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Global existence and exponential growth for
a viscoelastic wave equation with
dynamic boundary conditions

Stéphane Gerbi and Belkacem Said-Houari

Abstract. The goal of this work is to study a model of the wave equation with dynamic
boundary conditions and a viscoelastic term. First, applying the Faedo—Galerkin method
combined with the fixed point theorem, we show the existence and uniqueness of a local in
time solution. Second, we show that under some restrictions on the initial data, the solution
continues to exist globally in time. On the other hand, if the interior source dominates the
boundary damping, then the solution is unbounded and grows as an exponential function.
In addition, in the absence of the strong damping, then the solution ceases to exist and
blows up in finite time.
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1 Introduction

We consider the following problem:

Ut — Au —aAuy + /(;tg(t —$)Au(s)ds = |u|Pu, xeQ,t>0,

u(x,t) =0, xe€Tly, t >0,

Uz (x,t) = —[z—z(x,t) — fot gl(t —s)g—z(x,s)ds (1.1)
+ “gl'f’ (x,1) + h(u,)], xeTy. t>0,

u(x,0) = uo(x), us(x,0) =up(x), x e,

where v = u(x,t),t > 0, x € Q, A denotes the Laplacian operator with respect to
the x variable, €2 is a regular and bounded domain of RN, N >1,0Q = T'ouUTy,
mes(['g) >0, o N I'; = @ and d/0dv denotes the unit outer normal derivative,
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« is a positive constant, p > 2, h and g are functions whose properties will be
discussed in the next section, ug, u; are given functions.

Nowadays the wave equation with dynamic boundary conditions is used in a
wide field of applications [2, 3,25]. See [19,24] for some applications. Problems
similar to (1.1) arise (for example) in the modeling of longitudinal vibrations in a
homogeneous bar in which there are viscous effects. The term Au;, indicates that
the stress is proportional not only to the strain, but also to the strain rate, see [6]
fore more details.

In [14] the author introduced the model

Uy —Uxx — Urxx = 07 X € (07 L)v r> 07 (12)

which describes the damped longitudinal vibrations of a homogeneous flexible
horizontal rod of length L when the end x = 0 is rigidly fixed while the other
end x = L is free to move with an attached load. Thus she considered Dirichlet
boundary condition at x = 0 and dynamic boundary conditions at x = L, namely

Mtt(L,l) = —[ux + utx](L,l), t>0. (13)

By rewriting the whole system within the framework of the abstract theories of
the so-called B-evolution theory, the existence of a unique solution in the strong
sense has been shown. An exponential decay result was also proved in [15] for a
problem related to (1.2)—(1.3), which describe the weakly damped vibrations of an
extensible beam. See [15] for more details.

Subsequently, Zang and Hu [29], considered the problem

e — pux)xr —qux)x =0, xe€(0,1), >0,
with
u(0,1) =0, pux)e +qux)(1,2) + kug(1,6) =0, >0,

By using the Nakao inequality, and under appropriate conditions on p and ¢, they
established both exponential and polynomial decay rates for the energy depending
on the form of the terms p and g.

Recently, the present authors have considered, in [11] and [12], problem (1.1)
with g = 0 and a nonlinear boundary damping of the form Z(u;) = |us|" 2u;.
A local existence result was obtained by combining the Faedo—Galerkin method
with the contraction mapping theorem. Concerning the asymptotic behavior, the
authors showed that the solution of such a problem is unbounded and grows up
exponentially when time goes to infinity provided that the initial data are large
enough and the damping term is nonlinear. The blow up result was shown when
the damping is linear (i.e. m = 2). Also, we proved in [12] that under some re-
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strictions on the exponents m and p, we can always find initial data for which
the solution is global in time and decays exponentially to zero. These results have
recently been generalized for a wide range of nonlinearities in the equation and
in the boundary term: the authors proved the local existence and uniqueness by
a sophisticated application of the nonlinear semigroup theory, see [13].

In the absence of the strong damping o Au; and for Dirichlet boundary condi-
tions on the whole boundary d€2, the question of blow up in finite time of prob-
lem (1.1) has been investigated by many authors. Messaoudi [21] showed that if
the initial energy is negative and if the relaxation function g satisfies the following

assumption:
°° (p/2) -1
d , .
/0 glo)ds < (p/2) =1+ (1/2p) (4

then the solution blows up in finite time. In fact this last condition has been as-
sumed by other researchers. See for instance [16,17,20,23,26,28].

The main goal of this paper is to prove the local existence and to study the
asymptotic behavior of the solution of problem (1.1).

One of the main questions is to show a blow-up result of the solution. This
question is a difficult open problem, since in the presence of the strong damping
term, i.e. when o # 0, the problem has a parabolic structure, which means that the
solution gains more regularity. However, in this paper, we give a partial answer
to this question and show that for o« # 0 and for large initial data, the solution is
unbounded and grows exponentially as ¢ goes to infinity. While for the case o« = 0,
the solution has been shown to blow up in finite time.

The main contribution of this paper in this blow up result is the following: the
exponential growth and blow-up results hold without making the assumption (1.4).
In fact the only requirement is that the exponent p has to be large enough which
is a condition much weaker than condition (1.4). Moreover, unlike in the works
of Messaoudi and coworkers, we do not assume any polynomial structure on the
damping term /(u;), to obtain an exponential growth of the solution or a blow up
in finite time.

This paper is organized as follows: Firstly, applying the Faedo—Galerkin method
combined with the fixed point theorem, we show, in Section 2, the existence and
uniqueness of a local in time solution. Secondly, under the smallness assumption
on the initial data, we show, in Section 3, that the solution continues to exist glob-
ally in time. On the other hand, in Section 4, we prove that under some restrictions
on the initial data and if the interior source dominates the boundary damping, then
the L?-norm of the solution grows as an exponential function. Lastly, in Section 5,
we investigate the case when o = 0 and we prove that the solution ceases to exist
and blows up in finite time.
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2 Preliminary and local existence

In this section, we introduce some notations used throughout this paper. We also
prove a local existence result of the solution of problem (1.1).
We denote
Hp (Q) ={u € H'(Q) :ur, = 0}.

