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1 Introduction and preliminary results

The study of discrete boundary value problems has captured special attention in the last decade. In this con-
text, we point out the results obtained in the papers of Agarwal, Perera and O’Regan [1], Cabada, lannizzotto
and Tersian [4], Candito and Molica Bisci [5], lannizzotto and Radulescu [8], Radulescu [20]. In all these
papers, variational methods are applied to boundary value problems on “bounded” discrete intervals (that
is, sets of the type {0, ..., n}).

In [7], the continuous dependence on parameters for mountain pass solutions of second order discrete
BVPs is investigated. Any such solution is reached via mountain pass approach apart from the limit solu-
tion which need not have mountain geometry. On the other hand, in [19] are presented some multiplicity
results for a general class of nonlinear discrete problems with double-well potentials. Variational tech-
niques are used to obtain the existence of saddle-point-type critical points. In addition to simple discrete
boundary-value problems, partial difference equations as well as problems involving discrete p-Laplacian
are considered. Also the boundedness of solutions is studied and possible applications, e.g. in image pro-
cessing, are discussed. Similar models are studied and applied for the object identification, the so-called
level set segmentation.

In many cases a problem in a continuous framework can be handled by using a suitable method from
discrete mathematics and conversely (see [12]). The modeling simulation of certain nonlinear problems from
economics, biological, neural networks, optimal control and others enforced in a natural manner the rapid
development of the theory of difference equations. Interesting variational techniques have been used to get
results for general partial difference operators; see Bereanu and Mawhin [2, 3]. Difference equations serve
as mathematical models in diverse areas, such as economy, biology, physics, mechanics, computer science,
finance. The studies regarding such type of problems can be placed at the interface of certain mathematical
fields such as nonlinear partial differential equations and numerical analysis. For instance, we may consult
the monographs of Kelley and Peterson [9], Lakshmikantham and Trigiante [11]. More details on this topic
can also be found in [15, 16].

Letn > 2 be an integer number and denote Z[1, n] := {1, ..., n}. The discrete Laplace operator is defined
by

Au(k) = V(Vu(k + 1)),
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where V is the backward difference operator, namely

Vu(k) = u(k) —u(k-1) forall k € Z[1, n].

In this paper, we are interested in the existence of solutions u = (u(1), ..., u(n)) € RY of the problem
~Au(k) = Aa(k)u(k)P + f(u(k)) forall k € Z[1, n], P2
u()=un+1)=0, 1
where a = (a(1),...,a(n)) € R" and f: [0, +c0) — R is continuous, while p > 0 and A € R. We refer to

Radulescu [20] and Radulescu and Repovs [21] for related nonlinear discrete problems.

We prove the existence of solutions for problem (P,) using variational methods, by considering an
auxiliary problem and, under suitable assumptions on the data, we will prove the existence of solutions
for this equation. The method consists of proving the fact that the corresponding energy functional admits
a minimum, by using the direct methods of the calculus of variations.

We would like to emphasize that problem (P,) is the discrete version of the semilinear elliptic equation
studied in [10], that is,

-Au = Aa(x)u® + f(u) inQ,
uz0, u=+0 inQ, (1.1)
u=0 on 0Q,

where Q ¢ RN (N > 3) is a smooth bounded domain with boundary 0Q, a € L®(Q), f: [0, c0) — Ris a con-
tinuous function, p > 0 and A € R are some parameters.

Moreover, problem (1.1) was recently extended by Molica Bisci, Rddulescu and Servadei in [14] to general
classes of quasilinear elliptic equations. More exactly, they studied the problem

—divA(x, Vu) = AB)u? + f(u) inQ,
uz0 inQ, (1.2)
u=0 on 0Q,

where Q ¢ RY, N > 3, isabounded domain with smooth boundary 0Q, g > Oand A € R are parameters, while
B e L°(Q)and f: [0, c0) — R is a continuous function and A : QxRN — RV is a function satisfying some
general assumptions.

