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The Yamabe equation in a non-local setting

Raffaella Servadei

Abstract. Aim of this paper is to study the following elliptic equation driven by a gen-
eral non-local integrodifferential operator £k such that £gu + Au + |u|?> ~2u = 0in €,
u = 0in R"\ Q, where s € (0, 1), Q2 is an open bounded set of R”, n > 2, with Lipschitz
boundary, A is a positive real parameter, 2* = 2n/(n — 2s) is a fractional critical Sobolev
exponent, while £k is the non-local integrodifferential operator

Exu(x) = /R" (u(x +y) +ulx —y) —2u(x))K(y)dy. x€R".

As a concrete example, we consider the case when K(x) = |x|~"*29 which gives
rise to the fractional Laplace operator —(—A)*. In this framework, in the existence result
proved along the paper, we show that our problem admits a non-trivial solution for any
A > 0, provided n = 4s and A is different from the eigenvalues of (—A)®. This result
may be read as the non-local fractional counterpart of the one obtained by Capozzi, Fortu-
nato and Palmieri and by Gazzola and Ruf for the classical Laplace equation with critical
nonlinearities.

In this sense the present work may be seen as the extension of some classical results
for the Laplacian to the case of non-local fractional operators.
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fractional critical Sobolev constant, Palais—Smale condition, variational techniques,
integrodifferential operators, fractional Laplacian.

2010 Mathematics Subject Classification. Primary 49J35, 35A15, 35S15;
secondary 47G20, 45G05.

1 Introduction

1.1 Critical non-local integrodifferential equations
In the literature there are many papers related to the study of the critical elliptic
equation

{ —Au—Au=|u>*2u inQ

(1.1)
u=2~0 ond, 2« =2n/(n—2),n>2,
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grant € (Elliptic PDE’s and Symmetry of Interfaces and Layers for Odd Nonlinearities).
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where Q@ C R”, n > 2, is an open, bounded set and A is a positive parameter (see,
for instance, [2,20,22] and references therein).

Equation (1.1) is particularly relevant for its relations with problems arising in
differential geometry and in physics, where a lack of compactness occurs. One
of the most important problem which gives rise to equation (1.1) is the Yamabe
problem: given an n-dimensional compact Riemannian manifold (M, g), n > 2,
with scalar curvature k = k(x), find a metric g conformal to g with constant scalar
curvature k. If we put

g =yt

where u# > 0 is the conformal factor, then the Yamabe problem can be formulated
as follows: find u > 0 satisfying the equation

n—1

—4 2AMM =ku® ' — k(x)u in M.

Here A 4 is the Laplace—Beltrami operator on M with respect to the metric g.
Also in a non-local setting one could define a notion of non-local scalar curva-
ture (see, for instance, [1]).
Motivated by the interest shown in the literature for non-local operators of el-
liptic type, in this paper we study the non-local counterpart of problem (1.1), that
is we consider critical problems modeled by

(=A)Yu —Au = [ul> 2u inQ,
(1.2)

u=20 inR" \ €,

where s € (0, 1) is fixed and (—A)?® is the fractional Laplace operator defined, up
to normalization factors, as

u(x +y) +ux —y) —2u@

NG y, x €R", (1.3)

~8)ue = [

R~

(see [11] and references therein for further details on the fractional Laplacian),
while @ C R”, n > 2s, is open, bounded and with Lipschitz boundary, A > 0 and

o+ 2n
C n-—2s

(1.4)

is the fractional critical Sobolev exponent.

It would be interesting to understand if it is possible to set a fractional Yam-
abe problem, as described above, directly in the non-local framework and if such
problem coincides with (1.2). Answering to this question goes beyond the scopes
of the present paper.
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In [15, 17] we studied problems of the type

(=A)Yu —du = [ul?u inQ,
(1.5)

u=0 inR"\ Q,

where g € (2,2%), i.e. we considered non-local equations with subcritical growth,
and in this setting we extended the validity of some existence results known in
the classical subcritical case of the Laplacian to the non-local framework. Also,
in [19] we considered the critical equation (1.2) in the case when the parameter
A € (0,A1,5), where A1 ¢ denotes the first eigenvalue of the fractional Laplace
operator (—A)* with homogeneous Dirichlet boundary conditions. In this frame-
work we proved a non-local Brezis—Nirenberg type result, i.e. we showed that
problem (1.2) admits a non-trivial solution for any A € (0, A1, ), provided n > 4s
(see [8,19]). The case when n < 4s was treated in the paper [16], where we proved
the existence of non-trivial weak solution for equation (1.2) for any value of the
parameter A > 0 different from the eigenvalues of (—A)*.

Aim of this paper is to complete the study of problem (1.2), by showing that
the existence result obtained in [19, Theorem 4] holds true for any A > 0 different
from the eigenvalues of (—A)S.

More precisely, along this paper we consider the following general non-local
equation:

Lxu+ru+u Pu=0 inQ,
(1.6)

u=0 inR"\Q,

where L is the non-local operator defined as
Lxu(x) = / (uCx +y) +ulx—y)—2u(x)K(y)dy, xeR" (1.7
R”

with the kernel K : R” \ {0} — (0, +00) such that

mK € L'(R"), where m(x) = min{|x|?, 1}, (1.8)
there exists a § > 0 such that K(x) = 6]x|~"*29 for any x € R” \ {0}, (1.9)
K(x) = K(—x) for any x € R” \ {0}. (1.10)

As a model for K we can take the singular kernel K (x) = |x|~?+25) which gives
rise to the fractional Laplace operator —(—A)* defined in (1.3).

Note that in problem (1.6) the Dirichlet datum is given in R” \ €2 and not simply
on 0€2, consistently with the non-local character of the operator £k .
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Along the paper we will be interested in the weak formulation of (1.6) given by
the following problem (for this, it is convenient to assume (1.10)):

/ ((x) — u()) () — @K (x — y) dx dy — A / U)o (x) dx
R2n Q

:[ Iu(x)lz*_zu(x)go(x)dx Yo € X, (1.11)
Q

MGX().

In order to study problem (1.2) (and, in general, (1.6)) the usual fractional
Sobolev spaces are not adequate. Hence, to overcome this difficulty in [15] (see
also [18]) we introduced a new functional space X, which, in our opinion, is the
suitable space in which working in. The definition of Xy will be given in Sec-
tion 2.1. In the model case £x = —(—A)* the space X consists of all the func-
tions of the usual fractional Sobolev space H*(R") which vanish a.e. outside 2
(see [19, Lemma 7]).

1.2 Main theorems of the paper

It is easily seen that problem (1.6) admits the trivial function u = 0 as a solution.
The aim of this paper is to find non-trivial weak solutions for (1.6), that is non-
trivial solutions of (1.11). For this, we will use a variational approach adapting the
techniques of [8, 9] (see also [2, 20, 22] and references therein) to our non-local
setting.

Problem (1.11) is the Euler—Lagrange equation of the functional

((r’K,ACXO—)R

defined as follows:

1 A
Fa) =3 [ ) —u0)PKG =y dxdy =5 [ uoP dx

1 )
—2—*/;2|u(x)| dx.

Thus, our goal will be finding critical points of Jx ; and, for this, we will
use some variants of the classical Mountain Pass and Linking Theorems due to
Ambrosetti and Rabinowitz (see [3, 14]), which take into account that, since the
embedding X¢ — L (R™) is not compact (see Lemma 2.1), the functional g A
does not verify the Palais—Smale condition globally, but only in a suitable range
related to the best fractional critical Sobolev constant defined as

SK = inf SK(U), (1.13)
veXo\{0}

(1.12)
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where

L, 106 = v K= ) dxdy

2/2*
(/ lv(x)|*" dx)
Q

The constant Sk is well defined, as it can be seen by Lemma 2.1 below, and it is
strictly positive.
Along the paper we also need the following function:

Xo \ {0} 20V SK’,{(U), (1.15)

Xo\{0} 3 v+ Sx(v) :=

(1.14)

where

/ () — v)PK e — ) dx dy — A/ ()2 dx
R2" Q .

