r(n+1)

(︃
|φx (u)|

ω
(︀2mπ

r + u
)︀
u𝛾
⃒⃒⃒
sin ru2

⃒⃒⃒β)︃p
du
}︃1/p

≤
{︃∫︁ π

r

π
r(n+1)

(︂
|φx (u)|
ω (u) u𝛾

⃒⃒⃒
sin ru2

⃒⃒⃒β)︂p
du
}︃1/p

= Ox
(︀
(n + 1)𝛾

)︀
and we have the desired estimate.

4 Proofs of the results

4.1 Proof of Theorem 1

It is clear that

Tn,A f (x) − f (x) = 1
π

[r/2]∑︁
m=0

2mπ
r + π

r∫︁
2mπ
r

φx (t)
∞∑︁
k=0

an,kD∘
k,1 (t) dt +

1
π

[r/2]−1∑︁
m=0

2(m+1)π
r∫︁

2mπ
r + π

r

φx (t)
∞∑︁
k=0

an,kD∘
k,1 (t) dt

= I1 (x) + I2 (x)

for an odd r, and

Tn,A f (x) − f (x) = 1
π

[r/2]−1∑︁
m=0

⎛⎜⎝
2mπ
r + π

r∫︁
2mπ
r

+

2(m+1)π
r∫︁

2mπ
r + π

r

⎞⎟⎠φx (t) ∞∑︁
k=0

an,kD∘
k,1 (t) dt

= I′1 (x) + I2 (x)

for an even r, whence ⃒⃒
Tn,A f (x) − f (x)

⃒⃒
≤ |I1 (x)| +

⃒⃒
I′1 (x)

⃒⃒
+ |I2 (x)| .

By Lemmas 2 and 4,

|I1 (x)| ≤
1
π

[r/2]∑︁
m=0

2mπ
r + π

r∫︁
2mπ
r

|φx (t)|

⃒⃒⃒⃒
⃒
∞∑︁
k=0

an,kD∘
k,1 (t)

⃒⃒⃒⃒
⃒ dt
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= 1
π

[r/2]∑︁
m=0

⎛⎜⎜⎝
2mπ
r + π

r(n+1)∫︁
2mπ
r

+

2mπ
r + π

r∫︁
2mπ
r + π

r(n+1)

⎞⎟⎟⎠ |φx (t)|

⃒⃒⃒⃒
⃒
∞∑︁
k=0

an,kD∘
k,1 (t)

⃒⃒⃒⃒
⃒ dt

≤ 12

[r/2]∑︁
m=0

2mπ
r + π

r(n+1)∫︁
2mπ
r

|φx (t)|
t dt + 1

π An,r
[r/2]∑︁
m=0

2mπ
r + π

r∫︁
2mπ
r + π

r(n+1)

|φx (t)|⃒⃒
sin t

2 sin
rt
2
⃒⃒dt.

Consider the estimates ⃒⃒⃒⃒
sin t2

⃒⃒⃒⃒
≥ |t|
π for t ∈ [0, π] ,⃒⃒⃒⃒

sin rt2

⃒⃒⃒⃒
≥ rtπ − 2m for t ∈

[︂
2mπ
r , 2mπr + πr

]︂
,

where m ∈
{︀
0, ...,

[︀
r/2
]︀}︀

with r ∈ N − {1}. By the Hölder inequality with p > 1 and q = p
p−1 we therefore

obtain

|I1 (x)| ≤
1
2

[r/2]∑︁
m=0

2mπ
r + π

r(n+1)∫︁
2mπ
r

|φx (t)|
t dt + An,r

[r/2]∑︁
m=0

2mπ
r + π

r∫︁
2mπ
r + π

r(n+1)

|φx (t)|
t
(︀ rt
π − 2m

)︀dt

≤ 12

[r/2]∑︁
m=0

⎡⎢⎣
2mπ
r + π

r(n+1)∫︁
2mπ
r

(︃
|φx (t)|
ω (t)

⃒⃒⃒⃒
sin rt2

⃒⃒⃒⃒β)︃p
dt

⎤⎥⎦
1
p

·

⎡⎢⎣
2mπ
r + π

r(n+1)∫︁
2mπ
r

(︃
ω (t)

t
⃒⃒
sin rt

2
⃒⃒β
)︃q

dt

⎤⎥⎦
1
q

+ πr An,r
[r/2]∑︁
m=0

⎡⎢⎢⎣
2mπ
r + π

r∫︁
2mπ
r + π

r(n+1)

(︃
|φx (t)|

ω (t)
(︀
t − 2mπ

r
)︀𝛾 ⃒⃒⃒⃒sin rt2

⃒⃒⃒⃒β)︃p
dt

⎤⎥⎥⎦
1
p
⎡⎢⎢⎣

2mπ
r + π

r∫︁
2mπ
r + π

r(n+1)

(︃
ω (t)

(︀
t − 2mπ

r
)︀𝛾

t
(︀
t − 2mπ

r
)︀ ⃒⃒
sin rt

2
⃒⃒β
)︃q

dt

⎤⎥⎥⎦
1
q

.