Motivated by the studies in [10] and [14], we focus in the present paper on the case of nonlinear difference
equations. We are concerned in the study of the number of solutions of problem (P;) and of their behavior
in the case when f oscillates at infinity. The case of oscillation near the origin was studied in Malin and
Radulescu [13]. Usually, equations involving oscillatory nonlinearities give infinitely many distinct solutions
(see [17, 18]), but the presence of an additional term may alter the situation.

Define the vector space

H={v=(0),v(1),...,v(n),v(n+1)) e R"? : v(0) = v(n + 1) = 0}.

Then H is an n-dimensional Hilbert space (see [1]) with the inner product

n+1
{u,v) = z Vu(k)Vv(k) forallu,v € H.
k=1

The associated norm is defined by
n+1 %
lull = ( > |Vu<k)|2) :
k=1

For all u € H we set
IVlew = max [v(k)|. (1.3)
kez[1,n]

Since H is finite-dimensional, the norms || - | and || - ||, are equivalent on H.
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Definition 1. We say that u € H is a weak solution for problem (P;) if

n+1
Y Vu(k)vv(k) - A Z a(kyu(k)Pv(k) - Z flu(k)v(k) =0 forallv e H. (1.4)
k=1 k=1 =

Remark 1. Note that (1.4) can be obtained by multiplying (P,) with v(k) for all k € Z[1, n] and summing up
from k = 0 to k = n + 1. By taking into account that v(0) = v(n + 1) = 0 and using some simple computations
we deduce the variational characterization of weak solutions from (1.4).

The paper is organized as follows. In Section 2, we will state the main results of the paper. In Section 3, we will
consider an auxiliary problem and for it we will prove the existence of solutions by using direct minimization
methods. Finally, in Section 4, we will study problem (P;) in presence of an oscillation term at infinity.

For an excellent overview of the most significant mathematical methods employed in this paper we refer
to Ciarlet [6].

2 Main results

Throughout this paper, we assume that f: [0, +oco) — R is a continuous function and we denote by F the
function defined as

E(s) := Jf(t) dt foranys € (0, +00).
0

We assume that f oscillates at infinity, namely the following assumptions are fulfilled:

co F(s) F(s) 1
) —oo<l§13+1(1)10f—2 1Sﬁ+(1>10p— g
) lyo = liminf}D < 0.

s—+o0 §

Example 1. Leta > 1, f € Rand y > 0. Define f, : [0, +00) — R by
foo(s) = s(1 + asin(Bs?)).
Then f, satisfies assumptions (f7°) and (f3°).

We point out that condition (f7°) allows us to deduce some information about the number of solutions for
problem (P,), while (f5°) is used in order to prove the existence of the solutions.

Theorem 2. Leta = (a(1),...,a(n)) e R",A e Rand 0 < p < 1. Assume that f € C([0, +00); R) satisfies con-
ditions (f1°) and (f5°) with f(0) = 0. If either

(1) p=1,ly € (-00,0)and Aa(k) < A, forall k € Z[1, n] and some A, € (0, —ls), OF

(ii)) p=1,ly = —0co and A € R is arbitrary, or

(iii) 0 < p < 1 and A € R s arbitrary,

then there exists a sequence {u;}; in H of non-negative, distinct weak solutions of problem (P,) such that

lim Ju;ll = lim |Juilleo = +00. (2.1)
1—+00 1—+00

Theorem 3. Let a = (a(1),...,a(n)) e R", A € R and p > 1. Assume that f € C([0, +00); R) satisfies condi-
tions (fy°) and (f5°) with f(0) = 0. Then, for every n € IN, there exists N\, > O such that problem (P,) has at
least n distinct weak solutions u1 5, . . ., un,2 € H such that

luial >i-1 and |ujaleo >i—1 foranyi=1,...,n, (2.2)

provided A € [-\y, Ay].
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3 An auxiliary problem

