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Abstract: In this article, we consider a vibrating nonlinear Timoshenko system with thermoelasticity with
second sound. We discuss the well-posedness and the regularity of solutions using the semi-group theory.
Moreover, we establish an explicit and general decay result for a wide class of relaxation functions, which
depend on a stability number p.
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1 Introduction and setting of the problem

Beams represent the most common structural component found in civil and mechanical structures. Because
of their ubiquity they are extensively studied, from an analytical viewpoint, in mechanics of materials.
A widely used mathematical model for describing the transverse vibrations of beams is based on Timoshenko
beam theory (TBT) developed by Timoshenko in the 1920s. The TBT accounts for both the effect of rotational
inertia and shear deformation that occur within a beam during the vibration. These factors are neglected
when applied to Euler-Bernoulli beam theory (EBT), which is appropriate for beams with small cross-sectional
dimensions compared to the length. In fact, a fundamental assumption in EBT is that cross sections remain
plane and normal to the deformed longitudinal axis throughout deformation, while in TBT cross sections
remain plane but do not remain normal to the deformed longitudinal axis as the shear deformation is taken
into account. The cross section rotation from the reference to the current configuration is denoted by ¢ in
both models. In the EB model, this is the same as the rotation of the longitudinal axis. In the Timoshenko
model, the difference is used as measure of mean shear distortion.
In 1921, Timoshenko [28] gave the following system of coupled hyperbolic equations:

{ pue = (K(ux - 9)), in (0,L) x Ry, w1
Iy = (EIQyx)x + K(ug — @) in (0, L) x Ry,

together with boundary conditions of the form
=L =L
Elpy[;5 =0, (ux—9),Z5 =0,

as a simple model describing the transverse vibrations of a beam, where t denotes the time variable and x is
the space variable along the beam of length L, in its equilibrium configuration, u is the transverse displace-
ment of the beam and ¢ is the rotation angle of the filament of the beam. The coefficients p, I,,, E, I and K are
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respectively the density (the mass per unit length), the polar moment of inertia of a cross section, Young’s
modulus of elasticity, the moment of inertia of a cross section, and the shear modulus.
System (1.1), with the above boundary conditions, is conservative and the natural energy of the beam,

given by
L

&0 = 5 [ (el + Ilge + Ellgal + Kiux - o) d,
0
remains constant in time.

Vibration has long been known for its capacity of disturbance, discomfort, damage and destruction.
Since a long time, many researchers have been investigating ways and means to control this phenomenon.
However, with the development of control theory for partial differential equations over the last few decades,
it is not surprising that the issue of stability and controllability of Timoshenko-type systems has received
a great attention of many mathematicians. One effective method for vibration control is passive damping.
Damping is most beneficial when used to reduce the amplitude of dynamic instabilities, or resonances,
in a structure.

Kim and Renardy [7] considered (1.1) together with two boundary controls of the form

ou ou
K(p(L,t)—Ka(L,t)zaE(L,t) forallt >0,
op _ o009
EIE(L, t) = _'BE(L’ t) forallt>0,

and used the multiplier techniques to establish an exponential decay result for the natural energy of (1.1).
They also provided numerical estimates to the eigenvalues of the operator associated with system (1.1).
An analogous result was also established by Feng, Shi and Zhang [3]. Raposo, Ferreira, Santos and Castro [20]
looked into the following system:

prug — K(uxy —9)+u; =0 in(0,L) x R,,
P2t — bpyx + K(ux — @) + ¢ =0 in(0,L) x R,, (1.2)
u(0,t) =u(L, t) = p(0,t) = p(L,t)=0 forallt>O0,
and proved that the energy associated with (1.2) decays exponentially. Soufyane and Wehbe [27] considered

pug = (K(ux - 9)), in(0,L) x R,
Iypet = (EI@x)x + K(ux — ) — by in (0,L) x Ry, (1.3)
u,t) =u(L,t)=@0,t)=¢p(L,t)=0 forallt>0,
where b is a positive and continuous function satisfying

b(x) > bg >0 forallx € [ag, a;] c [0, L]

and proved that the uniform stability of (1.3) holds if and only if the wave speeds are equal (K/p = EI/I,);
otherwise only the asymptotic stability has been proved. Rivera and Racke [18] obtained a similar result in
a work, where the damping function b = b(x) is allowed to change sign. They also treated in [17] a nonlinear
Timoshenko-type system of the form

