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Abstract: In this article, we prove the generalized Hyers-Ulam stability for the following additive-quartic
functional equation:

( + ) + ( − ) + ( + ) + ( − ) + ( ) + ( ) = [ ( + ) + ( − )] + ( )f x y f x y f x y f x y f x f y f x y f x y f y3 3 2 2 22 24 13 12 2 ,

where f maps from an additive group to a complete non-Archimedean normed space.
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1 Introduction

The study of stability problems for functional equations is one of the essential research in mathematics,
which originated in issues related to applied mathematics. The first question concerning the stability of
homomorphisms was given by Ulam [1] as follows.

Given a group ( ∗)G, , a metric group ( ′ )G , • with the metric d, and a mapping f from G to ′G , does there
exist >δ 0 such that

( ( ∗ ) ( ) ( )) ≤d f x y f x f y δ, •

for all ∈x y G, , then there exists a homomorphism → ′h G G: such that

( ( ) ( )) ≤d f x h x ϵ,

for all ∈x G?
The above question was solved in 1941 by Hyers [2] in the case of approximately additive mappings

between two Banach spaces. The method used in the investigation of Hyers is called the direct method. In
the same decade with the existing result of Hyers [2], Aoki [3] extended the Hyers’ stability result for
additive mappings by aiming an unbounded Cauchy difference. For almost 30 years later, the Hyers’
stability result was improved from an assiduousness of Rassias [4]. The approximately additive condition
of Hyers [2] was relaxed in his result as follows.
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Theorem 1.1. [4] Let X and Y be two Banach spaces. Suppose that →f X Y: is a function satisfying the
following inequality:

∥ ( + ) − ( ) − ( )∥ ≤ (∥ ∥ + ∥ ∥ )f x y f x f y ϵ x yp p (1.1)

for some ≥ϵ 0, p with ≤ <p0 1 and for all ∈x y X, . Then, there exists a unique additive function →A X Y:
such that

∥ ( ) − ( )∥ ≤
−

∥ ∥f x A x ϵ x2
2 2p

p (1.2)

for each ∈x X . If, in addition, ( )f tx is continuous at t in a scalar field of X for each fixed ∈x X , then the
function A is linear.

The stability spectacle of Theorem 1.1 is called the generalized Hyers-Ulam stability. This glossary may
also be used in other functional equations. Subsequently, a large number of investigations have been
published in cohesion with several generalizations of stability results of Hyers [2], Aoki [3] and Rassias [4].
Moreover, many recent stability results had the inspiration from these fundamental stability results. For
instance, Rassias [5] investigated the Hyers-Ulam stability for the quartic functional equation:

( + ) + ( − ) + ( ) = [ ( + ) + ( − ) + ( )]f x y f x y f x f x y f x y f y2 2 6 4 6 , (1.3)

where f maps from a normed space into a Banach space. He also named the function satisfying (1.3) as a
quartic function. The quartic functional equation (1.3) is one of the interesting topics in the stability theory
for functional equations. It was employed by several researchers (see [6–10] and references therein).

Nowadays, the investigation of the stability in general content is essential and numerous. For
instance, Chang et al. [11] investigated the stability results of the cosine-sine functional equation with
involution in a commutative semigroup and a commutative group. Besides, Choi et al. [12] proved the
stability results for functional equations arising from number theory and are connected with the
characterizations of the determinant and permanent of two-by-two matrices. They considered a mapping
from �2 into � by applying the important lemma of bounded mappings on a group.

Recently, Hengkrawit and Thanyacharoen [13] introduced the following additive-quartic functional
equation:

( + ) + ( − ) + ( + ) + ( − ) + ( ) + ( ) = [ ( + ) + ( − )] + ( )f x y f x y f x y f x y f x f y f x y f x y f y3 3 2 2 22 24 13 12 2 , (1.4)

where f is a mapping from � to � . The general solution of (1.4) on the oddness (or the evenness) of an
unknown function is additive (or quartic). Based on this fact, the functional equation (1.4) is called a
mixed type additive-quartic functional equation. Moreover, they also gave the Hyers-Ulam stability result
of (1.4) on �.

On the other hand, a special function on � named a p-adic, or an ultrametric or simply a non-
Archimedean absolute value on � was first introduced by Hensel [14]. He also presented the idea of a non-
Archimedean field which is a set � together with the p-adic absolute value. Also, this concept can be
extended to the general idea on the arbitrary field, and we can use this idea for defining the non-
Archimedean vector space and the non-Archimedean norm. Based on all aforementioned ideas, many
mathematicians investigated the stability results by applying such ideas. Here, we give some examples of
these results.
– Arriola and Beyer [15] considered the stability of approximate additive mappings from the completion of

a non-Archimedean field to �.
– Kaiser [16] proved the stability problem Cauchy functional equation:

( + ) = ( ) + ( )f x y f x f y

on normed spaces over fields with valuation.
– Moslehian and Rassias [17] proved the generalized Hyers-Ulam stability of the Cauchy functional equation

( + ) = ( ) + ( )f x y f x f y
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and the quadratic functional equation

( + ) + ( − ) = ( ) + ( )f x y f x y f x f y2 2

in non-Archimedean normed spaces.
To the best of our knowledge, there is no discussion so far concerning the generalized Hyers-Ulam

stability for the functional equation

( + ) + ( − ) + ( + ) + ( − ) + ( ) + ( ) = [ ( + ) + ( − )] + ( )f x y f x y f x y f x y f x f y f x y f x y f y3 3 2 2 22 24 13 12 2 , (1.5)

for all ∈x y G, , where fmaps from an additive group G to a complete non-Archimedean normed space. The main
goal of this article is first to investigate the mentioned discussion by using two techniques containing the direct
method and the fixed point method. Moreover, several particular cases of our main results are given.

2 Preliminaries

In this section, we will recall some basic concepts of non-Archimedean normed spaces.

Definition 2.1. [14] Let � be a field. A function �|⋅| → [ ∞): 0, is called a non-Archimedean absolute
value (non-Archimedean valuation) on � if the following conditions hold for all �∈a b, :
1. | | =a 0 if and only if =a 0;
2. | | = | || |ab a b ;
3. | + | ≤ {| | | |}a b a bmax , (the strict triangle inequality).

Also, a field � with a non-Archimedean absolute value is called a non-Archimedean field.

In any non-Archimedean field � , we have | | = |− | =1 1 1 and | | ≤n 1 for each integer n. We always
assume, in addition, that |⋅| is non-trivial, i.e., there exists an �∈a0 such that | | ≠a 0, 10 .