Using (2.2) with Lemma 9, (2.1) with Lemma 7 and (2.3) with Lemma 11 we have

⃒⃒
I1(x)

⃒⃒
=Ox (1)

[r/2]∑︁
m=0

(n + 1)−
1
p (n + 1)β+1/p ω

(︁ π
n + 1

)︁

+ Ox (1)An,r
[r/2]∑︁
m=0

(n + 1)𝛾
[︃∫︁ 2mπ

r + π
r

2mπ
r + π

r(n+1)

(︃
ω (t)

(︀
t − 2mπ

r
)︀𝛾

t
(︀
t − 2mπ

r
)︀ ⃒⃒
sin rt

2
⃒⃒β
)︃q

dt
]︃ 1
q

.

Since [︃∫︁ 2mπ
r + π

r

2mπ
r + π

r(n+1)

(︃
ω (t)

(︀
t − 2mπ

r
)︀𝛾

t
(︀
t − 2mπ

r
)︀ ⃒⃒
sin rt

2
⃒⃒β
)︃q

dt
]︃ 1
q

=
[︃∫︁ π

r

π
r(n+1)

(︃
ω
(︀
t + 2mπ

r
)︀
t𝛾

t
(︀
t + 2mπ

r
)︀ ⃒⃒
sin rt+2mπ

2
⃒⃒β
)︃q

dt
]︃ 1
q

≤
[︃∫︁ π

r

π
r(n+1)

(︃
2ω (t) t𝛾

t2
⃒⃒
sin rt

2
⃒⃒β
)︃q

dt
]︃ 1
q

≤
[︃
2q
∫︁ π

r

π
r(n+1)

(︃
ω (t)

t2−𝛾
⃒⃒ rt
π
⃒⃒β
)︃q

dt
]︃ 1
q

≤
ω
(︁

π
r(n+1)

)︁
π

r(n+1)

[︃
4q
(︁π
r

)︁βq ∫︁ π
r

π
r(n+1)

t(𝛾−1−β)qdt
]︃ 1
q

= O
(︁
(n + 1)ω

(︁ π
n + 1

)︁)︁(︂ π
r (n + 1)

)︂(𝛾−1−β)+ 1
q
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= O
(︁
(n + 1)1−𝛾+β+

1
p ω
(︁ π
n + 1

)︁)︁
,

for 0 < 𝛾 < β + 1
p , we obtain

|I1 (x)| =Ox (1)
[r/2]∑︁
m=0

(n + 1)−
1
p (n + 1)β+

1
p ω
(︁ π
n + 1

)︁

+ Ox (1)An,r
[r/2]∑︁
m=0

(n + 1)𝛾 (n + 1)1−𝛾+β+
1
p ω
(︁ π
n + 1

)︁
=Ox

(︁
(n + 1)β ω

(︁ π
n + 1

)︁)︁
+ Ox

(︁
(n + 1)1+β+

1
p An,rω

(︁ π
n + 1

)︁)︁
.

Analogously, ⃒⃒
I′1 (x)

⃒⃒
= Ox

(︁
(n + 1)β ω

(︁ π
n + 1

)︁)︁
+ Ox

(︁
(n + 1)1+β+

1
p An,rω

(︁ π
n + 1

)︁)︁
.

Similarly,

|I2 (x)| ≤ 1
π

[r/2]−1∑︁
m=0

2(m+1)π
r∫︁

2mπ
r + π

r

|φx (t)|

⃒⃒⃒⃒
⃒
∞∑︁
k=0

an,kD∘
k,1 (t)

⃒⃒⃒⃒
⃒ dt

= 1
π

[r/2]−1∑︁
m=0

⎛⎜⎜⎝
2(m+1)π

r − π
r(n+1)∫︁

2(m+1)π
r − πr

+

2(m+1)π
r∫︁

2(m+1)π
r − π

r(n+1)

⎞⎟⎟⎠ |φx (t)|

⃒⃒⃒⃒
⃒
∞∑︁
k=0

an,kD∘
k,1 (t)

⃒⃒⃒⃒
⃒ dt

≤ 1
π

[r/2]−1∑︁
m=0

2(m+1)π
r − π

r(n+1)∫︁
2(m+1)π

r − πr

|φx (t)|⃒⃒
sin t

2 sin
rt
2
⃒⃒An,rdt + 1

2

[r/2]−1∑︁
m=0

2(m+1)π
r∫︁

2(m+1)π
r − π

r(n+1)

|φx (t)|
t dt.

