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Abstract: In this paper we are interested to ensure the existence of multiple nontrivial solutions for some
classes of problems under Dirichlet boundary conditions with impulsive effects. More precisely, by using
asuitable analytical setting, the existence of at least three solutions is proved exploiting a recent three-critical
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1 Introduction

We deal with the following nonlinear Dirichlet problem

—u'(x) = Af(x, u(x)) + g(u(x)), a.e.x € [0,T], @)
u(0) = u(T) = 0, '
with the impulsive conditions
A (x;) = Li(u(x;), j=12...,p, 1.2)

whereT >0, f: [0,T] x R — Risan Ll-Carathéodory function, g : R — Ris a Lipschitz continuous function
with the Lipschitz constant L > 0, i.e.

lg(t,) - gt < LIt, - t,] forallt,,t, € R,

satisfying g(0) = 0and x, =0 < x; < x, <:+- < x, <x,,; =T wherep>1,

p

A (x)) = u'(x]) - ' (x}) = lim '(x) - lim o' (x)
x%xj x%x}.
and I; : R — R are continuous satisfying the condition Zle(lj(tl) = I;(ty))(t, —t;) > 0 for every t,,t, € R
and A is a positive real parameter. We refer to the impulsive problem (1.1)—(1.2) as (P).

Impulsive differential equations have become more important in recent years in some mathematical mod-
els of real processes and phenomena studied in spacecraft control, impact mechanics, physics, chemistry,
chemical engineering, population dynamics, biotechnology, economics and inspection process in opera-
tions research. It is now recognized that the theory of impulsive differential equations is a natural framework
for a mathematical modelling of many natural phenomena. For the background, theory and applications of
impulsive differential equations, we refer the interested readers to [4, 5, 13, 15, 16, 22, 23, 28]. For a second
order differential equation u” = f(t,u, u’) one usually considers impulses in the position u and the velocity u'.
However, in the motion of spacecraft one has to consider instantaneous impulses depending on the position
that results in jump discontinuities in velocity, but with no change in position, see [8, 9, 19, 26]. The impulses
only on the velocity occur also in impulsive mechanics, see [24, 25].



§90 —— M. Ferrara, S. Heidarkhani and P.F. Pizzimenti, Dirichlet impulsive equations DE GRUYTER

Impulsive differential equations have been studied extensively in the literature. There have been many
approaches to study the existence of solutions of impulsive differential equations, such as fixed point theory,
topological degree theory (including continuation methods and coincidence degree theory) and comparison
method (including upper and lower solution methods and monotone iterative methods) and so on (see, for
example, [2, 10, 12, 17, 18] and references therein). Recently, in [1, 3, 11, 14, 20, 21, 27, 30, 32, 33, 35-37] the
existence and multiplicity of solutions of impulsive problems have been studied using critical point theory.
In [21] and [37] the authors studied the following problem:

—u" (x) + ku(x) = f(x,u(x)), a.e.x e [0,T],
u(0) = u(T) =0,

with the impulsive conditions
M (x;) = Liu(x))),  j=12...,p,

where k is a parameter and under different assumptions in which they established the existence of at least
one solution and the existence of infinitely many weak solutions, respectively. In particular, in [3] the authors,
using critical point theory, studied the multiplicity of solutions for problem (1.1) when g = 0.

In the present paper, motivated by [3], by using variational methods we ensure an exact collection of the
parameter A for which problem (P) admits at least three weak solutions.

For a thorough account on the subject we refer the reader to [6, 31].

2 Preliminaries

Our analysis is based on the following three-critical points theorem to transfer the existence of three solutions
of problem (P) into the existence of critical points of the Euler functional.

Theorem 2.1 ([7, Theorem 2.6]). Let X be a reflexive real Banach space, let ® : X — R be a sequentially weakly
lower semicontinuous, coercive and continuously Gdteaux differentiable whose Gateaux derivative admits
a continuous inverse on X*, and let ¥ : X — R be a sequentially weakly upper semicontinuous and continu-
ously Gdteaux differentiable functional whose Gdteaux derivative is compact. Assume that there exist r € R
and u, € X with0 < r < ®(u,), such that

b4
() sup Y(u) <r (ul),
ued-1(]-co,r]) q)(ul)

D(uy) r
Y(u,) ’ SUP e (J-coyr]) W (u)

(a,) foreach A € A, = the functional ® — A¥ is coercive.

Then, for each A € A, the functional ® — AY has at least three distinct critical points in X.

