
Adv. Nonlinear Anal. 2 (2013), 163–193
DOI 10.1515/anona-2012-0027 © de Gruyter 2013

Global existence and exponential growth for
a viscoelastic wave equation with

dynamic boundary conditions

Stéphane Gerbi and Belkacem Said-Houari

Abstract. The goal of this work is to study a model of the wave equation with dynamic
boundary conditions and a viscoelastic term. First, applying the Faedo–Galerkin method
combined with the fixed point theorem, we show the existence and uniqueness of a local in
time solution. Second, we show that under some restrictions on the initial data, the solution
continues to exist globally in time. On the other hand, if the interior source dominates the
boundary damping, then the solution is unbounded and grows as an exponential function.
In addition, in the absence of the strong damping, then the solution ceases to exist and
blows up in finite time.
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1 Introduction

We consider the following problem:8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

ut t ��u � ˛�ut C

Z t

0

g.t � s/�u.s/ds D jujp�2u; x 2 �; t > 0;

u.x; t/ D 0; x 2 �0; t > 0;

ut t .x; t/ D �

�
@u

@�
.x; t/ �

Z t

0

g.t � s/
@u

@�
.x; s/ds

C
˛@ut

@�
.x; t/C h.ut /

�
; x 2 �1; t > 0;

u.x; 0/ D u0.x/; ut .x; 0/ D u1.x/; x 2 �;

(1.1)

where u D u.x; t/, t � 0, x 2 �,� denotes the Laplacian operator with respect to
the x variable,� is a regular and bounded domain of RN ,N � 1, @� D �0 [ �1,
mes.�0/ > 0, �0 \ �1 D ¿ and @=@� denotes the unit outer normal derivative,
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˛ is a positive constant, p > 2, h and g are functions whose properties will be
discussed in the next section, u0, u1 are given functions.

Nowadays the wave equation with dynamic boundary conditions is used in a
wide field of applications [2, 3, 25]. See [19, 24] for some applications. Problems
similar to (1.1) arise (for example) in the modeling of longitudinal vibrations in a
homogeneous bar in which there are viscous effects. The term �ut , indicates that
the stress is proportional not only to the strain, but also to the strain rate, see [6]
fore more details.

In [14] the author introduced the model

ut t � uxx � utxx D 0; x 2 .0; L/; t > 0; (1.2)

which describes the damped longitudinal vibrations of a homogeneous flexible
horizontal rod of length L when the end x D 0 is rigidly fixed while the other
end x D L is free to move with an attached load. Thus she considered Dirichlet
boundary condition at x D 0 and dynamic boundary conditions at x D L, namely

ut t .L; t/ D �Œux C utx�.L; t/; t > 0: (1.3)

By rewriting the whole system within the framework of the abstract theories of
the so-called B-evolution theory, the existence of a unique solution in the strong
sense has been shown. An exponential decay result was also proved in [15] for a
problem related to (1.2)–(1.3), which describe the weakly damped vibrations of an
extensible beam. See [15] for more details.

Subsequently, Zang and Hu [29], considered the problem

ut t � p.ux/xt � q.ux/x D 0; x 2 .0; 1/; t > 0;

with

u.0; t/ D 0; p.ux/t C q.ux/.1; t/C kut t .1; t/ D 0; t � 0:

By using the Nakao inequality, and under appropriate conditions on p and q, they
established both exponential and polynomial decay rates for the energy depending
on the form of the terms p and q.

Recently, the present authors have considered, in [11] and [12], problem (1.1)
with g D 0 and a nonlinear boundary damping of the form h.ut / D jut j

m�2ut .
A local existence result was obtained by combining the Faedo–Galerkin method
with the contraction mapping theorem. Concerning the asymptotic behavior, the
authors showed that the solution of such a problem is unbounded and grows up
exponentially when time goes to infinity provided that the initial data are large
enough and the damping term is nonlinear. The blow up result was shown when
the damping is linear (i.e. m D 2). Also, we proved in [12] that under some re-
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strictions on the exponents m and p, we can always find initial data for which
the solution is global in time and decays exponentially to zero. These results have
recently been generalized for a wide range of nonlinearities in the equation and
in the boundary term: the authors proved the local existence and uniqueness by
a sophisticated application of the nonlinear semigroup theory, see [13].

In the absence of the strong damping ˛�ut and for Dirichlet boundary condi-
tions on the whole boundary @�, the question of blow up in finite time of prob-
lem (1.1) has been investigated by many authors. Messaoudi [21] showed that if
the initial energy is negative and if the relaxation function g satisfies the following
assumption: Z 1

0

g.s/ds <
.p=2/ � 1

.p=2/ � 1C .1=2p/
; (1.4)

then the solution blows up in finite time. In fact this last condition has been as-
sumed by other researchers. See for instance [16, 17, 20, 23, 26, 28].

The main goal of this paper is to prove the local existence and to study the
asymptotic behavior of the solution of problem (1.1).

One of the main questions is to show a blow-up result of the solution. This
question is a difficult open problem, since in the presence of the strong damping
term, i.e. when ˛ ¤ 0, the problem has a parabolic structure, which means that the
solution gains more regularity. However, in this paper, we give a partial answer
to this question and show that for ˛ ¤ 0 and for large initial data, the solution is
unbounded and grows exponentially as t goes to infinity. While for the case ˛ D 0,
the solution has been shown to blow up in finite time.

The main contribution of this paper in this blow up result is the following: the
exponential growth and blow-up results hold without making the assumption (1.4).
In fact the only requirement is that the exponent p has to be large enough which
is a condition much weaker than condition (1.4). Moreover, unlike in the works
of Messaoudi and coworkers, we do not assume any polynomial structure on the
damping term h.ut /, to obtain an exponential growth of the solution or a blow up
in finite time.

This paper is organized as follows: Firstly, applying the Faedo–Galerkin method
combined with the fixed point theorem, we show, in Section 2, the existence and
uniqueness of a local in time solution. Secondly, under the smallness assumption
on the initial data, we show, in Section 3, that the solution continues to exist glob-
ally in time. On the other hand, in Section 4, we prove that under some restrictions
on the initial data and if the interior source dominates the boundary damping, then
theLp-norm of the solution grows as an exponential function. Lastly, in Section 5,
we investigate the case when ˛ D 0 and we prove that the solution ceases to exist
and blows up in finite time.
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2 Preliminary and local existence

In this section, we introduce some notations used throughout this paper. We also
prove a local existence result of the solution of problem (1.1).

We denote
H 1
�0
.�/ D ¹u 2 H 1.�/ W u�0 D 0º:

By . � ; � / we denote the scalar product in L2.�/, i.e.

.u; v/.t/ D

Z
�

u.x; t/v.x; t/dx:

Also we mean by k � kq the Lq.�/-norm for 1 � q � 1, and by k � kq;�1 the
Lq.�1/-norm.