By (-,-) we denote the scalar product in L2(Q), i.e.

(u,v)(1) =/Qu(x,t)v(x,t)dx.

Also we mean by || - || the LZ(2)-norm for 1 < g < oo, and by | - [|4,r, the
L49(T"'y)-norm.

Let T > 0 be areal number and X be a Banach space endowed with norm || - || x.
We denote by L?(0,7T;X), 1 < p < oo, the space of functions f which are L?
over (0, T') with values in X, which are measurable and || f||x € L?(0,T). This
space is a Banach space endowed with the norm

T 1/p
||f||Lp(o,T;X)=(/O I715dr)

By L°°(0, T'; X)) we denote the space of functions f :]0, T[ — X which are mea-
surable and || f'|lx € L°°(0, T'). This space is a Banach space endowed with the
norm

[/ lLoo0,7:x) = esssup || fx-
0<t<T

We recall that if X and Y are two Banach spaces such that X < Y (continuous
embedding), then

LP(0,T;X) < LP(0,T;Y), 1< p<oc.
We will also use the embedding (see [1, Therorem 5.8])

ON
) » _ |- N =3,
HE () <> LP(Q), 2<p<p, wherep= 1N -2

+oo ifN =1,2,

and also
2(N —1
| _ (2D s
Hp, () = LU(T), 2<q=<g, whereg=4{ N-2
+00 if N =1,2.

For2 <m < g, letus denote V = Hllo(Q) N L™(T).
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We assume that the relaxation function g is of class C! on R and satisfies

[e )

g(s) >0, foralls € R, and (1 —/ g(s)ds) =1[>0. (2.1)
0

Moreover, we suppose that
g'(s) <0, foralls>0. (2.2)

The hypotheses on the function /4 are the following:

(H1) A is continuous and strongly monotone, i.e. for 2 < m < g, there exists a
constant 7 > 0 such that

(h(s) = h(v))(s —v) = mo|s —v|™, (2.3)
(H2) there exist two positive constants ¢, and Cp, such that
cm|sI™ < h(s)s < Cpls|™, foralls € R. (2.4)

For a function u € C([0, T'], Hllo (£2)), let us introduce the following notation:

t

(g ow(t) = /0 g(t — ) Vu(s) — Vu(o)|ds.
Thus, when u € C([0, T], HIEO(Q)) N C([0, T], L?(R)) such that

u, € L*(0,T; HE (),

we have

t

o0 = [ gt =9)vuts) - Vu(n|ds
+ S UveolR) [ g(s)ds
t
—2/9/0 g(tt— §)Vu(s)Vauy (1)dsdx
_ (g/ou)(l)—Z/Q/O gt — $)Vu(s)Vaue (t)dsdx

+ 4 v (l)IIZ/t (s)ds ¢t —gOIVu@®l3. (2.5
o u(t)|l; | gls)dsy —g u(t)|ls. .
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This last identity implies
t
//g(t—s)Vu(s)Vu,(z)dsdx
QJo

d t
= 5@ 0w + 5 5 vug [ ewyas]

i 1d
—Eg(f)HVM(f)H%———(gou)(l)- (2.6)

2dt
Foru € C([0,T], Hy, (2)) N C'([0, T], L*(2)) such that
u; € L2(0.T: Hp, ().
let us define the modified energy functional E by

E(t,u,u;) = E(t)

1 1 1 !
O+ 3l OB g, + 5 (1= [ gs )ivuoi3
0

1 1
+§(g<>u)(t)—;||u(t)|l,€’- 2.7)

The following local existence result of the solution of problem (1.1) is closely
related to the one we have proved for a slightly different problem in [11, Theo-
rem 2.1], where no memory term was present. Let us state it:

Theorem 2.1. Assume that (2.1), (2.2) and (2.3) hold. Let2 < p < q and

max(2, _L) <m=gq.
g+1—-p

Then given ugy € Hllo(Q) and uy € L*(Q), there exists T > 0 and a unique solu-
tion u of problem (1.1) on (0, T') such that

u € C([0.T]. Hy, () N C (0. T]. L*(%))

and
ur € L(0,T; Hp, (2)) N L™((0.T) x Ty).

Let us mention that Theorem 2.1 also holds for ¢ = 0. The proof of Theo-
rem 2.1 can be done along the same line as in [11, Theorem 2.1]. The main idea
of the proof is based on the combination between the Fadeo—Galerkin approxima-
tions and the contraction mapping theorem. However, for the convenience of the
reader we give only the outline of the proof here.
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For u € C([0, T], Hllo(Q)) N C([0, T], L?(R)) given, let us consider the fol-
lowing problem:

vy — Av — aAvy + /Ot g(t —s)Av(s)ds = |[u|P2u, xeQ.,t>0,
v(x,t) =0, x €Ty, t >0,
Ver(x, 1) = —[g—z(x, t) — /Ol gt — s)g—z(x,s)ds (2.8)

+ “35’ (x, 1) + h(v,)], xeTly, >0,
v(x,0) = ug(x), vi(x,0) = ug(x), x € Q.