2/2%
( [ e dx)
Q

Note that, since v € X, the integrals over 2 in (1.14) and in (1.15) can be ex-
tended to all R”, that is

[, 106 = 0P KCx= ) dxdy

2/2*
( / ()2 dx)
Rﬂ

/ |v(x)—v(y)|21<(x—y)dxdy—A/ ()2 dx
R2n R~ '

2/2*
(/ lv(x))*" a’x)
Rn

Hence, Sk (-) and Sk () do not depend on the domain €2, while Sk does, since
X depends on £2.

In the usual fractional Sobolev space H*(R") the counterparts of Sk and Sk
are given, respectively, by the constant S defined as follows (see also Lemma 2.2
in the sequel):

Sk, a(v) =

Sk(v) =

Sk, a(v) =

SS = 1’1f Ss(v)7

i
veH s (R")\{0}

)~
o iz X (L16)

2/2%
(/ lv(x)|? dx)
R~

HSR™)\ {0} 5 v > S;(v) :=
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and by the function
H*(R")\ {0} 3 v > S5 2 (v), (1.17)

where

2
/ ) = vin)I® dxdy—)u/ 1v(x)|? dx
R2n R” )

|x_y|n+2s

2/2*
(/ lv(x))?" dx)
R~

inf S v) < Sk,
ve)lfo\{o} Kk, A (V) < Sk

Ss,A(U) =

Note that for any A > 0

SK’AZ

Ss,2 = veHSi(fll&t;')\{O} S, 2 (v) < Ss.
The interesting case is when the strict inequality holds true. Indeed, in this set-
ting a suitable compactness propriety holds true for the functional g 5. This fact
allows us to prove our main existence result, by suitably using critical points the-
orems.

In the sequel {A; }xen Will denote the sequence of the eigenvalues of the oper-

ator —&£ g with homogeneous Dirichlet boundary data with
0<Ay <Ay <o S A S Ay <o

and
A —> 400 ask — +oo.
Moreover, {ej}ren Will be the sequence of eigenfunctions corresponding to Ay.
We recall that this sequence is an orthonormal basis of LZ(£2) and an orthogo-
nal basis of Xy. For a complete study of the spectrum of the integrodifferential
operator —£ g we refer to [17, Proposition 9 and Appendix A].
The main result of the present paper is the following existence theorem:

Theorem 1.1. Let s € (0,1), n > 25 and Q be an open bounded set of R™ with
Lipschitz boundary and let K : R™ \ {0} — (0, +00) be a function satisfying con-
ditions (1.8)—(1.10). Furthermore, assume that

there exists aug € Xo \ {0} withug = 0 a.e. in R" such that
Sk, a(u) < Sk foranyu € U,

span{ug} if A € (0,Ay),
span{el, . ,ek,uo} lfl S [Ak’lk—i-l)v k € N.

(1.18)
where U = {

Then, for any A > 0 problem (1.11) admits a solution u € X, which is not identi-
cally zero.
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Note that when A € (0, A7), condition (1.18) is exactly
SK,A < SK, (1.19)

so that Theorem 1.1 reduces to [19, Theorem 1]. Also, a concrete case in which
condition (1.18) is satisfied is presented in the forthcoming Theorem 1.2.

As a matter of fact, when dealing with the model kernel K(x) = |x|~®+25),
problem (1.6) reduces to (1.2), whose weak formulation is given by
/ @) —u)eM™) —e(») . dy — /\/ u(x)p(x) dx
R27 |x — y|rt2s Q
= [ WP uepto dx (120)
Vo € H(R™") with ¢ = 0 a.e.in R" \ Q,
u € H(R") withu = 0 ae. in R" \ Q.

In the fractional Laplace setting the counterpart of Theorem 1.1 is given by the
following result:

Theorem 1.2. Let s € (0, 1), n = 45, Q be an open bounded set of R™ with Lip-
schitz boundary and A be a positive parameter.

Then, problem (1.20) admits a solution u € H*(R™), which is not identically
zero and such thatu = 0 a.e. in R™ \ Q, provided M is not an eigenvalue of (—A)*
with homogeneous Dirichlet boundary data.

This existence theorem may be seen as the natural extension to the non-local
framework of a well-known result obtained by Capozzi, Fortunato and Palmieri
in [9], where the classical critical Laplace equation (1.1) was studied (for more
general critical nonlinearities see [12]). Indeed, when s = 1, Theorem 1.2 reads as
[9, Theorem 0.1] (see also [12, Corollary 1] and [22, Theorem 2.24]).

The proof of Theorem 1.2 is based on the fact that, in the fractional Laplace
setting, condition (1.18) is related to the strict inequality Sg 5 < Sy, which holds
true in any dimension n provided n = 4s. For more details, see Section 7.

In general the main existence results proved in the present paper are obtained
through variational methods (precisely applying classical minimax theorems
to dx,2)- The main difficulties are related to the encoding the Dirichlet bound-
ary datum in the variational formulation. Working in the space X allows us to
overcome this difficulty. Moreover, since equations (1.2) and (1.6) have a critical
growth, another problem is related to the lack of compactness in the embedding
Xo <> L2 (R") (or, in the case of the fractional Laplacian, H* (R") < L2 (R")).
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In order to overcome these difficulties, first we will show that the functional Jx 1
satisfies the Palais—Smale condition at any level smaller than a certain threshold
related to the best fractional critical Sobolev constant. Then, after showing that
k. » has the right geometric structure, we will prove that the minimax critical
level of gk 5 lies below such a threshold.

When dealing with a non-local setting, in the pure power case all the results
presented here extend the existence theorems obtained in [15,17,19] to the critical
case. Furthermore, the present paper extends some classical results for the Lapla-
cian to the case of non-local fractional operators (see, for instance, [4,8,9, 12]).

We also would like to recall the recent papers [5,21], where the authors studied
a non-local version of the Brezis—Nirenberg equation for an operator conceptually
different from the one treated in the present work.

The paper is organized as follows. Section 2 is devoted to some preliminary
results: since the functional analytic space we will work is not a standard space,
first we introduce it and then we recall some of its embeddings into the usual
Lebesgue spaces. In Section 3 we illustrate the strategy, based on a variational
approach, we will use in order to prove the main result of the paper. In Section 4 we
show that the Euler-Lagrange functional associated with problem (1.11) satisfies
a suitable compactness condition, while Section 5 is devoted to the study of the
geometric structure of the same functional. In Section 6 we prove Theorem 1.1
via variational techniques, while in Section 7 we discuss the case of the fractional
Laplacian operator and we prove Theorem 1.2.

2 Some preliminary results

In this section we recall some preliminary results which will be useful along the
paper.

As we said in the Introduction, in our setting the fractional Sobolev space is
not enough in order to study problems (1.2) and (1.6). For this reason in [15] (see
also [18]) we introduced a new functional analytic space X inspired by (but not
equivalent to) the fractional Sobolev spaces which seems to be the appropriate
space in which work in. Since this space is not a standard one, here we recall its
definition and some of its properties which we will use along the paper. The reader
familiar with this topic may skip it.

2.1 The functional setting

In our framework the functional space X denotes the linear space of Lebesgue
measurable functions from R” to R such that the restriction to 2 of any function g
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in X belongs to L2(2) and

the map (x, y) — (g(x)—g(»)) vV K(x — y) isin LZ(RZ” \ (EQx€Q),dx dy),
where €Q := R" \ @, while
Xo={geX:g=0ae inR"\ Q).

We note that X and X are non-empty, since Cg(Q) C Xo by [18, Lemma 11]
(for this we need condition (1.8)).
The space X is endowed with the norm defined as

1/2
||g||x=||g||Lz(m+( /Q |g<x>—g<y>|21<<x—y>dxdy) e

where O = R?"\ @ and O = (€Q) x (€RQ) C R?". It is easily seen that || - ||x
is anorm on X (see, for instance, [15] for a proof).