Let T > 0 be a real number andX be a Banach space endowed with norm k � kX .
We denote by Lp.0; T IX/, 1 � p <1, the space of functions f which are Lp

over .0; T / with values in X , which are measurable and kf kX 2 Lp.0; T /. This
space is a Banach space endowed with the norm

kf kLp.0;T IX/ D

�Z T

0

kf k
p
Xdt

�1=p
:

ByL1.0; T IX/we denote the space of functions f W �0; T Œ! X which are mea-
surable and kf kX 2 L1.0; T /. This space is a Banach space endowed with the
norm

kf kL1.0;T IX/ D ess sup
0<t<T

kf kX :

We recall that if X and Y are two Banach spaces such that X ,! Y (continuous
embedding), then

Lp.0; T IX/ ,! Lp.0; T IY /; 1 � p � 1:

We will also use the embedding (see [1, Therorem 5.8])

H 1
�0
.�/ ,! Lp.�/; 2 � p � Np; where Np D

8<:
2N

N � 2
if N � 3;

C1 if N D 1; 2;

and also

H 1
�0
.�/ ,! Lq.�1/; 2 � q � Nq; where Nq D

8<:
2.N � 1/

N � 2
if N � 3;

C1 if N D 1; 2:

For 2 � m � Nq, let us denote V D H 1
�0
.�/ \ Lm.�1/.
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We assume that the relaxation function g is of class C 1 on R and satisfies

g.s/ � 0; for all s 2 R, and
�
1 �

Z 1
0

g.s/ds

�
D l > 0: (2.1)

Moreover, we suppose that

g0.s/ � 0; for all s � 0: (2.2)

The hypotheses on the function h are the following:

(H1) h is continuous and strongly monotone, i.e. for 2 � m � Nq, there exists a
constant m0 > 0 such that

.h.s/ � h.v//.s � v/ � m0js � vj
m; (2.3)

(H2) there exist two positive constants cm and Cm such that

cmjsj
m
� h.s/s � Cmjsj

m; for all s 2 R: (2.4)

For a function u 2 C.Œ0; T �;H 1
�0
.�//, let us introduce the following notation:

.g ˘ u/.t/ D

Z t

0

g.t � s/kru.s/ � ru.t/k22ds:

Thus, when u 2 C.Œ0; T �;H 1
�0
.�// \ C 1.Œ0; T �; L2.�// such that

ut 2 L
2.0; T IH 1

�0
.�//;

we have

d

dt
.g ˘ u/.t/ D

Z t

0

g0.t � s/kru.s/ � ru.t/k22ds

C
d

dt

�
kru.t/k22

� Z t

0

g.s/ds

� 2

Z
�

Z t

0

g.t � s/ru.s/rut .t/dsdx

D .g0 ˘ u/.t/ � 2

Z
�

Z t

0

g.t � s/ru.s/rut .t/dsdx

C
d

dt

²
kru.t/k22

Z t

0

g.s/ds

³
� g.t/kru.t/k22: (2.5)
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This last identity impliesZ
�

Z t

0

g.t � s/ru.s/rut .t/dsdx

D
1

2
.g0 ˘ u/.t/C

1

2

d

dt

²
kru.t/k22

Z t

0

g.s/ds

³
�
1

2
g.t/kru.t/k22 �

1

2

d

dt
.g ˘ u/.t/: (2.6)

For u 2 C.Œ0; T �;H 1
�0
.�// \ C 1.Œ0; T �; L2.�// such that

ut 2 L
2.0; T IH 1

�0
.�//;

let us define the modified energy functional E by

E.t; u; ut / D E.t/

D
1

2
kut .t/k

2
2 C

1

2
kut .t/k

2
2;�1
C
1

2

�
1 �

Z t

0

g.s/ds

�
kru.t/k22

C
1

2
.g ˘ u/.t/ �

1

p
ku.t/kpp : (2.7)

The following local existence result of the solution of problem (1.1) is closely
related to the one we have proved for a slightly different problem in [11, Theo-
rem 2.1], where no memory term was present. Let us state it:

Theorem 2.1. Assume that (2.1), (2.2) and (2.3) hold. Let 2 � p � Nq and

max
�
2;

Nq

Nq C 1 � p

�
� m � Nq:

Then given u0 2 H 1
�0
.�/ and u1 2 L2.�/, there exists T > 0 and a unique solu-

tion u of problem (1.1) on .0; T / such that

u 2 C.Œ0; T �;H 1
�0
.�// \ C 1.Œ0; T �; L2.�//

and
ut 2 L

2.0; T IH 1
�0
.�// \ Lm..0; T / � �1/:

Let us mention that Theorem 2.1 also holds for ˛ D 0. The proof of Theo-
rem 2.1 can be done along the same line as in [11, Theorem 2.1]. The main idea
of the proof is based on the combination between the Fadeo–Galerkin approxima-
tions and the contraction mapping theorem. However, for the convenience of the
reader we give only the outline of the proof here.
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For u 2 C.Œ0; T �;H 1
�0
.�// \ C 1.Œ0; T �; L2.�// given, let us consider the fol-

lowing problem:8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

vt t ��v � ˛�vt C

Z t

0

g.t � s/�v.s/ds D jujp�2u; x 2 �; t > 0;

v.x; t/ D 0; x 2 �0; t > 0;

vt t .x; t/ D �

�
@v

@�
.x; t/ �

Z t

0

g.t � s/
@v

@�
.x; s/ds

C
˛@vt

@�
.x; t/C h.vt /

�
; x 2 �1; t > 0;

v.x; 0/ D u0.x/; vt .x; 0/ D u1.x/; x 2 �:

(2.8)

Definition 2.2. A function v.x; t/ such that

v 2 L1.0; T IH 1
�0
.�//;

vt 2 L
2.0; T IH 1

�0
.�// \ Lm..0; T / � �1/;

vt 2 L
1.0; T IH 1

�0
.�// \ L1.0; T IL2.�1//;

vt t 2 L
1.0; T IL2.�// \ L1.0; T IL2.�1//

and

v.x; 0/ D u0.x/;

vt .x; 0/ D u1.x/;

is a generalized solution to problem (2.8) if for any function

! 2 H 1
�0
.�/ \ Lm.�1/

and ' 2 C 1.0; T / with '.T / D 0, we have the following identity:Z T

0

.jujp�2u;w/.t/ '.t/ dt

D

Z T

0

�
.vt t ; w/.t/C .rv;rw/.t/ �

Z t

0

g.t � s/.rv.s/;rw.t//ds

C ˛.rvt ;rw/.t/'.t/dt

�
C

Z T

0

'.t/

�Z
�1

vt t .t/w d� C h.vt /d�

�
dt:
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Lemma 2.3. Let 2 � p � Nq and 2 � m � Nq. Let u0 2 H 2.�/ \ V; u1 2 H
2.�/.

Then for any T > 0; there exists a unique generalized solution (in the sense of
Definition 2.2) v.t; x/ of problem (2.8).