Definition 2.2. A function v(x, t) such that
v e L®0,T: Hp (Q)),
vi € L*(0,T: Hp, (2)) N L™ (0. T) x Ty),
ve € L®(0. T HE (R)) N L0, T: L*(I')).
v € L0, T; L2(R2)) N L%°(0, T; L*(I'y))
and
v(x,0) = uo(x),
e (x,0) = u1(x),
is a generalized solution to problem (2.8) if for any function
w € Hp, () N L")
and ¢ € C1(0, T) with ¢(T) = 0, we have the following identity:
T
| w000 o0 d
t

T
= /0 [(vtt, w)(t) + (Vv, Vw)(t) —/0 gt —s)(Vu(s), Vw(t))ds

+ a(Vuy, Vw)(t)(p(t)dt]

T
+ /0 (p(t)(/Fl v (wdl + h(vt)dF)dt.
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Lemma23.Llet2 < p<gand2 <m < §. Letug € H*(Q) NV, u; € H*(Q).
Then for any T > 0, there exists a unique generalized solution (in the sense of
Definition 2.2) v(t, x) of problem (2.8).

The proof of Lemma 2.3 is essentially based on the Fadeo—Galerkin approxi-
mations combined with the compactness method and can be done along the same
lines as in [11, Lemma 2.2]; we omit the details.

In the following lemma we state a local existence result of problem (2.8).

Lemma 2.4. Let2 < p < q and

max(2, _L) <m<gq.
g+1—p

Then given ug € Hllo (RQ) and uy € L*(Q) there exists T > 0 and a unique solu-
tion v of problem (2.8) on (0, T') such that

v e C([0.T]. H, () N C'([0.T]. L*()).
vr € L*(0, T Hp, (2)) N L™((0.T) x T'y)

and it satisfies the energy inequality

t

t
3 O+ e, + (1= [ 01 )1ul + G5 000

N

t t
+a/ ||Vvt(t)||§dr+/ / h(vs(o,t))dodt
N s JIN

S/t/ lu(0)|P2u(t)vs (r)d tdx
s JQ
for0 <s<t<T.

Proof. We first approximate u € C([0, T'], Hllo (2))NC([0, T], L?()) endowed
with the standard norm

|| = max. [ (1) ||2 + IIM(I)IIH;O(Q)
by a sequence re)
(¥ )ken € C2([0.T] x Q)

by a standard convolution arguments (see [4]). Next, we approximate the initial
datau; € L?(2) by a sequence

UK)ken C CE(9Q).
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Finally, as the space H2(Q) NV N HII‘O (2) is dense in H%O(Q) for the H '-norm,
we approximate ug € H 110 (£2) by a sequence

u§)ken C HX(Q) NV N HE ().

We consider now the set of the following problems:
t
vft — Av¥ —aAvf +/ gt —s)AvF(s)ds = WF1P72uk, x e Q.1 >0,
0

vk(x,t) =0, x €Ty, t>0,

vk 4 vk
ok (x.1) = —[a—(x,r) - [ e =05 s
v 0 v

P k
+aav, (96,1)4'}1(%c ] xeTly, t>0,
v
vk(x,O):ulg, vf(x,O):u]f, x € Q.

(2.9)
Since the hypotheses of Lemma 2.3 are verified, we can find a sequence of unique
solutions (vg)xen of problem (2.9). Our goal now is to show that (vk, Uf)keN is
a Cauchy sequence in the space

Yr = {(v, v;) s v € C([0. T], HE, (R)) N C'([0. T]. L*()).
ve € L2(0, T: HE () N L™((0,T) x rl)}

endowed with the norm
t

2 2 2 2 2
@ w0l = max [l + 11V el o 7ynry + /0 IV ve(s)[13ds.

(2.10)
For this purpose, we set U = uk —uk' v = vk — ok Ttis straightforward to see

that V satisfies
t
Vit — AV —aAV; + / gt —s)AV(s)ds
0
= [uk| P72k — kP2 R xeQ, t>0,

V(x,t) =0, x €Ty, t >0,

v
Vie(x.1) = —[W(xyl) —[0

1% ,
+ aavt(x,t) + h(v*) — (¥ )], xeTly, t>0,

V(x,O):uIOC—ulé/, Vt(x,O):u]f—u’f/, x € Q.

! aV
gt —s)—(x,5)ds
av
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We multiply the above differential equations by V;, we integrate over (0,7) x €2,
we use integration by parts and the identity (2.5) to obtain

1 t t

5(||Vt<z>||§+ VIR, + (1— / g(r)dr)nvva)u%) +a [ 19vi13as
0 0

/ h(v (x, 7)) — h(0¥ (x. r)))(v (x,7) — vt/(x,t))dFdr
I
! 1 ! 2
3 [ omwas+ 3 [ ewnvvesds
1
= (I @13 + IVVOIZ + 1V ©)l15,r,)

t
+/ /(Iuk|p_2uk - |uk/|p_2uk/)( — vy )dxds (2.11)
0 JQ

forallt € (0,7).
Consequently, the above inequality together with (2.1), (2.2) and (2.3) gives

1 t
SV + VO, + 1IVVOIR) + o [ 19Vil3ds

t
+mo [ IVl p ds
0
< =(IV: I3 + IVVO) 3 + Vi (013 1)

+/ / (luk|P~2uk — |uk/|p_2uk/)(v£C - vf/)dxds (2.12)
0 JQ

forallt € (0, 7).
Following the same method as in [11], we deduce that there exists a C > 0
depending only on 2 and p such that

Viy, = C(IV: O3 + IVVOI3 + Vi3 r,) + CTIU Iy, -

l\)l'—‘

Since (“o)keN converges in H1 (Q) (ul)keN converges in L2(€2) and (uF)en
converges in C([O T, H1 (Q)) NCl([0,T],L*(R)) (so in Y7 also) we con-
clude that (vk ,Uf K een is a Cauchy sequence in Y7. Thus (v¥, v ) converges to
a limit (v, v¢) € Y7. Now by the same procedure used by Georglev and Todorova
in [10], we prove that this limit is a weak solution of problem (2.8). This completes
the proof of Lemma 2.4. |

Proof of Theorem 2.1. In order to prove Theorem 2.1, we use the Contraction
Mapping Theorem.
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Indeed, for T > 0, let us define the convex closed subset of Y7:
X7 ={(v,v¢) € Y7 : v(0) = uo, v:(0) = us}.