Definition 2.2. [14] Let X be a vector space over a scalar field � with a non-Archimedean non-trivial
valuation |⋅|. A function �∥⋅∥ →X: is called a non-Archimedean norm (valuation) if it satisfies the
following conditions:
1. ∥ ∥ ≥x 0 for all ∈x X, and ∥ ∥ =x 0 if and only if =x 0;
2. ∥ ∥ = | |∥ ∥rx r x for all �∈r and all ∈x X;
3. the strong triangle inequality (ultrametric); namely, ∥ + ∥ ≤ {∥ ∥ ∥ ∥}x y x ymax , for all ∈x y X, .

Also, ( ∥⋅∥)X, is called a non-Archimedean normed space.

Definition 2.3. [14] The sequence { }xn in a non-Archimedean normed space ( ∥⋅∥)X, is called convergent if
for a given >ϵ 0 there are a positive integer N and an ∈x X such that

∥ − ∥ ≤x x ϵn

for all ≥n N and x is called a limit of the sequence { }xn , denoted by =
→∞

x xlim
n

n .

Definition 2.4. [14] The sequence { }xn in a non-Archimedean normed space ( ∥⋅∥)X, is called Cauchy if for
a given >ϵ 0 there is a positive integer N such that

∥ − ∥ ≤x x ϵn m

for all ≥n m N, .

In a non-Archimedean normed space ( ∥⋅∥)X, , we have

∥ − ∥ ≤ {∥ − ∥ ≤ ≤ − }+x x x x m j nmax : 1n m j j1
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for >n m. This yields the following proposition.

Proposition 2.5. [14] A sequence { }xn in a non-Archimedean space ( ∥⋅∥)X, is a Cauchy sequence if and only if
the sequence {∥ − ∥}+x xn n1 converges to zero.

Next, we present the useful theorem which is the main tool to consider the stability result by using the
fixed point method.

Theorem 2.6. [18] Let ( )X d, be a complete generalized metric space and let →J X X: be a strictly
contractive mapping with some Lipschitz constant L with < <L0 1. Then, for each given element ∈x X ,
either ( ) = ∞+d J x J x,n n 1 for all nonnegative integers n or there exists a positive integer n0 such that
1. ( ) < ∞+d J x J x,n n 1 for all ≥n n0;
2. the sequence { }J xn converges to a fixed point ∗y of J;
3. ∗y is the unique fixed point of J in the set = { ∈ | ( ) < ∞}Y y X d J x y,n0 ; and

4. ( ) ≤ ( )∗

−
d y y d y Jy, ,L

1
1 for all ∈y Y .

3 Main results

Throughout this section, let G be an additive group, ( ∥⋅∥ )Y , Y be a non-Archimedean normed space and
→f G Y: be a mapping. For each ∈x y G, , we will use the following symbol:

( ) ≔ ( + ) + ( − ) + ( + ) + ( − ) + ( ) − ( + ) − ( − ) + ( ) − ( )Df x y f x y f x y f x y f x y f x f x y f x y f y f y, 3 3 2 2 22 13 13 24 12 2 .

First, we give two auxiliary lemmas for proving the first stability result via the direct method.

Lemma 3.1. Let G be an additive group, ( ∥⋅∥ )Y , Y be a non-Archimedean normed space and →f G Y: be a
mapping. If f satisfies (1.5), then f is of the form

( + ) + ( − ) − ( + ) − ( − ) + ( )

+ ( ) − (− ) − ( ) + (− ) − ( ) =

f x y f x y f x y f x y f x
f y f y f y f y f y

21 2 21 2 84 84 126
70 30 33 2 15 2 4 0

(3.1)

for all ∈x y G, .

Proof. Suppose that f satisfies (1.5). Substituting x by +x y3 into (1.5), we get

( + ) + ( ) + ( + ) + ( + ) + ( + ) − ( + ) − ( + ) + ( ) − ( ) =f x y f x f x y f x y f x y f x y f x y f y f y6 5 22 3 13 4 13 2 24 12 2 0 (3.2)

for all ∈x y X, . Substituting x by +x y2 into (1.5), we get

( + ) + ( − ) + ( + ) + ( ) + ( + ) − ( + ) − ( + ) + ( ) − ( ) =f x y f x y f x y f x f x y f x y f x y f y f y5 4 22 2 13 3 13 24 12 2 0 (3.3)

for all ∈x y X, . From (3.2) and (3.3), we obtain

( + ) − ( + ) + ( + ) − ( + ) + ( + ) − ( − ) =f x y f x y f x y f x y f x y f x y6 14 4 35 3 35 2 14 0 (3.4)

for all ∈x y X, . Substituting y by − y into (3.4), we get

( − ) − ( − ) + ( − ) − ( − ) + ( − ) − ( + ) =f x y f x y f x y f x y f x y f x y6 14 4 35 3 35 2 14 0 (3.5)

for all ∈x y X, . From (3.4) and (3.5), we obtain

( + ) + ( − ) − ( + ) − ( − ) + ( + ) + ( − )

− ( + ) − ( − ) + ( + ) + ( − ) =

f x y f x y f x y f x y f x y f x y
f x y f x y f x y f x y

6 6 14 4 14 4 35 3 35 3
35 2 35 2 13 13 0

(3.6)

for all ∈x y X, . Substituting y by y2 into (1.5), we have
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( + ) + ( − ) + ( + ) + ( − ) + ( ) − ( + )

− ( − ) + ( ) − ( ) =

f x y f x y f x y f x y f x f x y
f x y f y f y

6 6 4 4 22 13 2
13 2 24 2 12 4 0

(3.7)

for all ∈x y X, . From (3.6) and (3.7), we obtain

( + ) + ( − ) − ( + ) − ( − ) + ( + ) + ( − )

− ( + ) − ( − ) + ( ) + ( ) − ( ) =

f x y f x y f x y f x y f x y f x y
f x y f x y f x f y f y

15 4 15 4 35 3 35 3 22 2 22 2
13 13 22 24 2 12 4 0

(3.8)

for all ∈x y X, . Substituting x by +x y into (1.5), we get

( + ) + ( − ) + ( + ) + ( − ) + ( + ) − ( + )

− ( ) + ( ) − ( ) =

f x y f x y f x y f x y f x y f x y
f x f y f y

4 2 3 22 13 2
13 24 12 2 0

(3.9)

for all ∈x y X, . Substituting y by − y into (3.9), we have

( − ) + ( + ) + ( − ) + ( + ) + ( − ) − ( − )