In the following we denote by H*(£2) the usual fractional Sobolev space en-
dowed with the norm (the so-called Gagliardo norm)

g@) — g dy)”?

|x _ y|n+2s (2'2)

lellsc@ = el + ( [

We remark that, even in the model case in which K(x) = |x|_(”+23), the norms
in (2.1) and (2.2) are not the same, because €2 x 2 is strictly contained in Q (this
makes the classical fractional Sobolev space approach not sufficient for studying
the problem).

For further details on the fractional Sobolev spaces we refer to [11] and to the
references therein.

By [15, Lemmas 6 and 7] in the sequel we can take the function

xQ

1/2
Xo2 0 ol = ( [ 100 —0()PKG = dvay ) 3
as norm on Xo. Also (Xo, || - [|x,) is a Hilbert space, with scalar product

(u,v)x, = /Q () —u()(v(x) —v(y) K(x = y)dxdy. (24

Note that in (2.3) (and in the related scalar product) the integral can be extended
to all R2”, since v € Xg (and so v = 0 a.e. in R” \ Q).

Along the paper we need some embeddings of the spaces Xo and H*(R")
into the usual Lebesgue spaces. With respect to these embeddings, the space X
behaves like HO1 (2), while the fractional Sobolev space H*(R") as the usual
Sobolev space H ! (R"): this is due to the fact that the functions v € X are such
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that v = 0 a.e. in R” \ Q and so Xy may be seen as a space of functions defined
in the bounded set 2. Indeed, the following results, proved in [15, Lemma 8] and
in [19, Lemma 9], hold true:

Lemma 2.1. Let K : R” \ {0} — (0, +00) satisfy assumptions (1.8)—(1.10). Then,
the following assertions hold true:

(a) if Q has a Lipschitz boundary, then the embedding Xo — LY (R™) is compact
foranyv € [1,2%),

(b) the embedding Xo < L% (R") is continuous.

The counterpart of Lemma 2.1 in the usual fractional Sobolev spaces is given
by the following one proved in [11, Theorem 6.5]:

Lemma 2.2. The embedding H*(R"™) < LY (R") is continuous for any v € [2, 2]

Before ending this subsection, we give some notations. In the following we will
say that
gj=o(l) asj - +oo

if and only if lim; 1 oo g; = 0. Also, for any o > 0 we will say that
ge =0(%) ase—0,

if there exists a C > 0 such that |g.| < Ce* as ¢ — 0.

2.2 A variational characterization of the eigenvalues of —£ g

In this subsection we will give a variational characterization of the eigenvalues of
the integrodifferential operator —£ g, which will be useful in the sequel. A com-
plete study of the spectrum of the —&£g can be found in [17, Proposition 9 and
Appendix A].

Proposition 2.3. Let {Aj }ren be the sequence of the eigenvalues of the opera-
tor —L g with homogeneous Dirichlet boundary data and

0<A1 <Ay <+ - S A S Agyqg <o

and let {ey }xen be the sequence of eigenfunctions corresponding to Ay.
Then, for any k € N the eigenvalues can be characterized as follows:

|, 1) = u PR = y) d dy

A = max
uespan{er ,....ex \{0} / ()2 dx
Q
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Proof. Let k € N. Since Ay is the eigenvalue corresponding to the eigenfunc-
tion ey, we have that

/RZn lex (x) — ex ()P K(x — y) dx dy

Ap =
IR
¢ (2.5)
[ w0 PR = ) dxdy
< max R
uespan{er ,....ex )\{0} / ()2 dox
Q
Furthermore, let u € span{ey,...,ex} \ {0}. Then
k k
U= Zuiei with Zulz #0
i=1 i=1
and
k k
20, 2 .
[ —uPK =y axay - 2l 2 ik
R2” _i=l1 =1 <)
[ o ax s, T
i=1 i=1
since {eq, ..., ey} are orthonormal in L?(£2) and orthogonal in X{ (see [17, Pro-
position 9 (f)]) and A = A; forany i = 1,...,k. As a consequence, passing to
the maximum over u € span{eq,...,er} \ {0} we get
| ) = w0 PR G - y) dxdy
R2n
max < Ak
uespan{er ,....ex \{0} / ()2 dx
Q

which together with (2.5) gives the assertion. |

In the sequel it will be useful also the following regularity result for the eigen-
values of —&L g, whose proof can be found in [16, Proposition 4] in the setting of
the fractional Laplacian (in the general case we can proceed in the same way):

Proposition 2.4. Let e € X and A > 0 be such that
fe.o)xy = [ epte)dv o)

forany ¢ € X¢. Then e € L°°(R2).
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3 Strategy for proving Theorem 1.1

This section is devoted to the study of problem (1.11) which is the Euler—Lagrange
equation of the functional Jx , defined in (1.12). Notice that this functional is
well defined thanks to the definition of Xy and Lemma 2.1 (b). Moreover, Jg  is
Fréchet differentiable in u € X and for any ¢ € X

(9x. 2. 0) = /2 (u(x) —u())(p(x) —p(»))K(x — y)dx dy

R2n

) /Q u()p(x) dx — /Q ()22 () (6)p(x) dix.

In order to prove the existence of solutions for problem (1.11), we will ap-
ply some variants of the Mountain Pass Theorem and of the Linking Theorem
(see, for instance, [3, 6, 13, 14]) which take into account the fact that in the criti-
cal setting there is a lack of compactness in the embedding X¢ — L? (R™) (see
Lemma 2.1 (b)). As a consequence of this, as it happens in classical case, also in
the non-local critical setting the functional Jx ; does not verify the Palais—Smale
condition globally, but only in an energy range determined by the best fractional
critical Sobolev constant Sk given in formula (1.13).

In what follows, A; will be the first eigenvalue of —£g with homogeneous
Dirichlet boundary data. In the case when A € (0, A1), problem (1.11) was studied
in [19] in a setting more general than the power function. Hence, here we consider
only the case when A > A; and, in order to get our goal, we will use appropriately
the Linking Theorem of Rabinowitz (see [14, Theorem 5.3]).

Since A = A, we can suppose that

A€ [Ag,Agyq) forsomek € N,

where Ay is the k-th eigenvalue of the operator —& g with homogeneous Dirichlet
boundary conditions. We recall that, in what follows, e; will be the k-th eigen-
function corresponding to the eigenvalue Ay of —£g, and

Pri1:=1{u € Xo:(u,ej)x, =0forall j =1,...,k}, (3.1

while span{ey,...,er} will denote the linear subspace generated by the first k
eigenfunctions of —&£k for any k € N. Finally, we recall that Jg , satisfies the
Palais—Smale condition at level ¢ € R ((PS).-condition for short) if any sequence
u; in Xo such that
Fx,a(uj) > c

and

sup{[{dx. (). 9)| - ¢ € Xo. [@llx, =1} =0
as j — +oo admits a subsequence strongly convergent in Xj.
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In order to prove Theorem 1.1, our strategy consists in adapting the techniques
used in the classical case of the Laplacian in the critical setting (see [2,20,22] and
references therein) to the non-local critical framework. Roughly, in order to apply
[14, Theorem 5.3] we will prove these three facts:

* compactness conditions for g »: the functional g , satisfies the (PS).-con-
dition at any level ¢ smaller than a certain threshold related to the best fractional
critical Sobolev constant, i.e., to be precise, for any ¢ such that

S on/(2s)
c< -8 .
n K
* geometric structure of g g »: the functional g ; has the geometry required by

the Linking Theorem.

* estimate of the critical level of g 4: the Linking critical level of Jg ; lies
below the threshold where the (PS).-condition holds true. For this we will use
assumption (1.18).

4 A local Palais—-Smale condition for the functional gk,

We start by proving that the functional fx , satisfies the Palais—Smale condition
in a suitable energy range involving the best fractional critical Sobolev constant Sg
given in (1.13).