Let X := H(} (0, T). In the Sobolev space X, consider the inner product

T
{u,v) = J u' ()" (x)dx
0

and the corresponding norm
T

Jul = ( [/ Ptz

0
Let us denote H*(0,T) = {u € C*[0,T] : &’ € L*[0, T]}. By a classical solution of problem (P), we mean a func-
tion u € {u(x) € H'(0,T) : u(x) € H(x;,x,1), j=0,1,..., p} such that u satisfies (1.1)-(1.2). We say that
a function u € X is a weak solution of problem (P) if

T , T T
I u' ()0 (x)dx + Y L(ux)v(x;) - J g(u(x)v(x)dx - A J flx u(x)v(x)dx =0
j=1

0 0 0
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for every v € X. Using standard methods, if f is continuous, we see that a weak solution of (P) is indeed
a classical solution (see [3, Lemma 5]).
In this paper, we assume throughout, and without further mention, that the following condition holds:
(A1) Theimpulsive functions I f have sublinear growth, i.e., there exist constants a; >0, b. > 0and Y € [0,1)
for j=1,2,..., psuch that

IL;(®)] < a; + bjltlyf foreveryt € R, j=1,2,...,p.

For the sake of convenience, in the sequel, we define

t
F(x,t) = J f(x,&)dE forall (x,) € [0, T] xR, G(t) = — | g¥)dé forallt € R,
0

O ——

and

LSV syl

Suppose that the Lipschitz constant L > 0 of the function g satisfies LT* < 4.
A special case of our main result is the following theorem.

1 p
R

NI*—‘

Theorem 2.2. SupposethatC, — =~ > 0and there exist positive constantsyandd withn + § < T.Let f : R —» R
be a continuous function. Put F(t) = f f(&)dE foreacht € R. Assume that F(d) > 0 for somed > 0 and F(§) > 0
in [0,d] and

lim inf 4 I = lim 4 I 5 =
&0 e - 206 oo Py 2cy

F(©) msup F(©)

Then, there is A* > 0 such that for each A > A* the problem

—u"(x) = f(u(x)) + gu(x)),
u(0) = u(T) =

with the impulsive conditions
! .
Au'(x)) = Ii(u(x)), j=12,...,p

where the function g is given as in problem (P), admits at least three classical solutions.
We need the following proposition in the proof of the main result.

Proposition 2.3. Let T : X — X" be the operator defined by

T

T
P
T(u) = Ju’(x)u’(x)dx + Y Iiu(x;)(x;) - J gu(x))v(x)dx
0 =1

0
for every u,v € X. Then T admits a continuous inverse on X*.

Proof. In view of assumption (A1), for u € X when u(x;) = 0,
Ij(u(xj))u(xj) 2 (—aj - bj'”(xj”yj)u(xj) = —aju(xj) - bj(u(xj))yj+l§
when u(xj) <0,
Li(u(x)u(x;) = (a; + bjlu(x]-)l"j)u(xj) = au(x;) + bj(u(xj))yfﬂ.

Therefore, since

VT
lleell o = trer[l&%]lu(t)l < = lull (2.3)
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for every u(x j), we have

\T

IuCx)uCx;) = =ajluCe,)| = biluGe) ™ 2 —a; = full - bjlul"™".

So, recalling that
lg(t) — gt,)| < LIt, —t,]

forallt,,t, € Rand g(0) = 0, from (2.3) and (2.4), for any u € X \ {0}, we obtain

Ty -y @@ dx+ X0 we)utx) - [ glu)u(x)dx
ll—>co  ful  hul—co ]
. [ ' () dx + S I (uCe)ul;) - E ul?
 lul—oo [l
R L e VA b AL A S
 Jull—oo fluall

Thus, the map T is coercive. Now, taking into account [29, (2.2)], since

P
YUt — L))t —1,) 2 0

1

fort,,t, € R, we see that

2
(@) - T, -0 = (1 2 - ol

DE GRUYTER

(2.4)

so T is uniformly monotone. Therefore, since T is hemicontinuous in X, by [34, Theorem 26.A (d)], T ! exists

and is continuous on X*.

3 Main results

We formulate our main result as follows:

O

Theorem 3.1. Assume that C, — LTTZ > 0, and there exist positive constants 1, 8, c and d withn + 8 < T and

T
d >cCc > LETZ
4(C1 - T)
such that
(A2) F(x,t) 2 0 forall (x,t) € ([0,7] U [T - 48]) x [0,d],
T 4 LT*\ 2 2 T-6
=(C, - = )" — =Cs¢
(A3) J sup F(x,t)dx < rt s VT 3 J F(x,d)dx,
g teled %‘S(c2 + a2 + w/’%f(gal 0
2T
4(C, -5
(A4) lim sup Flx ) < ! > 8 J sup F(x,t)dx, uniformly with respect to x € [0, T].
[t|l—>+00 t T 5 te[—c,c]
Then, for each

+8 LT?\ 12 +6
7’}1_5((:2 + T)d + ’117_6C3d %(Cl _ LTTZ CZ _ %C3C
AeA, = s » =7

_[ﬂ F(x,d)dx .[0 SUPse[—¢q F %, Hdx
problem (P) admits at least three distinct weak solutions in X.

