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Abstract: In this article, we propose an inertial extrapolation-type algorithm for solving split system of
minimization problems: finding a common minimizer point of a finite family of proper, lower semicon-
tinuous convex functions and whose image under a linear transformation is also common minimizer point
of another finite family of proper, lower semicontinuous convex functions. The strong convergence theorem
is given in such a way that the step sizes of our algorithm are selected without the need for any prior
information about the operator norm. The results obtained in this article improve and extend many recent
ones in the literature. Finally, we give one numerical example to demonstrate the efficiency and imple-
mentation of our proposed algorithm.
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1 Introduction

Throughout this article, unless otherwise stated, we assume that H;, H, and H are real Hilbert spaces,
A : H, —» H, is nonzero bounded linear operator and I denotes the identity operator on a Hilbert space.

AssumeC; (i=1,...,N)and Q; (i = 1, ..., M) are nonempty closed convex subsets of H; and H,, respec-
tively. The multiple-set split feasibility problem (MSSFP) which was introduced by Censor et al. [1] is
formulated as finding a point

X € F]Ci such that Ax e [A%Qj. 1
i=1 j=1

In particular, if N = M =1, then the MSSFP (1) is reduced to the problem known as the split feasibility
problem (SFP) which was first introduced by Censor and Elfving [2] for modeling inverse problems in finite-
dimensional Hilbert spaces. The SFP and MSSFP arise in many fields in the real world, and numerous
methods have been proposed to solve the SFP, see for example [3-5] and references therein, and MSSFP,
see for example [6—-8] and references therein. Moreover, there are some studies of fixed point problems in
the framework of the MSSFP, see for example [9-14].
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One of the most important problems in optimization theory and nonlinear analysis is the problem of
approximating a solution of the unconstrained minimization problem. This can be stated as follows. Find
X € H such that

f(x) = rxnei}rllf(X), )

where f: H > R U {+oo} is proper, lower semicontinuous convex function. Our goal is to introduce a
strong convergence iterative algorithm with inertial effect solving the MSSFP (1), where C; and Q; are
solution sets of minimization problems of the form (2) for proper, lower semicontinuous convex functions
fi and g;, respectively. We denote by arg min f the set of all minimizers of f on H, i.e.,

argminf={xeH: f(x) <f(x),VxeH ={xeH: f(X) = mi}r{lf(x)}.

If f is a smooth function (mostly if fis twice continuously differentiable), one of the numerical methods for
finding approximate solutions of (2) is the Newton method, see [15,16]. Analogous method for solving (2)
with better properties for the non-smooth case is based on the notion of proximal mapping introduced by
Moreau [17], i.e., the proximal operator of the function f with scaling parameter A > 0 is a mapping
proxy : H — H given by

_ . 1. 0
proxys(x) = arg ryrégl{f(y) + 2}lllx yl }

The minimizers of f (points solving problem (2)) are precisely the fixed points of the proximal operator of f.
Thus, solving the optimization problem (2) can be interpreted as finding fixed points of a proximal operator
of fand proximal operators are firmly nonexpansive operators. This immediately suggests the most popular
method

Xns1 = Proxys(Xy,),

which is called the proximal minimization or the proximal point algorithm introduced by Martinet [18,19]
and later by Rockafellar [20].

Let f: H > R U {+o0}, g: H, > R U {+00o} be two proper, convex, lower-semicontinuous functions,
where g, is the Moreau-Yosida approximate [17] of the function g of parameter A given by g,(y) =

min, Hz{g(u) + illy - ullz}. In [21], Moudafi and Thakur introduced a weakly convergent algorithm solving

the following minimization problem:

f(rg{rll{f(x) + 8140}, 3)

in case arg min f N Al(arg min g) # &. It should be noted that (3) is equivalent to the split minimization
problem (SMP): finding a point X € H; with the property

X € arg min f such that Ax € arg min g. (4)

Operator norm is a global invariant and is often difficult to estimate, see for example the Theorem
of Hendrickx and Olshevsky in [22]. However, in the several split inverse problem types in the literature,
the implementation of the proposed iterative method requires the prior knowledge of operator norm
to determine the step sizes. To overcome this difficulty, Lopez et al. [4] introduced a new way of select-
ing the step sizes for solving the SFP such that the information of the operator norm is not necessary.
Moudafi and Thakur [21] used the idea of Lopez et al. [4] to introduce a new way of selecting the step sizes,
given by

%) = (JIA(I = proxyg) AxI? + Il(I - proxy) x|

with hy(x) = %II(I — proxyg) Ax|* and ly,(x) = %lI(I — proxyy)x|?, such that the implementation of the iterative
algorithm they proposed for solving (4) does not need any prior information about the operator norm. They
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proposed the following split proximal algorithm, which generates, from an initial point x; € H; assume that
X, has been constructed and 6;(x,) # 0, then compute x,,.; via the rule

Xn+1 = ProxXpy r(Xn — P, A"(I — Proxyg) Axy,), (5)
FaO) + Dy (Xn)
05,1, x0)
and the iterative process stops; otherwise, we setn := n + 1and go to (5). Based on Moudafi and Thakur [21]
many iterative algorithms are proposed for solving SMP (4), see for example those by Abbas et al. in [23],
Shehu et al. in [24], Shehu and Iyiola in [25-28] and Shehu and Ogbuisi in [29].

An inertial term is a two-step iterative method, and the next iterate is defined by making use of the
previous two iterates. An inertial extrapolation type algorithm, i.e., an algorithm combining an inertial term,
was first introduced by Polyak [30] as an acceleration process in solving a smooth convex minimization
problem. It is well known that combining an algorithm with inertial term speeds up or accelerates the rate of
convergence of the sequence generated by the algorithm. Consequently, a lot of research interest is now
devoted to the inertial extrapolation-type algorithm, see [31-34] and references therein. Very recently,
Shehu and Iyiola [25] proposed an inertial extrapolation-type algorithm for solving the SMP (4) using
the setting

(@) lx) = %II(I - proxy) x|, VI(x) = (I - proxy)x,
() h(x) = %lI(I — proxyg)Ax|, Vh(x) = A*(I - proxye)Ax and 6(x,) = |VI(x) + VA(X)|.

where step size y, = p, with 0 < p, < 4 and if 9,1},"()(,1) = 0, then x,,1 = X, is a solution of SMP (4)

They proposed the following weak convergence result.