Proposition 4.1. Let A € [Ag, A1) for some k € N and let ¢ € R be such that

S on/(2s)
¢ < —sg/®. 4.1)

Let u; be a sequence in Xo such that

I, 1(uj) —c 4.2)

and
sup{|(dx. 1)), @) 1 ¢ € Xo, |@lx, =1} =0 (4.3)

as j — 4oo.
Then, there exists a uso € Xo such that, up to a subsequence, ||uj—uxo|x, — 0
as j — 4oo.

Proof. We proceed by steps.
Step 1. The sequence u; is bounded in Xy.

Proof. The proof of Step 1 is quite standard (see, for instance, [19]), but we prefer
to repeat it for the reader’s convenience. For any j € N by (4.2) and (4.3) it easily
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follows that there exists a ¥ > 0 such that

|$x, 2 (uj)| < K (4.4)
and
< k. 4.5
(it ) < 43
As a consequence of (4.4) and (4.5) we have
5‘K Aluy) — (5(1( )L(u/) uj) < (1 + [Ju; ||Xo) (4.6)

Moreover, it is easy to see that

1
a0 = 38k 2 007) = =5 = 5 )l e gy = 10y 2
so that, thanks to (4.6), we get that for any j € N
1720 gy < (1 + s l1xo) (4.7)

for a suitable positive constant .
Consequently, recalling that 2* > 2, the use of the Holder inequality yields

2/2 2/2*
122y < 1P 14 1320 ) <12/ 2 1R/ (14 1 1x,)
That is, using that 2/2* < 1,
It 17y < %1+ lusllxo). (4.8)

for a suitable ¥ > 0 that does not depend on j. By (4.4), (4.7) and (4.8), we con-
clude that

1 *
2 2
= Jx,a(uj) = —IIM/ I, — S ilz2@) = 5z g
> 2l — 1+ )
with k > 0 independent of j. Hence, the proof of Step 1 is complete. o

Step 2. Problem (1.11) admits a solution us, € Xj.

Proof. Since u; is bounded in Xo and Xy is a reflexive space (being a Hilbert
space, by [15, Lemma 7]), up to a subsequence, still denoted by u;, there exists
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aUso € Xo such that u; — us weakly in X, that is

/ L (00 = (1)) (9(x) = () K(x = y) dx dy
. 4.9)
— /Rzﬂ (100(x) = too(1)) (0(x) —@(y))K(x — y)dxdy Ve € Xo

as j — —+00. Moreover, by Step 1, (4.7), Lemma 2.1 (b) and the fact that L2 (R")
is a reflexive space we have that, up to a subsequence,
Uj = Uoo  weakly in L2 (R™) (4.10)
as j — oo, while by Lemma 2.1 (a), up to a subsequence,
Uj > U in L"(R"), 4.11)
Uj —> U ae. inR” (4.12)

as j — +oo forany v € [1,2%).
As a consequence of inequality (4.7) it is easy to see that |u; u; is bounded
in LZ*/(Z*_I)(Q) uniformly in j € N. Hence, by this and (4.10) we get that

|2*—2

i1 72U — Juoo|* "ueo  weakly in L2277 () (4.13)

as j — 4oo0.
Since (2*/(2* — 1))’ = 2*, by (4.13) it is easily seen that

[ R 2y 0t dn
R /Q oo ()2 U ()p(x) dx Vg € L2 (Q).
and so, in particular,

/ o ()22 () (x) dix
“ (4.14)
R / 1oe ()P oo (M)p(x) dx Voo € Xo
Q

as j — oo (here we use Lemma 2.1 (b)).
By (4.3), for any ¢ € X

0« (gx 1)), 0) = /Rzn () () = u; (M) (@(x) = 9(»)) K(x — y)dx dy

~2 /Q ; ()p(x) dx — [Q 4 (012 =21 (x)p(x) dx.
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so that, passing to the limit in this expression as j — +o00 and taking into account
(4.9), (4.11) and (4.14) we get

/]RZ" (100 (x) — oo (1)) (p(x) — @(»)) K (x — y) dx dy
_ /1 o0 d
/Q oo (X)(x) dx

~ [ oo o)) dx = 0
for any ¢ € Xo, that is u is a solution of problem (1.11) and Step 2 follows. ©

Step 3. The following relation holds true:

N *
31{,1(“00) = _/ |uoo(x)|2 dx = 0.
nJjQ

Proof. By Step 2, taking ¢ = u € X as a test function in (1.11), we get
|, oe() = (PR =y dxdy =2 [ oo

- / oo () dx,
Q

so that
1 1 o
T 1(weo) = (5= 5z ) | ool dx
- 5/ oo ()2 dx = 0.
nJo
Hence, Step 3 is proved. o

Step 4. The following equality holds true:
Fr, () = k2 (Uoo)

1
+ 5/ | (%) = oo (x) = () + Ueo ()P K(x — y) dx dy
R2n

B 2L*/Q [uj (x) = uoo(x)*" dx + o(1)

as j — 4oo.
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Proof. First of all, we observe that by Step 1 and Lemma 2.1 (b), the sequence u;
is bounded in Xg and in L2" (€2). Hence, since (4.12) holds true, by the Brezis—
Lieb Lemma (see [7, Theorem 1]), we get

/Rz" luj (x) = u; (VP K (x - y) dx dy
= /RZn uj(x) = uoo(x) —uj(y) + Uoo (V)P K(x — y)dx dy (4.15)

+ f oo (¥) — oo (1) 2K (x — y) dx dy + o(1)
RZn

and

/ uj (x))?" dx=/ | (%) —Uoo (x)* dx+/ oo (X)|2" dx +o(1) (4.16)
Q Q Q

as j — 4oo0.
Therefore, using also the definition of dg ;, by (4.11), (4.15) and (4.16) we
deduce that

1
Fra) = 5 [ 1700 = too() =1y + o) PR (x = y) e dy
1
43 [ Moo~ uaa ) PR = ) dxdy
RZn
A 5 1 o
22 s P dx = = [y () — uoo (1) dx
2 Jq 2* /g
1 *
= 3¢ [ o dx +0(1)
2* Ja
= gK,A(”oo)
1
45 [ 00 = o) =00+ e )P K (x = y) e dy
1 "
— 3¢ [ 150 e O dx 4+ 01
2* Ja
as j — oo, which gives the desired assertion. o

Step 5. The following equality holds true:

/]RZ" luj(x) —uoo(x) —u;(y) + Uoo (V)P K(x — y)dx dy

- /g [ (x) — oo ()>" dx + o(1)

as j — +oo.
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Proof. First of all, note that, as a consequence of (4.10), (4.13) and (4.16), we get
O 210, 3) = o ()10 1 (3) = () dv
= [ P = [ o) g )

- /Q 147 (O =210 (01t () dix

(4.17)
+ [ ool d
Q
= / |1 (x)> dx —/ oo (x)|?" dx + o(1)
Q Q
_ / 1 (x) — oo (0)|2" dx + o(1)
Q
as j — 4oo0.
By (4.3) and Steps 1 and 2, it is easily seen that
o(1) = (Fx 1 (wj). uj — o)
R (4.18)

= (5’}(,,1(7/‘]) - 5‘}(,,1(“00)» u; — uoo)

as j — +o00. Moreover, by (4.11) and (4.17)
(e 2(0) — Fe 5 (hoo) 14 — too)

- /RZM |14 (%) = oo (x) =1 () + Uoo (NP K(x — y) dx dy

—A /Q Juj(x) — Uoo(x)|? dx

B /sz(|uj ()12 72U (%) = |00 ()12 2100 (%)) (14 (X) — oo (x)) dx
- /Rz,, 1 (%) = oo (x) =14 (¥) + Uoo(y) P K (x — y) dx dy

—/Q 14 (x) — Uoo(x)|*" dx + o(1) 4.19)

as j — +oo. Hence, the assertion of Step 5 comes from (4.18) and (4.19). O

Now, we can conclude the proof of Proposition 4.1.
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By Step 5 it is easy to see that