Let us denote
Br(XT) ={v € X7 : |[v|lY; <R},

the ball of radius R in X7. Then, Lemma 2.4 implies that for any u € X7, we may
define v = ®(u) the unique solution of (2.8) corresponding to u. Our goal now is
to show that for a suitable 7" > 0, ® is a contractive map satisfying

®(Br(XT)) C BR(XT).
Letu € Br(X7) and v = ®(u). Then for all ¢ € [0, T'] we have as in (2.11):

t
lvellZ + LIVVlI3 + oell3 r, +20t/0 IVvel3ds +C/ loellze,r, @

t
< s 12 + Vol + s |2 ., +2 / /Q ()P 2u (v (1) dxdr. (2.13)
0

Using Holder’s inequality, we can control the last term on the right hand side of
inequality (2.13) as follows:

t
/ / (0)|P~2u(tyvs (2)dxd t
0 JQ

t
-1
< /0 lu@3 5 52 10e @ ll2n /N -Np+20-1)d T-

Since p < ﬂ , we have

2N _ 2N
AN—Np+2(p—1) ~ N—-2

Thus, by Young’s and Sobolev’s inequalities, we get for all § > 0 that there exists
a C(8) > Osuch that forall ¢t € (0, 7),

t t
/ / lu(7)|P"2u(t)v (v)dxdt < C(S)R*P™D 4§ / Vv, (2)|3d T
0 JQ 0
Inserting the last estimate in inequality (2.13) we choose § small enough such that
1
2 1 p2 2(p—1)
vlly, = 2R + CTR*'P™Y,

Thus, for T sufficiently small, we have ||v]|y, < R. This shows thatv € Br(XT).
To prove that ® is a contraction, we have to follow the same steps (up to minor
changes) as in [11]. We omit the details. Thus the proof is finished. O
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Remark 2.5. Let us say that the hypothesis on m, max(2, #) <m<gq,is
made to pass to the limit in the nonlinear term, by the same way we have used in
[11, equation (2.28)].

3 Global existence

In this section, we show that, under some restrictions on the initial data, the local
solution of problem (1.1) can be continued in time and the lifespan of the solution
will be [0, c0).

Definition 3.1. Let 2 < p < ¢,

max(Z, _L) <m=<gq,

g+1-p

Ug € HI{O (Q) and u; € L?(R). We denote by u the solution of (1.1). We define
Tmax = sup{T > 0 :u = u(t) exists on [0, T']}.

Since the solution u € Y7 (the solution is “regular enough”), from the definition
of the norm given by (2.10), let us recall that if T,x < 00, then

lim [Va(0) 2 + e (0)]2 = +oo.

t<Timax

o If Thax < 00, we say that the solution of (1.1) blows up and that Ty, is the
blow up time.

o If Thax = 00, we say that the solution of (1.1) is global.

In order to study the blow up phenomenon or the global existence of the solution
of (1.1), for all 0 <t < Tyax, we define

t
1) = I(u(t) = (1 -/ g(s)ds)||w(z>||%+ (gow®—ulz. @)

t
0= g0u) = 5 (1 [ eds ) IVuO 1B + 5 0 w0 - ~pulf. 62

Thus the energy functional defined in (2.7) can be rewritten as

I, (3.3)

Asin [9,27], we denote by B the best constant in the Poincaré—Sobolev embedding
]ﬁ%(Q)L»l}TQ)dahwdby

1 1
E(u()) = E@)=J@) + §||u,||§ + §||u,

B~ =inf{|Vulz : u € H{ (Q). |ul, = 1}. (3.4)
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For ug € HII‘O(Q), u1 € L%(Q), we define

1, o, 1. 1 , 1
EO = 5l + 5l B, + 5190l ~ ol

The first goal is to prove that the above energy E(¢) defined in (2.7) is a non-
increasing function along the trajectories. More precisely, we have the following
result:

Lemma 3.2. Let2 < p < q and
maX(2, _L) =m=gq
g+1—-p
and let u be the solution of (1.1). Then, for all t > 0, we have

dE 1 1
=0 = 26 o0 - e IVu IR ~al Va3~ [ hwuidr
I
1
< 5 0O ~al Va3~ [ hwuidr 65)

forallt € [0, Tax).

Proof. Multiplying the first equation in (1.1) by u,, integrating over 2, using
integration by parts, we get

d (1 1

A CIERE 12

1 1
2 2
+ Ly ——||u||P}
Z,Fl 2 2 p 4
t
—// gt —s)Vu(s)Vuys(t)dsdx
QJO

=—mwuw§—z;hmgmdp (3.6)
1
A simple use of identity (2.6) gives (3.5). This completes the proof. o

Lemma 3.3. Let2 < p < q and
maX(Z, _L) <m<gq.
q+1-p
Assume that (2.1) and (2.2) hold. Then given ug € Hllo (RQ), uy € L*(Q) satisfy-

ing
B? 2p _
_ - E0)® 2)/2) 1
P I(KP—D © = (3.7)
I(uo) > 0,
we have

I(u(t)) >0 forallt €0, Tmax).
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Proof. Since I(ug) > 0, by continuity, there exists a T* < Tpax such that

I(t) >0 forallz €[0,T7],

which implies that for all ¢ € [0, T™],

_! P=2[(_
D

-2 t
= pz—p{(l —/0 g(s)ds) IVu(@)|3 + (g © u)(t)}. (3.8)

By using (2.1), (2.2), (3.3) and (3.5), we easily get, for all t € [0, T*],

t

g(s)ds) Va1 + (g u)(r)}

2p
1|Vu@)||? < —==J(@1),
Va3 = =570
2 2
< k)< L k0. (3.9)
p—2 p—2
From the definition of the constant B in (3.4), we first get

le()|Z < BP||Vu(r)||} forallt [0, T%].

