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1 Introduction

Most equations coming from mathematical modeling of real processes can be written as a fixed point equation
u = N(u)

associated to some operator N. In many cases, the equation also has a variational form, i.e. it is equivalent to
an equation of the type

E'(w) =0,
where E is the “energy” functional and E' is its derivative. Thus, the fixed points of the operator N appear as
critical points of the functional E. The critical points could be minima, maxima or saddle points, conferring
to the fixed points a variational property. Thus it makes sense to ask whether a fixed point of N is a minimum,
or amaximum or a saddle point of E. Section 2 of this paper is dealing with this problem. The problem becomes
even more interesting in case of a system

u=N,(u,0),

v= N 2 (bl, v)a
which has not a variational form, but each of its component equations has, i.e. there exist the functionals E,
and E, such that the system is equivalent to the equations

E\ (u,v) =0,
Ezz(”; v) =0,
where E;; (u,v) is the partial derivative of E, with respect to u, and E,,(u, v) is the partial derivative of E,
with respect to v. How are connected the fixed points (u, v) of the operator N = (N, N,) with the variational
properties of the two functionals? One possible situation, which fits to physical principles, is that a fixed
point (u*,v*) of N is a Nash-type equilibrium of the functionals E,, E, (see, e.g., [6]), that is,
E,(u*,v") = min E, (i, ),
E,(u",v") = mUinEz(u*,v).
In Section 3, the main part of the paper, we will focus on this problem. An iterative scheme for finding
a Nash-type equilibrium is introduced and its convergence is studied. Finally in Section 4 we illustrate
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the theory by giving an application to periodic solutions for a second order differential system. The model
is inspired by the oscillations of two pendulums under interconnection forces, where the solution, as
a Nash-type equilibrium, is such that the motion of each pendulum is conformed to the minimum energy
principle by taking into account the motion of the other.

The main tool of our approach is the Bishop—Phelps Theorem [1, 4], an equivalent statement of Ekeland’s
variational principle (see [2, 3, 7]).

Theorem 1.1 (Bishop—Phelps’ theorem). Let (M, d) be a complete metric space, let E : M — R be lower semi-
continuous and bounded from below and let € > 0. Then for any u, € M, there exists a point u € M such that

E(u) < E(uy) — ed(uy, 1)

and
E(u) < E(v) + ed(u,v)

foreveryv # u.

For a C'-functional E on a Banach space X, this result guarantees (take e = X and u, with E(u,) < infy E + 1)
the existence of a sequence (u,,) with

E(u,)—»igl(fE and E'(u,) — 0.

2 A minimum property for classical contractions

In this section X is a Hilbert space with inner product and norm denoted by (-,-) and | - |, which is identified
to its dual. We start with the case of contractions on the whole space.

Theorem 2.1. Let N : X — X be a contraction with the unique fixed point u* (guaranteed by Banach’s contrac-
tion theorem). If there exists a C'-functional E bounded from below such that

E'w)=u-N@) foralluceX, 2.1)

then u”™ minimizes the functional E, i.e.
E(u*) = ir)}f E.

Proof. As a consequence of Bishop-Phelps’ theorem, there is a sequence (u,,) with

E(u,) — infE and E'(u,) — 0. (2.2)

Letv, := E'(u,) = u, — N(u,). We have v, — 0 and
[t p = Ul < IN(ttyyp) = Nl + [V — vl < @l — w,| + [0, — vl
Here a € [0, 1) is the contraction constant of N. Hence

Iunﬂ, —u,| < T4 a'“ﬂﬂ? - v,

Since (v,)) is convergent (so Cauchy), this implies that (u,) is Cauchy too. Hence u,, — u for some u. Now (2.2)
yields E(u) = infy E and E'(z) = 0. The relation E'() = 0 shows that u is a fixed point of N, and since N has
a unique fixed point, u = u*.

An analogue result holds for contractions on a ball ER ={u € X : |lu| < R} of the Hilbert space X. O

Theorem 2.2. Let N : By — X be a contraction satisfying the Leray-Schauder condition

u+ AN(u) for|ul|=RandA € (0,1), (2.3)
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and let u* be the unique fixed point of N (guaranteed by the nonlinear alternative). If there exists a C'-functio-
nal E bounded from below on By, such that

E'w)=u-N@) forallue ER,
then u* minimizes the functional E on By, i.e.