1
3 o 50 = o) = 10y 0) + e (PR = ) vy
R2n

- ZL*/Q luj(x) — uoo(x)|2* dx
B (% B 2i*) /11{2'1 1 (%) — Uoo (X) —1; (y) + Ueo(Y)|*K(x — y) dx dy + o(1)
=, / 4 (%) = oo () = 1 (¥) + oo (NP K(x — y) dx dy + o(1),
R2n

and so, as a consequence of this and Step 4,
s
Fialtos) 0 [ 1y =) =14y 0) + oo (PR (x = ) di dy
= Jk, 2 (u;) + o(1)
= ¢+ o(1) (4.20)

as j — 400, thanks to (4.2). Now, by Step 1 the sequence ||u; |x, is bounded
in R. Hence, up to a subsequence, if necessary, we can assume that

ity =noelry = [ 1 09 = o) =1y )+ oo (PR (5 = y) dx dy — L
(4.21)
and so, again as a consequence of Step 5,

[0 = e x> 2

Q

as j — +o00. Of course L € [0, +00) and, by definition of Sk, it holds true
L= L¥% sg,

so that
L=0 or L=SY®

The case L > Sl'é/ 29 cannot oceur. Otherwise, by (4.20), (4.21) and Step 3, we
would get

N S Ky
¢=graltoo) + L=~ L==5HC
which contradicts (4.1). Thus L = 0 and so, by (4.21), we obtain that
”uj - uoo”XO —0

as j — +oo. This ends the proof of Proposition 4.1. o
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S The geometry of the functional gk, ,

Along this section we show that the functional g , has the geometric structure
required by [14, Theorem 5.3]. In a non-local setting for nonlinearities with sub-
critical growth a proof of this is given in [17]. Essentially, here we adapt the proof
given in [17, Section 4.2] to the critical case. With respect to the classical case of
the Laplacian some technical differences arise.

Proposition 5.1. Let A € [Ag, Agy1) and let Py 4y be as in (3.1) for some k € N.
Then, there exist p > 0 and B > 0 such that for any u € Py_q with |u|x, = p it
results that $g 5 (u) = .

Proof. Letu be a function in Py 1. Thanks to the choice of A and to the variational
characterization of A (see [17, Proposition 9 (d)]) we get

A
Fka =3 [ ) —uPKG = pydxdy = [ P ax

I -
~ 5 [ e ax

A
(1— )/ () — () PKx — ) dx dy
RZH

Akt1

1 *
— 2_*/9 lu(x)|*" dx.
Using [15, Lemma 6] and (1.9), from (5.1) we deduce that

(5.1)

=

| =

A
fa = 5 (1= ) [ e - u)PKe -y drdy

2\ e
2%/2 _ 2 2%/2
Ry ) = u
2* R2n |x — y|n+2s
1
z—(l— )/ () —u()PKGx — y) dx dy
2 Ak+1/) Jron

2%/2 2%/2
~5(5) (L, e - uoPKe -y avay)

1 A 1 C 2%/2 *
=_(1- 2 2 _ (2 2" 5.2
2( )tk+1)”u”X° 2*(9) [y, (5.2)

Hence, for a suitable positive constant k we have

1 A _
e = 5(1= 27 Il (1 =l ).
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Now, let u € Py be such that [[u|x, = p > 0. Since 2* > 2, choosing p suf-
ficiently small (i.e. p such that 1 — /c,oz*_2 > (), we get

1
inf > -(1-
L a0 2(

lullxy,=p

A )p2(1 —kp* T2 =: B >0,
k+1

and this ends the proof of Proposition 5.1. o

Proposition 5.2. Let A € [Ag, Agy1) for some k € N. Then, $ ;(u) < 0 for any
u € span{ey, ..., e}

Proof. Letu € span{eq,...,e}. Then

k
u(x) = Zuiei(x) withu; e R, i =1,... k.
i=1
Since {ey,...,ek,...} is an orthonormal basis of L?(£2) and an orthogonal one
of X¢ by [17, Proposition 9 (f)], we get

k
[P ax = Yoz 53)

i=1

and
k

L, 0 —u0)PK G =y dvdy = Y wdlerl, G

i=1
Then, by (5.3) and (5.4) and using [17, Proposition 9 (b) and (e)] (here we also use
the fact thate; € Xo fori = 1,...,k, see [17, Proposition 9 (f)]) we get

k
1 1 *
T 10 = 5 D u(leilF, = 4) = o5 ulZae

i=1
1 k
< EZMI-Z(M — 1) <0,
i=1
since A; < A < Aforanyi = 1,...,k. Hence, Proposition 5.2 follows. O
Proposition 5.3. Let A = 0 and let I be a finite dimensional subspace of Xo. Then,

there exists an R > p such that $g 3 (u) <0 for any u € F with |u|x, = R,
where p is given in Proposition 5.1.
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Proof. Letu € [F. Then, the non-negativity of A gives

I B 1
Fx () = §||u||X0 - 5||u||Lz(Q) - 2—*||u||Lz*(Q)
D B
< E”I"HXO - 2_*||u||L2*(Q)
1

2 K 2*
< I, = 55 Il
for some positive constant «, thanks to the fact that in any finite dimensional space

all the norms are equivalent.
Hence, if ||Ju||x, — +oo, then

Fx 1 (u) — —oo,

since 2* > 2 by assumption, and so the assertion of Proposition 5.3 follows. O

6 Proof of Theorem 1.1

As we said at the beginning of Section 3, in the case when A € (0, A1) our thesis
follows by [19, Theorem 2], where more general critical nonlinearities than the
power (critical) function were studied.

Now, let us consider the case when A € [Ag, Ar ) for some k € N. Let ug be
the function given in condition (1.18). Note that we can choose uy = 0 a.e. in R”,
since if v € X, then its positive part v* and its negative part v~ belong to X by
[18, Lemma 12].

Starting from uo we construct the functions z, Z € Py 4 as follows:

k

==Y ([wadr)e. F=z/lzk. G
i=1
Moreover, let V = span{eq,...,ex} and W = Py ;. It is easily seen that V' is
finite dimensional and V & W = Xj.
By Propositions 5.1-5.3 we get that g, has the geometric structure required
by the Linking Theorem (see assumptions (/ {) and (I5) of [14, Theorem 5.3] and
also [14, Remark 5.5 (iii)]), that is

inf  Jg () =p >0, supdg ;) <0,
ueW , uev
lullxo=p

and
sup  Jg,2(u) <0, F =V & span{z},
uelF
lullxy=R

where 8 and R are as in Propositions 5.1 and 5.3, respectively, and Z is as in (6.1).
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Now, let ¢z, be the Linking critical level of ¢ K, A 1€
= inf h(u)),
cL = inf max Fx, 2 (h(u))
where
I'={heC(Q:Xo):h=idondQ},
Q0= (BrNV)@®{rz:re(0,R).
Our goal is to show that ¢z, is smaller than % Sl'é/ (25), that is proving that the

Linking critical level of Jx ; lies below the threshold where the (PS).-condition
holds true. For this, first of all we note that for any u € X¢ \ {0}

max g () = S/ ) (6.2)

(see, for instance, [19, Proposition 20]).
By definition of ¢;, we get that for any h € T’

cL < max g 5 (h(u))
ueQ

and so, in particular, taking 4 = id on Q
cp <max Jg ) (u) < max Jg a(u). (6.3)
ueQ ’ uelf ’

being O C . Since F is a linear space,

maxgm(u)—maxgm(|§| |c|)
C#0

= max Fx, 2 (Cu) (6.4)
>0

< max g, 2 (Su).
uclF

=0
Hence, (6.2)—(6.4) and assumption (1. 18) yield
cL < max g i (bu) = max S0 w) < = S”/ @25) (6.5)
n
§>0
since F = V @ span{Z} = span{ey, ..., e, uo} by construction of Z.