Since we have
p 4 B? p—2 2 *
BP|[Vu(@)|; = e [Vu@)[l53 “(|Vu(®)|3) forallz €[0,T7],

by exploiting (3.9) and (3.7), we obtain, for all ¢ € [0, T*],
@12 < BI(IVu()]3)

< ﬂ(l - /0 g(s)ds) 1913

t
< (1 - g(s)ds) Va3,

Therefore, by using (3.1), we conclude that

I(t) >0 forallt €[0,T%].

Using the fact that E is decreasing along the trajectory, we get

BP ) (p—2)/2
—70@625@) <B <1 forall0<r < T

By repeating this procedure, 7™ is extended to Tiyax.
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Now, we are able to state the global existence theorem.

Theorem 3.4. Let2 < p < g and

maX(Z, —_— 9 ) <m <gq.

q+1-p
Assume that (2.1) and (2.2) hold. Then given ugy € HII‘O (RQ) and uy € L*(Q) sat-
isfying (3.7), the solution of (1.1) is global and bounded.

Proof. To prove Theorem 3.4, using the definition of Ti,x, we have just to check
that||Vu(7)[|3 + [lu¢(2)]|3 is uniformly bounded in time. To achieve this, we use
(3.2), (3.3), (3.5) and (3.9) to get

1 1
E©) 2 E@) = J@) + Slludli3 + w3
p—2 1
2 5 S IVH 013 + 3 I 1 (3.10)
Therefore,
IVu©l13 + lu: (0l = CE(0),
where C is a positive constant, which depends only on p. o

4 Exponential growth for o« > 0

In this section we will prove that when the initial data are large enough, the energy
of the solution of problem (1.1) defined by (2.7) grows exponentially and thus so
the L?-norm.

In order to state and prove the exponential growth result, we introduce the fol-
lowing constants:

Bi=2 ay =B g = (l—l)af, Ey= (i—l)a%. 4.1)
[ 2 p 2 p
Let us first mention that £, < E;.

The following lemma will play an essential role in the proof of the exponen-
tial growth result, and it is inspired by the work in [7], where the authors proved
a similar lemma for the wave equation.

First, we define the function

t
yar=(1—[;m@dgnwunﬁ+wgomay (42)

Let us rewrite the energy functional E defined by (2.7) as

1 1
E(t) = w3 + S llue )

1 1
i gy - Slolp @3
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Lemmad4.1. Let2 < p < g and

max(2, ﬁ) <m<gq.
Let u be the solution of (1.1). Assume that
EW0) < E1 and ||Vugllz > a1.
Then there exists a constant o > o1 such that
(y)'"? = ez forallt € [0, Trax)

and

lu@)ll, = Bioa forallt € [0, Tiay).

Proof. We first note that, by (4.3), we have

E@) = 570 = )l

1 P

B
> 5’/([) — L (Vu(®)|2)?
p
1 B?
> Sy = —-(r0)?/?
P
P
= l052 — B—lap = F(a),
2 p

4.4)

(4.5)

(4.6)

4.7)

where « = (y(¢))!/2. It is easy to verify that F is increasing for 0 < o < a7,

decreasing for o > o1, F(a) > —o0 as @« — +00, and

F(ay) = Eq,

where o is given in (4.1). Therefore, since E(0) < Ej, there exists an ap > o

such that F(ap) = E(0).
If we set g = (y(0))'/2, then by (4.7) we have

F(ao) = E(0) = F(a2),

which implies that og > a5.
Now to establish (4.5), we suppose by contradiction that

(y(to)'/? < as.

for some ¢y > 0 and by the continuity of y( - ), we may choose f¢ such that

(y(to)"/? > ay.
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Using again (4.7) leads to
E(to) = F(y(t0)"/?) > F(az) = E(0).

But this is impossible since for all # > 0, E(¢) < E(0). Hence (4.5) is established.
To prove (4.6), we use (4.3) to get

1 1
370 S EO) + ).

Consequently, using (4.5) leads to:

IOl = 570 - £0)

1,
> —a5; — E(0).
z 2012 (0)
But we have
1, 1, Blp P
50[2 — E(O) = 50[2 — F(Olz) = 70[2 .
Therefore (4.6) holds. This finishes the proof of Lemma 4.1. O

The exponential growth result reads as follows:
Theorem 4.2. Suppose that (2.1), (2.2), (2.4) hold. Assume that
2
2<m and max(m,j) <p=<Dp.
Then, the solution of (1.1) satisfying
E©) < Ey and ||Vuolz2 > a1, (4.8)
grows exponentially in the LP-norm.

Remark 4.3. It is obvious that for g = 0, we have £ = E5, and Theorem 4.2
reduces to [11, Theorem 3.1].

Remark 4.4. In Theorem 4.2, the condition
o0 2)—1
/ 2(s)ds < (p/2)
0 (p/2)—1+(1/2p)
used in [16,17,20,21,23,26,28] is unnecessary and our result holds without it.

Remark 4.5. Let us denote ¢; = (I — %) —2E5(Biay)~P. Since we have seen
that orp > &1, using the definition of E;, we easily get ¢; > 0. This constant will
play an important role in the proof of Theorem 4.2.