Theorem 1.1. Suppose the real parameters {a,}, {B,} and {p,} satisfy the following conditions:
(c1) {ay} is non-increasing sequence and 0 < 6 < a, < %,

(c2) {B,} is non-increasing sequence and 0 < f, < 1_7" < % for some, x € (0, 1),

(€3)0<p, <4, li'rgiogfpn(a - p,) > 0.

Then the sequence {x,} generated by the iterative algorithm

Xo, Xq € H,,

Zn = Xp + Bn(Xn - Xn—l)y
h(zn) + U(zn)
6%(zn)
Xne1 = (1 = an)zn + Yy,

(6)

Yn=2n— Py (Vi(zy) + Vhi(zy)),

weakly converges to a point X solving the SMP (4).

Note that the proximal operator is a natural extension of the notion of a metric projection onto a
closed convex set, i.e., proxy = Py, where f= 4§, (f is the indicator function of a closed convex
subset Q of H), and this perspective suggests various properties that we expect proximal operators
to obey. However, there is a property that holds for the case of projection operators but not for the
case of proximal operators in general. For example, consider a function h defined on H, given by
h(x) = %II(I - prox,\f)Axllz, where H; and H, are real Hilbert spaces, and f: H, — R U {+oco} is proper lower
semicontinuous convex function. The function h is not differentiable at x = +A for the case H; = H, = R,
A =1 and f(x) = |x|, see [26]. However, if f is the indicator function of closed convex subset Q of H,
(f = 6g), then h is convex and weakly lower semicontinuous on Hi, and h is always differentiable and
Vh(x) = A*(I — proxy)Ax, see [35].

Motivated by the above theoretical views, and inspired by results in [1,21,25], in this article we introduce
the strong convergence theorem of an inertial extrapolation-type algorithm that incorporates a proximal
operator, a viscosity method and an inertial term to solve the so-called split system of minimization problem
(SSMP), given as a task finding a point X € H; with the property
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X € _ﬂ (arg min f;) such that Ax € _ﬂ (arg min g;), )
ied jev
where® ={1,...,N},¥={1,...,M}, fi : H —> R U {+00} andgj : H, - R U {+oo} are proper, lower semicon-
tinuous convex functions fori € @, j € V.
Let T be the solution set of SSMP (7), i.e.,
['={x € [)(arg min f;) : AX € () (arg min g)}.
ied jev¥

Note that if f; = f for alli € @ and g; = g for all j € ¥, then problem (7) reduces to the SMP (4) that is the
problem considered in [21,23-29]. The aims of this study are twofold: to improve the weak convergence
result of an inertial extrapolation-type algorithm proposed by Shehu and Iyiola [25] to a strong convergence
result for an approximation of a solution of the SMP (4), and to accelerate and improve the results in [9,10]
in solving the SSMP (7).

This article is organized in the following way. In Section 2, we collect some basic and useful definitions,
lemmata, and theorems for further study. In Section 3, we propose an iterative method for the SSMP and
analyze the strong convergence theorem of the proposed iterative method. In Section 4, we give a numerical
example to discuss the performance of the proposed method. Finally, we give some conclusions.

2 Preliminary

In this section, in order to prove our result, we collect some facts and tools in a real Hilbert space H. The
symbols “—” and “—” denote weak and strong convergence, respectively. Let C be a nonempty closed
convex subset of H. The metric projection on C is a mapping P: : H — C defined by

Pe(x) =argmin{ly — x| : y e C}, x € H.

Lemma 2.1. Let C be a closed convex subset of H. Given x € H and a point z € C, then z = P¢(x) if and only
if{x-2z,y-2zy<0,forally e C.

Definition 2.1. Let T : H — H. Then,

(a) Tis L-Lipschitz if there exists L > O such that |Tx — Ty|| < L|x - yl, Vx,y € H.If L € (0, 1), then we call
T a contraction with constant L. If L = 1, then T is called a nonexpansive mapping.

(b) T is firmly nonexpansive if

ITx = Tyl? < lIx =yl = Id = T)x = (I - T)yl?, forallx, y € H,

which is equivalent to | Tx — Ty|? < (Tx — Ty, x — y), forall x, y € H.
If T is firmly nonexpansive, I — T is also firmly nonexpansive.
(c) T is strongly monotone if there exists a constant a > 0 such that

(Tx - Ty,x - y) = a|x — y|?, forall x, y € H.
(d) T is inverse strongly monotone if there exists a constant a > 0 such that
(Ix - Ty, x = y) = a|Tx - Ty|?, forallx,y € H.
Lemma 2.2. For a real Hilbert space H, we have
@ lx+ylI? = IxI? + Iyl + 2{x, y), for all x, y € H;

(i) Ix + ylI? = IxI* + 2¢y, x + y>, for all x, y € H;
({t) <x,y) < SIdP + Sl = SIx = yI?, for all x, y € H.
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A set-valued mapping T : H — 21 is called monotone if, for all x,y € H, z € Tx and w € Ty imply
{(x —y,z—w) = 0. A monotone mapping T : H — 2 is maximal if its graph G(F) = {(x, y) : y € F(x), x € H}
is not properly contained in the graph of any other monotone mapping. It is known that a monotone
mapping T is maximal if, and only if, for all (x,z) € H x H,{x -y, z — w) > 0 for all (y, w) € G(T), implies
zeTx. If T: H— 2" is a maximal monotone set-valued mapping, then we define the resolvent operator
JI associated with T and A > 0 as follows:

JF(x) = I + AT)'(x), x e H. (8)

It is well known that ],1T is single-valued, nonexpansive (see, for example [37,36]) and 1-inverse strongly
monotone (firmly nonexpansive). Moreover, O € T(x) if and only if x is a fixed point of the resolvent
operator ]} for all A > 0O; see [38].

Let f: H —» R U {+0o} be a proper lower semicontinuous convex function. The domain of f is denoted
by dom f; that is, dom f= {x € H : f(x) < co}. We denote the subdifferential of f at x € H by of (x), and is
givenbyof(x) = {y e H: f(z) > f(x) + {y,z — x), Vz € H}.Ifof (x) + O, fis said to be subdifferentiable at x.
It is notable that a point X € H minimizes fif and only if 0 € of (). It is the classical result in operator theory
that the subdifferential 9f is a maximal monotone operator and proxy = (I + Adf)™!, namely, for x € H we
have the following equivalence between the subdifferential and proximal operator:

proxy(x) =y © x —y € Aof(y).