− ( ) + (− ) − (− ) =

f x y f x y f x y f x y f x y f x y
f x f y f y

4 2 3 22 13 2
13 24 12 2 0

(3.10)

for all ∈x y X, . From (3.9) and (3.10), we obtain

( + ) + ( − ) + ( + ) + ( − ) − ( + ) − ( − ) + ( + )

+ ( − ) − ( ) + ( ) − ( ) + (− ) − (− ) =

f x y f x y f x y f x y f x y f x y f x y
f x y f x f y f y f y f y

4 4 3 3 12 2 12 2 23
23 26 24 12 2 24 12 2 0,

(3.11)

thus

( + ) + ( − ) + ( + ) + ( − ) − ( + ) − ( − ) + ( + )

+ ( − ) − ( ) + ( ) + (− ) − ( ) − (− ) =

f x y f x y f x y f x y f x y f x y f x y
f x y f x f y f y f y f y

15 4 15 4 15 3 15 3 180 2 180 2 345
345 390 360 360 180 2 180 2 0

(3.12)

for all ∈x y X, . From (3.8) and (3.12), we obtain

( + ) + ( − ) − ( + ) − ( − ) + ( + ) + ( − ) − ( )

+ ( ) + (− ) − ( ) − (− ) + ( ) =

f x y f x y f x y f x y f x y f x y f x
f y f y f y f y f y

50 3 50 3 202 2 202 2 358 358 412
360 360 204 2 180 2 12 4 0

(3.13)

for all ∈x y X, . From (1.5), we get

( + ) + ( − ) + ( + ) + ( − ) − ( + )

− ( − ) + ( ) + ( ) − ( ) =

f x y f x y f x y f x y f x y
f x y f x f y f y

50 3 50 3 50 2 50 2 650
650 1100 1200 600 2 0

(3.14)

for all ∈x y X, . From (3.13) and (3.14), we have

( + ) + ( − ) − ( + ) − ( − ) + ( )

+ ( ) − (− ) − ( ) + (− ) − ( ) =

f x y f x y f x y f x y f x
f y f y f y f y f y

252 2 252 2 1008 1008 1512
840 360 396 2 180 2 12 4 0,

(3.15)

thus

( + ) + ( − ) − ( + ) − ( − ) + ( )

+ ( ) − (− ) − ( ) + (− ) − ( ) =

f x y f x y f x y f x y f x
f y f y f y f y f y

21 2 21 2 84 84 126
70 30 33 2 15 2 4 0

(3.16)

for all ∈x y X, . □

Lemma 3.2. Let G be an additive group, ( ∥⋅∥ )Y , Y be a non-Archimedean normed space and →f G Y: be a
mapping satisfying (1.5). Then, the following assertions hold:
(1) f is even if and only if f is quartic;
(2) f is odd if and only if f is additive.

Proof. Replacing x and y by 0 in (1.5), we have ( ) =f 0 0.
(1) For the first implication, we suppose that f is even. By Lemma 3.1, f is of the form (3.1). Putting =x 0 in

(3.1), since f is even and ( ) =f 0 0, we obtain
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( ) − ( ) − ( ) =f y f y f y24 2 128 4 0 (3.17)

for all ∈y X . It follows the proof of Lemma 3.1 that

( + ) + ( − ) − ( + ) − ( − ) + ( + ) + ( − )

− ( + ) − ( − ) + ( ) + ( ) − ( ) =

f x y f x y f x y f x y f x y f x y
f x y f x y f x f y f y

15 4 15 4 35 3 35 3 22 2 22 2
13 13 22 24 2 12 4 0

(3.18)

for all ∈x y X, . Putting =x 0 in (3.18), since f is even and ( ) =f 0 0, we obtain

( ) − ( ) + ( ) − ( ) + ( ) − ( ) =f y f y f y f y f y f y30 4 70 3 44 2 26 24 2 12 4 0,

thus

( ) − ( ) + ( ) − ( ) =f y f y f y f y9 4 35 3 34 2 13 0 (3.19)

for all ∈y X . From (3.17), we get

( ) − ( ) − ( ) =f y f y f y216 2 1152 9 4 0 (3.20)

for all ∈y X . From (3.19) and (3.20), we have

− ( ) + ( ) − ( ) =f y f y f y35 3 250 2 1165 0 (3.21)

for all ∈y X . Letting =x 0 in (1.5), since f is even and ( ) =f 0 0, we obtain

( ) − ( ) − ( ) =f y f y f y3 5 2 0,

thus

( ) − ( ) − ( ) =f y f y f y35 3 175 2 35 0 (3.22)

for all ∈y X . From (3.21) and (3.22), we get

( ) = ( )f y f y2 16 (3.23)

for all ∈y X . From (3.1), we have

( + ) + ( − ) − ( + ) − ( − ) + ( ) − ( ) =f x y f x y f x y f x y f x f y2 2 4 4 6 24 0 (3.24)

for all ∈x y X, , so f is a quartic mapping. Finally, it is easy to prove that the second implication holds.
This completes the proof.

(2) For the first implication, we suppose that f is odd. By Lemma 3.1, f is of the form (3.1). Substituting y
by − y into (1.5), since f is odd, we get

( + ) + ( − ) + ( + ) + ( − ) + ( ) − ( + ) − ( − )

− ( ) + ( ) =

f x y f x y f x y f x y f x f x y f x y
f y f y

3 3 2 2 22 13 13
24 12 2 0

(3.25)

for all ∈x y X, . From (1.5) and (3.25), we obtain

( ) = ( )f y f y2 2 (3.26)

for all ∈y X . From (3.1) and (3.26), we have

( + ) + ( − ) − ( + ) − ( − ) + ( ) =f x y f x y f x y f x y f x2 2 4 4 6 0 (3.27)

for all ∈x y X, . Substituting x by x2 into (3.27) and using (3.26), we get

( + ) + ( − ) − ( + ) − ( − ) − ( ) =f x y f x y f x y f x y f x2 2 2 2 6 0 (3.28)

for all ∈x y X, . Interchanging x into y in (3.27), we have

( + ) − ( − ) − ( + ) + ( − ) + ( ) =f x y f x y f x y f x y f y2 2 4 4 6 0 (3.29)

for all ∈x y X, . Substituting y by − y into (3.29), we get

( − ) − ( + ) − ( − ) + ( + ) − ( ) =f x y f x y f x y f x y f y2 2 4 4 6 0 (3.30)
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for all ∈x y X, . Replacing x by x2 in (3.28) and using (3.31), we get