Therefore, the Linking Theorem [14, Theorem 5.3] yields that problem (1.11)
admits a solution u € X¢ with critical value gg 5 (u) = cr = B. Since
B >0= gk 1(0),

we deduce that u is not identically zero and this concludes the proof of Theo-
rem 1.1.
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7 The fractional Laplace case: proof of Theorem 1.2

In this section, as a concrete application, we consider the model fractional kernel
K(x) = |x|7F29),

which gives rise to the fractional Laplace operator —(—A)® defined is (1.3). Hence,
here we study problem (1.2) or, to be more precise, its weak formulation, that is
problem (1.20).

In order to prove Theorem 1.2 we will apply Theorem 1.1. For doing this, it is
enough to show that condition (1.18) is satisfied in the fractional Laplace setting.
First of all, we have to construct the function ug and the linear space U given
in (1.18) in a suitable way (i.e. in such a way that (1.18) is verified).

7.1 Construction of the function z( and of the linear space U

In order to construct such a ug, we can proceed as in [19, Section 4]. To illustrate
the procedure we need the following result proved in [10, Theorem 1.1]:

Theorem 7.1. The infimum in formula (1.16) is attained, that is
SS = SS (ﬁ)7

where
ii(x) = k(n® + |x —x0|2)_(n_2s)/2, x € R", (7.1

with k € R\ {0}, u > 0 and x¢ € R" fixed constants.
Equivalently, the function u defined as

ii(x)

ux) = ———-— (7.2)
||u||L2*(Rn)
is such that
S, = inf / de dy
y veHS@R") Jpon |x — y|rt2s
”v“LZ*(RI‘l)zl (73)
=) — (V)2
_ / 5 =5 gy
R2n |x _ y|n+2s

In what follows we suppose that, up to a translation, xo = 0 in (7.1). As in
the classical case of the Laplacian, following [19, Section 4], we can construct an
explicit solution of the limiting critical problem

(=A)Yu =u* 2y inR" (7.4)
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as follows:
X
u*(x) = L_t(—), x € R". (7.5)
Ssl/(ZS)

Note that the function u* € H*(R") is a solution of problem (7.4) satisfying the
property

[ (7.6)

2*
L2* (R”

Now, starting from u™* we can define the family of functions U, as
Ug(x) = e 7292 % (x /), x € R”, (7.7)

for any € > 0.
Finally, we need to put appropriately U, to zero outside 2. For this let us fix
ad > 0 such that

Bys C Q

and let us consider the cut-off function n € C*°(R”) such that 0 < n < 1 in R”,
n=1in Bg and n = 0 in € B,s, where Bs = B(0,6) and € Bs = R" \ Bg. For
every ¢ > 0 we denote by u, the following family of functions:

ug(x) = n(x)Ue(x), x €R", (7.8)
where Uy is given in (7.7).
Of course ug € HS(R"), us = 0 a.e. in R” and u, = 0 a.e. in R” \ . Hence,

by [19, Lemma 7] it is easily seen that u, € X(y. Moreover, the function u, satisfies
the following crucial estimates:

Proposition 7.2. Let s € (0,1) and n > 2s. Then, the following estimates hold
true:

dxdy < S7/C9 + 0("),

/ |ue(x) — us(y)lz
R21 |X _ y|n+25

Cse?s 4+ O ("% ifn > 4s,
Cse®S|loge| + O(e2%)  ifn = 4s,
Cse" 25 + O(e%) ifn < 4s,

\V

/ (0P dix
Rn

/ lus(x)[*" dx = ST 1 O,
]Rn

A" |”8(x)|2*_1 dx = (9(8("_25)/2)
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and
/ lug(x)| dx = O(s"29)/2)
]Rn

as ¢ — 0, for some positive constant Cg depending on s.
As a consequence, if ¢ > 0 is sufficiently small, then for any A > 0

Ss,a(ug) < Ss., (7.9)
provided n = 4s.

Proof. The first three estimates were proved in [19, Propositions 21 and 22 and
Section 4.2.1]. It remains to show the last two ones. Let us start by proving the
L2~ estimate. By (7.7) and (7.8) we have that

/ ()2 dx
Rﬂ
< [ Ue()[" 1 dx
Bss

z,c*(g—(n—zs)/z)Z*—l/B [(42 + x/el?) 22
28

= i*gn=29)/2 e A dr
0 (MZ 4 r2)(n+25)/2

28/¢e
o Es("_zs)/z(l —|—/ p2s—1 dr)
1

— (9(8(n—2s)/2)

ase — 0.
In a similar way we get

f jus(x)] dx < / U] dx
R7 Bos
=K*8_(n_2s)/2/ (/’L2+ |)C/8|2)_(n_2s)/2 dx
Bos

26 —1
= K*g(n+25)/2/ e r dr
0 (MZ + r2)(n—2&)/2

28/¢e
gIzg(n+2s)/2(l_i_/A r2s—1)
1

— (9(8(n—2s)/2)

as ¢ — 0. In both cases, here k™ and & are positive constants.
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Finally, let us show (7.9). If n > 4s, by definition of Sy _;(-) and the previous
estimates we get

[ue(x) — ue(y)|? .
/RZ" |x — y|r+2s dx“'y—/\/glus(X)l dx

2/2%
( [ o dx)
Q

_ S;l/(ZS) + (9(871—25) _ /\Csé‘zs
(S;l/(ZS) + (9(8”))2/2*
< S5 + &2 (O("*) — ACs)

< S

Ss,)t(us) =

for any A > 0, provided ¢ > 0 is sufficiently small.
If n = 4s, similarly we get

SPCS) L @(en25) — ACye25|loge| + O(s%)
S5, a(ue) < n/(2s) 2/2*
(5572 + 0(em))
< S5+ O(e%) — ACse™|log e|
< Sy + e*[loge| (Jloge| ™! — ACy)

< S5

for any A > 0, provided ¢ > 0 is sufficiently small. This concludes the proof of
Proposition 7.2. g

Now, we construct the function u¢ given in (1.18) as follows:
ug = u, for ¢ sufficiently small, (7.10)
and the linear space U as

span{u} if A € (0,A1,5),

. (7.11)
span{ey,s,... ek s Ug) ifA € [Ax 5. Ak+1,5), K €N,

‘U=‘u€:={

where the functions ey, are the eigenfunctions of (—A)* corresponding to Ay ¢
for any k € N (see [17, Proposition 9] for a detailed spectral theory for the frac-
tional Laplacian).

In the next subsection we will show that, with this choice of ug and U, condi-
tion (1.18) is satisfied.
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7.2 A non-degeneracy estimate
Note that, if A € (0, A1,), then condition (1.18) reduces to
Ss,/'k(uo) = Ss,)t(us) < Sy, (7.12)

which is always satisfied, provided ¢ is sufficiently small, thanks to (7.9).
Now, it remains to consider the case when A € [Ag ¢ Ag 41, 5) for some k € N,
For this we need the following result:

Proposition 7.3. Lets € (0, 1) andn > 2s. Let A € [Ag 5, Ak41,5) for somek € N
and let U be the linear space defined in (7.11). Finally, let

M, = max  Sg 5 (u), (7.13)
lull 3o ey =1

where the function H®(R") \ {0} > v > S ;(v) is defined as in (1.17). Then:

(@) M, is achieved inups € Ug and upg can be written as follows:!

Uy = v +tug withv € span{ey s, ..., ex sy andt = 0. (7.14)

(b) the following estimate holds true:

Aeys = D117 2 ift =0,
M < { (ks = W0l 7 ) + Ss,2e) (1 + O |v] 12 ()
+ 02D v L2(g) ift >0,

as e — 0, where v is given in (7.14).

Proof. First of all, note that u, € X¢ and e; s € Xo forany i = 1,...,k, thanks
to [17, Proposition 9 (b) and (e)] and to [19, Lemma 7]. As a consequence of this
U, C Xp and, by definition of S j,

_ lu(x) —u(y)|? 2
Moi= (/Rznmdxdy—kfglu(x)l dx ).
"u |L2*(Q)=

Let us start by proving part (a). The maximum in formula (7.13) is achieved
thanks to the Weierstrass Theorem (applied here in a finite dimensional space).
Thus, let ups € U, be the function such that

lup (x) —up (0))?