Jl P1@et — 01(Px, P)x =0,
p2aie = X(Px)x + 02(@x, P) + dihr =0

in a one-dimensional bounded domain and gave an alternative proof for a sufficient and necessary condition
for exponential stability in the linear case and then proved a polynomial stability in general. Moreover, they
investigated the global existence of small smooth solutions and exponential stability in the nonlinear case.

Shi and Feng [24] used the frequency multiplier method to investigate a nonuniform Timoshenko beam
and showed that, under some locally distributed controls, the vibration of the beam decays exponentially.
The nonuniform Timoshenko beam has also been studied by Ammar-Khodja, Kerbal and Soufyane [2] and
a similar result to that in [24] has been established.
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Ammar-Khodja, Benabdallah, Munoz Rivera and Racke [1] considered a linear Timoshenko-type system
with memory of the form

P1Pt — K(px +P)x = 0,

t
patbie — bipay + jg(t — ) Pue(s) ds + K(@x + 1) = 0,
0

‘ P06 0) = Po(0),  Pe(x,0) = 91(x), (1.4)

l/)(X, 0) = ll)O(X)y l/)[(X, O) = l/)]_(X),
0, =01,t) =90, =P(1,t) =0

in (0, L) x R,, and used the multiplier techniques to prove that the system is uniformly stable if and only if
the wave speeds are equal (K/p1 = b/p,) and g decays uniformly. More precisely, they proved an exponen-
tial decay if g decays in an exponential rate and polynomially if g decays in a polynomial rate. They also
required some extra technical conditions on both g’ and g'’ to obtain their results. This result has been later
improved by Messaoudi and Mustafa [10] and Guesmia and Messaoudi [5], where the technical conditions
on g"" have been removed and those on g' have been weakened. Also, Guesmia and Messaoudi [6] considered
the following system:

-

P19t — K(px + P)x =0,

t
Patbie — Kiyy + jg(t 1)@ (1)), dr + K(@x + ) + bOh(y) = 0,
0

) O(x,0) = po(x),  @i(x,0) = p1(x), (1.5)

P(x,0) =o(x), Pe(x, 0) = 1 (x),
| 00,1 =¢(1,t) =0, =P(1,t) =0

in (0, 1) x R, and proved under conditions on the relaxation function g similar to those in [4] and by
assuming that

a(x)+b(x)=p>0 forallxe(0,1),

an exponential stability for g decaying exponentially and h linear, and polynomial stability when g decays
polynomially and h is nonlinear.
Concerning stabilization via classical heat effect, Rivera and Racke [16] investigated the system

P1Pit — 0(Px, P)x =0 in (0, L) xRy,
P2t — by + K(x + ) + 90y =0 in (0, L) x Ry,
P30t — KOxx + Py =0 in(0,L) x R4,
where ¢, Y and 8 are functions of (x, t) which model the transverse displacement of the beam, the rota-
tion angle of the filament and the difference temperature, respectively. Under appropriate conditions on
o0, pi, b, K, y, they proved several exponential decay results for the linearized system and non-exponential
stability result for the case of different wave speeds.

Concerning Timoshenko systems of thermoelasticity with second sound, Messaoudi, Pokojovy and
Said-Houari [12] studied

P1Pt — 0(@x, P)x + Hpe =0 in (0, L) x Ry,
P2t — by + k(px + ) + B0, =0 in (0, L) x R,,
P30t + ydx + 6P =0 in(0,L) x Ry,
Toqr+q+ k0 =0 in(0,L) xRy,
where ¢ = @(x, t) is the displacement vector, i = Y(x, t) is the rotation angle of the filament, 0 = 0(x, t) is

the temperature difference, g = g(x, t) is the heat flux vector and p1, p2, p3, b, k, y, 8, k, U, 7o are positive
constants.
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Several exponential decay results for both linear and nonlinear cases have been established in the pres-
ence of the extra frictional damping p¢;. Fernandez Sare and Racke [4] considered