( + ) + ( − ) − ( + ) − ( − ) − ( ) =f x y f x y f x y f x y f x2 4 2 4 2 2 12 0 (3.31)

for all ∈x y X, . From (3.28) and (3.31), we obtain

( + ) + ( − ) − ( + ) − ( − ) − ( ) =f x y f x y f x y f x y f x4 4 4 4 30 0 (3.32)

for all ∈x y X, . Substituting y by +y x2 into (3.28), we have

( + ) − ( ) − ( + ) + ( + ) − ( ) =f x y f y f x y f x y f x4 4 4 2 3 2 12 0 (3.33)

for all ∈x y X, . Replacing y by − y in (3.33), we get

( − ) + ( ) − ( − ) + ( − ) − ( ) =f x y f y f x y f x y f x4 4 4 2 3 2 12 0 (3.34)

for all ∈x y X, . From (3.33) and (3.34), we obtain

( + ) + ( − ) − ( + ) − ( − ) + ( + ) + ( − ) − ( ) =f x y f x y f x y f x y f x y f x y f x4 4 4 4 2 3 2 3 2 2 24 0 (3.35)

for all ∈x y X, . From (3.32) and (3.35), we obtain

( + ) + ( − ) − ( + ) − ( − ) − ( ) =f x y f x y f x y f x y f x2 3 2 3 3 3 6 0 (3.36)

for all ∈x y X, . Substituting y by −x y into (3.28), we have

( − ) + ( + ) − ( − ) − ( ) − ( ) =f x y f x y f x y f y f x2 3 2 2 6 0 (3.37)

for all ∈x y X, . Substituting y by +x y into (3.28), we get

( + ) + ( − ) − ( + ) + ( ) − ( ) =f x y f x y f x y f y f x2 3 2 2 6 0 (3.38)

for all ∈x y X, . From (3.37) and (3.38), we obtain

( + ) + ( − ) − ( + ) − ( − ) + ( + ) + ( − ) − ( ) =f x y f x y f x y f x y f x y f x y f x2 3 2 3 2 2 2 2 12 0 (3.39)

for all ∈x y X, . From (3.28) and (3.39), we have

( + ) + ( − ) + ( + ) + ( − ) − ( ) =f x y f x y f x y f x y f x4 3 4 3 3 3 30 0 (3.40)

for all ∈x y X, . From (3.36) and (3.40), we have

( + ) + ( − ) − ( ) =f x y f x y f x2 0 (3.41)

for all ∈x y X, . Interchanging x into y in (3.41), we get

( + ) − ( − ) − ( ) =f x y f x y f y2 0 (3.42)

for all ∈x y X, . From (3.41) and (3.42), we obtain

( + ) = ( ) + ( )f x y f x f y (3.43)

for all ∈x y X, , so f is an additive mapping. Finally, it is easy to prove that the second implication
holds. This completes the proof. □

Next, we are going to consider the stability of the additive-quartic functional equation (1.5).

Theorem 3.3. Let G be an additive group, ( ∥⋅∥ )Y , Y be a complete non-Archimedean normed space and
→ [ ∞)ϕ G: 0,2 be a function such that

( )
=

→∞

ϕ x ylim 2 , 2
2

0
n

n n

n
(3.44)

for all ∈x y G, , and the following limits exist for each ∈x G:
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( )
≤ <

→∞

ψ x j nlim max 0, 2
2

: 0
n

j

j








(3.45)

and

( )
≤ <

→∞

ψ x j nlim max
˜ 2

2
: 0 ,

n

j

j









(3.46)

where ( ) ≔ { ( ) (− − )ψ x y ϕ x y ϕ x y, max , , , } for all ∈x y G, and

( ) ≔ ( ) ( )
( )

( ) ( )ψ x ψ x x ψ x x ψ x ψ x x ψ x˜ max 3 , , 2 , , 0, 2
2

, 9 , , 22 0,







(3.47)

for all ∈x G. Suppose that →f G Y: is a mapping satisfying ( ) =f 0 0 and

∥ ( )∥ ≤ ( )Df x y ϕ x y, ,Y (3.48)

for all ∈x y G, . Then, there exist a unique quartic function →Q G Y: and a unique additive function
→A G Y: such that

( ) + (− )
− ( ) ≤

( )
≤ <

→∞

f x f x Q x ψ x j n
2

1
960

lim max
˜ 2
16

: 0 ,
Y n

j

j









(3.49)

( ) − (− )
− ( ) ≤

( )
≤ <

→∞

f x f x A x ψ x j n
2

1
48

lim max 0, 2
2

: 0
Y n

j

j








(3.50)

and

∥ ( ) − ( ) − ( )∥ ≤
( )

≤ <
( )

≤ <
→∞ →∞

f x Q x A x ψ x j n ψ x j nmax 1
960

lim max
˜ 2
16

: 0 , 1
48

lim max 0, 2
2

: 0Y
n

j

j n

j

j







































(3.51)

for all ∈x G. Moreover, if

( )
≤ ≤ < + =

→∞ →∞

ψ x i j n ilim lim max
˜ 2
16

: 0 0
i n

j

j
















(3.52)

and

( )
≤ ≤ < + =

→∞ →∞

ψ x i j n ilim lim max 0, 2
2

: 0 0
i n

j

j








(3.53)

for all ∈x G, then Q and A are the unique quartic and additive functions satisfying (3.49) and (3.50),
respectively.

Proof. Let →f G Y:1 be the function defined by ( ) ≔
( ) + (− )f x f x f x

1 2 for all ∈x G. Then, ( ) =f 0 01 and
( ) = (− )f x f x1 1 for all ∈x G. Replacing x by − x and y by − y into (3.48), we have

∥ (− − )∥ ≤ (− − )Df x y ϕ x y, ,Y (3.54)

for all ∈x y G, . From (3.48) and (3.54), we obtain

∥ ( )∥ ≤ { ( ) (− − )} =
( )Df x y ϕ x y ϕ x y ψ x y, 1

2
max , , , ,

2Y1 (3.55)

for all ∈x y G, . Letting =x y3 in (3.55) and using ( ) =f 0 01 , we get

∥ ( ) + ( ) − ( ) + ( ) − ( ) + ( )∥ ≤
( )f y f y f y f y f y f y ψ y y6 5 13 4 22 3 25 2 25 3 ,

2Y1 1 1 1 1 1 (3.56)

for all ∈y G. Letting =x y2 in (3.55) and using ( ) =f 0 01 , we have
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∥ ( ) + ( ) − ( ) + ( ) + ( )∥ ≤
( )f y f y f y f y f y ψ y y5 4 13 3 10 2 12 2 ,