M. =
T Jran Jx—y|rt2s

dx dy —A/Q up ()P dx. || o ) = 1.

! Beware that u M- v and ¢ (and also ¥ in (7.16) below) depend on ¢. For simplicity we omit this
dependence in the notation.



The Yamabe equation in a non-local setting 263

Note that 1y £ 0. Moreover, since ups € Ug, by definition of U, we have that
Uy = U+ fug,

for some v € span{ej,s,..., e s} and t € R. We can suppose that # = 0 (other-
wise, if ¢ < 0, we can replace ups with —ups). This concludes the proof of asser-
tion (a).

Now, let us show (b). First of all, note that, if # = 0 in formula (7.14), then
Uy =v € span{e s, ..., ek, s} and

/ lupg (x) —upr ()2
R2n

[x — y|rt2s

:/ lv(x) —v(y)? dxdy—)t/ () dx
R2n Q

|x_y|n+2s

M, =

dxdy — /\/ lupg (x)|? dx
Q

< (Ak,s - A)”v”22(9)1

by Proposition 2.3. Thus, assertion (b) holds true when ¢ = 0.
Now, let us consider the case when ¢ > 0 in (7.14). By the Holder inequality
and the properties of 1z, we can bound u s as follows:

lurl72qy < 1QIC up |17 10 o, = 1217 (7.15)
Also, since ups € Ug, by definition of U, we have that
Uy =0+ tzg, (7.16)

where

k

V=v+1t Z(/S; ug(x)e;, s(x) dx)e,-,s € span{ey, s, ..., ek s}

and
k

Zg = Ug — Z(/ ug(x)e; s(x) dx)ei,s, (7.17)
Q

i=1
so that v and z, are orthogonal in LZ(Q) (see [17, Proposition 9 (f)]). As a conse-
quence of this, we get that

lurt B2y = 1512200y + PlzelZaggy = 19132y (T:18)

By (7.15) and (7.18), we have obtained that |uas||z2(q). and [[V]|z2(g) are all
bounded uniformly in ¢ by a suitable ¢ > 0.
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Now, we claim that, up to renaming such a constant,
t <¢. (7.19)

For this note that by Proposition 2.4 we have thate; ; € L*°(2) foranyi € N, so
that also U € span{ey s, ..., e, ) does. Hence, U € L2 (Q), since Q is bounded.
Moreover, by the equivalence of the norms in a finite dimensional space, we also
have

0] 72+ @ S c. (7.20)
By Propositions 2.4 and 7.2 we have

Lo = 02772

< luellirelleis

‘ [ wetores oy ax
Q

as ¢ — 0. As a consequence, using (7.17) and again Proposition 7.2,

k

Izell L2 (@) = lluellL2* @) — Z
i=1

llei.s

/ ue(x)es s (x) dx
Q

2% (@)

— Ss("_zs)/(“) + (9(8(n—2s)/2)
Ss(n—ls)/(4s)
- 2
for ¢ sufficiently small. So, by (7.16), the fact that # = 0 and (7.20) we have
Sgn—Zs)/(4S)t
2

thanks to the properties of u 7. Therefore the claim in (7.20) follows.
Note that by Proposition 2.4 also v € span{eq s, ..., e, s} belongs to L°°(R2).
Finally, the convexity?, the monotonicity properties of the integrals, (7.19) and
the fact that in span{ey s, ..., e, s} all the norms are equivalent yield

S tlzellpox @) < lumlipex @) + 10lL2x @) S 1 +¢,

1= st 33 gy = [ Tuae (9 dx

Z/Q|fue(X)|2* dx+2*/g(f“8(x))2*_lv(x)dx (7.21)

2* ~2%—1 2%—1
> N2 g — 2762 el 257 g 0 oo

2% A 2%—1
= ”tu&‘”Lz*(Q) —C ”uS”Lz*—l(Q)”v”Lz(Q)’

2 1f f is a differentiable convex function, then f(y) > f(x) + f/(x)(y — x). Here we take
f(S):sz ,x:tusandy:uM =V + tug.
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for some positive constant ¢, so that
”tué‘”Lz*(Q) 1+¢ ”usan* I(Q)”v|lL2(Q)
Now, we are ready to prove the inequality in part (b). By (7.14) we get

|uag (%) —um ()1 2
M, :/Rzn FETET dxdy—k/ﬂ|uM(x)| dx

_ / [v(x) + s (x) = v(y) = tue(y)|?
R2n

|x — y["+2s

dx dy
— x/ lv(x) + tug(x)|? dx
Q

|U(x)_v(y)|2 2/ |us(x)_us(J’)|2
= — = dxd t dxd
/Rzn e T L Ty Y

- (us<x>—Ius<y>)(v(x>—v<y>) dxds

y|n+2s
—A/ |v(x)|2dx—xz2/ lug(x)|? dx
Q Q

—2)Lt/ U (x)v(x)dx
Q

< (Ak,s - A)”UHiZ(Q) + Ss,)t(“e)”’”e“iz*(g)
e / (e (x) — e (1) (v(x) — v ()
R2n

|x _y|n+2s

—2At / U (x)v(x) dx,
Q

thanks to Proposition 2.3 and to the definition of S ;(-).

Now we write
k
v = Z Vs
i=1
for some v; € R, so that
k
2 _ 2
”v”LZ(Q) = Zvi :
i=1
Also (see (2.4)),

(ug, v X() Zvl ue,ezs Xo = Z)Hsvl/ us(x)ei,s(x)dx‘

i=1 i=1

(7.22)

(7.23)
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So, by the Holder inequality and the equivalence of the norms in a finite dimen-
sional space,

k
(e v)x0 < Y Aislvil luell i @ylleislioe(@

i=1

< KAk, slluell L@ llvliLee @)
< klluellpi@llvlizae)

for suitable k¥ and i > 0 (k possibly depends on k). More explicitly,

/ (e () —u:(3) (v(x) = v(»))
R2n

[x — y|rt2s

dxdy| < illvlL2@lluellLig). (7.24)

Gathering the results in (7.23) and (7.24), and using again the Holder inequality,
we get

M, < (Ag,s — A)”U”iZ(Q) + Ss,k(ua)”tu&‘”iz*(g) + 2“2”U||L2(Q)”u8”L1(Q)
+ 2At|[uellLr @y llvliLoo ()
< (ks = MVIIZ2(g) + Ss,a ) lltus]F o g + kel L@y llvliLaca)

for some positive «, thanks to (7.19) and the equivalence of the norms in the finite
dimensional space span{eq s, ..., e, s}
This and (7.22) yield

N *_ 2/2
M, < (/\k,s - /\)”U”iz(g) + Ss,/l(us)(l +c ||Ms||iz*l1(g)||U||L2(sz)) /
+ klluell L@ llvliL2 o),
so that, by Proposition 7.2
— 2/2
Me < (ess = D[220y + Ss.2 o) (1 + OE"2972) o] 12(g)
+ 0" 292)v]| 12
< (Meos = V017 20y + Ss.ae) (1 + O 292) 0]l 2(g))
+ 0" 292)|v]| 12 (0.

being 2 < 2* (since s > 0). Then, assertion (b) is proved.
This ends the proof of Proposition 7.3. o

Now, we are ready to prove Theorem 1.2.



The Yamabe equation in a non-local setting 267

7.3 End of the proof of Theorem 1.2

When A € (0, A1, ), condition (1.18) reduces to (7.12). Hence, Theorem 1.2 comes
from [19, Theorem 4].