P19t — k(px+P)x =0 in(0,L) xRy,

P2t — by + k(@x + ) + 66, =0 in (0,L) x R,,
P30t +yqx + 6P =0 in (0, L) x Ry,
Tqe+q+x60,=0 in(0,L)xR,,

(1.6)

and showed that, in the absence of the extra frictional damping (u = 0), the coupling via Cattaneo’s law
causes loss of the exponential decay usually obtained in the case of coupling via Fourier’s law [16]. This
surprising property holds even for systems with history of the form

pP1@tt —k(px +P)x =0 in(0,L) xRy,
+00
patbie — B + k(gy + ) + j gS)Wux(-,t—5)ds+ 86, =0 in(0,L)xR,,

0 (1.7)

P30t +ydx + 6P =0 in(0,L) x R4,

Tqr+q+x60,=0 in(0,L) x R,.

Precisely, it has been shown that both systems (1.6) and (1.7) are no longer exponentially stable even for
equal-wave speeds (k/p1 = b/p,). However, no other rate of decay has been discussed. Recently, Santos,
Almeida Jinior and Mufioz Rivera [22] considered (1.6) and introduced a new stability number

:(T_P_1)<&_&)_T52P1
K kos )\ ~ k) kps

and used the semi-group method to obtain exponential decay result for y = 0 and a polynomial decay for
u#0.

The boundary feedback of memory type has also been used by Santos [21]. He considered a Timoshenko
system and showed that the presence of two feedbacks of memory type at a portion of the boundary stabilizes
the system uniformly. He also obtained the rate of decay of the energy, which is exactly the rate of decay of the
relaxation functions. This last result has been improved and generalized by Messaoudi and Soufyane [14].
For more results concerning well-posedness and controllability of Timoshenko systems, we refer the reader
to[9, 11, 13, 15, 23, 25, 26].

In this paper, we consider the following Timoshenko system:

P19t — k(@x +P)x =0 in(0,1) xRy, (1.8a)

P2 — bhyx + k(@x + ) + 605 + a()h(ipy) =0 in(0,1) x Ry, (1.8b)

P30+ qx +0Yy =0 in (0, 1) x Ry, (1.8¢)

Tqr+Bq+6x=0 in(0,1) x Ry, (1.8d)

Ox(0,t) = ox(1,t) =0, t) =P(1,t) = q(0,t) = q(1,t) =0 forallt >0, (1.8¢e)
©(x,0)=@o(x), @(x,0)=¢p1(x) forallxe(0,1), (1.8f)

Y(x,0) =Po(x), Pi(x,0)=11(x) forallx € (0,1), (1.8g)

6(x, 0) = Op(x), q(x,0) = qo(x) forallx € (0,1), (1.8h)

where p1, p2, p3, b, k, 8, B and 1 are positive constants, ¢ = @(x, t) is the displacement vector, ) = P(x, t)
is the rotation angle of the filament, 6 = 6(x, t) is the temperature difference and q = q(x, t) is the heat flux
vector. Also, a and h are two functions to be specified later.

Using (1.8a), (1.8c) and the boundary conditions (1.8€), we have

& | d [
an J(p(x, t)dx=0 and i Je(x, t)dx = 0.
0 0
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Consequently, we obtain

1 1 1 1 1
J Q(x, t)dx = ( J p1(x) dx)t + J @o(x)dx and J O(x, t)dx = J Bo(x) dx.
0 0 0 0 0

If we set

1

1 1
o, t) =p(x,t)- (( J P1(x) dx)t + j Po(x) dx) and 6(x,t) = 0(x,t) - I Oo(x) dx,
0 0

(0]

then (o, ¥, 0, q) also satisfy system (1.8) and we have

1 1
JE(X, t)dx =0 and J@(x, t)dx = 0.
0 0

—_ 267

From now on, we use the new variables (¢, 1, 5, q), but we denote them by (¢, ¥, 0, q), for simplicity.