The proof of Lemma 2.3 is essentially based on the Fadeo–Galerkin approxi-
mations combined with the compactness method and can be done along the same
lines as in [11, Lemma 2.2]; we omit the details.

In the following lemma we state a local existence result of problem (2.8).

Lemma 2.4. Let 2 � p � Nq and

max
�
2;

Nq

Nq C 1 � p

�
� m � Nq:

Then given u0 2 H 1
�0
.�/ and u1 2 L2.�/ there exists T > 0 and a unique solu-

tion v of problem (2.8) on .0; T / such that

v 2 C.Œ0; T �;H 1
�0
.�// \ C 1.Œ0; T �; L2.�//;

vt 2 L
2.0; T IH 1

�0
.�// \ Lm..0; T / � �1/

and it satisfies the energy inequality

1

2

�
kut .t/k

2
2 C kut .t/k

2
2;�1
C

�
1 �

Z t

0

g.s/ds

�
kru.t/k22 C .g ˘ u/.t/

�t
s

C ˛

Z t

s

krvt .�/k
2
2d� C

Z t

s

Z
�1

h.vt .�; �//d�d�

�

Z t

s

Z
�

ju.�/jp�2u.�/vt .�/d�dx

for 0 � s � t � T .

Proof. We first approximate u 2C.Œ0; T �;H 1
�0
.�//\C 1.Œ0; T �; L2.�// endowed

with the standard norm

kuk D max
t2Œ0;T �

kut .t/k2 C ku.t/kH1
�0
.�/

by a sequence
.uk/k2N � C

1.Œ0; T � ��/

by a standard convolution arguments (see [4]). Next, we approximate the initial
data u1 2 L2.�/ by a sequence

.uk1/k2N � C
1
0 .�/:
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Finally, as the spaceH 2.�/ \ V \H 1
�0
.�/ is dense inH 1

�0
.�/ for theH 1-norm,

we approximate u0 2 H 1
�0
.�/ by a sequence

.uk0/k2N � H
2.�/ \ V \H 1

�0
.�/:

We consider now the set of the following problems:8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

vktt ��v
k
� ˛�vkt C

Z t

0

g.t � s/�vk.s/ds D jukjp�2uk; x 2 �; t > 0;

vk.x; t/ D 0; x 2 �0; t > 0;

vktt .x; t/ D �

�
@vk

@�
.x; t/ �

Z t

0

g.t � s/
@vk

@�
.x; s/ds

C
˛@vkt
@�

.x; t/C h.vkt /

�
; x 2 �1; t > 0;

vk.x; 0/ D uk0 ; vkt .x; 0/ D u
k
1 ; x 2 �:

(2.9)
Since the hypotheses of Lemma 2.3 are verified, we can find a sequence of unique
solutions .vk/k2N of problem (2.9). Our goal now is to show that .vk; vkt /k2N is
a Cauchy sequence in the space

YT D
°
.v; vt / W v 2 C.Œ0; T �;H

1
�0
.�// \ C 1.Œ0; T �; L2.�//;

vt 2 L
2.0; T IH 1

�0
.�// \ Lm..0; T / � �1/

±
endowed with the norm

k.v; vt /k
2
YT
D max
0�t�T

�
kvtk

2
2C lkrvk

2
2

�
Ckvtk

2
Lm..0;T /��1/

C

Z t

0

krvt .s/k
2
2ds:

(2.10)
For this purpose, we set U D uk � uk

0

, V D vk � vk
0

. It is straightforward to see
that V satisfies8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂:

Vt t ��V � ˛�Vt C

Z t

0

g.t � s/�V.s/ds

D jukjp�2uk � juk
0

j
p�2uk

0

; x 2 �; t > 0;

V .x; t/ D 0; x 2 �0; t > 0;

Vt t .x; t/ D �

�
@V

@�
.x; t/ �

Z t

0

g.t � s/
@V

@�
.x; s/ds

C
˛@Vt

@�
.x; t/C h.vkt / � h.v

k0

t /

�
; x 2 �1; t > 0;

V .x; 0/ D uk0 � u
k0

0 ; Vt .x; 0/ D u
k
1 � u

k0

1 ; x 2 �:
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We multiply the above differential equations by Vt , we integrate over .0; t/ ��,
we use integration by parts and the identity (2.5) to obtain

1

2

�
kVt .t/k

2
2 C kVt .t/k

2
2;�1
C

�
1 �

Z t

0

g.r/dr

�
krV.t/k22

�
C ˛

Z t

0

krVtk
2
2ds

C

Z t

0

Z
�1

�
h.vkt .x; �// � h.v

k0

t .x; �//
��
vkt .x; �/ � v

k0

t .x; �/
�
d�d�

�
1

2

Z t

0

.g0 ˘ V /.s/ds C
1

2

Z t

0

g.s/krV.s/k22ds

D
1

2

�
kVt .0/k

2
2 C krV.0/k

2
2 C kVt .0/k

2
2;�1

�
C

Z t

0

Z
�

�
jukjp�2uk � juk

0

j
p�2uk

0��
vkt � v

k0

t

�
dxds (2.11)

for all t 2 .0; T /.
Consequently, the above inequality together with (2.1), (2.2) and (2.3) gives

1

2

�
kVt .t/k

2
2 C kVt .t/k

2
2;�1
C lkrV.t/k22

�
C ˛

Z t

0

krVtk
2
2ds

Cm0

Z t

0

kVtk
m
m;�1

ds

�
1

2

�
kVt .0/k

2
2 C krV.0/k

2
2 C kVt .0/k

2
2;�1

�
C

Z t

0

Z
�

�
jukjp�2uk � juk

0

j
p�2uk

0��
vkt � v

k0

t

�
dxds (2.12)

for all t 2 .0; T /.
Following the same method as in [11], we deduce that there exists a C > 0

depending only on � and p such that

kV kYT � C
�
kVt .0/k

2
2 C krV.0/k

2
2 C kVt .0/k

2
2;�1

�
C CT kU kYT :

Since .uk0/k2N converges inH 1
�0
.�/, .uk1/k2N converges in L2.�/ and .uk/k2N

converges in C.Œ0; T �;H 1
�0
.�// \ C 1.Œ0; T �; L2.�// (so in YT also), we con-

clude that .vk; vkt /k2N is a Cauchy sequence in YT . Thus .vk; vkt / converges to
a limit .v; vt / 2 YT . Now by the same procedure used by Georgiev and Todorova
in [10], we prove that this limit is a weak solution of problem (2.8). This completes
the proof of Lemma 2.4.