Consider again the estimates ⃒⃒⃒⃒
sin t2

⃒⃒⃒⃒
≥ |t|
π for t ∈ [0, π] ,⃒⃒⃒⃒

sin rt2

⃒⃒⃒⃒
≥ 2 (m + 1) − rtπ for t ∈

[︂
2 (m + 1) π

r − πr ,
2 (m + 1) π

r − π
r (n + 1)

]︂
,

where m ∈
{︀
0, ...,

[︀
r/2
]︀
− 1
}︀
with r ∈ N − {1}. By the Hölder inequality with p > 1 and q = p

p−1 we get

|I2 (x)| ≤ An,r
[r/2]−1∑︁
m=0

2(m+1)π
r − π

r(n+1)∫︁
2(m+1)π

r − πr

|φx (t)|
rt
π

(︁
2(m+1)π

r − t
)︁dt + 1

2

[r/2]−1∑︁
m=0

2(m+1)π
r∫︁

2(m+1)π
r − π

r(n+1)

|φx (t)|
t dt

≤ π
r An,r

[r/2]−1∑︁
m=0

⎡⎣∫︁ 2(m+1)π
r − π

r(n+1)

2(m+1)π
r − πr

⎛⎝ |φx (t)|
ω (t)

(︁
2(m+1)π

r − t
)︁𝛾 ⃒⃒⃒⃒sin rt2

⃒⃒⃒⃒β⎞⎠p

dt

⎤⎦
1
p

·

⎡⎢⎣∫︁ 2(m+1)π
r − π

r(n+1)

2(m+1)π
r − πr

⎛⎝ ω (t)
(︁
2(m+1)π

r − t
)︁𝛾

t
(︁
2(m+1)π

r − t
)︁ ⃒⃒
sin rt

2
⃒⃒β
⎞⎠q

dt

⎤⎥⎦
1
q

+12

[r/2]−1∑︁
m=0

⎡⎢⎢⎣
2(m+1)π

r∫︁
2(m+1)π

r − π
r(n+1)

(︃
|φx (t)|
ω (t)

⃒⃒⃒⃒
sin rt2

⃒⃒⃒⃒β)︃p
dt

⎤⎥⎥⎦
1
p

·

⎡⎢⎢⎣
2(m+1)π

r∫︁
2(m+1)π

r − π
r(n+1)

(︃
ω (t)

t
⃒⃒
sin rt

2
⃒⃒β
)︃q

dt

⎤⎥⎥⎦
1
q

.



Pointwise approximation of 2π/r-periodic functions | 321

Using (2.2) with Lemma 8 , (2.1) with Lemma 6 and (2.3) with Lemma 10 we have

|I2 (x)| = Ox (1)An,r
[r/2]−1∑︁
m=0

(n + 1)𝛾

⎡⎢⎢⎣
2(m+1)π

r − π
r(n+1)∫︁

2(m+1)π
r − πr

⎛⎝ ω (t)
(︁
2(m+1)π

r − t
)︁𝛾

t
(︁
2(m+1)π

r − t
)︁ ⃒⃒
sin rt

2
⃒⃒β
⎞⎠q

dt

⎤⎥⎥⎦
1
q

+Ox (1)
[r/2]−1∑︁
m=0

(n + 1)−1/p (n + 1)β+1/p ω
(︁ π
n + 1

)︁
.

Since⎡⎢⎣∫︁ 2(m+1)π
r − π

r(n+1)

2(m+1)π
r − πr

⎛⎝ ω (t)
(︁
2(m+1)π

r − t
)︁𝛾

t
(︁
2(m+1)π

r − t
)︁ ⃒⃒
sin rt

2
⃒⃒β
⎞⎠q

dt

⎤⎥⎦
1
q

=

⎡⎢⎣∫︁ π
r

π
r(n+1)

⎛⎜⎝ ω
(︁
2(m+1)π

r − t
)︁
t𝛾

t
(︁
2(m+1)π

r − t
)︁ ⃒⃒⃒
sin −rt+2(m+1)π2

⃒⃒⃒β
⎞⎟⎠
q

dt

⎤⎥⎦
1
q

≤
[︃∫︁ π

r

π
r(n+1)