The article is organized as follows. First, in Section 2, we use the semi-group theory to prove the existence
and uniqueness of solutions of system (1.8). Next, in Section 3, we study the asymptotic behavior of the
energy of solutions of system (1.8) using the multiplier method. For that purpose, we assume some hypo-
theses on a and h. The optimal exponential and polynomial decay rate estimates can be obtained in some

special cases with explicit nonlinear terms.

2 Well-posedness and regularity

In this section, we discuss the well-posedness of the problem (1.8), using the semi-group theory. We consider

the following hypotheses on a and h:

(A1) a: R, — R, is differentiable and non-increasing,

(A;) h: R — Ris alocally Lipschitz function satisfying h(0) = 0.
We introduce the Hilbert spaces

1

L?(0,1) = {v € L?(0,1): Jv(s) ds = o},
0

H1(0,1) = H'(0,1)n L2(0, 1),

HZ2(0,1) = {v € H*(0, 1) : v(0) = vx(1) = O}.

The energy associated with system (1.8) is defined by

E(go, ll)’ 0’ Q)(t) =

N[~

1
J(plso? + P27 + b3 + k(@x + )* + p36° + 1¢7) dx.
0

Let

H=H0,1)x L%(0, 1) x H3(0, 1) x L?(0, 1) x L2(0, 1) x L*(0, 1)

be the Hilbert space endowed with the inner product defined, for U = (uq, u>, us, us, us, ug)! € H and

V = (v1,V2,V3, V4, Vs, v6)! € H, by

(U, Vg = p1{u2, v2)12(0,1) + P2{Us, V4)12(0,1) + k{U1x + U3, Vix + V3)[2(0,1)

+ b{usx, Vax)12(0,1) + P3{Us, V5)12(0,1) + T{Us, V6)12(0,1)-
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For @ = (¢, u, Y, v, 0, q)' and @g = (9o, P1, Po, Y1, 0o, o), where u = @, and v = )¢, system (1.8) is equiv-
alent to the abstract first order Cauchy problem

d
E(D(t) +(A+B)®((t)=0 forallt € R,, 2.1)
@(0) = Do,
where A: D(A) ¢ H — H is the linear operator defined by
-u
_p%(Pxx - p]_ilpx
-v
AD = —p%l/)xx+/%((px+l/))+/%6x (2.2)

1 S5
psIx F pyVx

éq + %ex
and B: D(B) ¢ H — H is the nonlinear operator defined by

0

0

0
a(t)h(v)

0

0

BOD =

The domain of the operator A is given by D(A) = {® € H : AD € H}, is endowed with the graph norm
[®@lpay = 1Plg + |AD|H
and it can be characterized by
D(A) = (H2(0,1) n H(0, 1)) x H1(0, 1) x (H*(0, 1) n H}(0, 1)) x H3(0, 1) x H1(0, 1) x H3(0, 1).

The domain of the operator B is given by D(B) = {® € H: B® € H} = H.
We first state and prove the following lemmas which will be useful to deduce the well-posedness result.

Lemma 2.1. For @ € D(A), we have (AD, ®)y > 0.

Proof. Forany @ = (¢, u, ¥, v, 0, q)' € D(A), we have
1 1 1
(A, D) = k [ b+ V)(@x + W) dx+ [ (ks = Kipudx -+ b | ~vaapy dx
0 0 0
1 1 1
" J(—bl,bxx b k(y + ) + 860,V dx + J(qx + 6v,00dx + j(ﬁq +6,)q dx.
0 0 0
Using integration by parts and the boundary conditions in (1.8), we obtain
1
(Aqn,cD)H:ﬁjqzdxzo. 0
0
Lemma 2.2. The operator I + A is surjective.
Proof. Forany W = (wq, wa, W3, Wy, W5, Wg) € H, we prove that there exists some V = (vq, v2, v3, V4, Vs, Vg)

in D(A) satisfying
I+A)V =W
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That is,

-V +Vy =Wy, (2.3a)
~kvixx = kvax + p1vi = p1(wi + wa), (2.3b)
—V4+ V3 =Wws, (2.30)
—bv3xx + k(Vix +V3) + 8Vsx + pavs = paws, (2.3d)
Vex + 8Viax + p3Vs = p3Ws, (2.3e)
(B+ T)vg + Vsx = TWg. (2.31)

Then, (2.3a), (2.3c) and (2.3e) yield
va =vi-wp € H(0, 1), (2.4)
vy =v3—-ws € Hy0,1), (2.5)

Vex = P3Ws + W3y — 6V3x — P3Vs.