Proof of Theorem 2.1. In order to prove Theorem 2.1, we use the Contraction
Mapping Theorem.
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Indeed, for T > 0, let us define the convex closed subset of YT :

XT D ¹.v; vt / 2 YT W v.0/ D u0; vt .0/ D u1º:

Let us denote
BR.XT / D ¹v 2 XT W kvkYT � Rº;

the ball of radiusR inXT . Then, Lemma 2.4 implies that for any u 2 XT , we may
define v D ˆ.u/ the unique solution of (2.8) corresponding to u. Our goal now is
to show that for a suitable T > 0, ˆ is a contractive map satisfying

ˆ.BR.XT // � BR.XT /:

Let u 2 BR.XT / and v D ˆ.u/. Then for all t 2 Œ0; T � we have as in (2.11):

kvtk
2
2 C lkrvk

2
2 C kvtk

2
2;�1
C 2˛

Z t

0

krvtk
2
2ds C c

Z t

0

kvtk
m
m;�1

ds

� ku1k
2
2 C kru0k

2
2 C ku1k

2
2;�1
C 2

Z t

0

Z
�

ju.�/jp�2u.�/vt .�/dxd�: (2.13)

Using Hölder’s inequality, we can control the last term on the right hand side of
inequality (2.13) as follows:Z t

0

Z
�

ju.�/jp�2u.�/vt .�/dxd�

�

Z t

0

ku.�/k
p�1

2N=.N�2/
kvt .�/k2N=.3N�NpC2.p�1//d�:

Since p � 2N
N�2

, we have

2N

3N �Np C 2.p � 1/
�

2N

N � 2
:

Thus, by Young’s and Sobolev’s inequalities, we get for all ı > 0 that there exists
a C.ı/ > 0 such that for all t 2 .0; T /,Z t

0

Z
�

ju.�/jp�2u.�/vt .�/dxd� � C.ı/tR
2.p�1/

C ı

Z t

0

krvt .�/k
2
2d�:

Inserting the last estimate in inequality (2.13) we choose ı small enough such that

kvk2YT �
1

2
R2 C CTR2.p�1/:

Thus, for T sufficiently small, we have kvkYT � R. This shows that v 2 BR.XT /.
To prove that ˆ is a contraction, we have to follow the same steps (up to minor

changes) as in [11]. We omit the details. Thus the proof is finished.
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Remark 2.5. Let us say that the hypothesis on m, max.2; Nq
NqC1�p

/ � m � Nq, is
made to pass to the limit in the nonlinear term, by the same way we have used in
[11, equation (2.28)].

3 Global existence

In this section, we show that, under some restrictions on the initial data, the local
solution of problem (1.1) can be continued in time and the lifespan of the solution
will be Œ0;1/.

Definition 3.1. Let 2 � p � Nq,

max
�
2;

Nq

Nq C 1 � p

�
� m � Nq;

u0 2 H
1
�0
.�/ and u1 2 L2.�/. We denote by u the solution of (1.1). We define

Tmax D sup¹T > 0 W u D u.t/ exists on Œ0; T �º:

Since the solution u 2 YT (the solution is “regular enough”), from the definition
of the norm given by (2.10), let us recall that if Tmax <1, then

lim
t!Tmax
t<Tmax

kru.t/k2 C kut .t/k2 D C1:

� If Tmax <1, we say that the solution of (1.1) blows up and that Tmax is the
blow up time.

� If Tmax D1, we say that the solution of (1.1) is global.

In order to study the blow up phenomenon or the global existence of the solution
of (1.1), for all 0 � t < Tmax, we define

I.t/ D I.u.t// D

�
1�

Z t

0

g.s/ds

�
kru.t/k22C .g ˘ u/.t/�kuk

p
p ; (3.1)

J.t/ D J.u.t// D
1

2

�
1�

Z t

0

g.s/ds

�
kru.t/k22C

1

2
.g ˘ u/.t/�

1

p
kukpp : (3.2)

Thus the energy functional defined in (2.7) can be rewritten as

E.u.t// D E.t/ D J.t/C
1

2
kutk

2
2 C

1

2
kutk

2
2;�1

: (3.3)

As in [9,27], we denote byB the best constant in the Poincaré–Sobolev embedding
H 1
�0
.�/ ,! Lp.�/ defined by

B�1 D inf¹kruk2 W u 2 H 1
�0
.�/; kukp D 1º: (3.4)



Global existence and exponential growth for a viscoelastic wave equation 175

For u0 2 H 1
�0
.�/, u1 2 L2.�/, we define

E.0/ D
1

2
ku1k

2
2 C

1

2
ku1k

2
2;�1
C
1

2
kru0k

2
2 �

1

p
ku0k

p
p :

The first goal is to prove that the above energy E.t/ defined in (2.7) is a non-
increasing function along the trajectories. More precisely, we have the following
result:

Lemma 3.2. Let 2 � p � Nq and

max
�
2;

Nq

Nq C 1 � p

�
� m � Nq

and let u be the solution of (1.1). Then, for all t > 0, we have

dE.t/

dt
D
1

2
.g0 ˘ u/.t/ �

1

2
g.t/kru.t/k22 � ˛krutk

2
2 �

Z
�1

h.ut /utd�

�
1

2
.g0 ˘ u/.t/ � ˛krutk

2
2 �

Z
�1

h.ut /utd� (3.5)

for all t 2 Œ0; Tmax/.

Proof. Multiplying the first equation in (1.1) by ut , integrating over �, using
integration by parts, we get

d

dt

²
1

2
kutk

2
2 C

1

2
kutk

2
2;�1
C
1

2
kruk22 �

1

p
kukpp

³
�

Z
�

Z t

0

g.t � s/ru.s/rut .t/dsdx

D �˛krutk
2
2 �

Z
�1

h.ut /utd�: (3.6)

A simple use of identity (2.6) gives (3.5). This completes the proof.

Lemma 3.3. Let 2 � p � Nq and

max
�
2;

Nq

Nq C 1 � p

�
� m � Nq:

Assume that (2.1) and (2.2) hold. Then given u0 2 H 1
�0
.�/, u1 2 L2.�/ satisfy-

ing 8<:ˇ D
Bp

l

�
2p

l.p � 2/
E.0/.p�2/=2

�
< 1;

I.u0/ > 0;

(3.7)

we have
I.u.t// > 0 for all t 2 Œ0; Tmax/:
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Proof. Since I.u0/ > 0, by continuity, there exists a T � < Tmax such that

I.t/ > 0 for all t 2 Œ0; T ��;

which implies that for all t 2 Œ0; T ��,

J.t/ D
1

p
I.t/C

p � 2

2p

²�
1 �

Z t

0

g.s/ds

�
kru.t/k22 C .g ˘ u/.t/

³
�
p � 2

2p

²�
1 �

Z t

0

g.s/ds

�
kru.t/k22 C .g ˘ u/.t/

³
: (3.8)

By using (2.1), (2.2), (3.3) and (3.5), we easily get, for all t 2 Œ0; T ��,

lkru.t/k22 �
2p

p � 2
J.t/;

�
2p

p � 2
E.t/ �

2p

p � 2
E.0/: (3.9)

From the definition of the constant B in (3.4), we first get

ku.t/kpp � B
p
kru.t/k

p
2 for all t 2 Œ0; T ��:

Since we have

Bpkru.t/k
p
2 D

Bp

l
kru.t/k

p�2
2 .lkru.t/k22/ for all t 2 Œ0; T ��;

by exploiting (3.9) and (3.7), we obtain, for all t 2 Œ0; T ��,

ku.t/kpp � ˇl.kru.t/k
2
2/

� ˇ

�
1 �

Z t

0

g.s/ds

�
kru.t/k22

<

�
1 �

Z t

0

g.s/ds

�
kru.t/k22:

Therefore, by using (3.1), we conclude that

I.t/ > 0 for all t 2 Œ0; T ��:

Using the fact that E is decreasing along the trajectory, we get

Bp

l

�
2p

l.p � 2/
E.t/

�.p�2/=2
� ˇ < 1 for all 0 � t < Tmax:

By repeating this procedure, T � is extended to Tmax.
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Now, we are able to state the global existence theorem.