E(u") = inf E.
Bp
Proof. As a consequence of Schechter’s critical point theorem in a ball (see [11, 12]), there is a sequence (u,,)
of elements from B;, with

E(u,) — inf E

R

and either
E'(u,) — 0
or

(E'(u,,)mn)u

a0l =R (B () u,) < 0.

E'(u,) -
In the first case, when E'(u,) — 0, we repeat the argument from the proof of Theorem 2.1. In the second case,
since (E'(u,), u,) = R* - (N(u,), u,,) and N is bounded as a contraction, we may pass to a subsequence in order
to assume the convergence y,, := —% — u > 0. Furthermore, if v, == E'(u,) + y,u,, then

I+ wu,=v,+N(u,) +z,
with z,, = (u — u,)u,,. Clearly z, — 0. Next

A+ Wty = vyl < v = vl +altay,, —u,| + 12,0, — 2,
and so .

< w——a(lvn+p - l)nl + |z"+P - an).

|un+p - un'
This implies that (u,,) is Cauchy. Let u be its limit. Then

E@) =infE and E'(%)+ uu =0,
By
where |u| = R and y > 0. We claim that the case y > 0 is not possible. Indeed, if we assume that 4 > 0, then
fromu — N(u) + yu = 0 we would have u = ﬁN () which has been excluded by (2.3). Hence u = 0, E'@m) =0,
i.e.u = N(u). Again the uniqueness of the fixed point guarantees u = u*. O

In the setting of critical point theory, a sequence (u,,) with the properties that (E(u,,)) converges and E (u,) =0
is called a Palais—Smale sequence. A functional is said to satisfy the Palais—Smale condition if each Palais—
Smale sequence has a convergent subsequence. Thus Theorem 2.1 says that if E' is represented by (2.1), then E
satisfies more than the Palais-Smale condition, in the sense that the Palais—Smale sequences are entirely
(not only some of their subsequences) convergent.

Remark 2.3. If in Theorem 2.2 the operator N is assumed to be more general condensing, then the min-
imizing sequence (u,) has a subsequence converging to the absolute minimum of E on By. Indeed, if (u,,)
satisfies E'(u,) — 0, then using a measure « of noncompactness with respect to whom N is condensing,
we find

a({u,}) = a({E' (u,) + N(w,)}) < a({E'(u,)}) + «({N(1,)}) = «({N(w,)}). .4)

If {u,} is not relatively compact, that is, a({u,}) > 0, then by the condensing property, a({N(u,,)}) < a({u,.}),
which in view of (2.4) yields the contradiction «({u,}) < a({u,}). Hence {u,} is relatively compact, as desired.
Note that the remark is also true for Theorem 2.1 if any minimizing sequence is bounded.
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If we focus on critical points of a functional E, and not on the fixed points of an operator N, then we can state
the following more general results:

Theorem 2.4. Let X be a Banach space with norm | - | and let E be a C'-functional bounded from below with E’
strongly monotone, that is,

(E'(w) - E'(v),u-v)>alu-v* foralluveX,
and some a > 0. Then there is u* € X with
Ew’) =infE and E'w*) =o0.
Proof. As in the proof of Theorem 2.1, let (u,,) satisfy
E(u,) — infE and E'(u,) — 0.
Denote v,, := E'(u,). We have v, — 0in X' and

Aty p = > < (B (1) = E () thyp = 1) = Wy p = Vo Uy = ths) < [V = Upllthyy = ]
It follows that 1
[ty p — 1l < ;|Un+p — U,
and the assertion follows as above. O
Similarly we have the following generalization of Theorem 2.2.
Theorem 2.5. Let X be a Hilbert space and let E be a C' functional such that E' is strongly monotone on B and
E'(w)+uu+0 forlul = Randu > 0.
Then there exists u* € By with

Ew')=infE and E'(u*)=0.
By

Proof. With the notations from the proof of Theorem 2.2, we have
alt,,, - u | < (E'(un+P) - E'(un),un+p - u,)
= (Unep — Vo e — the) = Ul p = Ty Uy p — 14,)
+ (0 = e p) Wy s U p = 1) = (o = ) (U Uy — ).
Hence
(@+ @iy =ty < v, = vl + R(lp = phy pl + 11t = 1))

which implies that (u,,) is Cauchy. O

3 Nash-type equilibrium for Perov contractions

Let (X;,1-1;), i = 1,2, be Hilbert spaces identified with their duals and let X = X; x X,. Consider the system
u = N;u,v),
{ v = N,(u,v),
where (u,v) € X. Assume that each equation of the system has a variational form, i.e. that there exist contin-
uous functionals E,, E, : X — Rsuch that E, (-, v) is Fréchet differentiable for every v € X,, E,(u, - ) is Fréchet

differentiable for every u € X, and
E} (u,v) = u - Ny(u,v),

(3.1)
E,,(u,v) = v— N,(u,v).