(︃
2ω (t) t𝛾

t2
⃒⃒
sin rt

2
⃒⃒β
)︃q

dt
]︃ 1
q

≤
[︃
2q
∫︁ π

r

π
r(n+1)

(︃
ω (t) t𝛾

t2
⃒⃒ rt
π
⃒⃒β
)︃q

dt
]︃ 1
q

≤
ω
(︁

π
r(n+1)

)︁
π

r(n+1)

[︃
4q
(︁π
r

)︁βq ∫︁ π
r

π
r(n+1)

t(𝛾−1−β)qdt
]︃ 1
q

= O
(︁
(n + 1)ω

(︁ π
n + 1

)︁)︁(︂ π
r (n + 1)

)︂(𝛾−1−β)+1/q

= O
(︁
(n + 1)1−𝛾+β+

1
p ω
(︁ π
n + 1

)︁)︁
,

for 0 < 𝛾 < β + 1
p , we obtain

|I2 (x)| = Ox (1)An,r
[r/2]−1∑︁
m=0

(n + 1)𝛾 (n + 1)1−𝛾+β+
1
p ω
(︁ π
n + 1

)︁

+Ox (1)
[r/2]−1∑︁
m=0

(n + 1)−1/p (n + 1)β+1/p ω
(︁ π
n + 1

)︁
= Ox

(︁
(n + 1)1+β+

1
p An,rω

(︁ π
n + 1

)︁)︁
+ Ox

(︁
(n + 1)β ω

(︁ π
n + 1

)︁)︁
.

Finally, by applying condition (2.4) we have

[(n + 1)An,r]−1 =
[︃ n∑︁
l=0

An,r

]︃−1
≤
[︃ n∑︁
l=0

∞∑︁
k=l

⃒⃒
an,k − an,k+r

⃒⃒]︃−1

≤
[︃ n∑︁
l=0

⃒⃒⃒⃒
⃒
∞∑︁
k=l

(︀
an,k − an,k+r

)︀⃒⃒⃒⃒⃒
]︃−1

=
[︃ n∑︁
l=0

r+l−1∑︁
k=l

an,k

]︃−1
= O (1)

and our proof is complete.

4.2 Proof of Theorem 2

Analogously, as in the proof of Theorem 1, we consider an odd r and an even r. Then,

̃︀Tn,A f (x) − ̃︀f (x) = 1
π

[r/2]∑︁
m=0

2mπ
r + π

r∫︁
2mπ
r

ψx (t)
∞∑︁
k=0

an,k̃︁D∘k,1 (t) dt +
1
π

[r/2]−1∑︁
m=0

2(m+1)π
r∫︁

2mπ
r + π

r

ψx (t)
∞∑︁
k=0

an,k̃︁D∘k,1 (t) dt
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= ̃︀I1 (x) +̃︀I2 (x)
for an odd r, and

̃︀Tn,A f (x) − ̃︀f (x) = 1
π

[r/2]−1∑︁
m=0

2mπ
r + π

r∫︁
2mπ
r

ψx (t)
∞∑︁
k=0

an,k̃︁D∘k,1 (t) dt +
1
π

[r/2]−1∑︁
m=0

2(m+1)π
r∫︁

2mπ
r + π

r

ψx (t)
∞∑︁
k=0

an,k̃︁D∘k,1 (t) dt

= ̃︀I′1 (x) +̃︀I2 (x)
for an even r, whence ⃒⃒⃒̃︀Tn,A f (x) − ̃︀f (x)⃒⃒⃒ ≤ ⃒⃒⃒̃︀I1 (x)⃒⃒⃒ + ⃒⃒⃒̃︀I′1 (x)⃒⃒⃒ + ⃒⃒⃒̃︀I2 (x)⃒⃒⃒ .

Further, we can observe that the quantities̃︀I1 (x) ,̃︀I′1 (x) ,̃︀I2 (x) are similar to the quantities I1 (x) , I′1 (x) ,
I2 (x) from the proof of Theorem 1 and the estimates of ̃︁D∘k,1 (t) and

∑︀∞
k=0 an,k̃︁D∘k,1 (t) are similar to D∘

k,1 (t)
and

∑︀∞
k=0 an,kD

∘
k,1 (t). The only difference is that we will use (2.5), (2.6) and (2.7) instead of (2.1), (2.2)and

(2.3) and Lemmas 6-11with ̃︀ω andψ instead ofω andφ, respectively. Therefore, we obtain the same estimates
of these terms, immediately. Thus our proof is complete.
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