Consequently, a point X minimizes f if and only if prox,s(x) = X. Hence, the convex minimization problem
(2) can be formulated as finding fixed point of proximal operator.

Lemma 2.3. [39] Let {c,} and {y,} be sequences of nonnegative real numbers, {B,} be a sequence of real
numbers such that

s -agden+B,+Y, n=1,

where 0 < &y < 1 and Y ¥, < co.
() If B, < ayM for some M = O, then {c,} is a bounded sequence.
(i) IfY an = 00 andlimsup% <0, thenc, » 0 asn — oo.

n—oo n
Definition 2.2. Let {I};} be a real sequence. Then we say {I};} decrease at infinity if there exists ny € N such
that I[,,;; < I, for n > ny. In other words, the sequence {I;,} does not decrease at infinity if there exists a
subsequence {T;, };»; of {T;} such that I, < T4, for all £ > 1.

Lemma 2.4. [40] Let {I};} be a sequence of real numbers that does not decrease at infinity. Also consider the
sequence of integers {¢(n) }n=n, defined by @(n) = max{k ¢ N : k < n, I} < Ti,1}. Then {¢p(n)}nsn, is a nonde-
creasing sequence verifying lim ¢(n) = co, and for all n > ny, the following two estimates hold:

n—oo

F(p(n) < Ep(nm and I < F(p(n)ﬂ.

Let D be a nonempty closed convex subset of H. Then we say that the bifunctionh : D x D — R satisfies
Condition CO on D if the following assumptions are satisfied:
(A1) h(u,u) = 0, for allu € D;
(A2) h is monotone, i.e., h(u, v) + h(v,u) < 0, for all u, v € D;

(A3) for each u, v, w € D, lim sup h(aw + (1 — @)u, v) < h(u, v);
al0

(A4) h(u, .) is convex and lower semicontinuous on D for each u € D.

Lemma 2.5. [41] Let D be a nonempty closed convex subset of H and the bifunction h : D x D — R satisfies
Condition CO on D. Then, for eachr > 0 and u € H, there exists w € D such that

h(w,v)+l<v—w,w—u>20,forallveD.
r
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The following lemma was given by Combettes and Hirstoaga in [42].

Lemma 2.6. [42] If D is a nonempty closed convex subset of Hand h : D x D — R is a bifunction satisfying
Condition CO on D, then for eachr > 0 andu € H, the mapping T" : H — R (called the resolvent of h), given by

T,h(u):{weD:h(w,v)+1<v—w,w—u>20,VVED}
r

satisfies the following conditions:

(a) T is single-valued and firmly nonexpansive;

(b) Fix(T") = {x € D : h(x, y) > 0, Vy € D}, where Fix(T") is the set of fixed points of T";
(c) {x e D: h(x,y) = 0, Vy € D} is closed and convex.

3 Main result

First we extend the settings introduced by Moudafi and Thakur [21]. Let A > 0. Then, for x € Hj,
(I) for eachi € @, define i(x) = %II(I - proxy)x|? and Vi(x) = (I - proxu)x,

(II) I(x) = I;(x) and VI(x) = VI; (x), where i, € arg max{li(x) : i € @}, i.e., [(x) = max{li(x) : i € D},

(Ill) for each j € ¥, define hj(x) = %II(I - prox,lgj)A)(II2 and Vhj(x) = A(I - proxAg]_)Ax,

(IV) for each j € ¥, define 6;(x) = max{||[Vh;)l, [VICOI]}.

Remark. From (I)-(IV) given above, | VL(x)| < [[VL,00)[ = VIO, Li(x) = %IIVL-(X)IP, IVIG)] < 6;(x) and [[VR;(x)|| <
Oi(x)foralli € ® and forallj € V.

Consider the parameter sequences satisfying the following conditions.

Assumption 1. Suppose {a,}, {€4}, {0}, {{r?)} (j € W) be real sequences satisfying the following conditions:
(CHO<a,<1, lima,=0and),’, a, = oco;

n—oo

(C2) &, > 0 and g, = o(ayp);
(€3)0<é<gP<1and Y, &V =1foreachn > 1;
(C4)0 < p, <2 andliminfp, (2 - p,) > 0.

n—oo

We have plenty of choices for a,, and &, satisfying Conditions (C1) and (C2) of Assumption 1. For example,
take a, = ﬁ, &= % Thus, 0 < a, < 1, lima, = 0 and lim & = 0 (i.e., &, = o(ay,)).

n—oo n—oo “n
Using Vi, I, 1, V1, hj, Vh;, 6; given in (I)-(IV) and step sizes given in Assumption 1, we are now in a
position to state our inertial extrapolation-type algorithm and prove its strong convergence to the solution
of the SSMP (7) assuming that solution set I' is nonempty.

Algorithm 1. Initialization: Let V : H; — Hj be a contraction mapping with constant y. Choose xq, x; € H;.
Take arbitrary real numbers  and © such that 0 < § < 1and © > 0. Let {a,}, {eq}, {0,}, {€9} (j € ¥) be real
sequences satisfying Assumption 1.

Step 1. Given the iterates x,_; and x,, (n > 1), choose f, such that 0 < f, < Bn, where

. £ .
_ mm{ﬁ, —"}, if Xpn_1# Xn,
ﬁn = X7-1 — Xl

B, otherwise.
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Step 2. Evaluate y, = x, + B,(Xq — X-1).
Step 3. For each j € ¥ find I(y,), h;(y,), 6/(y,) and ¥, = {j € ¥: 6;(y,) # O}.

Step 4. For each j € V¥ evaluate u = pn%;l)(y”), where
ji'n
0, if j¢ ¥,
0)(3) = AN
6i(yp), if j € W

Step 5. Evaluate

20 =Yy 2 LAED U (Thy(y,) + TU))
jev¥

Step 6. Evaluate x,.1 = a,V(y,) + (1 — an)zp.
Step 7. Set n :=n + 1 and go to Step 1.

Remark. From Assumption 1 and Step 1 of Algorithm 1, we have that %le,, - Xp_1ll = 0, n — oo. Since {a,}
is bounded, we also have B, [x, — X,_1]l = 0, n — oo.

Note that Step 1 of Algorithm 1 is easily implemented in numerical computation since the value of
X, — Xn—11l is @ prior known before choosing f,.