Consider the problem

—Au(k) + c(kyu(k) = gk, u(k)), ke z[1,n], P)
u(0) = u(n+1) = 0. §
Here, we assume that ¢ = (¢(1), ..., c(n)) € R"is such that
min c¢(k) >0, (3.1)
kez[1,n]
while g : Z[1, n] x [0, +00) — R is a Carathéodory function satisfying the following conditions:
(C1) g(k,0) =0 forevery k € Z[1, n],
(C2) there exists an M, > O such that |g(k, s)| < M, for every k € Z[1,n] and all s > 0,
(C3) there exist § and n with 0 < § < i such that g(k, s) < O for every k € Z[1, n] and all s € [, n].
We extend the function g by taking g(k, s) = O for every k € Z[1,n] and s < 0.
Definition 4. By a weak solution for problem (Pg) we understand a vector u € H such that forall v € H,
n+1 n n
Y vulk)vv(k) + Y clloulkvik) - Y glk, u(k)v(k) = 0.
k=1 k=1 k=1
Let Ec g : H — R be the energy functional associated to problem (Pg), namely
1 5 1 n ) n
Eeg(w) = Slul® + 2 ) clouto? = 3 Gl u(k)), ueH, (3.2)

k=1 k=1
where G(k, s) := jos g(k, t)ydt forany s € Rand k € Z[1, n]. Then E ¢ is well-defined, of class CY(H;R) and

n n
(Ecg(u),v) = (u,v) + Z c(kukyv(k) - z gk, u(k)v(k) forallu,v e H.
k=1 k=1
Thus, the weak solutions of (Pg) coincide with the critical points of E¢ .
Finally, we introduce the set W™ defined as

Wh:={ueH:|ulo <n}

where 1 is a positive parameter given in (C3).
Since g(k, 0) = O for every k € Z[1, n] by condition (C1), it follows that u = 0 is clearly a weak solution of
problem (Pg).

Theorem 5. Assumethatc = (c(1), ..., c(n)) € R"satisfies condition (3.1) and that g : Z[1, n]x[0, +c0) — R
is a Carathéodory function satisfying (C1), (C2) and (C3). Then:

(@) the functional E.. ¢ is bounded from below on W™ attaining its infimum at some it € W',

(b) u(k) € [0, 6] for every k € Z[1, n], where § is the positive parameter given in (C3),

(c) i is a non-negative weak solution of problem (Pg).

Proof. (a) Since the norms || - ||, and | - | are equivalent in the finite-dimensional space H, the set W™ is com-
pact in H. Combining this fact with the continuity of E. ¢, we infer that E ¢|w« attains its infimum at &t € W™.
(b) Let 6 be as in assumption (C3) and let M be the following set:

M :={k € Z[1,n] : u(k) ¢ [0, 6]}.

Hence, arguing by contradiction, we suppose that M + 0.
Define the truncation function y : R — R by

Y(s) := min{s,, 6},
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where s, = max({s, 0}. Now, set w := yo i1, that is,

1} if a(k) > 6,
w(k) = qu(k) if 0<u(k) <6,
0 if a(k) <0,
for every k € Z[1, T]. Since y(0) = 0, we have w(0) = w(n + 1) = 0, so w € H. Besides, 0 < w(k) < 4 for every

k € Z[1, n]. By assumption (C3) we know that § < n,and sow € W .
We introduce the sets

M_:={keM: ii(k) <0} and M, :={ke M: u(k) > 6}.
Thus, M = M_ U M, and we have that

(k) forall ke Z[1,n]\ M,
w(k) =30 forall ke M_,
6 forall k e M,.

Moreover, we have
1 1 n n
Ecg(w) - Ec (i) = E(IIWII2 — llal?) + 5 Z c()[(w(k))? - (@(k))?] - Z [G(k, w(k)) - G(k, tu(k))]
k=1 k=1

1 1
=: 5]1+§]2—]3- (3.3)
Since yis a Lipschitz function with Lipschitz constant 1, and w = y - i1, we have

2 ~112
J1 = lwl” =l
n+1

= Y [Ivw(i) 2 - IVa(k)[?]
k=1
n+1

=Y [lw(k) - w(k - 1)|* - (k) - a(k - 1)*] < 0. G4
k=1

Since mingez1,n) c(k) > 0 by (3.1), one has

n

J2 =) clolw(k)* - (a(k))?]