2Y1 1 1 1 1 (3.57)

for all ∈y G. From (3.56) and (3.57), we obtain

∥ ( ) − ( ) + ( ) − ( ) + ( )∥ ≤ { ( ) ( )}f y f y f y f y f y ψ y y ψ y y6 14 4 35 3 35 2 13 1
2

max 3 , , 2 ,Y1 1 1 1 1 (3.58)

for all ∈y G. Letting =x 0 in (3.55), we get

∥ ( ) − ( ) − ( )∥ ≤
( )f y f y f y ψ y2 3 10 2 2 0,

2
,Y1 1 1 (3.59)

that is,

∥ ( ) − ( ) − ( )∥ ≤ ( )f y f y f y ψ y3 5 2 1
4

0,Y1 1 1 (3.60)

for all ∈y G. Replacing y by y2 in (3.60), we obtain

∥ ( ) − ( ) − ( )∥ ≤
( )f y f y f y ψ y6 5 4 2 0, 2

4Y1 1 1 (3.61)

for all ∈y G. From (3.58) and (3.61), we obtain

∥− ( ) + ( ) − ( ) + ( )∥ ≤ ( ) ( )
( )f y f y f y f y ψ y y ψ y y ψ y9 4 35 3 34 2 13 1

2
max 3 , , 2 , , 0, 2

2Y1 1 1 1








(3.62)

for all ∈y G. Letting =x y in (3.55), we get

∥ ( ) + ( ) − ( ) + ( )∥ ≤
( )f y f y f y f y ψ y y4 3 24 2 47 ,

2
,Y1 1 1 1 (3.63)

thus

∥ ( ) + ( ) − ( ) + ( )∥ ≤
( )f y f y f y f y ψ y y9 4 9 3 216 2 423 9 ,
2Y1 1 1 1 (3.64)

for all ∈y G. From (3.62) and (3.64), we obtain

∥ ( ) − ( ) + ( )∥ ≤ ( ) ( )
( )

( )f y f y f y ψ y y ψ y y ψ y ψ y y44 3 250 2 436 1
2

max 3 , , 2 , , 0, 2
2

, 9 ,Y1 1 1








(3.65)

for all ∈y G. From (3.60), we get

∥ ( ) − ( ) − ( )∥ ≤ ( )f y f y f y ψ y44 3 220 2 44 11 0,Y1 1 1 (3.66)

for all ∈y G. From (3.65) and (3.66), we obtain

∥− ( ) + ( )∥ ≤ ( ) ( )
( )

( ) ( )f y f y ψ y y ψ y y ψ y ψ y y ψ y30 2 480 1
2

max 3 , , 2 , , 0, 2
2

, 9 , , 22 0,Y1 1








(3.67)

for all ∈y G. Thus, we have

( ) −
( )

≤ ( ) ( )
( )

( ) ( ) = ( )f y f y ψ y y ψ y y ψ y ψ y y ψ y ψ y2
16

1
960

max 3 , , 2 , , 0, 2
2

, 9 , , 22 0, 1
960

˜
Y

1
1 








(3.68)

for all ∈y G. Replacing y by − y2n 1 in (3.68) and dividing by −16n 1, we get

( )
−

( )
≤

( )−

−

−

−

f y f y ψ y2
16

2
16

1
960

˜ 2
16

n

n

n

n
Y

n

n
1

1

1
1

1

1 (3.69)

for all ∈y G. It follows from (3.68) and (3.69) that the sequence { }( )f y2
16

n

n
1 is a Cauchy sequence in Y. Since Y

is complete, there exists a function →Q G Y: such that
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( ) ≔
( )

→∞
Q y f ylim 2

16n

n

n
1 (3.70)

for all ∈y G. From (3.69) and the strong triangle inequality, we obtain

( ) −
( )

≤
( )

≤ <f y f y ψ y j n2
16

1
960

max
˜ 2
16

: 0
n

n
Y

j

j1
1 








(3.71)

for all �∈n and all ∈y G. Taking → ∞n in the above inequality, it yields that

∥ ( ) − ( )∥ ≤
( )

≤ <
→∞

f y Q y ψ y j n1
960

lim max
˜ 2
16

: 0Y
n

j

j1








(3.72)

for all ∈y G. By (3.44) and (3.48), we get

( )
=

( ) + (− − )

≤
∥ ( )∥ ∥ (− − )∥

≤
( ) (− − )

Df x y Df x y Df x y

Df x y Df x y

ϕ x y ϕ x y

2 , 2
16

1
2

2 , 2 2 , 2
16

1
2

max 2 , 2
16

, 2 , 2
16

1
2

max 2 , 2
16

, 2 , 2
16

n n

n
Y

n n n n

n
Y

n n
Y

n

n n
Y

n

n n

n

n n

n

1

















for all ∈x y G, . From the last inequality, letting → ∞n , we obtain

( ) =DQ x y, 0 (3.73)

for all ∈x y G, . Since ( ) =f 0 01 , we obtain ( ) =Q 0 0. Since f1 is even,

∥ ( ) − (− )∥ = ( ) −
(− )

= ( ) −
( )

=
→∞ →∞

Q x Q x Q x f x Q x f xlim 2
16

lim 2
16

0Y
n

n

n
Y n

n

n
Y

1 1

for all ∈x G and so Q is even. By Lemma 3.2, we get Q is a quartic mapping.

Let →f G Y:2 be the function defined by ( ) ≔
( ) − (− )f x f x f x

2 2 for all ∈x G. Then, ( ) =f 0 02 and

(− ) = − ( )f x f x2 2 for all ∈x G. From (3.48), we obtain

∥ ( )∥ ≤
( )Df x y ψ x y, ,

2Y2 (3.74)

for all ∈x y G, . Letting =x 0 in (3.74), and using f2 is odd and ( ) =f 0 02 , we have

∥ ( ) − ( )∥ ≤
( )f y f y ψ y24 12 2 0,

2
,Y2 2 (3.75)

that is,

( ) −
( )

≤
( )f y f y ψ y2

2
0,
48Y

2
2 (3.76)

for all ∈y G. Replacing y by − y2n 1 in (3.76) and dividing by −2n 1, we get

( )
−

( )
≤

( )−

−

−

−

f y f y ψ y2
2

2
2

1
48

0, 2
2

n

n

n

n
Y

n

n
2

1

1
2

1

1 (3.77)

for all ∈y G. It follows from (3.76) and (3.77) that the sequence { }( )f y2
2

n

n
2 is a Cauchy sequence in Y. Since Y

is complete, there exists a function →A G Y: such that

( ) ≔
( )