180 S. Gerbi and B. Said-Houari

Proof of Theorem 4.2. We implement the so-called Georgiev—Todorova method
(see [10,20] and also [22]). So, we suppose that the solution exists for all time
and we will prove an exponential growth. For this purpose, we set

H(t) = Es — E(1t). 4.9)

Of course by (4.4) and (3.5) and since E; < E;, we deduce that .77 is a non-
decreasing function. So, by using (4.3) and, (4.9) we get successively

1 1
0<H(0) < A1) <Ex—E() <E1— 5)’(1) + ;Ilu(t)llf,’-
On one hand as F(o;) = Eyand y(¢) > ag > a% for all ¢+ > 0, we obtain
1 1,
Ey— 5)/(1) < F(ay) — 591

On the other hand, since
D

1
F(a1) - Eotf = —7105{’,
we obtain the following inequality:
1
0<(0) <) < ;I|u(t)||5 forall ¢ > 0. (4.10)

For e small to be chosen later, and inspired by the ideas of the authors in [11], we
then define the auxiliary function

L) = () —|—8/ usudx —|—8/ uudI™ + %HVMH%. 4.11)
Q

ry

Let us remark that . is a small perturbation of the energy. By taking the time
derivative of (4.11), using problem (1.1), we obtain

dZ(t
20—l + [ husar + el — el
1

+elull + elhelr, e [ Gt do
1

t
_|_/Qvu(t)/0 g(t —s)Vu(s)dsdx. (4.12)

By making use of (2.4) and the following Young’s inequality,
ARXR S ATVYY
< +

—= ’

n v

XY (4.13)
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where X,Y > 0,1 >0, u,v € R suchthat 1/ + 1/v = 1, we get

/ h(ug)udl < cm/ lus ™ 2uudT
Iy I

m

)
< Cn—ully r, + Cm
m

m,I

m—1

AT/ =) gy m (4.14)

m,[y -

Now, the term involving g on the right-hand side of (4.12) can be written as

/ Vu(t, x) /t gt —s)Vu(s,x)dsdx
Q 0

t
- ||Vu<z)||%( /0 g(s)ds)

+ / Vu(t, x) /t gt —s)(Vu(s,x) — Vu(t, x))dsdx. (4.15)
Q 0

On the other hand, by using Ho6lder’s and Young’s inequalities, we infer that for
all u > 0 we get

[ Vu(t, x) /t gt —s)(Vu(s,x) — Vu(t, x))dsdx
Q 0

< /0 ¢t — ) Vu@) |2 Vu(s) — Vau(o) | ads

1
fu(gou)(t)+@(f0

Inserting the estimates (4.14) and (4.15) into (4.12), taking into account the in-
equality (4.16) and making use of (2.4), we obtain by choosing 1 = 1/2 and mul-

tiplying by /

t

g(s)ds)lqu(t)ll%. (4.16)

m,I‘1

m—1
12/0) = al 9013+ e = Ce ™2 71, ot

m

A
2
+ellluly +ellluelz,r, = Cmel—~lullr,

)
~ (g ow)(t) — &l [Vu(t) 3. *.17)

We want now to estimate the term involving [Ju|;; 1 in (4.17). We proceed as
in [11]. Then, we have
[tllm,ry = Cllullgs ()
which holds for
N N-1

m>1 and O0<s<l1,§>———— >0,
2 m
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where C here and in the sequel denotes a generic positive constant which may
change from line to line.
Recalling the interpolation and Poincaré’s inequalities (see [18])

1—
el s @) < Cllullz™* Vull,

< Cllull, ™ [Vull3,
we finally have the following inequality:
lllm,ry < Clluell, =5 (1 Vae5- (4.18)
If s < 2/m, using again Young’s inequality, we get
m—s)u ms6
e ey = CLIZ) 7 + (Vi)™ ] (4.19)

for 1/ + 1/6 = 1. Here we choose 6 = 2/ms to get u = 2/(2 — ms). There-
fore the previous inequality becomes

m(l—s)2
el v, < €[ (Iullg) &7 + | Vul3]. (4.20)

m,l"l —

Now, choosing s such that

0<s<2Pzm
m(p —2)
we get
2m(1 —s)

Once inequality (4.21) is satisfied, we use the classical algebraic inequality
1
2V <(z+1)=< (1 + —)(Z—i—a)) forallz>0,0<v<1,w>0, (4.22)
1)
to obtain the following estimate:
m(l—s)2
(lull) @97 < d(Jullf + 7(0))
<d(ulf + () forallz >0, (4.23)

where we have set d = 1 + 1/.57(0). Inserting the estimate (4.23) into (4.19), we
obtain the following important inequality:

el ry < CLIulZ + HIVul3 + 20)]. (4.24)

m,['y —
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Keeping in mind that
(o)
[ = 1—/ g(s)ds,
0

in order to control the term |[Vu||3 in equation (4.17), we preferably use (as we
have 77 (t) > 0), the following estimate:

el ry < CIul3 + 1HIVul3 +221)],

m,[y

which gives finally

2
el < C[2E2 + (1 + ;)nun;; uael2 = TaelZ
t
+ (l — (1 —/ g(s)ds))HVuH% —(go u)(t)]. (4.25)
0

t
1—/ ¢(s)ds = 1,
0

Since

we obtain from above
2
bl v, < c[zEz + (1 + ;)nun;: ueel2 — e 2, — (gou)(r)] (4.26)

Now, inserting (4.26) into (4.17), then we infer that

-1
12/(0) = al 3+ 1 an = G ™07 7

A 5 A 5
+ell +1Cn—C uellz +e( ! +1Cpn—C |lutll3 r,
m m ’

A 2
+ e{l - le—C(l + —)}||u||;;
m V4

+ s(leKC — l) (g ou))
m 2

m

A
— &l ||Vu(@)||3 — 2Cnel =—CE;. 4.27)
m

From (4.9), we get
1 t 1 1
HW) = Bs - 5(1 - g(s)ds)nwmu% —5(gow(®) + —[u()}
0 p

< B2 = 5IVuO1B = 55 0100 + - ).
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This last inequality gives