Here E,,(-,v), E,,(u, - ) are the Fréchet derivatives of E, (-, v) and E,(u, - ), respectively.



DE GRUYTER R. Precup, Nash-type equilibria and periodic solutions to nonvariational systems = 201

We say that the operator N : X — X, N(u,v) = (N, (&, v), N,(u,v)), is a Perov contraction [8] if there exists
amatrix M = [m;;] € M,,(R,) such that M" tends to the zero matrix 0 and the following matricial Lipschitz
condition is satisfied:

|Nl(u,v)—Nl(ﬁ,5)|1] <M[|u—ﬁ|1] (3.2)

|N2(u,v)—N2(ﬁ,i)|2 Iv_mz

for every u,u € X, and v,v € X,.

Notice that the property M" — 0 is equivalent to p(M) < 1, where p(M) is the spectral radius of the
matrix M, and also to the fact that I — M is nonsingular and all the entries of the matrix (I - M)™' are
nonnegative (see, e.g., [9, 10]).

Theorem 3.1. Assume that the above conditions are satisfied. In addition assume that E,(-,v) and E,(u,-)
are bounded from below for every u € X,, v € X,, and that there are R,a > 0 such that one of the following
conditions holds:

E,(u,v) > i)ngEl(.,u) +a forl|ul; > Randallv € X,,

(3.3)
E,(u,v) > i)I(lez(u,-)+ a for|vl,>Randallu € X,.

Then the unique fixed point (u*,v") of N (guaranteed by Perov’s fixed point theorem) is a Nash-type equilibrium
of the pair of functionals (E,, E,), i.e.

E/(u",v") = inf E, (- ),
E,u",v") = i)r(lez(u*, ).
Proof. Assume that (3.3) holds for E,. We shall construct recursively two sequences (u,) and (v,) based on

Bishop—Phelps’ theorem. Let v, be any element of X,. At any step »n (n > 1) we may find elements u, € X,
and v, € X, such that

IA
JI= 3=

. 1
E (u,,v,_1) < 1)1(1fE1( S U,q) + - |Ejq (1, v, )y , (3.4)

IN

. 1
E,(u,,v,) < 1}1(1f E,(u,,-) + - |E,, (1, 0,1, (3.5)
2

For % < a, from (3.3) and (3.5) we have |v,|, < R. Hence the sequence (v,) is bounded. Let «,, := E}; (u,, v,,_,)
and 8, := E,,(u,,v,). Clearly «,, 8, — 0. Also

u, - N(u,,v, ;) =a, and v,— N,(u,v,) =f,.
It follows that

|”n+p - unll < |N1(un+p’vn+p—1) - Nl(un’vn—l)ll + |‘xn+p - (Xn|1
<yl = tly + Mplv, oy = v, + o, — ol

<yl =l + mplv,, = vl + 1o, = o ly + My ([0 oy = Vil = [, — Ualo)

Denote App = |un+p - unll’ bn,p = |Un+p - vn|2’ Cnp = |“n+p - ‘xnll’ dn,p = |ﬁn+p - :8n|2' Then

Ay p < My @y, +Mpby 46, + My (B, — By ). (3.6)
Similarly
b,p < mya,, + myb,, +d, ,.
Hence

|ian)1i| <M [amp] . [Cn’P + le(bn—l,p - bn)P) .
b,,p byp dyp
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Consequently, since I — M is invertible and its inverse contains only nonnegative entries, we may write

[an,p] <(I- M)—l [Cn,p + mlz(bn—l,p - bn,p) )
np np

Let (I - M)™" = [y;]. Then
Gpp < V11(Cp + M0y, = b)) +y12d,,, and b, < yy(G,, + Ml p = b, p)) + Yoadp 3.7
From the second inequality, one has

Y2112 N V216up + VZZdn,P

n—-1,p (3.8)

n,p

L+ y,my, L+ y,my,

Clearly (b,,) is bounded uniformly with respect to p. Lemma 3.2 below shows that b, , — 0 uniformly
for p € N, and hence (v,) is Cauchy. The first inequality in (3.7) implies that (u,,) is also Cauchy. Let u*, v* be
the limits of (u,), (v,) respectively. The conclusion now follows if we pass to the limit in (3.4) and (3.5).