k=1

= X clo[wk)? - (@(k))’]

keM

=- Y cl@k)®+ Y ck)[6* - (@k)*] <0. (3.5)

keM_ keM,

Next, we estimate J3. Due to the fact that g(k, s) = 0 for all s < 0 and for every k € Z[1, n], we have

Y [Gk, w(k)) - G(k, (k)] = 0. (3.6)
keM_

Moreover, by using the mean value theorem, for every k € M,, there exists 6(k) € [8, ii(k)] c [8, ] such that
G(k, w(k)) - G(k, u(k)) = G(k, 6) - G(k, u(k)) = g(k, 0(k))(6 — u(k)).
Thus, taking into account hypothesis (C3) and definition of M., we have

Y [G(k, w(k) - G(k, u(k))] > 0. (3.7)
keM,
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Hence, by (3.6) and (3.7), we obtain

J3 = Y [G(k, w(k)) - G(k, a(k))] = Y [G(k, w(k)) = G(k, ii(k))] > O. (3.8)
keM keM,

Combining relations (3.4), (3.5), (3.8) with (3.3), we get
Ecg(w)— Ecg(i1) <O. (3.9)
On the other hand, since w € W, it is easy to see that

Ecq(w) 2 Ecg(l) = uienmgq Ecg(u).

By this and (3.9) we get that every term in E. ¢(w) — Ec ¢(&1) should be zero. In particular, from J, and due
to (3.1), we have

Y clo@k)® =) cks® - (@k)’] =0,

keM_ keM,
which implies that

. 0 forevery ke M_,
(k) =
6 forevery k e M,.

In view of the definition of the sets M_ and M,, we deduce that

M_=M, =0,
which contradicts M_ U M, = M + 0.
(c) Fix v € H arbitrarily and let
n-96
gyi=—— >0,
O Vleo + 1

where § and 7 are given as in (C3). Moreover, let I : [-&g, €9] — R be the function defined as
I(g) := E¢ (1 + €v).

First of all, thanks to (b), for any € € [-&g, £9] we have

-6
Tl <7

li(k) + ev(k)| < u(k) +

for every k € Z[1, n]. Thus, @t + ev € W',
Consequently, due to (a), we have I(¢) > I(0) for every € € [~&, o], that is, O is an interior minimum
point for I. Then, I'(0) = 0 and (E’C,g(ﬂ), v) = 0. Taking into account that v € H is arbitrary and using the
definition of E¢ ¢, we obtain that & is a weak solution of problem (Pg). Moreover, due to (b), it is non-negative

in Z[1, n]. O

Theorem 5 does not guarantee that the solution it of problem (Pg) is not the trivial one. In spite of this, by
Theorem 5 we will derive the existence of nontrivial solutions for the original problem (P,), provided the
nonlinear term f is chosen appropriately.

Finally, we define the continuous truncation function 7, : [0, +c0) — R as

7,(s) := min{n, s} foreverys>o0, (3.10)

where 1 is the positive constant given in assumption (C3).

4 Oscillation at infinity

In order to prove Theorems 2 and 3, we consider problem (P;), where ¢ = (c(1), ..., c(n)) € R" fulfills (3.1)

and g : Z[1, n] x [0, +00) — R is a Carathéodory function which satisfies the following assumptions:

(A1) g(k,0) = 0forall k € Z[1, n], and for any s > 0, there exists an M > 0 such that maxye(o,s] I(k, t)] < M
forall k € Z[1, n],
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(A2) there exist two sequences {6;}; and {n;}; with 0 < §; < 17; < ;41 such that

lim 6; =+c0 and g(k,s)<O0
1—+00
for every k € Z[1, n] and for all s € [;, n;], i € N,
(A3) uniformly for all k € Z[1, n],

—o0 < liminf Gk, 5) and limsup Gk 5)
S—+00 s2 s—+00 s2

1
> —,
n

where G(k, s) = [ g(k, t) dt.