By integration over (0, x) and using v¢(0) = w3(0) = v3(0) = 0, we obtain
X X
Ve = p3 J ws ds + 6ws — 8vs — p3 J Vs ds. (2.6)
0 0
We substitute (2.6) into (2.3f) and we get
X X
Vsy + (8 + T)[p3 I ws ds + dwsz — 6v3 — p3 J Vs ds] = TWg.
0 0
Hence, we deduce that
X X
~Vsx + (B+T)6v3 + p3(B+ 1) J vsds = (B+1)6ws + (B + T)p3 J Ws ds — TWg. 2.7)
0 0
Again, we substitute (2.7) into (2.3d), to get

X X
—bv3yx + kviy + kv + 6[([3 +1)6v3 +p3(B+ 1) I vsds — (B +T1)0ws — (B + T)ps3 J Ws ds — TW6] +p2v3
0 0

= pa(ws + wy)

and we infer that

X
—bV3xx + kvix + kvs + 82(B + 1)6v3 + p38(B + 1) J Vs ds +pavs
0

=(B+1)6%ws3 + (B +1)6p3 J Ws ds — 8Twg + pa (W3 + wy). (2.8)
0

By using (2.7), (2.8) and (2.3b), it can be shown that v, v3 and v5 satisfy
—kVixx — kvsx + p1vi = hy € L3(0, 1), (2.9a)

—bVxx + kvix + kvs + (82(B + T) + p2)v3 + p38(B+T) | vs ds = hy € L?(0, 1), (2.9b)

~p3Vsx +p3(B+1)6v3 + p3(B+1) | vs ds = hs € L*(0, 1), (2.90)

Ct—— % O ——x

where

hi =p1(w1 +w2),

X
hy = (B+1)6%ws + (B +1)6p3 J ws ds — 8Twe + p2 (W3 + wy)
0
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and
X
hs = p3(B+T)6ws + (B + T)p3 J'WS ds — p3Tws.
0

Let u = (uy, us, us) and v = (vq, v3, vs), a simple multiplication of (2.9a), (2.9b) and (2.9¢), by u;, u3 and
jg us ds, respectively, and integration over (0, 1) yields

1 1 1 1
-k J ViU dx — k J V3xUi dx + p1 Jvlul dx = j hiuq dx, (2.10)
0 0 0 0
1 1 1
-b J VixxUs dx + k J Vixuz dx + k J v3us3 dx
0 0 0
1 1
+(82(B+1)+p2) J vauz dx + p38(B + 1) ( Vs ds)u; dx = J hous dx,
0 0

1 X

—pgjv5x(Ju5 ds)dx+p3(/3+r)5 ( u5 ds)dx

0 0
1 X

+p§(ﬁ+r)!<!vs ds)(ojcm ds)dx=6|’h3<(!u5 ds>dx.

Using integration by parts and the boundary conditions yields

1 1 1 1
kjleulxdx+kjv3ulx dx+py | viup dx = jhlul dx,
0 0 0 0
1

1 1
b J V3x U3y dX + kjleug dx + kJV3u3 dx
0 0 0

1 1, x 1
+(82(B+ 1) +p2) I v3usz dx + p38(B + 1) J ( J Vs ds)u3 dx = Jh2u3 dx,
0 0 0 0

f0s)a
+p§(ﬁ+r)J<Jv5ds)<6[ )dx:Jh3<ju5ds>dx.