In case that E, satisfies (3.3), we interchange E, E, in the construction of the two sequences, more exactly
we will obtain

. 1 1
Ez(un_p Un) < 1nfE2(un_1’ DR |E22(un—1’vn)|2 <
X, n n
. 1 1
E,(u,v,) 31)121fE1(-,vn)+ - |E (w0l < o
Furthermore, the reasoning is similar. O

The lemma that was used is more or less similar to other results guaranteeing the convergence of iterative
schema (see, for instance, [13]).

Lemma 3.2. Let (xn,p) and ( yn,p) be two sequences of real numbers depending on a parameter p such that (xn)p)
is bounded uniformly with respect to p, and

0<x,,<Ax

wp S AXy1p + ¥, foralln, pandsome] € [0,1). (39)

If y, , — 0 uniformly with respect to p, then x,, , — 0 uniformly with respect to p too.
Proof. Lete > 0 be any number. Since y,, , — 0 uniformly with respect to p, there exists an n, (not depending

on p) such that y, , < eforalln > n,. From x,, , < Ax +¢&(n = n;) we deduce

np = n-1,p

A
1-X

where c is a bound for x,, ,. This yields x,, , — 0 uniformly in p. O

Xpp SATMx, +e(A+ Mg g ATy < ANy e

Remark 3.3. Condition (3.3) is not necessary if one can prove that one of the “minimizing” sequences (u,,)
and (v,,) is bounded.

Remark 3.4. If instead of condition (3.3) we assume that there exist convergent subsequences (”nj) and (Un,.)
of the sequences (u,) and (v,) given by (3.4) and (3.5), then the conclusion of Theorem 3.1 remains true.
To prove this, we first show that the sequence (bnj—l,l)’ b,,}__l,1 = Ivnj ~ Uy |,, is bounded. Indeed, from (3.8),
we obtain that

bn/—l,l < Abn/-—Z,l +(1- 1) j =i

This yields
bnj—l,l S Anj_njilbnj_,fl,l +1-A  j=j,
whence
byag 1A, 1= 1), j2 jo (3.10)

Denote z; = bnj,l)l. The case z; > 1 for all j > j, is not possible, since otherwise 0 <z; -1 < Mk (zj, - D),
whence z;j > 1. However, by (3.9) this would imply the contradiction 1 < 1 — A. Therefore, there is j; > j,
withz; < 1.Then (3.10) implies that z; < 1forall j > js, thatis, (z;) is bounded as claimed.
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Next, from Lemma 3.2, applied for p = 1 and x;, := bnj,l,l, we find that bnj,l,1 — 0as j — co. Hence the
sequence (Unj-1) is convergent to the limit v* of (vnj). The conclusion follows if we let j — co in (3.4) and (3.5)
withn = n;.

An analogue result holds for Perov contractions on the cartesian product ERI X ERZ of two balls of X, and X,.
Theorem 3.5. Let N : ERI X ERZ — X, N = (N}, N,), be a Perov generalized contraction, i.e. (3.2) is satisfied
for u,u € By and v,v € By . Assume that for every A € (0, 1),

u# AN,(u,v) if|lul, =R, ve ERz’

v+ AN,(u,v) if v, =R, ue ERI.
In addition assume that the representation (3.1) holds on ERI xERZ for two continuous functionals E|,E, : X —» R
such that E, (-, v) is Fréchet differentiable for every v € X,, E,(u,- ) is Fréchet differentiable for everyu € X,, and
that E, (-, v), E,(u,-) are bounded from below on By and By, respectively, for every u € By ,v € By . Then the

unique fixed point (u*,v*) € ERI X ERZ of N (guaranteed by the nonlinear alternative for Perov contractions [9])
is a Nash-type equilibrium in By x By of the pair of functionals (E,, E,), i.e.

E,(u*,v") =inf E,(-,v") and E,(u",v") =inf E,(u",-).

Bg, Bg,

The proof uses arguments from the proofs of Theorems 2.2 and 3.1.

4 Application to periodic solutions of second order systems

To illustrate the theory, let us consider the periodic problem

u'(t) = V E(t,u(t),v(t))  a.e.on(0,T),
V' (t) = V,G(t, u(),v(t))  a.e.on(0,T),
u(0) — u(T) = ' (0) - u/(T) = 0,
v(0) — o(T) = v'(0) - v'(T) = 0,

(4.

where F,G : (0,T) x RF x R® — R.