Theorem 3.4. Let 2 � p � Nq and

max
�
2;

Nq

Nq C 1 � p

�
� m � Nq:

Assume that (2.1) and (2.2) hold. Then given u0 2 H 1
�0
.�/ and u1 2 L2.�/ sat-

isfying (3.7), the solution of (1.1) is global and bounded.

Proof. To prove Theorem 3.4, using the definition of Tmax, we have just to check
thatkru.t/k22 C kut .t/k

2
2 is uniformly bounded in time. To achieve this, we use

(3.2), (3.3), (3.5) and (3.9) to get

E.0/ � E.t/ D J.t/C
1

2
kutk

2
2 C

1

2
kutk

2
2;�1

�
p � 2

2p
kru.t/k22 C

1

2
kut .t/k

2
2: (3.10)

Therefore,
kru.t/k22 C kut .t/k

2
2 � CE.0/;

where C is a positive constant, which depends only on p.

4 Exponential growth for ˛ > 0

In this section we will prove that when the initial data are large enough, the energy
of the solution of problem (1.1) defined by (2.7) grows exponentially and thus so
the Lp-norm.

In order to state and prove the exponential growth result, we introduce the fol-
lowing constants:

B1 D
B

l
; ˛1 D B

�p=.p�2/
1 ; E1 D

�
1

2
�
1

p

�
˛21 ; E2 D

�
l

2
�
1

p

�
˛21 : (4.1)

Let us first mention that E2 < E1.
The following lemma will play an essential role in the proof of the exponen-

tial growth result, and it is inspired by the work in [7], where the authors proved
a similar lemma for the wave equation.

First, we define the function


.t/ WD

�
1 �

Z t

0

g.s/ds

�
kru.t/k22 C .g ˘ u/.t/: (4.2)

Let us rewrite the energy functional E defined by (2.7) as

E.t/ D
1

2
kut .t/k

2
2 C

1

2
kut .t/k

2
2;�1
C
1

2

.t/ �

1

p
ku.t/kpp : (4.3)



178 S. Gerbi and B. Said-Houari

Lemma 4.1. Let 2 � p � Nq and

max
�
2;

Nq

Nq C 1 � p

�
� m � Nq:

Let u be the solution of (1.1). Assume that

E.0/ < E1 and kru0k2 � ˛1: (4.4)

Then there exists a constant ˛2 > ˛1 such that

.
.t//1=2 � ˛2 for all t 2 Œ0; Tmax/ (4.5)

and
ku.t/kp � B1˛2 for all t 2 Œ0; Tmax/: (4.6)

Proof. We first note that, by (4.3), we have

E.t/ �
1

2

.t/ �

1

p
ku.t/kpp

�
1

2

.t/ �

B
p
1

p
.lkru.t/k2/

p

�
1

2

.t/ �

B
p
1

p
.
.t//p=2 (4.7)

D
1

2
˛2 �

B
p
1

p
˛p D F.˛/;

where ˛ D .
.t//1=2. It is easy to verify that F is increasing for 0 < ˛ < ˛1,
decreasing for ˛ > ˛1, F.˛/! �1 as ˛ !C1, and

F.˛1/ D E1;

where ˛1 is given in (4.1). Therefore, since E.0/ < E1, there exists an ˛2 > ˛1
such that F.˛2/ D E.0/.

If we set ˛0 D .
.0//1=2, then by (4.7) we have

F.˛0/ � E.0/ D F.˛2/;

which implies that ˛0 � ˛2.
Now to establish (4.5), we suppose by contradiction that

.
.t0//
1=2 < ˛2;

for some t0 > 0 and by the continuity of 
. � /, we may choose t0 such that

.
.t0//
1=2 > ˛1:
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Using again (4.7) leads to

E.t0/ � F.
.t0/
1=2/ > F.˛2/ D E.0/:

But this is impossible since for all t > 0, E.t/ � E.0/. Hence (4.5) is established.
To prove (4.6), we use (4.3) to get

1

2

.t/ � E.0/C

1

p
ku.t/kpp :

Consequently, using (4.5) leads to:

1

p
ku.t/kpp �

1

2

.t/ �E.0/

�
1

2
˛22 �E.0/:

But we have
1

2
˛22 �E.0/ D

1

2
˛22 � F.˛2/ D

B
p
1

p
˛
p
2 :

Therefore (4.6) holds. This finishes the proof of Lemma 4.1.

The exponential growth result reads as follows:

Theorem 4.2. Suppose that (2.1), (2.2), (2.4) hold. Assume that

2 � m and max
�
m;
2

l

�
< p � p:

Then, the solution of (1.1) satisfying

E.0/ < E2 and kru0k2 � ˛1; (4.8)

grows exponentially in the Lp-norm.

Remark 4.3. It is obvious that for g D 0, we have E1 D E2, and Theorem 4.2
reduces to [11, Theorem 3.1].

Remark 4.4. In Theorem 4.2, the conditionZ 1
0

g.s/ds <
.p=2/ � 1

.p=2/ � 1C .1=2p/

used in [16, 17, 20, 21, 23, 26, 28] is unnecessary and our result holds without it.