Proof of Theorem 2. We start by proving assertion (i). In this case when p = 1 and I, € (-c0, 0), we fix A € R
such that Aa(k) < Ay, forall k € Z[1, n] and some 0 < Ay, < —loo.
Let us choose Ay € (Ao, —lso) and let

c(k) := Ao — Aa(k) and g(k,s) := f(s) + Aeos forall (k, s) € Z[1, n] x [0, +00). (4.1)

Firstly, we show that the functions ¢ and g given in (4.1) satisfy the assumptions (3.1), (A1), (A2) and (A3).
It is clear that minyez(1,n) c(k) > XOO - Ao > 0 and ¢ € R" thanks to the fact that a € R", so (3.1) is satisfied.

Since f(0) = 0 by assumption and using the regularity of f, it is easy to see that g is a continuous function
inZ[1, n] x [0, +00) and g(k, 0) = O for all k € Z[1, n]. Also, the continuity of s — g(-, s) and the Weierstrass
theorem yield (A1).

Note that _
F
G(:z’ S _ %" + g forany k € Z[1,n] and s > 0.
Thus, hypothesis (f{°) implies (A3).
In the sequel, since I, < —A, and using (f3°), there exists a sequence {s;}; (0, +co) converging to +co
as i — +oo such that

f(si) < ~Acos; foralli e N large enough.

Thus, we have
g(k, si) = f(si) + AeoSi < O.

Consequently, by using the continuity of f, we may fix two sequences {6;};, {ni}; (0, +c0) such that 0 < §; <
Si < Ni < Oip1,limM;_, 400 6; = +oo and g(k, s) = Aeos + f(s) < Oforany k € Z[1,n]and all s € [§;, n;]and i > i¥,
i* € N. Therefore, hypothesis (A2) is also fulfilled for g on every interval [6;, n;], i € N. For any i € N, we

consider the truncation function g; : Z[1, n] x [0, +c0) — R,
S
itk ) i=glk,Ty) and  Gilk,s) = [ gl ) dt 4.2)
0

for every k € Z[1, n] and s > 0, where 7, is the function defined in (3.10) with 1 = ;.

Let E; : H — R be the energy functional associated with problem (Pg), that is, E; := Ec,g;, where Ecg,
is the functional given in (3.2) with g = g;. Taking into account hypotheses (A1) and (A2), it is easily seen
that the function g; fulfills all the assumptions of Theorem 5 for any i € N. Thus, for every i € N, there exists
u; € Wmi such that

in E;(u) = Ei(u; .
uréll}l/r’}i i(u) i(ui), (4.3)
ui(k) € [0, 6;] foreveryk € Z[1,n], (4.4)
u; is a non-negative weak solution of (Pgi). (4.5)

Taking into account the definition of g;, (A2) and (4.4), it is easily seen that

8i(k, ui(k)) = g(k, Tp,(ui(k))) = g(k, ui(k)) forevery k € Z[1, n].
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Thus, by the above relation and (4.5), u; is also a non-negative weak solution for problem (Pg). In the sequel,
we need to show that there are infinitely many distinct elements in the sequence {u;};. To this end, first of all
we claim that, up to a subsequence,

lim E;(u;) = —oo. (4.6)
i—+00
Indeed, due to (f{°) and (4.1), we have that
. G(k,s) Ao F(s) 1
1 = — +1lim — > =24+,
PN 2 PRSP o > >t

In particular, for a small €., > O, there exists a sequence {5;}; tending to +co such that
G(k, §;) > (% + /_%O + 800)51-2. (4.7)
Since §; ./ +o0o by (A2), we can choose a subsequence of {§;}; still denoted by {8;}; such that
0<5§<6; forallieNN. (4.8)
Let i € N be fixed and let us define the function w; € H by
wi(k) =3§; forevery k € Z[1,n].