We now exhibit an example in which the hypotheses of Theorem 3.1 are satisfied.
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Example 3.1. Consider the problem

_ 1
" (x) = 2" U (18 — u) + e a.e. x € [0,4],

u(0) = u(4) =0, (34)
A (x)) = % + —Iu(xl)l A (x,) = 3l2 + —Iu(xz)l 0<x, <x,<4

such that 5 (Iu(xl)l — o)) u(x,) - v(x,)) + 5(|u(x2)|i — Jo(x)|2)(u(x,) — v(x,)) = Oforallu, v € HX(0,4).
It is obv1ous that C, = 13,C, = i and C, = 3. Also a direct calculation shows that F(x,t) = e*t'® for
all (x,t) € [0,4] x R. Choose 17 =8 = 1, ¢ = 5 and d = 10. Clearly assumption (A2) is fulfilled, and a straight-
forward computation shows that assumption (A3) is satisfied. In particular, since

F(x,t) ~0

lim sup
|t|—+00 t

for every x € [0, 4], assumption (A4) is satisfied. So, Theorem 3.1 is applicable to problem (3.4) for every

Lo ] (105 + V2) 51¢° [
8-107(e2 —-1)" 32-5Y7(e* — 1)U

5 2 5
15Cot yd® + 5 Cad
A=

Proof of Theorem 2.2. Fix

A>
(T -8 -nF(d)
for some d > 0. Taking into account that
- FE) _
o 4 _LT*\z2 _ 2 -
&0 I)gr - 2y
there is a sequence {c,} ¢ ]0, +oo[ such that lim,,_,,., ¢, = 0 and
. Supjg<, F(E)
nlggo 4 T2 5 2 =0.
T(Cl - T)Cn - TTCSCn
In fact, one has
2
li SUP g, F(§) . F(&, ) %(Cl - 2)52 - iCaf
1m = m . R
R AC - B - =G, T A0 - EDE - ZCE, #(C - H) - ZCg,

where F(Ecn) = SUpPjgc. F(&). Hence, there is ¢ > 0 such that

supy<c F(§) : (T -8 - nF(d) 1
40, _ L2 2C-<m1 s 5 5 T’
(G = 750 - 7Cs¢ T(T5(Cy + 5)d? + \/"”Zan)
andd >¢ > ﬁCL;z > Applying Theorem 3.1 the desired conclusion follows. O

177§

4 Proofs of the main results

Proof of Theorem 3.1. We proceed by applying Theorem 2.1 for the functionals ®, ¥ : X — R given by

u(x/-)

T p T
J(u'(x))zdx +y J I(t)dt + JG(u(x))dx (4.1)
0 0

j=1 0

O(u) =

N =

and

T
Y(u) = JF(x, u(x))dx (4.2)
0
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for each u € X. It is well known that ¥ is a Gateaux differentiable functional and sequentially weakly lower
semicontinuous whose Gateaux derivative at the point u € X is the functional ¥' (1) € X*, given by

T
¥ (u)(v) = j £ (%, u(x))v(x)dx
0

for every v € X. We claim that ¥’ : X — X* is a compact operator. Indeed, for fixed u € X, assume u,, — u
weakly in X asn — co. Then u,, — u strongly in C([0, T']). Since f(x,-) is continuous in R for every x € [0, T],
we get that f(x,u,) — f(x,u) strongly as n — oco. By the Lebesgue Theorem, ¥'(u,,) — ¥'(u) strongly, which
means that ¥’ is strongly continuous, then it is a compact operator. Hence the claim holds true. Moreover, @ is
a Gateaux differentiable functional whose Gateaux derivative at the point u € X is the functional ®'(u) € X*,

given by
T

T
P
@' (u)(v) = Ju'(x)v'(x)dx + Z Ii(u(x)v(x;) - Jg(u(x))v(x)dx
0 =1 0

for every v € X. Furthermore, Proposition 2.3 gives that ®' admits a continuous inverse on X* and since @'
is monotone, we obtain that @ is sequentially weakly lower semicontinuous (see [34, Proposition 25.20]).
Moreover, similar to the argument as given in [3], for all u € X we see that

LT? LT?
(€1~ = Il = Cyllull < @) < (C; + = )l + Cylul. (4.3)
8 8
Choose
, ox, x € [0,7),
4 LT 2
rm (G ) gt we=qd x € 1,7 -0,

4T-x), xe(T-6TI

+6
Iy = J”n—a :

From assumption (A1) we observe that C, and C; are positive. Arguing as in [3], let