→∞
A y f ylim 2

2n

n

n
2 (3.78)

for all ∈y G. From (3.77) and the strong triangle inequality, we have
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( ) −
( )

≤
( )

≤ <f y f y ψ y j n2 2
2

1
48

max 0, 2
2

: 0
n

n
Y

j

j2
2 








(3.79)

for all �∈n and all ∈y G. Taking → ∞n in the above inequality, it yields that

∥ ( ) − ( )∥ ≤
( )

≤ <
→∞

f y A y ψ y j n2 1
48

lim max 0, 2
2

: 0Y
n

j

j2








(3.80)

for all ∈y G. By (3.44) and (3.48), we have

( )
=

( ) + (− − )

≤
∥ ( )∥ ∥ (− − )∥

≤
( ) (− − )

Df x y Df x y Df x y

Df x y Df x y

ϕ x y ϕ x y

2 , 2
2

1
2

2 , 2 2 , 2
2

1
2

max 2 , 2
2

, 2 , 2
2

1
2

max 2 , 2
2

, 2 , 2
2

n n

n
Y

n n n n

n
Y

n n
Y

n

n n
Y

n

n n

n

n n

n

2

















for all ∈x y G, . From the last inequality, letting → ∞n , we get

( ) =DA x y, 0 (3.81)

for all ∈x y G, . Since ( ) =f 0 02 , we obtain ( ) =A 0 0. Since f2 is odd,

∥ ( ) + (− )∥ = ( ) +
(− )

= ( ) −
( )

=
→∞ →∞

A x A x A x f x A x f xlim 2
2

lim 2
2

0Y
n

n

n
Y n

n

n
Y

2 2

for all ∈x G and so A is odd. By Lemma 3.2, we have A is an additive mapping. Since ( ) = ( ) + ( )f x f x f x1 2 for
all ∈x G, from (3.72) and (3.80) it follows that

∥ ( ) − ( ) − ( )∥ = ∥ ( ) + ( ) − ( ) − ( )∥

≤ {∥ ( ) − ( )∥ ∥ ( ) − ( )∥ }

≤
( )

≤ <
( )

≤ <
→∞ →∞

f x Q x A x f x f x Q x A x
f x Q x f x A x

ψ x j n ψ x j n

max ,

max 1
960

lim max
˜ 2
16

: 0 , 1
48

lim max 0, 2
2

: 0

Y Y

Y Y

n

j

j n

j

j

1 2

1 2





































(3.82)

for all ∈x G.
Next, we will claim the uniqueness of Q and A. Suppose that there exist a quartic mapping ′ →Q G Y:

satisfying (3.49) and an additive mapping ′ →A G Y: (3.50). By using (3.49) and (3.52), we have

∥ ( ) − ′( )∥ =
( )

−
′( )

= ∥ ( ) − ( ) − ′( ) + ( )∥

≤ {∥ ( ) − ( )∥ ∥ ′( ) − ( )∥ }

≤
( )

≤ ≤ < +

→∞

→∞

→∞

→∞ →∞

Q x Q x Q x Q x

Q x f x Q x f x

Q x f x Q x f x

ψ x i j n i

lim 2
16

2
16

lim 1
16

2 2 2 2

lim 1
16

max 2 2 , 2 2

1
960

lim lim max
˜ 2
16

: 0

Y
i

i

i

i

i
Y

i i
i i i i

Y

i i
i i

Y
i i

Y

i n

j

j

1 1

1 1









for all ∈x G. Since the right-hand side of the above inequality converges to 0, we obtain ( ) = ′( )Q x Q x for
all ∈x G, that is = ′Q Q . Similarly, we get = ′A A . □

Corollary 3.4. Let G be a normed space, ( ∥⋅∥ )Y , Y be a complete non-Archimedean normed space. Suppose
that →f G Y: is a mapping satisfying ( ) =f 0 0 and there are a positive real number λ and a real number

<s 1 such that

∥ ( )∥ ≤ (∥ ∥ + ∥ ∥ )Df x y λ x y, Y
s s
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for all ∈ − { }x y G, 0 . Then, there exist a unique quartic mapping →Q G Y: and a unique additive mapping
→A G Y: such that

( ) + (− )
− ( )

≤
( + ) ∥ ∥ ( + ) ∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥

≤ <
→∞

f x f x Q x

λ x x x x x j n

2

960
lim max 3 1 2

16
, 2 1 2

16
, 2 2

16
, 2 18

16
, 2 22

16
: 0 ,

Y

n

s js s

j

s js s

j

s js s

j

js s

j

js s

j








( ) − (− )
− ( ) ≤

∥ ∥
≤ <

→∞

f x f x A x λ x j n
2 48

lim max 2
2

: 0
Y n

js s

j








and

∥ ( ) − ( ) − ( )∥ ≤
( + ) ∥ ∥ ( + ) ∥ ∥ ∥ ∥

∥ ∥ ∥ ∥
≤ <

∥ ∥
≤ <

→∞

→∞

f x Q x A x λ x x x

x x j n λ x j n

max
960

lim max 3 1 2
16

, 2 1 2
16

, 2 2
16

,

2 18
16

, 2 22
16

: 0 ,
48

lim max 2
2

: 0

Y
n

s js s

j

s js s

j

s js s

j

js s

j

js s

j n

js s

j

























for all ∈ − { }x G 0 .

Proof. Define a mapping → [ ∞)ϕ G: 0,2 by

( ) =
= =

(∥ ∥ + ∥ ∥ )
ϕ x y

x y
λ x y

,
0, if 0 or 0;

, others s




for all ∈x y G, .
From the definition of ϕ, for each ∈x G, we obtain

( )
≤ <

→∞

ψ x j nlim max 0, 2
2

: 0
n

j

j








(3.83)

and

( )
≤ <

→∞

ψ x j nlim max
˜ 2

2
: 0

n

j

j









(3.84)

exist.
For =x 0 or =y 0, we get

( )
=

→∞

ϕ x ylim 2 , 2
2

0.
n

n n

n
(3.85)

For each ∈ − { }x y G, 0 , we have

( )
=

(∥ ∥ + ∥ ∥ )
=

(∥ ∥ + ∥ ∥ )
= (∥ ∥ + ∥ ∥ ) ( ) =

→∞ →∞ →∞ →∞

−
ϕ x y λ x y λ x y λ x ylim 2 , 2

2
lim 2 2

2
lim 2

2
lim 2 0.

n

n n

n n

n s n s

n n

ns s s

n
s s

n
s n1 (3.86)