Then ||wi|le = 3i < 8; < n; by (A2) and (4.8). Hence, w; € Wi, This yields that for every k € Z[1, n], we have
S

Gik, wi(k) = Gi(k, 1) = jgxk £ dt = j gk, Ty (1) dt = jg(k, f)dt = Gk, ). (4.9)
0 0

Then, by using (3.1), (4.1), (4.7) and (4.9), for i sufficiently large we have

n+1

Ei(wi) = = Z Vwilk = 1) + 5 Z c(k)(wi(k))® - Z Gi(k, wi(k))

k=1 k=1

<607 + S heon(3)? - Gk, 5)

1= 1 Ao
< () + }toon(s) —n< + 7+eoo)(s )?
= —nEw(31)%.
By construction, we know that w; € W% c W™, Consequently, by the above relations and (4.3), we have

Ei(u;) = urgviﬁi Ei(w) < Ei(w;) < —neo(5;)> foralli e N. (4.10)

Since lim;_, o §; = +00, by relation (4.10) it easily follows claim (4.6). As a consequence of (4.6) we get
that the sequence {u;}; has infinitely many distinct elements (and, in particular, u; # 0 in Z[1, n], being
E;(0) = 0). Indeed, let us assume that in the sequence {u;}; there is only a finite number of elements, say
{uq, ..., up} for some n € IN. Consequently, due to (4.2), the sequence {E;(u;)}; reduces to at most the finite
set{E1(u1), ..., En(un)} which contradicts relation (4.6). Hence problem (Pg) admits infinitely many distinct
weak solutions.

It remains to prove (2.1). Since the norms | - |« and || - || are equivalent, it is enough to prove that

lim |ujlleo = +00.
1—+00

Arguing by contradiction, we assume that for a subsequence of {u;};, still denoted by {u;};, there exists
a constant C > 0 such that
luileo < C foralli e N.
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Therefore, we have

n+1 n

1 1 L
Ei(w) = 5 kzl [Vui(k - 1)1* + 5 kzl c(k)(ui(k))? - kzl Gi(k, ui(k))

> - Y Gik,ui(k) = = ) Gk, u;(k))
k=1 k=1

n i
==y J g(k,s)ds

k=1

n
> — k, i(k
,;132?3%] Ig(k, s)lui(k)

> —-6in max |g(-,s)|.
5€[0,C]

Since lim;_,,, 6; = +00, by (A2) the above inequality contradicts relation (4.6). Thus, we get the existence of
infinitely many distinct nontrivial non-negative solutions {u;}; for problem (Pg) satisfying condition (2.1).
Due to the choice of ¢ and g in (4.1) and taking into account that p = 1, it is easy to see that (Pg,) is
equivalent to problem (P,). So, u; is a weak solution of problem (P;) which concludes the proof of assertion (i).
Now, let us consider assertion (ii). In this case when p = 1 and I, = —0o, we take A € R be arbitrary fixed,
Aeo € (0, -lss) and

c(k) = and g(k,s) = f(s) + Aa(k) + As)s forall (k,s) € Z[1, n] x [0, +c0). (4.11)
In this setting, the arguments are the same of the ones used in the previous case.

Finally, let us prove assertion (iii). In this case when 0 < p < 1, let A € R be arbitrary fixed and we
choose A, € (0, -ly,) and

c(k):i=Ao and g(k,s) := Aa(k)s” + Aeos + f(s) forall (k,s) € Z[1, T] x [0, +c0). (4.12)

Also in this setting our aim is to prove that ¢ and g given in (4.12) satisfy the conditions (3.1), (A1)-(A3).

Hypothesis (3.1) is clearly satisfied. By assumption, we know that f(0) = 0 and thus g(k, 0) = 0 for all

k € Z[1, n]. Due to the fact that a € R", the continuity of s — g(-, s) and the Weierstrass theorem yield
that (A1) hold too. Furthermore, since p < 1 and

Gk, s) _ /1Lk)sp’1 + A + Fs) forall k € Z[1, n] and s € (0, +00),
s2 p+1 2 s2

hypothesis (f;°) implies (A3). Next, for all k € Z[1, n] and every s € [0, +00), we have

gk, s) <Al - lallcoS? + Acos + f(S). (4.13)
Due to (f5°) and (4.13) we have
liminf %) ¢ lim inf(|/1| Nalloos? L + Aoy + @) A+l <0 (4.14)
S—+00 S S$—+00 S

for all k € Z[1, n], thanks to the choice of p,i.e.p < 1.