It is clear that u; € X and

H(t) = (C, - LTTZ) 2_Cyt

fort > 0. Since C, — % > 0 and C; > 0, one has
G

C—_]

H(t) <0 foreveryt e [0,

and H(¢) is strictly increasing on [C S +00).Sincen > 0,8 >0andn + 6 < T, we get

T2 2
1778

+ >

==
S| =
SRS

VTC,
T2\ ?
=Ty

2
Moreover, since C; — £~ > 0and C; > 0 and ¢ > we have ¢ > 0. Thus,

From d > ¢, we have

mro, . 10,
1o 1o
VTC,

4C, - 1)

Moreover, the condition
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implies that
2 S C;
—cC
LT?
r G-
Hence,

2
gl > —=¢ > ———-,
LT?
VI (Cy - =%
which in conjunction with the fact that H(t) is strictly increasing on [C C3LT2 ,+00), yields that
177§

_i

H(lu, ) > H(%c) > H(CL)
1 8

which means

(€~ E Yl ~ ol > (€, - ) (e’ ~e(Lo)=r

It follows from H(t) = r that

26(C, - 1)
2c G-
t=— or t= L\/TTZ
VT (C, - 1)
Moreover, sincec > 0, C; — LTTZ > 0 and
N VTC,

c> — -3

LT%y’
4G -

—_— 595

we observe that the unique solution of H(t) = r with x € [0, +co0)ist = j—% Thus, taking into account that H(t)

c
-, +00) and
N

is strictly increasing on [

C -
€ LCLST
4(C1 - T)
we obtain
[(31(—:—3%2 %c] cf{t:H) <r}
and

(%c,+oo) n{t:H{t) <r}=0.

Recalling that H(t) < 0 for every ¢ € [0, Cc—iﬁ] and r > 0, one has

18

C
[0, (:—?,LTZ] C {t : H(t) < 1"}.
1 8

Thus, from (4.4)—-(4.6), we have

2
{t:H@®) <1} = o, ﬁc].
For any u € X, from (4.3), we observe
H([lull) < @) <r.

Therefore, using (4.7) one has |u| < j—% So, taking (2.3) into account, we have

(] - 0o,r]) € {ueX:ully, < ch

which leads to
T T
sup Y(u) = sup J-F(x, u(x))dx < J’ sup F(x,t)dx.

ue®1(]-oo,r]) ue®1(]-oo,r]) 0 o te[—c,c]

(4.4)

(4.5)

(4.6)

(4.7)
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Therefore, assumption (A3) implies that

T é(C Lr* 2 C T-6
T 3 3¢
sup Y(u) < J sup F(x,t)dx < — J F(x,d)dx
ue®1(]-co,r]) o te[—c,c] z1+6 (C2 LT )d2 + @C3d 7
né

[ FGx,u,(x)dx
O(uy)

\P(u1)

cD(“])

namely, assumption (a,) of Theorem 2.1 is fulfilled. Furthermore, due to assumption (A4), there exist two
constants y,7 € R with

T
)< .[o SUP (e ] F(x,t)dx
%(Cl LTZ) ?- 2TC3C

such that ,
ﬁ (x,t) < ytz +n fora.e.x €[0,T].
4
Fix u € X. Then
_ LTZ)
F(x, u(x)) < sz 8 (plux))* +4) forae. x e [0,T]. (4.8)

Now, in order to prove the coercivity of the functional ® - AV, first we assume that y > 0. So, for any
fixed A € A4, from (2.3), (4.1)-(4.3) and (4.8) we have

u(xj) T .
O(u) — AW (u) = % j(u (x))*dx + z J L(t)dt + JG(u(x))dx -2 J F(x, u(x))dx
0 j=1 0 5 ]
T LT
L L %) 2 4(C, - T)
2 (€= =g JIul? = Cyllull = Ay—"5—— J ueoPds -2 2,
0
> (Cy = =g Il = Clul - /\Y—z 220,
LTZ 4(C _ i)
- (Cl - T)(l ~A)lul® - Csllull - %
VI R S
> (-5 )17 lul
.[o SUPye (¢ F(x, H)dx
%(Cl_% ——C C 4(C1——

- Cylull - —
o SUPrel—c.c] F(x,t)dx
and thus

| #im (D(u) — A¥(u)) = +00,

which means that the functional ® — AV is coercive. On the other hand, if y < 0, we get

lim (®(u) - A¥(u)) = +co.

lull—+00
Both cases lead to the coercivity of functional ® — A¥. So, assumption (a,) of Theorem 2.1 is satisfied. Now,
we can apply Theorem 2.1. Hence, by using Theorem 2.1, taking into account that the weak solutions of (P)

are exactly the solutions of the equation @' (1) — A¥' (1) = 0, problem (P) admits at least three distinct weak
solutions. O
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