All functions of the type H: (0,T) x R” — R™, H = H(t,x) (n,m > 1), including F, G, V,.F and V,G,
will be assumed to be L*-Carathéodory, i.e. with H( -, x)-measurable for each x € R", H(t, - )-continuous for
a.e.t € (0,T), and such that for each R > 0, there is b, € L'(0, T; R, ) with |H(t, x)| < bg(t) fora.e. t € (0, T) and
allx e R”, |x| < R.

We refer to [5], for a survey on the periodic problem for systems having a variational form. In our case, the
system has not a variational form, but it splits into two subsystems having each one a variational structure.

It is known (see [5]) that a pair (u,v) € HII,(O, T;RF) x H},(O, T; R*) is a solution of (4.1) if and only if

E (u,v) =0 and E,(u,v) =0,

where E, E, : H;,(O, T; RM) x HIIJ(O, T; R*) — R are given by

T T
E,(u,0) = j(%mz +F(, u(t),v(t)))dt and  E,(u,v) = J(%mz + G(t,u(t),v(t)))dt. 4.2)
0 0

Here H,(0,T; RR¥) is the space of functions of the form

t

u(t) = J- v(s)ds + ¢

0
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with 1(0) = w(T), ¢ € RF and v € L2(0, T; R¥). We shall define a scalar product in H }1,(0, T;RM) (i = 1,2) by

T
(mm=jw%mﬂm+ﬁmmmmwn
0

where m; # 0; the corresponding norm is

T

1/2
|%=(ﬁmﬁﬁ+ﬁwwﬂm>-

0

We shall identify the dual (H;,(O, T; R5))" with H;(O, T; R¥), via the mapping J;, € (H;,(O, T;RM) — Jh=u,
the unique weak solution of the problem

" +mu=h ae.on(0,T), u(0)-u)=u(0)-u'(T)=0.

Then
E, (u,0) =u-— ]l(mfu -V,F(-,u,v)) and E,,(u,v)=v- ]Z(mév - VyG( S, U, )).

Hence
N, (u,v) = ]l(mfu - V.F(-,u,v)) and N,(u,v)= Iz(mgv - VyG(',u, v)).

In what follows we shall use the obvious inequality

1
lulz < —lul, u e Hy(0,T;RY), (4.3)
m.

1

and the estimation of the norm of J;, as a linear operator from L*(0, T; R5) to H;(O, T; RY). To obtain this,
we start with the definition of the operator J;, which gives

1
|],h|,2 = (Iiha ]ih)i = (h, ]ih)LZ < |h|L2|]ih|L2 < ;'hhz”ih'r

Hence )
\Jhl; < —Ihl2 ke X0, T; R). (4.4)
m;

We shall say that a function H : (0, T) x R* — Ris of coercive-type if the functional E : H},(O, T;RF) - R
given by

T
Eu) = J(%Iu'(t)lz L H( u(t)))dt 4.5)
0

is coercive, i.e. E(u) — +00 as |u| — oo. Here

T

1/2
M=(ﬂm%W+wmmm).
0

Lemma 4.1. If for some y € R \ {0}, V(H — y*|x|*) is bounded by an L'-function for all x € R and the average
of H(t, x) — y*|x|* with respect to t is bounded from bellow, more exactly

IV(H(t, x) -y x| < a(t)

fora.e.t € (0,T), all x € R*, some a € L*(0,T; R,), and
T
JH(t, x)dt — Ty?|x|* = C > —c0
0

for all x € R and some constant C, then the functional (4.5) is coercive.
Proof. We follow the idea from [5, proof of Theorem 1.5]. Denote

2 2
H,(t,x) = H(t, x) - y"|x|".
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Foru € H},(O, T; R¥), we have u = # + i, where 7 = : fOT u(t)dt and ii = u — u. Then

T T
E() = j(%m’(t)ﬁ + o) )t + JH (t,7)dt + J-[Hy(t, wt)) - H, (t,))dt
0 0

T
> min(L, 27"}l + C + [ [(VH 0.7+ sate), o))
0

O ——

> min{1, 2y°}|ul* + C - |a|p il
Since |i], < cl#i| < clul, we deduce that
E(u) > min{1, 2y*}ul* + C - clalp|ul — oo as |u| — oo. O

Notice that if H is of coercive-type, then the functional (4.5) is bounded from below. Indeed, the coercivity
property implies that there exists a number R > 0 such that E(u) > 0if |u| > R. As the injection of H' (O T; R¥)
into C(0, T; R¥) is continuous, there is ¢ > 0 such that

lulo, < clul foreveryu e HII,(O, T; R).