Remark 4.5. Let us denote c1 D .l � 2
p
/ � 2E2.B1˛2/

�p. Since we have seen
that ˛2 > ˛1, using the definition of E2, we easily get c1 > 0. This constant will
play an important role in the proof of Theorem 4.2.
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Proof of Theorem 4.2. We implement the so-called Georgiev–Todorova method
(see [10, 20] and also [22]). So, we suppose that the solution exists for all time
and we will prove an exponential growth. For this purpose, we set

H .t/ D E2 �E.t/: (4.9)

Of course by (4.4) and (3.5) and since E2 < E1, we deduce that H is a non-
decreasing function. So, by using (4.3) and, (4.9) we get successively

0 < H .0/ �H .t/ � E2 �E.t/ � E1 �
1

2

.t/C

1

p
ku.t/kpp :

On one hand as F.˛1/ D E1 and 
.t/ � ˛22 > ˛
2
1 for all t > 0, we obtain

E1 �
1

2

.t/ < F.˛1/ �

1

2
˛21 :

On the other hand, since

F.˛1/ �
1

2
˛21 D �

B
p
1

p
˛
p
1 ;

we obtain the following inequality:

0 < H .0/ �H .t/ �
1

p
ku.t/kpp for all t � 0: (4.10)

For " small to be chosen later, and inspired by the ideas of the authors in [11], we
then define the auxiliary function

L .t/ DH .t/C "

Z
�

utudx C "

Z
�1

utud� C
"˛

2
kruk22: (4.11)

Let us remark that L is a small perturbation of the energy. By taking the time
derivative of (4.11), using problem (1.1), we obtain

dL .t/

dt
D ˛krutk

2
2 C

Z
�1

h.ut /utd� C "kutk
2
2 � "kruk

2
2

C "kukpp C "kutk
2
2;�1
� "

Z
�1

h.ut /u.x; t/d�

C

Z
�

ru.t/

Z t

0

g.t � s/ru.s/dsdx: (4.12)

By making use of (2.4) and the following Young’s inequality,

XY �
��X�

�
C
���Y �

�
; (4.13)
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where X; Y � 0, � > 0, �; � 2 RC such that 1=�C 1=� D 1, we getZ
�1

h.ut /ud� � Cm

Z
�1

jut j
m�2utud�

� Cm
�m

m
kukmm;�1 C Cm

m � 1

m
��m=.m�1/kutk

m
m;�1

: (4.14)

Now, the term involving g on the right-hand side of (4.12) can be written asZ
�

ru.t; x/

Z t

0

g.t � s/ru.s; x/dsdx

D kru.t/k22

�Z t

0

g.s/ds

�
C

Z
�

ru.t; x/

Z t

0

g.t � s/.ru.s; x/ � ru.t; x//dsdx: (4.15)

On the other hand, by using Hölder’s and Young’s inequalities, we infer that for
all � > 0 we getZ

�

ru.t; x/

Z t

0

g.t � s/.ru.s; x/ � ru.t; x//dsdx

�

Z t

0

g.t � s/kru.t/k2kru.s/ � ru.t/k2ds

� �.g ˘ u/.t/C
1

4�

�Z t

0

g.s/ds

�
kru.t/k22: (4.16)

Inserting the estimates (4.14) and (4.15) into (4.12), taking into account the in-
equality (4.16) and making use of (2.4), we obtain by choosing � D 1=2 and mul-
tiplying by l

lL 0.t/ � ˛lkrutk
2
2 C l

�
cm � Cm"

m � 1

m
��m=.m�1/

�
kutk

m
m;�1
C "lkutk

2
2

C "lkukpp C "lkutk
2
2;�1
� Cm"l

�m

m
kukmm;�1

�
"l

2
.g ˘ u/.t/ � "lkru.t/k22: (4.17)

We want now to estimate the term involving kukmm;�1 in (4.17). We proceed as
in [11]. Then, we have

kukm;�1 � CkukH s.�/;

which holds for

m � 1 and 0 < s < 1; s �
N

2
�
N � 1

m
> 0;
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where C here and in the sequel denotes a generic positive constant which may
change from line to line.

Recalling the interpolation and Poincaré’s inequalities (see [18])

kukH s.�/ � Ckuk
1�s
2 kruk

s
2;

� Ckuk1�sp kruks2;

we finally have the following inequality:

kukm;�1 � Ckuk
1�s
p kruks2: (4.18)

If s < 2=m, using again Young’s inequality, we get

kukmm;�1 � C
h�
kukpp

�m.1�s/�
p C

�
kruk22

�ms�
2

i
(4.19)

for 1=�C 1=� D 1. Here we choose � D 2=ms to get � D 2=.2 �ms/. There-
fore the previous inequality becomes

kukmm;�1 � C
h�
kukpp

� m.1�s/2
.2�ms/p C kruk22

i
: (4.20)

Now, choosing s such that

0 < s �
2.p �m/

m.p � 2/
;

we get
2m.1 � s/

.2 �ms/p
� 1: (4.21)

Once inequality (4.21) is satisfied, we use the classical algebraic inequality

z� � .z C 1/ �

�
1C

1

!

�
.z C !/ for all z � 0; 0 < � � 1; ! � 0; (4.22)

to obtain the following estimate:�
kukpp

� m.1�s/2
.2�ms/p � d

�
kukpp CH .0/

�
� d

�
kukpp CH .t/

�
for all t � 0; (4.23)

where we have set d D 1C 1=H .0/. Inserting the estimate (4.23) into (4.19), we
obtain the following important inequality:

kukmm;�1 � C
�
kukpp C lkruk

2
2 CH .t/

�
: (4.24)
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Keeping in mind that

l D 1 �

Z 1
0

g.s/ds;

in order to control the term kruk22 in equation (4.17), we preferably use (as we
have H .t/ > 0), the following estimate:

kukmm;�1 � C
�
kukpp C lkruk

2
2 C 2H .t/

�
;

which gives finally

kukmm;�1 � C

�
2E2 C

�
1C

2

p

�
kukpp � kutk

2
2 � kutk

2
2;�1

C

�
l �

�
1 �

Z t

0

g.s/ds

��
kruk22 � .g ˘ u/.t/

�
: (4.25)

Since

1 �

Z t

0

g.s/ds � l ;

we obtain from above

kukmm;�1 � C

�
2E2C

�
1C

2

p

�
kukpp �kutk

2
2 �kutk

2
2;�1
� .g ˘u/.t/

�
: (4.26)

Now, inserting (4.26) into (4.17), then we infer that

lL 0.t/ � ˛lkrutk
2
2 C l

�
cm � Cm"

m � 1

m
��m=.m�1/

�
kutk

m
m;�1

C "

�
l C lCm

�m

m
C

�
kutk

2
2 C "

�
l C lCm

�m

m
C

�
kutk

2
2;�1

C "

²
l � Cml

�m

m
C

�
1C

2

p

�³
kukpp

C "

�
Cml

�m

m
C �

l

2

�
.g ˘ u/.t/

� "lkru.t/k22 � 2Cm"l
�m

m
CE2: (4.27)

From (4.9), we get

H .t/ � E2 �
1

2

�
1 �

Z t

0

g.s/ds

�
kru.t/k22 �

1

2
.g ˘ u/.t/C

1

p
ku.t/kpp

� E2 �
l

2
kru.t/k22 �

1

2
.g ˘ u/.t/C

1

p
ku.t/kpp :
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This last inequality gives

�lkru.t/k22 � 2

�
H .t/ �E2 C

1

2
.g ˘ u/.t/ �

1

p
ku.t/kpp

�
: (4.28)

Consequently, (4.27) takes the form

lL 0.t/ � ˛lkrutk
2
2 C l

�
cm � Cm"

m � 1

m
��m=.m�1/

�
kutk

m
m;�1

C "