Remark. If ¥, = @, then

max{[|[Vh(y)ll, IVIg)I} = 0 & [[VRi(y )l = 0 = [VI(y,)l, forallj € ¥,
& [VR(y)l = 0 = VL)), foralli e @,j € ¥,
o A - proxAgi)Ayn =0 = (I - proxyy)y,, forallie @,j e ¥.

Remark. The solution set I of problem (7) is closed convex set, because the set of minimizers of any proper,
lower semicontinuous function is closed convex and A is bounded linear operator. Therefore, the metric
projection Pr is well defined as we also assume that I' is nonempty.

Lemma 3.1. For the sequences {x,}, {y,} and {z,} generated by Algorithm 1, we have

) (hi(y,) + 1y )2}

Iz = ZIP < Iy, = &I + py(p, — 2) Z{{? o0

jev¥

for all X € T. Moreover, {x,}, {y,} and {z,} are bounded sequences.

Proof. Let X € I'. From the definition of y,, we get
1, = Xl = 1% + B, (Xn = Xn—1) = Xl < X2 = X|| + B, X0 = Xp1ll- 9)

Since proxy; and prox)g are firmly nonexpansive, I — prox); and I - proxg are also firmly nonexpansive,
and since X verifies (7) (since minimizers of any function are exactly fixed points of its proximal mapping),
we have for all x € H;

V100, X = %y = (VE,00, x = R = (U - proxy,)x, x — &) = (I - prox y )x|P = 24,00 = 20(x) ~ (10)
and

{Vhj(x), x — X) = (A*(I - prox Agl_)Ax, x-xy=<U- prox,\g]_)Ax, Ax - AxX)y =2 |d - prox,\g].)Axll2 = 2hi(x),

(11)
forallj e V.
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Using the definition of z, and Lemma 2.2 (i), we have
2

Iz, - XI? =

Z{W M(Viy(y) + VI)) - R

]e\l’

2

2{60) )(VRy(y,) + VI)} (12)

le‘l’

<ly, - %P +

- < Y ED U (V) + VI Yy - x>
je¥

Noting [Vh;i(y)l < ©5(y,) and [[VI(y,)ll < ©;(y,) and using the convexity of I.I2, we have

2 2 2

Z {E9 19 (Vhi(y,) + Vi(y,))}

16‘1’

2 &0 U Vi)

je¥

1
<= Y ED OV + S Z EV I Vhy(y)IP

je‘{’ )E‘Y
=2 T EPWPPIVIONP + 3 ¥ &0 0 PIvhy,) P

jev¥ je¥

S mp + 10, Y
- % > {f,i” [pn %} (VIRIP + ||Vh,-<yn)||2)}

jev

2
; hi(y,) + U(y,)
< Q) | o I T B | g2
Z{" ) f”"’}

o (K(yy) + U(y))?
—n2 () X9\ n n .
& j; {5" 02y, }

250 1 Vhi(y,)

je¥

<1
72

(13)

From (10) and (11), we have

< D HED U (Vhi(y,) + V)L, ¥, - )?> = Y AEP U VIR, Yo = X + VRN, ¥y — 1))}
jev¥ je¥
> Y {E0uP 2y, + 2m(y))}

jev¥

N b
- Z{{,@ %(ﬂ(m + 2y (ym}
jev¥ W

(h(y,) + 1(y))?
_ 0 n n .
Pn ,é, {‘f 03() }

(14)

In view of (12), (13) and (14), we have

. . i (hi(y,) + 1(sn))? (hi(y,) + 1(3,))?
_ 32 _ 32 2 2 ()AL N  C 2 Gy 2I3n? - Anl)
”Z" X” - "y" X” ' pfl je¥ {é’n ef(yn) } je¥ {é’n @z(yn) }

. 5 (i) + 1y))?
=y, - X|? _2 G) 230~ il L
ly, - %I2 + p, (o, )%{sn o7 }

(15)

Next show that the sequences {x,}, {y,} and {z,} are bounded. From (15) and (C4) of Assumption 1, we have

Iz, = %Il < lly, — XI. (16)
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Using (9), (16) and the definition of x,,;, we get

Pnes = &= lan V(y,) + (1 = @)z = X
=1 = @) (zn = ) + an(Vy,) = V) + an(V(R) - D
< (1 - anllzn = £ + aallV(3p) ~ VI + aallVR) - %I
= (1= an)lzn = &I + anyly, - & + an[V(D) - %]
< (- an( = )y, - 2 + anll VD) - %
< (1= (= Y)I = &1+ (1 = (@ = y)ByIon = Xnoal + @ [V() - %)
(- a1 - )) Bu V@) - %I }

a7

<1 - an(l - y)lxy — Xl + an(l - y){ LIxn = Xnall +
1-y Qn 1-y

Observe that by (C1) of Assumption 1 and Remark 3, we see that

(- =) By

lim n — Xn—l" = 0.

n—o0 1-vy n

Let

M=2 max{"v(x) — Xl , sup (1= all = y)) &"Xn - Xn—l”}-
1-y n>1 1-vy Qan

Then (17) becomes
X1 = X1 < (1 = an(1 = Y)) X0 = XI| + an(1 = y) M.

Thus, by Lemma 2.3 the sequence {x,} is bounded. As a consequence, {y,}, {V(y,)} and {z,} are also bounded.
O

We now have the following strong convergence theorem for an approximation of solution of a Problem (7).

Theorem 3.2. The sequence {x,} generated by Algorithm 1 converges strongly to X € I', where x = P V(x).

Proof of Theorem 3.2.

Claim 1: There exists a unique X € H; such that x = PrV(X).

As a result of

IPrV(x) = PrVYIl < IV(x) = VIl < ylx - yll, forall x, y € Hy,

the mapping PrV is a contraction mapping of Hj into itself. Hence, by the Banach contraction principle
there exists a unique element x € H; such that x = P V(x). Clearly, x € I and we have

X=PV(x) o {x-Vx),y-x)=0,forally eT.
Claim 2: The sequence {x,} converges strongly to x € I', where X = PrV(X).
Let x € ', where x = PrV(x). Now
Y = X2 = 1% + B = Xn1) = XIP = 2y = XIP + B0 = X1 + 2B, = X, Xn = Xn1)- (18)
From Lemma 2.2(iii), we have

_ 1 ) 1 ) 1
(X = X, Xnq = Xn_1) = E"Xn - XI? - E”Xn—l - XI? + E"Xn = Xn-1l%. (19)

From (18) and (19) and since 0 < B, < 1, we get

Iy, = XI2 = lxn = XI? + B2lIXn = Xn-1l? + Bylxn = XI? = X1 = X1 + X = Xn1?) 20)
< I = X1 + 2B, 1060 = X1l + Bl = XI2 = a1 = XI1).
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Using the definition of x,,; and Lemma 2.2(ii), we have

%01 = XI? = llan V(y,) + (1 = an)z, — XI?
= lan(V(y,) — X) + (1 — an)(zn — X)|? (21)
=1 - ap)llzn — XI? + 2a,CV(y,) — X, Xps1 — X).