Then, for |u| < R, we have |u|,, < cR, and since H is L'-Carathéodory, H(t, u(t)) > -b(t) for a.e. t € (0,T).
As aresult, for |u| < R, one has E(u) > —|b|;:. Hence E(u) > —|b|,: forallu € H;’(O, T; R¥) as we claimed.

Our hypotheses are as follows:
(H1) foreach R > 0, there exist 0,,0, € L'(0,T; R,) and y # 0 such that

F(t,x,y) 2 y*|xI* = o1 (D)]x] - 0,(1)

fora.e.t € (0,T), all x € R" and y € R* with [yl <R,
(H2) there exist g, g, : (0,T) x R® — R of coercive-type with

g, y) <G(t,x,y) < g,(t, y) (4.6)

forall x € ]Rkl,y eRR2andae.t e 0,7),
(H3) there exist m;; € R, (i, j = 1,2) with

Im’(x - X) - V.(F(t, x, y) — F(t, %, )| < mylx - X| + mply - ¥,

_ _ _ - (4.7)
Im5(y = 3) = V,(G(t, x, ) - G(t, %, 7))| < myylx = | + myy|y - 7]
forall x,x € R, y,7 € R and a.e. t € (0, T) such that the spectral radius of the matrix
My M
2
M= [ :,"lzll %2] (4.8)
mym, m

is strictly less than one.

Theorem 4.2. Under the assumptions (H1)-(H3), problem (4.1) has a unique solution
(u,v) € Hy(0, 5RY) x H,(0, 1, R™)
which is a Nash-type equilibrium of the pair of energy functionals (E,, E,) given by (4.2).

Proof. From (H1) we have that E,(-,v) is bounded from below for eachv € H 11,(0, 1;R*). Indeed, if R = [Vl

then
T

1
B o) > [(S1/@F + 1) - 0] - 03(6) )t > Cylul} - Colul, -
0

whence the desired conclusion. Next, using the first inequality in (4.6), we have

( 1

E,(1,0) > $(v) = J(g'“'(f)'z g0, v(t)))dt.

0
Since g is of coercive-type, ¢ is bounded from below. Thus E,(u, - ) is bounded from bellow even uniformly
with respect to u.
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Furthermore, if we also denote

T
6,(0) = j(%w’(tnz + gy(6,0(e) ),

0
we fix any number a > 0, we use (4.6) and the coercivity of ¢, then we may find a number R > 0 such that
inf E,(u,-) +a < inf ¢, +a < ¢(v)

for |v], > R. Since E,(u, v) > ¢(v), this shows that condition (3.3) is satisfied by E,.
Finally using (4.3), (4.4) and (4.7), we obtain

INy (1, v) = Ny (@, 0)|; = |J,(m} (u — %) = Vo (F(-,u,0) - F(-,%,0)))],

< i|mf(u —u) - V(E(-,u,v) — F(-,%,0))|;2
m,

m _ m _

< Ly —ulp + L2y - 0|12
my my
m _ m _

< —lzllu—ul1 + —12 v -7l,.
my mym,

A similar inequality holds for N, and so condition (3.2) is satisfied with the matrix M given by (4.8). Therefore
all the hypotheses of Theorem 3.1 are fulfilled. O

Example 4.3. Consider the system of two scalar equations

][ u' = 2y12u + a(t) sin u(t) + b(t) cos u(t) cos v(t) + c(t), 49)

V' = 2y22v + A(t) sin u(t) cos v(t) + B(t) cos v(t),
where y,,y, # 0and a,b, A, B € L(0,T), c € L'(0,T). In this case,

F(t,x,y) = ylzxz —a(t) cos x + b(t) sin x cos y + c(t)x,

G(t,x,y) = y22y2 + A(t) sin x sin y + B(t) sin y,

and we let m; = y;V2 (i = 1,2). If the spectral radius of the matrix

1 bl
—(laly, + 16 oo
M = ZYf(l ||(j:| | |°O) . 2072
1Al L (Al + B
2919, Zyg(l |°O | |°O)

is strictly less than one, then system (4.9) has a unique T-periodic solution which is a Nash-type equilibrium
of the pair of energy functionals of the system.
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