�
l C lCm

�m

m
C

�
kutk

2
2 C "

�
l C lCm

�m

m
C

�
kutk

2
2;�1

C "

²
l �

2

p
� Cml

�m

m
C

�
1C

2

p

�³
kukpp � 2"E2

C "

�
Cml

�m

m
C �

l

2
C 1

�
.g ˘ u/.t/

C 2"H .t/ � 2Cm"l
�m

m
CE2: (4.29)

Now to estimate the terms involving kukpp and E2 in (4.29), we simply write�
l �

2

p

�
kukpp � 2E2 D

�
l �

2

p

�
kukpp � 2E2

kuk
p
p

kuk
p
p

:

Then by using (4.6), we get�
l �

2

p

�
kukpp � 2E2 � c1kuk

p
p ;

where c1 > 0 is defined in Remark 4.5. Thus, (4.29) becomes

lL 0.t/ � ˛lkrutk
2
2 C l

�
cm � Cm"

m � 1

m
��m=.m�1/

�
kutk

m
m;�1

C "

�
l C lCm

�m

m
C

�
kutk

2
2 C "

�
l C lCm

�m

m
C

�
kutk

2
2;�1

C "

²
c1 � Cml

�m

m
C.1C

2

p
/ � 4Cm"l

�m

m
CE2.B1˛2/

�p

³
kukpp

C "

�
Cml

�m

m
C �

l

2
C 1

�
.g ˘ u/.t/

C 2"
�
H .t/C Cml

�m

m
CE2

�
: (4.30)
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Notice that since l < 1, we first have

Cml
�m

m
C �

l

2
C 1 > 0 for all � > 0:

At this point, we pick � small enough such that

c1 � Cml
�m

m
C

�
1C

2

p

�
� 4Cm"l

�m

m
CE2.B1˛2/

�p > 0:

Once � is fixed, we may choose " small enough such that8<: cm � Cm"
m � 1

m
��m=.m�1/ > 0;

L .0/ > 0:

Consequently, we end up with the estimate

L 0.t/ � �1
�
kutk

2
2 C kutk

2
2;�1
C kukpp CH .t/CE2

�
for all t � 0: (4.31)

Next, it is clear that, by Young’s and Poincaré’s inequalities, we have

L .t/ � 

�
H .t/C kutk

2
2 C kutk

2
2;�1
C kruk22

�
for some 
 > 0: (4.32)

Since H .t/ > 0 for all t � 0, we have

l

2
kruk22 �

1

p
kukpp CE2: (4.33)

Thus, inequality (4.32) becomes

L .t/ � �
�
H .t/C kutk

2
2 C kutk

2
2;�1
C kukpp CE2

�
for some � > 0: (4.34)

From the two inequalities (4.31) and (4.34), we finally obtain the differential in-
equality

dL .t/

dt
� �L .t/ for some � > 0: (4.35)

An integration of the previous differential inequality (4.35) between 0 and t gives
the following estimate for the function L :

L .t/ � L .0/e�t : (4.36)

On the other hand, from the definition of the function L , from inequality (4.10)
and for small values of the parameter ", it follows that

L .t/ �
1

p
kukpp : (4.37)

From the two inequalities (4.36) and (4.37) we conclude the exponential growth
of the solution in the Lp-norm.
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5 Blow up in finite time for ˛ D 0

In this section, we prove that in the absence of the strong damping ��ut (i.e. we
have ˛ D 0), the solution of problem (1.1) blows up in finite time, that is, there
exists a 0 < T � <1 such that ku.t/kp !1 as t ! T �.

The blow up result reads as follows:

Theorem 5.1. Suppose that (2.1), (2.2) and (2.4) hold. Assume that

2 < m and max
�
m;
2

l

�
< p � p:

Then, the solution of (1.1) satisfying

E.0/ < E2; kru0k2 � ˛1 (5.1)

blows up in finite time, that is, ku.t/kp !1 as t ! T � for some 0 < T � <1.

Remark 5.2. The requirement m > 2 in Theorem 5.1 is technical, but it seems
necessary in our proof. The case m D 2 cannot be handled with the method we
use here. But the same result can be shown for m D 2 by using the concavity
method. See [12] for more details.

Proof of Theorem 5.1. To prove Theorem 5.1, we suppose that the solution exists
for all time and we reach to a contradiction. Following the idea introduced in [10]
and developed in [22] and [27], we will define a function OLwhich is a perturbation
of the total energy of the system and which will satisfy the differential inequality

d OL.t/

dt
� � OL1C�.t/; (5.2)

where � > 0. Inequality (5.2) leads to a blow up of the solution in finite time
T � � OL.0/����1��1, provided that OL.0/ > 0.

To do so, we define the functional OL as follows:

OL.t/ DH 1�� .t/C "

Z
�

utudx C "

Z
�1

utud�; (5.3)

where the functional H is defined in (4.9), � is satisfying

0 < � � min
�
p �m

p.m � 1/
;
p � 2

2p
;
m � 2

2m
; O�

�
; (5.4)

where O� is defined later in (5.7) and " is a small positive constant to be chosen
later. Taking the time derivative of OL.t/ and following the same steps as in the
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proof of Theorem 4.2, we get (instead of inequality (4.17)), for all � > 0,

l OL0.t/ � lcm.1 � �/H
�� .t/kutk

m
m;�1
� Cm"

m � 1

m
��m=.m�1/kutk

m
m;�1

C "lkutk
2
2 C "lkuk

p
p C "lkutk

2
2;�1
� Cm"l

�m

m
kukmm;�1

�
"l

2
.g ˘ u/.t/ � "lkru.t/k22: (5.5)

Next, for large positiveM , we select ��m=.m�1/ DMH �� .t/. Then the estimate
(5.5) takes the form

l OL0.t/ �

�
lcm.1 � �/ �MCm"

m � 1

m

�
H �� .t/kutk

m
m;�1
C "lkutk

2
2

C "lkukpp C "lkutk
2
2;�1
� Cm"l

M�.m�1/

m
H�.m�1/

kukmm;�1

�
"l

2
.g ˘ u/.t/ � "lkru.t/k22: (5.6)

Exploiting (4.10 and (4.18), we get

H �.m�1/
kukmm;�1 � Ckuk

.1�s/mC�p.m�1/
p kruksm2 :

Thus, as in Section 4, we have

kuk.1�s/mC�p.m�1/p kruksm2 � C

��
kukpp

��m.1�s/
p
C�.m�1/

�
�
C
�
kruk22

�ms�
2

�
:

Choosing �, � and s exactly as in Section 4 (with strict inequalities), we choose �
that verifies

� �
2 �ms

2.m � 1/

�
1 �

2m.1 � s/

.2 �ms/p

�
D O�: (5.7)

The hypotheses on m and p ensure to have 0 < � < 1.
Consequently, we get from above

H �.m�1/
kukmm;�1 � C

��
kukpp

��m.1�s/
p
C�.m�1/

�
�
C kruk22

�
: (5.8)