Lemma 3.1 together with (20) and (21) gives
[Xne1 = X2 = (1 = @) l1zn = XI? + 22,V (¥,) = X, X1 — X)
< (1 - an) ”yn - )2"2 + 2an<V(yn) - )2, Xn+1 — X>
5 (i) + 1(y))?
+(1- ap,(p —2)2{5@"—
e jew " 9)2'()’,1)
<1 - ap)llxXny — XIP + 21 = ap) B, 1% — X1 P (22)
+ (1 = ap)B,(Ixn — XI* = X1 — XI)
+ 2an<V(y,,) - )Z, Xn+1 — X>

5 () + 1(y,))?
1- ay ) (AL A AN
+ ( [4¢ )pn(pn )]g{in Qf(yn) }

Since the sequences {x,} and {V(y,)} are bounded, there exists M, such that 2{V(y,) — X, X,.1 — X) < M, for
all n > 1. Thus, from (22), we obtain

(%01 = XIP < (1 = &) X = XIP + 2(1 = ) B 1Xn — Xn-1

+ (1 = an) B (6 = XIP = lxn-1 = XIP) + My

5 (hi(y) + 1y))?
1-ay -2 W Do A
+(1 - anp,(p, )i;’ {‘fn o700 }

(23)

Let us distinguish the following two cases related to the behavior of the sequence {I};}, where I, = |x, — x|

Case 1. Suppose the sequence {[};} decreases at infinity. Thus, there exists ny € N such that I;;;; < I}, for
n > ng. Then, {I;;} converges and I}, - I},,; > 0 asn — 0.
From (23) we have

1 - a)p,2-p,) Y,

je¥

{ g0 (0w + 102

Gf(yn) } < (T - Loy + anMy + (1 - “n)ﬁn(rn - Ty

(24)

+2(1 = ) B, 1% — X1

Since I, — I};;; — O alternatively I},.; — I;, » 0 and using (C1) of Assumption 1 and Remark 3 (noting
ap — 0,0 < ap <1, B,IX;, — X4-1ll = 0 and {x,} is bounded), we have from (24)

{ £ (0w + 1002

(1 - a)p,2-py) Y. 00
J\/n

} — 0, n—- oo. (25)
je¥

Conditions (C1) and (C4) of Assumption 1 (i.e., 0 < a, < 1, @, — 0 and lim infp,(2 - p,)) > 0) together with
(25) yield e

5 (hi() + 1(y,))?
‘{r(z]) J\In n } — 0, n- oo. (26)
% { 0%(y,)

In view of (26) and the restriction condition imposed on {r(lj) in (C3) of Assumption 1, we have

(hi(y,) + Wy))? .

0, n—co @7
CHOA

forall j e W.
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Now, using the definition of z, and the convexity of |.|?, we have

2
Iy, = zal? = Z EV U (Vhy(y,) + Vi(y,)
]e‘l’
1 2 2
<35 Y EOuI VR ||+ S || X EV D VI
je¥ jev
1 G
<5 L ED WAL + L3 o @i pvieyP
}e‘P je¥
Z{$°>(u°>)2(||Vh,-<yn>||2 + VI P} (28)
)e‘{l
0) (3, 0) 202 0, B0+ lp) | )
< Zs( (my, i) = z &y HW j(yn)
je¥ jev¥ ] n
5 (hi(y) + 1(y))?
= Pf z {551) fnez—n
je¥ i(yn)
. 2
4y { 0 (h,(yn); 1(y,)) }
jew Gi(yn)
Thus, (28) together with (26) gives
¥, = zall = 0, n — oco. (29)
Moreover, using the definition of y, and Remark 3, we have
X2 = Yl = X0 = X0 = B,(Xn = Xu- DIl = BllXn = Xpall = 0, 1 — oo. (30)
By (29) and (30), we get
Ixn = znll < Ixn = Yol + 1Y, = 2all > 0, 1 — oo. (31

Using the definition of x,,;, (C1) of Assumption 1 and noting that {V(y,)} and {z,} are bounded, we have
The results from (31) and (32) give

X041 = Xnll € Xns1 = Znll + 120 = X4l = 0, n — oo. (33)
For each i € ® and for each j ¢ ¥, Vh;(.) and VI;(.) are Lipschitz continuous with constant IA|? and 1,
respectively. Since the sequence {y,} is bounded and
IVR (Il = IVhi(y,) = VRO < 1Al - xI, for all j € ¥,
IVLYI = IVE(y,) = VEGON < lly, - xIl, for alli € @,
we have the sequences {[|[VL(y,)[};2; and {[[Vh;j(y)ll};2; are bounded for each i € ® and j € ¥. Hence, the
boundedness of {||VIi(y,)l};2, for all i € @ gives {||[VI(y,)ll}s2; is a bounded. Thus, we have {Gz(yn)}"o1 is

bounded for each j € W. Therefore, the sequence {G)Z(yn)}“’l is bounded sequence for each j ¢ V.
Consequently, using (27), we have

lim (hj(y,) + I(y,)) = 0 & lim hi(y,) = lim I(y,) = O, forallj € V.
n—oo n—oo n—oo

By definition of I(y,), we have li(y,) < I(y,), for alli € ®. Therefore,
lim hj(y,) = lim l(y,) = 0, Vi e @, forallj e V.
n—-oo n—oo

Let p be a weak cluster point of {x,}, there exists a subsequence {x,,} of {x,} such that x,, — p as k — oo.
Then, in view of x, — p and (30), we also see that y,, — p. The weak lower-semicontinuity of h;(.) implies
that

0 < h(p) < lig(i)?fhj(ynk) = nlLIEO hj(y,) =0, forallj € V.
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That is, hj(p) = %II(I - prox,lgj)Apll2 =0forallj € ¥, i.e., Ap is a fixed point of the proximal mapping of each
8;, or equivalently, O € dg;(4p) for all j € ¥. In other words, Ap is a minimizer of each g; for all j € V.
Likewise, the weak lower-semicontinuity of [;(.) implies that