Therefore, we can fix a sequence {s;}; ¢ (0, +0o0) converging to +co as i — +oo such that g(k, s;) < 0 for
all i € N large enough and for every k € Z[1, n]. Thus, by using the continuity of s — g(-, s), there exist
two sequences {8;};, {ni}i € (0, +00) such that 0 < §; < s; < n; < 8i41, limj,1o0 6; = +00 and g(k, s) < O for
every k € Z[1,n] and all s € [§;, n;] and i € N large enough. Thus, hypothesis (A2) hold true.

Finally, arguing as in the proof of assertion (i) we observe that problem (Pg) is equivalent to problem (P,)
through the choice (4.12). This ends the proof of Theorem 2. O

Proof of Theorem 3. Let Zoo € (0, -ly), where I, < 0 is given in assumption (f;°), and let us choose
c(k) :=Ae and g(k,s,A) 1= Aa(k)s? + AsoS + f(S) (4.15)
for all (k, s) € Z[1, n] x [0, +00), A € R. Note that for all k € Z[1, n] and every s € [0, +00), we have
gk, 5, ) < Al - |allcoS? + Acos + £(S).
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In the sequel, since lo, < A« and using (f5°), there exists a sequence {s;}; ¢ (0, +co) converging to +co
as i — +oo such that
f(si) < —Aos; fori e N large enough.

Thus, we have

g(k,si,0) = Asosi + f(si) <O

fori € Nlargeenough and forall k € Z[1, n]. Due to the continuityof s — g(-, s, - ) we can fix three sequences
{6i}i, {ni}i € (0, +00), {A;}; (0, 1) such that

0<6;<si<ni<biy1, lim 6; =+oo, (4.16)
1—+00
and for i € IN large enough,
glk,s,A) <0 forallk e Z[1,n], A € [-A;,Aj] and s € [6i, ni]. (4.17)

Without any loss of generality, we may assume that

0;

WV

i, 1€NN. (4.18)
Foranyi e Nand A € [-A;, A;], let g; : Z[1, n] x [0, +00) X [-A;, A;]] — R be the function defined by
gi(k, s, A) := g(k, Ty,(s), A) (4.19)

and
S

Gilk, s, ) i= Jg,-(k, £, 1) de
0
forall k € Z[1,n] and s > 0. Let E; y : H — R be the energy functional associated with problem (P;(- » A)),
that is,
Eiar:=Ecg(, 0,

where Ec (.. is the functional given in (3.2) with g = g;(-, -, A).

Note that for every i € N and A € [-A;, A;], the functions ¢ given in (4.15) and g; fulfill all the hypotheses
of Theorem 5. Consequently, applying Theorem 5 we get that, for i € N sufficiently large and A € [-A;, A;],
there exists u; € W' such that

min E; 2(u) = Eia(ujp), (4.20)
ueWhi
u; (k) € [0, 6;] forall k € Z[1, n], (4.21)
u; is a non-negative weak solution of (P;,i o, A)). (4.22)

Now, by (4.16) and (4.21) for i sufficiently large and for all k € Z[1, n], we have
0 < ui,,\(k) <6< Ni, (4.23)

and thus
gik, uja(k), A) = g(k, uja(k), A). (4.24)

On account of the definition of the functions g; and c, and relations (4.22) and (4.24), u; , is also a non-
negative weak solution of problem (P,), provided i is large and || < A;.

It remains to prove that for any n € IN problem (P,) admits at least n distinct solutions, for suitable values
of A. At this purpose, thanks to the choices of ¢ and g; and (4.23), the functional E; ; is given by

1 n I)|p+1 n
Enp) = 2l -4 Y a2 3 pugi)
k=1 k=1
_r S [u(k) P+
—Ez,o(u)—/\kgla(k)pT forany u € H. (4.25)
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Note that, for A = 0, the function g;(-,-,A) = gi(-, -, 0) verifies the hypotheses (3.1), (A1), (A2) and (A3).
In fact, g;(-, -, 0) is the function appearing in (4.2) and E; := E; o is the energy functional associated with
problem (P;(. ...0))- Denoting u; := uj 0, uptoa subsequence we also have