Since �
m.1 � s/

p
C �.m � 1/

�
2

2 �ms
� 1;

applying the algebraic inequality (4.22), we get�
kukpp

��m.1�s/
p
C�.m�1/

�
2

2�ms � d
�
kukpp CH .0/

�
� d

�
kukpp CH .t/

�
for all t � 0: (5.9)
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Thus, (5.9) together with (5.8) leads to (see (4.26))

H �.m�1/
kukmm;�1 � Cd

�
kukpp C lkruk

2
2 CH .t/

�
� Cd

�
2E2 C

�
1C

2

p

�
kukpp � kutk

2
2

� kutk
2
2;�1
� .g ˘ u/.t/

�
: (5.10)

Inserting (5.10) into (5.6) and using (4.28), we obtain

l OL0.t/ �

�
lcm.1 � �/ �MCm"

m � 1

m

�
H �� .t/kutk

m
m;�1

C "l

�
1C Cm"

M�.m�1/

m
Cd

�®
kutk

2
2 C kutk

2
2;�1

¯
C 2"H .t/ � 2"E2

C "

²
l �

2

p
� Cml

M�.m�1/

m
Cd

�
1C

2

p

�³
kukpp

C Cm"l
M�.m�1/

m
Cd.g ˘ u/.t/

� 2"Cml
M�.m�1/

m
CdE2 C "

�
1 �

l

2

�
.g ˘ u/.t/: (5.11)

Writing again E2 D E2kuk
p
p =kuk

p
p and using again (4.6), we deduce that

l OL0.t/ �

�
lcm.1 � �/ �MCm"

m � 1

m

�
H �� .t/kutk

m
m;�1

C "l

�
1C Cm"

M�.m�1/

m
Cd

�®
kutk

2
2 C kutk

2
2;�1

¯
C 2"H .t/C 2Cm"l

M�.m�1/

m
CdE2

C "

²
l �

2

p
� 2E2.B1˛2/

�p
� Cml

M�.m�1/

m
Cd

�
1C

2

p

�
� 4Cml

M�.m�1/

m
CdE2.B1˛2/

�p

³
kukpp

C "Cml
M�.m�1/

m
Cd.g ˘ u/.t/:
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Thus, using the definition of c1 in Remark 4.5, we get

l OL0.t/ �

�
lcm.1 � �/ �MCm"

m � 1

m

�
H �� .t/kutk

m
m;�1

C "l

�
1C Cm"

M�.m�1/

m
Cd

�®
kutk

2
2 C kutk

2
2;�1

¯
C 2"H .t/C 2Cm"l

M�.m�1/

m
CdE2

C "

²
c1 � Cml

M�.m�1/

m
Cd

�
1C

2

p

�
� 4Cml

M�.m�1/

m
CdE2.B1˛2/

�p

³
kukpp

C "Cml
M�.m�1/

m
Cd.g ˘ u/.t/:

Since c1 > 0, we choose M large enough such that

c1 � Cml
M�.m�1/

m
Cd

�
1C

2

p

�
� 4Cml

M�.m�1/

m
CdE2.B1˛2/

�p > 0:

Once M is fixed, we pick " small enough such that

lcm.1 � �/ �MCm"
m � 1

m
> 0

and OL.0/ > 0. This leads to

OL0.t/ � O�
�
kutk

2
2 C kutk

2
2;�1
CH .t/C kukpp CE2

�
(5.12)

for some O� > 0:
On the other hand, it is clear from the definition (5.3) that

OL
1
1�� .t/ � C."; �/

"
H .t/C

�Z
�

ut udx

� 1
1��

C

�Z
�1

utud�

� 1
1��

#
: (5.13)

By the Cauchy–Schwarz inequality and Hölder’s inequality, we haveZ
�

utudx �

�Z
�

u2t dx

� 1
2
�Z

�

u2dx

� 1
2

� C

�Z
�

u2t dx

� 1
2
�Z

�

jujpdx

� 1
p

;

where C is the positive constant which comes from the embedding

Lp.�/ ,! L2.�/:
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This inequality implies that there exists a positive constant C1 > 0 such that�Z
�

utudx

� 1
1��

� C1

"�Z
�

jujpdx

� 1
.1��/p

�Z
�

u2t dx

� 1
2.1��/

#
:

Applying Young’s inequality to the right hand-side of the preceding inequality,
there exists a positive constant also denoted by C such that�Z

�

utudx

� 1
1��

� C

"�Z
�

jujpdx

� �
.1��/p

C

�Z
�

u2t dx

� �
2.1��/

#
(5.14)

for 1=� C 1=� D 1. We take � D 2.1 � �/, hence � D 2.1 � �/=.1 � 2�/, to get�Z
�

utudx

� 1
1��

� C

"�Z
�

jujpdx

� 2
.1�2�/p

C

Z
�

u2t dx

#
:

Using the algebraic inequality (4.22) with

z D kukpp ; d D 1C
1

H .0/
; ! DH .0/ and � D

2

p.1 � 2�/

(the condition (5.4) on � ensuring that 0 < � � 1), we get

z� � d.z CH .0// � d.z CH .t//:

Therefore, there exists a positive constant denoted by C2 such that for all t � 0,�Z
�

utudx

� 1
1��

� C2
�
H .t/C ku.t/kpp C kut .t/k

2
2

�
: (5.15)

Following the same method as above, we can show that there exists a C3 > 0 such
that �Z

�1

utud�

� 1
1��

� C3
�
H .t/C ku.t/kmm;�1 C kut .t/k

2
2;�1

�
:

Applying inequality (4.24), we get�Z
�1

utud�

� 1
1��

� C4
�
H .t/C ku.t/kpp C lkru.t/k

2
2 C kut .t/k

2
2;�1

�
:

Furthermore, inequality (4.33) leads to�Z
�1

utud�

� 1
1��

� C5
�
H .t/C ku.t/kpp C kut .t/k

2
2;�1
CE2

�
: (5.16)
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Collecting (5.13), (5.15) and (5.16), we obtain, for all t � 0,

OL
1
1�� .t/ � O�1

®
kut .t/k

2
2 C kutk

2
2;�1
CH .t/C ku.t/kpp CE2

¯
(5.17)

for some O�1 > 0.
Combining (5.12) and (5.17), we conclude that there exists a positive constant

� > 0, as small as ", such that for all t � 0,

OL0.t/ � � OL
1
1�� .t/: (5.18)

Thus, inequality (5.2) holds. Therefore, OL.t/ blows up in a finite time T �.
On the other hand, from the definition of the function OL.t/ and using inequality

(4.10), for small values of the parameter ", it follows that

OL.t/ � �
�
ku.t/kpp

�1��
; (5.19)

where � is a positive constant. Consequently, from inequality (5.19) we conclude
that the norm ku.t/kp of the solution u blows up in the finite time T �, which
implies the desired result. This completes the proof of Theorem 5.1.
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