0<lip) < li11<n infli(ynk) = lim l(y,) = 0, foralli € .
— 00 n—oo

That is, li(p) = %II(I - proxy)pl? = 0 foralli € @, i.e., p is a fixed point of the proximal mapping of each f; or
equivalently, O € dfj(p) for all i € ®. In other words, p is a minimizer of each f; for alli € ®. Thus, p € I'.
Next, we show that lim sup{(I - V)X, X — x,» < 0. Indeed, since x = PrV(x) and p € ' we obtain

n—oo

lim sup{(I - V)X, X — x,) = klim -V, x—xp)=<XI-V)x,%x-p) <O0. (34)

n—oo
Since [|x,+1 — Xul| — O from (33), by (34) we have
lim sup{(I - V)X, X — xp,1) < O.
n—oo

Using Lemma 3.1 (the fact that ||z, — x|| < [ly, — X||, i.e., from (16)), we have

”Xn+1 - )2”2 = <an V(yn) + (1 - an)zn = X, Xp41 — )?>
= an<V(yn) - V(X), Xpe1 = %) + (1 — an){2n — X, Xps1 — XD + an{V(X) = X, Xp41 — XD
< yan ”yn - )?"”Xrul - X” + (1 - an) ”Zn - )2”||Xn+l - )?" + an<V()?) - )?, Xn+1 — X)

_ _ _ _ _ 35
< (1= a1 = Y)Yy — ZMe = £ + VD) — %, s — (35)
_ 7R _ 2
<(1- a1 - y))("y" - o, e j + A (V(®) - %, Xuur — 5.
Therefore, from (35), we have
_ 1-a,1- _ 2a _ _ _
(PS¢ P .. (Chub 2V (SN B 170 Y SR
1+ a,1-y) 1+ap(1-y)
2a,(1 ) 2 (36)
=1 Yy g (V) - X, X - D)
( 1+an(1—y)J”y" || +1+an(1—y)< (x) nel — X)
Combining (36) and
1y, = XIl = 1% + B, 00 = Xn—1) = XI| < Xy = XI| + B, 1X0 — X1l
it follows that
_ 20,1 - ) _
Xne1 — XP <1 - —2 7 |(Ixn — Xl + B, 1% — Xn_1l)?
%41 | ( 1+an(1—y)](” n I+ B, lIxn — Xn-1l)
20, _ _ _
+ —————(V(X) — X, Xp1 — X
1+an(1—y)<() nel — X)
20,(1 — _
= (1 - #ﬂ_’/))](llxn = XI? + B2 1Xn = Xl
_ o L _
+ 2B, l1xn = XX = Xno1ll) + ——————(V(X) = X, Xpy1 — X)
1+a,1-y)
zan(l - Y) ) 2 2
<|l1- —/— 27 ||x, - % Xp — Xn—
( T+ ad-y) %2 = XI* + By 10 = X1l
_ 2ay, _ _ _
+ 2B, 1%, = xlllIxn = X1l + ————AV(X) = X, Xp1 — X).
1+ ay(1-y)

Since {x,} is bounded there exists M, > 0 such that|x, — x| < M, for all n > 1. Thus, in view of (37), we have

2 (%) — X, g — 5

20,1 - y)
i<l - ————1[ - Xn_ - Xn_ 2M: _
n+1 —[ n+t Bn”Xn Xn 1||(Bn||xn Xn 1" + 2) + 1+ a,,(l _ y) (38)

1+ ay(1-y)
= (1 - 6n)rn + 5n8m
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2an(1-y)

1+an(1-y)
1+a,1-y)(B

n= 2({17_},) “xq = X1l {ﬁn X — Xn-1ll + 2M5} + 1

n

where 6, = and

1 _ _ _
V(X)) = X, Xns1 = X).
-y
From (35), (C1) of Assumption 1 and Remark 3, we have 22216,1 = oo and lim sup 9,, < 0. Thus, using Lemma
2.3 and (38), we get [, » 0 asn — co. Hence, x, » X asn — oo. noo

Case 2. Assume that {I},} does not decrease at infinity. Let ¢ : N — N be a mapping for alln > n, (for some ng
large enough) defined by

@) = max{k e N : k < n, I} < [}

By Lemma 2.4, {p(n)}2,,, is a nondecreasing sequence, ¢(n) — oo asn — oo and
Tpm) < Tpmy+1 and I, < T4, for all n = no. (39)

In view of Xy — XI* = IXpm+1 — XI? = Ty — Tpem+1 < O for all n > ng and (23), we have for all n > ng
BiOlpm) + 1pen))?
(A = @) Py(n) (2 = Pypiny) Z (]()n) 0?2
jew i Upny)
< (Tom) = Tpm+1) + Qpimy My + (1 = @) By Ty = Tpim-1)
+ 201 = ay00) By) Xpim = Xpm-1 I

< g Mi + (1 = @) By Tpm = Tpim-1) + 201 = o) By X = Xpm-112

<oy M + (1 - a‘ﬂ(n))ﬂ(p(n) IXpm) — an(n)—l”[\/ Lom) + Ep(n)—l]

+2(1 - “qo(n))ﬁw(n) Xgm) = Xpem-11P-

(40)

Thus, from (40) together with (C1) and (C2) from Assumption 1 and Remark 3, we have for each j € ¥,
(hj(y(p(n)) + l(yw(n)))z
CHOAY

— 0, n-— oo. (41)

Using a similar procedure to that in Case 1, we have

lim "ti(n) - y(p(n)” = lim ||X(p(n)+1 - X(p(n) " =0
n—-oo n—oo

Since {x,(} is bounded, there exists a subsequence of {x,}, still denoted by {x,} which converges

weakly to p. By a similar argument to that in Case 1, we conclude immediately that p € T'. In addition,

by the similar argument to that in Case 1, we have lim sup{(I - V)X, X — X,y < 0. Since lim |xp@n)+1 —
n—oo

n—oo

Xpm |l = 0, we get lim sup{(I - V)X, X - Xym)+1) < 0. From (38), we have

n—oo

Tom+1 < (1 = Bpm) Tpm) + Gpm) e, (42)
209 (1 -y)
where 6y = 7“2’47(”) ap and
1+a()(1—y)/3<) 1 _ _ _
S(p(n) = o u ”X(p(n) - X{p(rl)—l" {B(p(n) ||X<p(n) - X(p(n)—l" + 2Mo} + V(x) - x, Xpm)+1 — X,
2(1 - y) a(p(n) 1-