VU0 = 2(#0) = B 5 ow® — S WlE). @29

Consequently, (4.27) takes the form

m—1
12/0) 2 a9 + 1 = G20 )

m,I
+ell +1Cn—C |uellz +e( ! + 1Cpn—C |lusll3 r,
m m ’
2 Am 2
+ s{l - — - le—C(l + —)}||u||g —2¢E,
p m p
AT )
+e[Cnl —C — = +1)(gou)()
m 2
A’m
+ 2e72(t) — 2Cpel — CE». (4.29)
m
Now to estimate the terms involving [|u||5 and E> in (4.29), we simply write

2 2 )4
(1 - —)Ilull,’,’ —2E, = (1 - _)”u”}; _2E, IIMIIfJ‘
P P lullZ

Then by using (4.6), we get

2
(1= 2 )ty - 22 = i,

where c; > 0 is defined in Remark 4.5. Thus, (4.29) becomes

m,I'1

—1
LL(1) = ol | Vug | + z(cm G rm/""-”)nutum
m

+o(141Cn"—C )luel3 + (1 +1Cn™—C )Ihue 2 1,
m m ’
A 2 A .
+eyc1 — Cnl —C(1 + —) — 4Cpel —CEx(Braa) 7 ¢ ||ullf
m p m
AT l
+e|lCul—C — =+ 1)(gou)t)
m 2

A’m
+26(A(1) + le?CEz). (4.30)
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Notice that since / < 1, we first have

Am [
Cnl—C —=+4+1>0 forallA > 0.
m 2

At this point, we pick A small enough such that
A 2 A _
c1 —Cpul—C| 1+ — ) —4Cpel —CE»(B1az)"? > 0.
m )4 m
Once A is fixed, we may choose & small enough such that

m= 1 m/en-1) - .

cm — Cne
Z(0) > 0.
Consequently, we end up with the estimate
L) z m(luel3 + Nuellzp, + lullf + 2() + Ez) forallr = 0. (4.31)
Next, it is clear that, by Young’s and Poincaré’s inequalities, we have
L) = y[A© + luell3 + ue
Since 7 (t) > 0 for all > 0, we have

ipl + ||Vu||%] for some y > 0. (4.32)

[ 1
S IVulz < Zlullf + Ez. (4.33)

Thus, inequality (4.32) becomes
L) <[ + ludl3 + llue

%,l"l + ullf + E2] forsome ¢ > 0. (4.34)

From the two inequalities (4.31) and (4.34), we finally obtain the differential in-
equality
dZ(t)
dt
An integration of the previous differential inequality (4.35) between 0 and ¢ gives
the following estimate for the function .Z:

L) = L(0)el, (4.36)

> uL(t) forsome u > 0. (4.35)

On the other hand, from the definition of the function .Z, from inequality (4.10)
and for small values of the parameter ¢, it follows that

1
20 = -l (4.37)

From the two inequalities (4.36) and (4.37) we conclude the exponential growth
of the solution in the L?-norm. |
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5 Blow up in finite time for « = 0

In this section, we prove that in the absence of the strong damping —Au; (i.e. we
have o = 0), the solution of problem (1.1) blows up in finite time, that is, there
existsa 0 < T* < oo such that |[u(t)||, - coast — T*.

The blow up result reads as follows:

Theorem 5.1. Suppose that (2.1), (2.2) and (2.4) hold. Assume that
2 _
2<m and max(m,j) <p=<Dp.

Then, the solution of (1.1) satisfying
E0) < Ez,  [[Vuoll2 = o1 (5.1)
blows up in finite time, that is, ||u(t)|, — oo ast — T* for some 0 < T* < oo.

Remark 5.2. The requirement m > 2 in Theorem 5.1 is technical, but it seems
necessary in our proof. The case m = 2 cannot be handled with the method we
use here. But the same result can be shown for m = 2 by using the concavity
method. See [12] for more details.

Proof of Theorem 5.1. To prove Theorem 5.1, we suppose that the solution exists
for all time and we reach to a contradiction. Following the idea introduced in [10]
and developed in [22] and [27], we will define a function L which is a perturbation
of the total energy of the system and which will satisfy the differential inequality

— - ZEL), (5:2)

where v > 0. Inequality (5.2) leads to a blow up of the solution in finite time
T* > L(0)"V £~ v, provided that L(0) > 0.
To do so, we define the functional L as follows:

dL(1)
t

f,(t) =270 + 8/ uudx + 8/ uudT, (5.3)
Q Iy

where the functional .77 is defined in (4.9), o is satisfying

p—m p—2 m—2 A)

pm=1)" 2p ° 7 oD

O0<o Smin(
2m

where 6 is defined later in (5.7) and ¢ is a small positive constant to be chosen
later. Taking the time derivative of L(¢) and following the same steps as in the
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proof of Theorem 4.2, we get (instead of inequality (4.17)), for all A > 0,

A _ m—1_ _
IL'(t) = lem(1 — o) (O)|ue |, — Cme AT g |
m
+elllucll3 + el llullp + elllucl3 r, - Cmel—lull,r,
el 5
= S g o) — el Vu() 3 55)

Next, for large positive M, we select A—m/m=1) — pp =0 (t). Then the estimate
(5.5) takes the form

“ m—1
1) = (zcm(l —0) = MCpe ) 0O+ el e 3

p 2 M_(m_l) o(m—1) m
+ elllully + elflullz r, —CmEITH (7.1,

el
=5 (g 0w ) — el [Vu)3. (56)
Exploiting (4.10 and (4.18), we get

%a(m 1)”u|| < C“u”I(;l—s)m-f—crp(m—l)“vu”;m )

mI‘l—

Thus, as in Section 4, we have
m(l—s) _ msG
”u”I()l—s)m—f—op(m—l)”Vuuim < C|:(||M||II;)( > to(m 1)) (||Vu|| ) ]

Choosing u, 6 and s exactly as in Section 4 (with strict inequalities), we choose o

that verifies 5 (1
o< 2oms (_2mAZ9) (5.7)
2(m—1) 2—ms)p
The hypotheses on m and p ensure to have 0 < o < 1.
Consequently, we get from above