From (3.85) and (3.86), we have

( )
=

→∞

ϕ x ylim 2 , 2
2

0
n

n n

n
(3.87)

for all ∈x y G, .
For =x 0, we have

( )
≤ ≤ < + =

→∞ →∞

ψ x i j n ilim lim max
˜ 2
16

: 0 0
i n

j

j









(3.88)

The new investigation of the stability of mixed type additive-quartic functional equations  185



and

( )
≤ ≤ < + =

→∞ →∞

ψ x i j n ilim lim max 0, 2
2

: 0 0.
i n

j

j








(3.89)

For ≠x 0, we have

( )
≤ ≤ < +

=
( + ) ∥ ∥ ( + ) ∥ ∥ ∥ ∥

∥ ∥ ∥ ∥
≤ ≤ < +

=
∥ ∥

=

→∞ →∞

→∞ →∞

→∞ →∞

ψ x i j n i

λ x x x
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λ x

lim lim max
˜ 2
16

: 0

960
lim lim max 3 1 2

16
, 2 1 2

16
, 2 2

16
,

2 18
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, 2 22
16

: 0

960
lim lim 2 22
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j

j
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j
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j
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j
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j
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(3.90)

and

( )
≤ ≤ < + =

∥ ∥
≤ ≤ < +

=
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( ) =

→∞ →∞ →∞ →∞

→∞ →∞

−

ψ x i j n i λ x i j n i

λ x

lim lim max 0, 2
2

: 0
48

lim lim max 2
2

: 0

48
lim lim 2 0.

i n

j

j i n
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s

i n
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
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 (3.91)

From (3.88)–(3.91), we can obtain that

( )
≤ ≤ < + =

→∞ →∞

ψ x i j n ilim lim max
˜ 2
16

: 0 0
i n

j

j






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(3.92)

and

( )
≤ ≤ < + =

→∞ →∞

ψ x i j n ilim lim max 0, 2
2

: 0 0
i n

j

j








(3.93)

for all ∈x G.
Now, all hypotheses of Theorem 3.3 hold. Therefore, we get this result. □

Corollary 3.5. Let G be a normed space and ( ∥⋅∥ )Y , Y be a complete non-Archimedean normed space.
Suppose that →f G Y: is a mapping satisfying ( ) =f 0 0 and there are a positive real number λ and a real
number <s 1 such that

∥ ( )∥ ≤ (∥ ∥ ∥ ∥ + ∥ ∥ + ∥ ∥ )Df x y λ x y x y, Y
s s s s

for all ∈ − { }x y G, 0 . Then, there exist a unique quartic mapping →Q G Y: and a unique additive mapping
→A G Y: such that
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
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and
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for all ∈ − { }x G 0 .

Proof. Define a mapping → [ ∞)ϕ X: 0,2 by

( ) =
= =

(∥ ∥ ∥ ∥ + ∥ ∥ + ∥ ∥ )
ϕ x y

x y
λ x y x y

,
0, if 0 or 0;

, others s s s




for all ∈x y G, . By using the same technique with Corollary 3.4, we get this result. □

Next, we consider the stability result of (1.5) in non-Archimedean normed spaces by using the fixed
point method.

Theorem 3.6. Let G be an additive group, ( ∥⋅∥ )Y , Y be a complete non-Archimedean normed space and
→ϕ G Y: 2 be a function such that

( ) ≤ ( )ϕ x y Lϕ x y2 , 2 , (3.94)

for all ∈x y G, , where ≤ <L0 2. Suppose that →f G Y: is a mapping satisfying ( ) =f 0 0 and

∥ ( )∥ ≤ ( )Df x y ϕ x y, ,Y (3.95)

for all ∈x y G, . Then, there exist a unique quartic function →Q G Y: and a unique additive function
→A G Y: such that

( ) + (− )
− ( ) ≤

−
( )

f x f x Q x
L

ψ x
2

1
960 60

˜ ,
Y

(3.96)

( ) − (− )
− ( ) ≤

−
( )

f x f x A x
L

ψ x
2

1
48 24

˜
Y

(3.97)

and

∥ ( ) − ( ) − ( )∥ ≤
−

( )
−

( )f x Q x A x
L

ψ x
L

ψ xmax 1
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˜ , 1
48 24

˜Y



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(3.98)

for all ∈x G, where ( ) ≔ { ( ) (− − )ψ x y ϕ x y ϕ x y, max , , , } for all ∈x y G, and

( ) ≔ ( ) ( )
( )

( ) ( )ψ x ψ x x ψ x x ψ x ψ x x ψ x˜ max 3 , , 2 , , 0, 2
2

, 9 , , 22 0,







(3.99)

for all ∈x y G, .

Proof. Let ≔ { → }Ω g G Y: . Define a generalized metric d on Ω by

�( ) = { ∈ ∥ ( ) − ( )∥ ≤ ( ) ∀ ∈ }+d g h c g x h x cψ x x G, inf : ˜ , .
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Since Y is a complete non-Archimedean normed space, ( )Ω d, is a generalized complete metric space. Let
→f G Y:1 be the function defined by ( ) ≔

( ) + (− )f x f x f x
1 2 for all ∈x G. Then, ( ) =f 0 01 and ( ) = (− )f x f x1 1 for

all ∈x G. By following the proof of Theorem 3.3, we get

( ) −
( )

≤ ( )f y f y ψ y2
16

1
960

˜
Y

1
1 (3.100)

for all ∈y G. Define a map →J Ω Ω:e by ( )( ) =
( )J g xe

f x2
16

1 for all ∈x G. Let ∈g h Ω, and c a positive real
number with ( ) ≤d g h c, . Then,

∥( )( ) − ( )( )∥ =
( )

−
( )

= ∥ ( ) − ( )∥ ≤ ( ) ≤ ( )J g x J h x g x h x g x h x c ψ x cL ψ x2
16

2
16

1
16

2 2
16

˜ 2
16

˜e e Y
Y

Y

for all ∈x X and so

( ) ≤ ( )d J g J h L d g h,
16

,e e

for all ∈g h Ω, . Since < 1L
16 , we get Je is strictly contractive and by (3.100), we have

( ) ≤d J f f, 1
960

.e 1 1

Hence, by Theorem 2.6, there is the unique fixed point Q of Je in Ω such that { }J fe
n

1 converges to Q in ( )Ω d, and
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=
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(3.101)

for all ∈x X . By (3.95), we have
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≤
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for all ∈x y G, . From the last inequality, letting → ∞n , we obtain

( ) =DQ x y, 0 (3.102)

for all ∈x y G, . Since ( ) =f 0 01 , we obtain ( ) =Q 0 0. Since f1 is even, we obtain

∥ ( ) − (− )∥ = ∥ ( ) − (− )∥ = ∥ ( ) − ( )∥ =
→∞ →∞

Q x Q x Q x J f x Q x J f xlim lim 0Y
n

e
n

Y
n

e
n

Y1 1

for all ∈x G and so Q is even. By Lemma 3.2, we have Q is a quartic mapping. From (3.101), we get

( ) + (− )
− ( ) ≤

−
( )

f x f x Q x
L

ψ x
2

1
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˜
Y
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for all ∈x G.