Let us consider the case when A > A1 5. As we said at the beginning of Sec-
tion 7, in order to prove Theorem 1.2, the idea consists of applying Theorem 1.1
(for this we have to show that condition (1.18) is satisfied). If we assume that
A € (Ak, s, Ak41,s) forsome k € N, in order to prove condition (1.18) it is enough
to show that

M, = max  Sg a(u) < Sy, (7.25)
ueU,
”u”LZ*(Q)=1

taking into account the scale invariance of the function S ;(-).
By Proposition 7.3 (a),

_ 2
Me :/ |MM(X) MM(y)| dXdy—A/ |MM(X)|2dX
R2n Q

|x _y|n+2s
with
UM =V + tug
for some v € span{ey,s,..., ek, ¢y andt = 0.

If ¢ = 0, by Proposition 7.3 (b) and the choice of A > A; 4, we get that
Mo < (Ageis = D012y < 0 < Ss.

and so (7.25) is proved.
Now, suppose that ¢ > 0. Again by Proposition 7.3 (b) we deduce that for ¢
sufficiently small

Me < (s = D)3 2y + Ss.a@e)(1+ 0" 292) ]| 2(q))
+0E" 2D v 12 (7.26)
= 0" ) + S5, 20ue) (1 + 0" v] L2(g))

since the parabola (Ag, s — A)|lv ”i2(§z) + O(e"=29)/2)||y 22(q) stays always be-
low its vertex, that is

1
2 —25)/2 2
(s = DIz + OE ) 0lz2@) < gy —OE ™)

— (9(8n—2S).
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We have to distinguish the cases n > 4s and n = 4s. Let us start with the first
one, i.e. n > 4s. Thus, by (7.26) and Proposition 7.2

M < O(" %) + S 5.(ue) (1 + 0" vl 2 ()
S OE") + (S5 + 0" ) = ACse ) (1 + 0" >972) o] L2(e)
= S + O ) — ACye?*
= S5 + > (0" %) — ACy)
< Sy
as ¢ — 0. Here we use also the fact that A is positive (being A > Ag ¢ > 0). This

ends the proof of (7.25) when n > 4s.
Now, let n = 4s. Arguing as above, by (7.26) and Proposition 7.2 we get

My < O(*°) + S5, 2(ue) (1 + O |vl|2@))
< Sy + 0(%5) — ACse?¥|log ]
= S + &> |loge|(|loge| ! — ACy)
< S

as ¢ — 0. This concludes the proof in the case when n = 4.

Hence, condition (1.18) is satisfied when n > 4s for any A > 0 different from
the eigenvalues of (—A)’. Then, Theorem 1.1 provides a solution u € Xy \ {0} of
problem (1.20). Since Xo € H*(R") by [15, Lemma 5 (b)] (see also [19, Lem-
ma 7]), the proof of Theorem 1.2 is complete.

Note that, of course, we can prove Theorem 1.2 directly by applying the Moun-
tain Pass and the Linking Theorem to the Euler—Lagrange functional

1 — 2 A
foatn = [ OIS vy =2 [ o x
—ZL*[Q|u(x)|2 dx

associated with problem (1.20). In this framework condition (1.18) (or, to be pre-
cise, (7.12) when A € (0, A1,5) and (7.25) when A € (Ag s Ak+1,5), kK € N) says
that the Mountain Pass or the Linking critical level of { ; stays below the thresh-
old where the (PS)-condition holds true.



The Yamabe equation in a non-local setting 269

Bibliography

(1]

(2]

(6]

(71

[14]

[15]

N. Abatangelo and E. Valdinoci, A notion of nonloca curvature, preprint (2012),
http://www.ma.utexas.edu/mp_arc-bin/mpa?yn=12-153.

A. Ambrosetti and A. Malchiodi, Nonlinear Analysis and Semilinear Elliptic Prob-
lems, Cambridge Stud. Adv. Math. 104, Cambridge University Press, Cambridge,
2007.

A. Ambrosetti and P. Rabinowitz, Dual variational methods in critical point theory
and applications, J. Funct. Anal. 14 (1973), 349-381.

A. Ambrosetti and M. Struwe, A note on the problem —Au = Au + ufu|? 72,
Manuscripta Math. 54 (1986), 373-379.

B. Barrios, E. Colorado, A. De Pablo and U. Sanchez, On some critical problems for
the fractional Laplacian operator, J. Differential Equations 252 (2012), 6133-6162.

H. Brezis, J. M. Coron and L. Nirenberg, Free vibrations for a nonlinear wave equa-
tion and a theorem of P. Rabinowitz, Comm. Pure Appl. Math. 33 (1980), no. 5,
667-684.

H. Brezis and E. Lieb, A relation between pointwise convergence of functions and
convergence of functionals, Proc. Amer. Math. Soc. 88 (1983), no. 3, 486—490.

H. Brezis and L. Nirenberg, Positive solutions of nonlinear elliptic equations involv-
ing critical Sobolev exponents, Comm. Pure Appl. Math. 36 (1983), no. 4, 437-477.

A. Capozzi, D. Fortunato and G. Palmieri, An existence result for nonlinear ellip-
tic problems involving critical Sobolev exponent, Ann. Inst. H. Poincaré Anal. Non
Linéaire 2 (1985), no. 6, 463-470.

A. Cotsiolis and N. Tavoularis, Best constants for Sobolev inequalities for higher
order fractional derivatives, J. Math. Anal. Appl. 295 (2004), 225-236.

E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional
Sobolev spaces, Bull. Sci. Math. 136 (2012), no. 5, 521-573.

F. Gazzola and B. Ruf, Lower-order perturbations of critical growth nonlinearities in
semilinear elliptic equations, Adv. Differential Equations 2 (1997), no. 4, 555-572.

P. H. Rabinowitz, Some critical point theorems and applications to semilinear elliptic
partial differential equations, Ann. Sc. Norm. Super. Pisa CI. Sci. (4) 5 (1978), 215-
223.

P. H. Rabinowitz, Minimax Methods in Critical Point Theory with Applications to
Differential Equations, CBMS Reg. Conf. Ser. Math. 65, American Mathematical
Society, Providence, 1986.

R. Servadei and E. Valdinoci, Mountain pass solutions for non-local elliptic opera-
tors, J. Math. Anal. Appl. 389 (2012), 887-898.


http://www.ma.utexas.edu/mp_arc-bin/mpa?yn=12-153

270

R. Servadei

[16]

(17]

(18]

[19]

(21]

[22]

R. Servadei and E. Valdinoci, A Brezis—Nirenberg result for non-local critical equa-
tions in low dimension, Commun. Pure Appl. Anal. 12 (2013), no. 6, 2445-2464.

R. Servadei and E. Valdinoci, Variational methods for non-local operators of elliptic
type, Discrete Contin. Dyn. Syst. 33 (2013), no. 5, 2105-2137.

R. Servadei and E. Valdinoci, Lewy—Stampacchia type estimates for variational in-
equalities driven by (non)local operators, Rev. Mat. Iberoam. 29 (2013), to appear.

R. Servadei and E. Valdinoci, The Brezis—Nirenberg result for the fractional Lapla-
cian, Trans. Amer. Math. Soc., to appear.

M. Struwe, Variational Methods. Applications to Nonlinear Partial Differential
Equations and Hamiltonian Systems, Ergeb. Math. Grenzgeb. (3) 34, Springer-Ver-
lag, Berlin, 1990.

J. Tan, The Brezis—Nirenberg type problem involving the square root of the Lapla-
cian, Calc. Var. Partial Differential Equations 36 (2011), no. 1-2, 21-41.

M. Willem, Minimax Theorems, Progr. Nonlinear Differential Equations Appl. 24,
Birkhiduser-Verlag, Boston, 1996.

Received April 23, 2013; revised May 2, 2013; accepted May 2, 2013.

Author information

Raffaella Servadei, Dipartimento di Matematica e Informatica, Universita della Calabria,
Ponte Pietro Bucci 31 B, 87036 Arcavacata di Rende (Cosenza), Italy.
E-mail: servadei@mat.unical.it


mailto:servadei@mat.unical.it