Using Ty — Tpm+1 < 0 for all n = ng and 94, > 0, the last inequality gives
0 < =8y(m Tpim) + Bpim) Iyn)-
Since §y(n) > 0, we obtain [|Xym) — XI* = Tym) < 94m). Moreover, since hm supS o) < 0, we have hm 1Xp(n) —
x| = 0. Thus, lim |xyn — XIl = O together with hm ||xq,(n)+1 - Xpmll = O gives hm F(p(nm = 0 Therefore
n—oo
from (39), we obtain lim I, = O, that is, x, — X asn — oo.

n—oo

This completes the proof. O
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Remark.
(I). Our iterative scheme has relatively low computational complexity compared to iterative schemes in
[9] and [10].
(II). The implementation of our algorithm does not need any prior information about the operator norm.
(IIT). We can also use 6;(x) = \/ IVE00I? + [IVIX)|? instead of 0i(x) = max{|Vhjx)|, IVIx)|} perhaps the
proof for the strong convergence theorem is almost similar. It is clear to see that max{||Vh;(x)l,

IVICOI} < JIVEOIR + IVI0)I? , for j € W.

Remark. One of the main advantages of our algorithm is that the algorithm can be used to solve problems

that can be converted to the fixed point problem of firmly nonexpansive mapping. The following are some

examples.

(1) The split system of inclusion problem: Let T; : H; — 2, U; : H, — 2 be maximal monotone mappings
for alli € @ and j € V. The split system of inclusion problem is to find x € H; such that

0 € Ti(x), forall iecd,
(43)

0 € U(Ax), forall jeV.

Replacing the proximal mappings of the convex functions f; and g; in Algorithm 1 by the resolvent
operators ]AT" and ];J" to the maximal monotone operators, and following the method of proof in Theorem
3.2, we obtain an inertial extrapolation-type algorithm with a strong convergence result for approxima-
tion of solution of a consistent split system of inclusion problem (43); see the resolvent operator defined
in (8).

(2) The MSSFP: By taking f; = 6¢, and g; = 8¢, (the indicator functions) for i € @, j € ¥, and replacing
proxy; by projection mapping P, and Proxg by the projection mapping Py, in Algorithm 1, we obtain
an inertial extrapolation-type algorithm with strong convergence for an approximation of solution of
the MSSFP (1).

(3) The split system of equilibrium problem: Let f; : H x H — R and g: H, x H, - R be bifunctions,
where i € @, j € W. Assume each bifunction f; and g; satisfy Condition CO on H, and H,, respectively.
The split system of equilibrium problem involves finding X € H; such that

(X, x) >0, forall xeH, ic®,
{ﬁ( ) | )

g)-(A)Z, u) >0, forall ueH, jeV.

Our result solves (44) by replacing the proximal mappings by the resolvent operators T /{’ and TAg" in Algo-
rithm 1 and then following the method of proof in Theorem 3.2; see the resolvent operator defined in
Lemma 2.6.

It is worth mentioning that our approach also works for approximation of solution of SMP (4). Let
Q denote the solution set of (4), i.e., Q = {Xx € arg min f : AX € arg min g}, and assume that Q is nonempty.

Set I(x) = %II(I - proxp)x|?, VI(x) = (I — proxy)x, h(x) = %II(I — prox Ag)Axllz, Vh(x) = A"(I - prox,g)Ax and
0(x) = max{||Vh(x)|, [[VI(x)|}. The following is an immediate consequence of our result.

Algorithm 2. Initialization: Let V : H; — H, be a contraction with constant y. Choose x,, x; € H; and take

arbitrary real numbers 8 and © such that0 < B <1land © > 0.Let{ay), {€a), {p,,} be real sequences satisfying
the following conditions:
@ 0<ay<1, lima,=0and),’ a, = 00;

n—oo
(b) &, > 0 and g, = o(ay);
(c) 0 <p, <2andliminfp, (2 - p,) > 0.
n—-oo
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Step 1. Given the iterates x,_; and x, (n > 1), choose B, such that 0 < §, < Bn, where

_ min {ﬁ En

ﬁn - }, if Xqo1 # X

’ ”Xn—l - Xn”
B, otherwise.

Step 2. Evaluate y, = x, + ,(Xq — Xn1).

6, if 6(y) = 0;

0(y,), otherwise.

Step 3. Evaluate y,, = pnh(yg)T;ISy"), where O(y,) = {

Step 4. Evaluate z, = y, - %pn(vh(yn) + VI ).
Step 5. Evaluate x,.1 = @, V(y,) + (1 — an)zn.
Step 6. Set n:=n + 1 and go to Step 1.

Corollary 1. The sequence {x,,} generated by Algorithm 2 converges strongly to x € Q, where X = PoV(X).
Proof. Setting f; = f foralli € ® and g; = g for all j € ¥ in Theorem 3.2, we obtain the desired result. O

Remark. The result in Corollary 1 is an improvement on inertial extrapolation-type algorithms in the sense that
instead of weak convergence result proposed by Shehu and Iyiola in [25] we get strong convergence result.

4 Numerical results

In this section, we consider an example of the SSMP involving quadratic optimization problems. We study
the behavior of our algorithm and compare with the proximal-type algorithms of [9] and [10]. The algorithm
has been coded in MATLAB and is performed on a HP laptop with Intel(R) Core(TM) i5-7200U CPU @
250GHz 2.70GHz and RAM 4.00GB.

Example. Consider the problem (7) for H; = RP, H, = R4, a linear transformation A : R? — R9 and functions

q
fito) = %XTBI-X +xX'D; (i€ ®={1,..,N}), g) =lul, and gu) = Y h(w),
k=1

where A is g x p non-zero matrix, B; is an invertible symmetric positive semidefinite p x p matrix and D;
is the zero vector in R? for all i € @, u = (w, ..., uy) € R, |.|; is the Euclidean norm in R? and h(uy) =
max{jug| - 1,0} fork =1, ...,q.