Let →f G Y:2 be the function defined by ( ) ≔
( ) − (− )f x f x f x

2 2 for all ∈x G. Then, ( ) =f 0 02 and

(− ) = − ( )f x f x2 2 for all ∈x G. From the proof of Theorem 3.3, we get

( ) −
( )

≤
( )

≤
( )f y f y ψ y ψ y2

2
0,
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˜
48Y

2
2 (3.104)
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for all ∈y G. Define a map →J Ω Ω:o by ( )( ) = ( )−J g x g x2 2o
1 for all ∈x X . Let ∈g h Ω, and c a positive real

number with ( ) ≤d g h c, . Then,

∥( )( ) − ( )( )∥ =
( )

−
( )

=
| |

∥ ( ) − ( )∥ ≤
| |

( ) ≤
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for all ∈x G and so

( ) ≤ ( )d J g J h L d g h,
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for all ∈g h Ω, . Since <− L2 11 , we get Je is strictly contractive and by (3.104), we have

( ) ≤d J f f, 1
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.o 2 2

Hence, by Theorem 2.6, there is the unique fixed point A of Jo in Ω such that { }J fo
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for all ∈x G. By (3.95), we have
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for all ∈x y G, . Letting → ∞n in the last inequality, we have

( ) =DA x y, 0 (3.106)

for all ∈x y X, . Since ( ) =f 0 02 , so we obtain ( ) =A 0 0. Since f2 is odd,
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for all ∈x G and so A is odd. By Lemma 3.2, we have A is an additive mapping. From (3.105), we get
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for all ∈x G. Since ( ) = ( ) + ( )f x f x f x1 2 for all ∈x G, from (3.103) and (3.107) it follows that
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(3.108)

for all ∈x G.
To show the uniqueness of Q and A, suppose that there exist a quartic mapping ′ →Q G Y: satisfying

(3.97) and an additive ′ →A G Y: satisfying (3.98). By using (3.97), we have
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for all ∈x G. Since the right-hand side of the above inequality converges to 0, we obtain ( ) = ′( )Q x Q x for
all ∈x G, that is, = ′Q Q . Similarly, we get = ′A A . □

Corollary 3.7. Let G be a normed space and ( ∥⋅∥ )Y , Y be a complete non-Archimedean normed space.
Suppose that →f G Y: is a mapping satisfying ( ) =f 0 0, and there are a positive real number λ and a real
number <s 1 such that

∥ ( )∥ ≤ (∥ ∥ + ∥ ∥ )Df x y λ x y, Y
s s

for all ∈ − { }x y G, 0 . Then, there exist a unique quartic function →Q G Y: and a unique additive mapping
→A G Y: such that
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for all ∈ − { }x G 0 .

Proof. Define a mapping → [ ∞)ϕ G: 0,2 by

( ) =
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ϕ x y
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λ x y
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0, if 0 or 0;
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for all ∈x y G, .
Next, we will show that ( ) ≤ ( )ϕ x y Lϕ x y2 , 2 , for all ∈x y G, , where ≔ <L 2 2s . For =x 0 or =y 0, we get

( ) = ≤ ( )ϕ x y Lϕ x y2 , 2 0 , .

If ∈ − { }x y G, 0 , we obtain

( ) = (∥ ∥ + ∥ ∥ ) = (∥ ∥ + ∥ ∥ ) = ( )ϕ x y λ x y λ x y Lϕ x y2 , 2 2 2 2 , .s s s s s

So ( ) ≤ ( )ϕ x y Lϕ x y2 , 2 , for all ∈x y G, .
Therefore, all hypotheses of Theorem 3.6 hold and so we get this result. □

Corollary 3.8. Let G be a normed space and ( ∥⋅∥ )Y , Y be a complete non-Archimedean normed space.
Suppose that →f G Y: is a mapping satisfying ( ) =f 0 0 and there are a positive real number λ and a real
number <s 1 such that

∥ ( )∥ ≤ (∥ ∥ ∥ ∥ + ∥ ∥ + ∥ ∥ )Df x y λ x y x y, Y
s s s s
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for all ∈ − { }x y G, 0 . Then, there exist a unique quartic function →Q G Y: and a unique additive mapping
→A G Y: such that
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for all ∈ − { }x G 0 .

Proof. Define a mapping → [ ∞)ϕ G: 0,2 by
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
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for all ∈x y G, . Next, we will show that ( ) ≤ ( )ϕ x y Lϕ x y2 , 2 , for all ∈x y G, , where ≔ <L 2 2s . For =x 0 or
=y 0, we get

( ) = ≤ ( )ϕ x y Lϕ x y2 , 2 0 , .

If ∈ − { }x y G, 0 , we obtain

( ) = (∥ ∥ ∥ ∥ + ∥ ∥ + ∥ ∥ ) = ( ∥ ∥ ∥ ∥ + ∥ ∥ + ∥ ∥ )

≤ (∥ ∥ ∥ ∥ + ∥ ∥ + ∥ ∥ ) = ( )
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2

So ( ) ≤ ( )ϕ x y Lϕ x y2 , 2 , for all ∈x y G, .
Therefore, all hypotheses of Theorem 3.6 hold and so we get this result. □

4 Conclusion and recommendation

Two main generalized Hyers-Ulam stability results for the additive-quartic functional equation in the case
of an unknown function map from an additive group into a complete non-Archimedean normed space are
given based on the direct method and the fixed point method. Several stability results can be obtained
from two main results by choosing an appropriate control function ϕ. In this article, the main second
result can be deduced from the fixed point theorem of Diaz and Margolis [18]. However, in 2012, Ciepliński
[19] presented that how to use different fixed point theorems with Diaz and Margolis for proving Hyers-
Ulam stability of functional equations. The obtained stability results are simple consequences of some
new fixed point theorems. Consequently, we give the following challenge as the recommendation to the
reader:

Can we use the fixed point results of Ciepliński [19] to prove the stability results for the additive-quartic
functional equation whenever an unknown function maps from an additive group into a complete non-
Archimedean normed space?
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