MU= o (m—1)
Ao, < ()T ag] s

(—m(l =5 4 o(m— 1)) <1,
)2 2—ms

applying the algebraic inequality (4.22), we get

(lufiz) (7

Since

m{—s)

+o(m— 1))2 —ms < d(”u” +%(0))
<d(lulZ +#@1) forallt=0. (59
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Thus, (5.9) together with (5.8) leads to (see (4.26))

AP < Cd[nun;; VU + %(r)}
2 p 2
<Cd|2E> + 1+; llullf — lleeell2

el — (g0 u)(r)]. (5.10)

Inserting (5.10) into (5.6) and using (4.28), we obtain

m—1

1) > (Zcm(l —6) = MCpe )%—“(mnutm,pl

M~m=1) 2 2
N 81(1 N cmgTCd){nutuz e}

+ 2e90(t) — 2¢E,

2 M—(m=1 2
+ e{l - le—Cd(l + —)}||u||;;
P m p

M—(m=1)
+ CmelTCd(g ou)(t)

M—m=D !
—2eCpyl ———CdE, —|-8(1 - E)(gou)(z). (5.11)
m
Writing again E, = Es||u||5 /||lu||; and using again (4.6), we deduce that

m—1

1) = (zcma —0) = MCpe )%ﬂ’(z)uutnm,pl

M~m=D 2 2
N 81(1 . cmsTCd){nutnz R

M—m=D
+2e(t) + 2Cyel ————CdE
m

2 M~m=D 2
+ s{l — = —2E)(Biaa) P — Cpl ———Cd (1 - —)
P m p

M—(m=1)
4Gl —CdE2<Bla2>—P} Jull2
m

M—(m=1)
+ 8leTCd(g ou)(t).
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Thus, using the definition of ¢; in Remark 4.5, we get

)%—"muutnz,n

m—1

1L (t) > (lcm(l —0) — MCpe

M—(m—l) 5 5
+ sl(l + Cm8TCd){””t”2 + [Ju 2,r‘1}

M~(m=D
+ 26 (1) + 2Cpel ————CdE;
m

M—(m—l) 2
+ s{cl - le—Cd(l + —)
m p
—(m—1)

M
- 4le—CdE2(Bla2)_p} el 7
m

—(m—1)
+ eCpl —Cd(g o u)(1).
m
Since ¢; > 0, we choose M large enough such that
M—(m=1) 2 —(m—1)
1 — le—Cd(l + —) —4Cpyl ———CdE»(Biaa)™? > 0.

m V4 m

Once M is fixed, we pick ¢ small enough such that

m —

1
lem(l—0)— MCpe >0

and ﬁ(O) > (. This leads to
L'ty = i(lluel3 + luell3 p, + 22@) + [ullZ + E») (5.12)

for some 7§ > 0.
On the other hand, it is clear from the definition (5.3) that

]:ﬁ([) < C(e, a)|:j‘f(z) + (/Q Uy ua’)c)l_‘7 + (/F u,udF)l_a:|. (5.13)

By the Cauchy—Schwarz inequality and Holder’s inequality, we have

1 1
3 3
/ usudx < (/ u%dx) (/ uzdx)
Q Q Q

< c(/Q ufdx)é(/ﬂ |u|1’dx),

where C is the positive constant which comes from the embedding

LP(Q) — L*(Q).

=



190 S. Gerbi and B. Said-Houari

This inequality implies that there exists a positive constant C; > 0 such that

ﬁ (1—1(7)17 2(11—0)
(/ u,udx) < (/ |u|pdx) (/ u?dx) .
Q Q Q

Applying Young’s inequality to the right hand-side of the preceding inequality,
there exists a positive constant also denoted by C such that
:| (5.14)

ﬁ (l—.if)[) 2(16—0)
(/ utudx) <C (/ |u|pdx) + (/ ufdx)
Q Q Q

for1/t +1/8 = 1. Wetake 8 = 2(1 — o), hence 7 = 2(1 —0)/(1 — 20), to get

= Torp
(/ u,udx) <C (/ |u|pdx) +/ u%dx .
Q Q Q

Using the algebraic inequality (4.22) with

2
w=s/0) and v =

1
= p, d = 1 —_— _—
7= Jul 70 (1= 20)

(the condition (5.4) on o ensuring that 0 < v < 1), we get
2V <d(z + H#(0)) <d(z 4+ H(1)).
Therefore, there exists a positive constant denoted by C» such that for all # > 0,
s
(fwudx) ™ = Lo+ olg + ). 519

Following the same method as above, we can show that there exists a C3 > 0 such
that

( /F u,udr) <G+ O+ O r ]

Applying inequality (4.24), we get

( /F utudr) < [0 + uOIE + VeI + e ]

Furthermore, inequality (4.33) leads to

1
1—o
(/r u,udr) < Cs[A@) + @2 + lur )3, + E2]. (5.16)
1
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Collecting (5.13), (5.15) and (5.16), we obtain, for all t > 0,

A1 «
LT3 (t) < fuf{llus O3 + llu]

2 A O+ O + B2} (5T

for some 7; > 0.
Combining (5.12) and (5.17), we conclude that there exists a positive constant
& > 0, as small as ¢, such that for all ¢ > 0,

i/(t) > €L7% (1). (5.18)

Thus, inequality (5.2) holds. Therefore, f,(t) blows up in a finite time 7*.
On the other hand, from the definition of the function L(#) and using inequality
(4.10), for small values of the parameter ¢, it follows that

L@ty < k(lu@))2)'°. (5.19)

where « is a positive constant. Consequently, from inequality (5.19) we conclude
that the norm |[|u(z)||, of the solution u blows up in the finite time 7*, which
implies the desired result. This completes the proof of Theorem 5.1. o
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