In this example, it is clear to see that I' = {0}. Now for A = 1, the proximal operators are given by

proxy;(x) = (I + B)'(x - Dy) = (I + By '(x), i€,

1
1-—u, |uly =1,
proxg(u) = llullg

o, otherwise
and proxyg,(u) = (proxn(uy), prox au(lyz),..., proxp(uy)), where

Uk if |ux| <1,
proxXy,(uy) = 1 sign(uy), if 1< |ul <2,
sign(ug — 1), if |ug| > 2.

In this numerical experiment, we use N =3, p = q, A is identity p x p matrix and B;, B, and Bs are
randomly generated invertible symmetric positive semidefinite p x p matrices.
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Experiment 1 (Studying numerical behavior of Algorithm 1): Figures 1, 2 and 3 and Tables 1 and 2
describe the numerical results of our algorithm for this example, where V : R? — RP given by Vx = yx and

y:O.S,oz,,:ﬁ,sn:i ff)zé,B=0.9andﬂn=anor0<tsl,r>t,je‘l’={1,2}.

n’

Tables 1 and 2 illustrate the execution time in second (CPU(s)) and the number of iterations (Iter(n))
of our algorithm when applied to this particular example. The stopping criterion in Tables 1 and 2 is defined

as 1 %0 = Xn-1 < TOL = 1074.

12 = xll

350f
t=0.2, r=0.5
300 P
—o—t=1, r=4
250 |-
= t=0.8, r=10
£ 200
8
[
< 150 F
8 X
100 | N
50 - :

1 2 3 4 5 6 7 8 9 10
Number of iterations

Figure 1: For p = g = 6 and for randomly generated starting points xo and x;.

3000
p=q=10
2500 p=q=100
—+— p=q=200
= 2000 P=a
|
T 1500 -
25
= 1000
500
0 L L ¥ :
1 2 3 4 5 6 7 8 9 10

Number of iterations

Figure 2: For t = 0.1, r = 0.4 and for randomly generated starting points xo and x;.

4
1010
| 6=-50
8 —*— =20
— —+— =10
T et
8
|
£ 4
0 1 T f ',: S e
2 4 6 8 10 12

Number of Iterations

Figure 3: Fort = 0.2, r = 0.5, p = g = 500, x; = dXo, Where 0 € R and x, is randomly generated starting point.



348 =— Anteneh Getachew Gebrie and Rabian Wangkeeree DE GRUYTER

Table 1: For randomly generated starting points xo and x;

p=q=3 p=q=20 p=q=280
Iter(n) CPU(s) Iter(n) CPU(s) Iter(n) CPU(s)
t=0.1,r=0.2 17 0.0127 14 0.0169 16 0.0269
t=0.951r=3 21 0.0136 17 0.0185 21 0.0304
t=1,r=10 21 0.0129 16 0.0164 24 0.0299

Table 2: Fort =0.55,r=8,p=qg =4

X0 =@1,2,3,4), x, = (-4,7,-5,10) Xo = (5,6,7,8), x; = (4, -7, 5, -10)

Iter(n) CPU(s) 1X2 = Xp-1ll Iter(n) CPU(s) X, = Xp-1ll

1 12.2474 1 23.7486

2 5.6570 2 9.0177

3 3.5203 3 4.5572

4 1.9316 4 2.3349

5 1.1915 5 1.8997

24 2.5606 x 1074 24 5.1148 x 107

25 0.0438 1.3608 x 1074 25 3.6416 x 1074
26 3.1116 x 1074
27 2.4828 x 1074
28 2.0318 x 1074
29 0.0613 1.1041 x 1074

Experiment 2 (Comparison): We now compare our result with non-inertial extrapolated (non-accelerated)
proximal-type algorithms [9] (ProxAL-A) and [10] (ProxAL-B). For this purpose, we use the following data:

Algorithm 1: V : RP? — R? given by Vx = yx andy = 0.5, a, = %, £y = %, &0 = é (je¥=1{,2}),B=0.28,
B, =B, and p, = .

ProxAL-A: V:F:Ia ]1:1’ Y=0-5, S;Ii):é (i€®={1,2,3}), fry):% (]E‘P:{lxz}): an:ﬁ and
1

Pn = 150 S€€ [9].
1

ProxAL-B: 6 = * (ie ®=1{1,2,3), &P =L (j e ¥={1,2) and p, = 1, see [10].

Figures 4 and 5 along with Table 3 present the numerical results of our algorithm (Algorithm 1) in
comparison with ProxAL-A and ProxAL-B. Figures 4 and 5 show the error = ||x,| versus number of itera-
tions, while Table 2 shows the CPU time exclusion (CPU(s)) and the number of iterations (Iter(n)) of
Algorithm 1, ProxAL-A and ProxAL-B for the stopping criteria M < TOL = 1073.

X2 —x ||
From this preliminary numerical experiment, we observe that our algorithm crucially depends on step
sizes, starting points and dimensions. Moreover, our proposed algorithm is efficient and easy to implement

and outperforms the proposed algorithms in [9] and [10].
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Algorithm 1

—&— ProxAL-A

——&— ProxAL-B

~
)
< 10f
=
(8}
sl
6l
sl
2l
0 L I i A+ -=- o
1 15 2 25 3 35 4 45 5
Number of Iteration
Figure 4: For p = g =4 and xo = (1, 1, 1, 1), x; = 10xo.
900
800 Algorithm 1
700 - —&— ProxAL-A
600 - —&— ProxAL-B
=~ L
S 500
~
S 400
300
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Figure 5: For p = g = 80 and x, = (10,..., 10), X, = 10x,.

Table 3: For xq, x; € RP with xo = (-100, -100,...,—100) and x; = —=2x,

Algorithm 1 ProxAlg-A ProxAlg-B
Dimension Iter(n) CPU(s) Iter(n) CPU(s) Iter(n) CPU(s)
p=qg=2 7 0.0354 7 0.0401 9 0.0379
p=g=10 12 0.0441 15 0.0616 21 0.1775
p=qg=50 27 0.1908 29 0.2168 29 0.1921

5 Conclusions

In this article, we introduce a strong convergence theorem for an inertial extrapolation-type algorithm for
solving a SSMP (7). The problem we considered in this article is general for many of the problems con-
sidered in the literature concerning approximation of an unconstrained minimization problem, see for
example [25-28,24,23]. Our result can also be applied to find a solution of the split system of inclusion
problem, the MSSFP, and the split system of equilibrium problem. Furthermore, our result improves an
inertial extrapolation-type algorithm proposed in [25] and also improves and accelerates algorithms
in [9,10].
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