E;(u;) = min E;(u) < Ej(w;) forallie N, (4.26)
ueWhi
lim E;(u;) = —oo0, (4.27)
1—+00

where w; € Wi appear in the proof of Theorem 2, see relations (4.6) and (4.10), respectively. We fix a se-
quence {0;}; with negative terms such that lim;_, ., 6; = —co. Due to (4.26) and (4.27), up to a subsequence,
we may assume that

0; < Ei(u;) < Ei(w;) < 0;_1 fori>i* withi® € N. (4.28)
Foranyi > i* let
_ W+ D(Ei(ui) —ﬁi) and Al i (P +1)(0i1 - Ei(:/:i)).
(laleo + 1)n8Y (lalleo + 1)}

Note that /\1{ and )l;.' are strictly positive, due to (4.28) and they are independent of A. Now, fix n € N and let

Al

i

(4.29)

Ap = min{Aie s, ooy Aivans Ay g e oo Ay Ao <o A
On account of (4.28), A, > 0 and it is independent of A. Moreover, if |A| < A,, then we have |A| < A; for any
i=i*+1,...,i* +n. Thus, for any A € R with |A] < Ap, we have that u; ; is a non-negative weak solution of
problem (P,), foranyi=i* +1,...,i* +n.
Next, we will show that these solutions are distinct. At this purpose, note that u; € W by (4.23) and
so for any A € R with |A] < A, we have

Ei(u;) = min E;(u) < Ei(uj,p). (4.30)
ueWwmi
Thus, by (4.25) and (4.30), for any A with |A] < A, we have
/l n
EiA(uip) = Ei(uip) - —— Y a(l)lui (k)P
p+1 e

A
> Eifu) = " lalood]

A
> Ei(ui) - —|lalle6” ' n
p+1

!
i 1
> Ei(uj) - — a6’ " n
p+1

> 91' (4.3 1)

foranyi=i* +1,...,i* + n, thanks to (4.23), the choice of A, and the definition of }llf.
On the other hand, by (4.25), (4.26) and using the fact that |wi|c, = §; < 8; (see the proof of Theorem 2)
and the definition of )l;.' , forany A with [A| < A, and foranyi=i*+1,...,i" + n we deduce that

Eia(ujp) = min Ejz(u)
ueWwmi

< Eia(wy)
/l n
= Ei(wi) - —— Y a(l)lw;()P**
p+1 e

Al
p+1

A
< Ei(wi) + ——Jlallon8” ' n
p+1

n

A
< Eilwy) + = lalleod]

< 0i_1. (4.32)

+1
< Ei(wy) + lalled?" " n
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Consequently, for every i =i* +1,...,i* +n and A € [-Ay,, Ay], by (4.31) and (4.32) and the properties
of {6;};, we have
0; < Eia(uja) < 6i-1 <0, (4.33)

and therefore
Ena(upp) <--- < Eqa(ugp) <O. (4.34)

Note that u; 3 € W foreveryi =i*+1,...,i* + n,so Ej A(ui,2) = En,a(ui,p), see relation (4.19). From above,
for every A € [-Ay, Ay], we have

Ena(un,2) < -+ < Epa(ug,p) < 0=Epx(0).

In particular, the solutions uj 3, . . ., Un, are all distinct and nontrivial, whenever A € [-Ay,, Ay]. Finally, it
remains to prove conclusion (2.2). For this, we assume that n > 2 and fix A € [-Ay, A,,]. We prove that

luialloo > i1 forallie{2,...,n}. (4.35)

Let us assume that there exists an element iy € {2, ..., n} such that [[uj, illco < 8;y-1. Since ;-1 < nj,-1, it
follows that u;, 3 € Wmo-1. Thus, on account of (4.20) and (4.19), we have

Eiy-1 a(Ujp-1,0) = min  Ej 13 < Ej-1,2(Uig, 1) = Eig,a(Uip,1)5
ueW’I’O‘l

which contradicts (4.34). Therefore, (4.35) holds true.
Thus, from (4.18) we have ||uj zllo > i — 1foralli € {1, ..., n}. This concludes the proof of Theorem 3. [
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