The sum of the previous equations gives the following variational formulation

1
P3 JVSXHS dx +p3(B+ T)5J (
0

b(v, u) = l(u) (2.11)
forall u = (u1, us, us) € H1(0, 1) x Hy(0, 1) x L2(0, 1), where b is defined by

1 1 1
b(v,u) = kj(le +Vv3)(Uix + u3)dx +p I viurdx+b J V3xUzy dX
0 0 0

X

1 1 1
+(82(B+ 1) +p2) J vaus dx +p38(B + 1) J ( Jv5 ds)ug dx + ps3 Jv5xu5 dx
0 0 0 0

X

+p3(ﬂ+r)6IV3<Ju5 ds)dx+p§(ﬂ+r)j<j(v5 ds)(j(zg ds) dx

0 0
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and [ is defined by

X

1 1 1
(u) = J hiuq dx + J hous dx + J h3< J Us ds) dx.
0 0 0 0
We introduce the Hilbert space A = H1(0, 1) x H(l)(O, 1) x L?(0, 1) equipped with the norm
VIR = Ivax +vsli3 + Ivall3 + vaxl3 + llvs 3.

It is clear that b is a bilinear and continuous form on A x A and [ is a linear and continuous form on A.
Furthermore, there exists a positive constant cq such that

b(v,v) = klvix + v3l3 + p1lvill3 + Bllvayls + (8%(B + 7) + p2)lvslis + p3llvslla

1 X 1 x 2
+2p3(B+1)6 v3< Vs ds)dx+p§(/3+r) ( Vs ds) dx
] I

> collvI,

which implies that b is coercive. Therefore, using the Lax—Milgram theorem we conclude that system (2.9)
has a unique solution
(v1,v3,vs) € (H}(0, 1) x H3(0, 1) x L2(0, 1)),

and we deduce from (2.4)—(2.6) the existence of v, € H1(0, 1), v4 € H3(0, 1) and ve € L%(0, 1)) ¢ L?(0, 1)).
Now, it remains to show that
vi € HX(0,1)n HL(0,1), v3 € H*(0,1)NH}(0,1), vse H:0,1) and ve € H3(0, 1).
From (2.9), we have
—kV1xx = kV3x —pP1vy1 + h1 € LZ(O, 1).

Consequently, it follows that
v1 € H2(0,1) n HL(0, 1).

Moreover, (2.10) is also true for any @1 € C1([0, 1]). Hence, we have

1 1 1 1
ij1x¢1x dx + kjvsfplx dx +p1 JV1<P1 dx = Jhﬂﬂl dx
0 0 0 0

for any ¢ € @1([0, 1]). Thus, using integration by parts we obtain
vix(1)@1(1) - v1x(0)91(0) =0 for all ¢4 € €'([0, 1]).
Therefore, v15(1) = v1(0) = 0, and we deduce that
v1 € H2(0,1)n HL(0, 1).
Now, if we substitute (2.3f) into (2.3d), we get
bVixx = kvix + kvs + 8Twg — 8(B + T)ve + p2v3 — hy € L?(0, 1).

Consequently, it follows that
v3 € H*(0,1) n H}(0, 1).

On the other hand, from (2.3f) we get
Vs = TWg — (B + T)ve € L2(0, 1)

and we deduce that
vs € HY(0,1)n L2(0, 1).

Similarly, from (2.3) we have
Vex = P3Ws + OW3y — 8v3x — p3vs € L?(0,1) which implies v € H3(0, 1),

as v4(0) = vg(1) = 0. Finally, the operator I + A is surjective. O
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Using Lemmas 2.1, 2.2 and the Lipshitz continuity of B we conclude that the operator A + B is the infinites-
imal generator of a nonlinear contraction Cy-semi-group on the Hilbert space H. Finally, by applying the
semi-group theory to (2.1) (see [8, 19]), we easily get the following well-posedness result.

Theorem 2.3. Assume that (A;) and (A,) are satisfied. Then for all initial data
(@0, ¢1, Yo, Y1, B0, go) € (HZ(0, HNHL(0, 1)xH}(0, Dx(H?(0, )NH(0, 1))xHp (0, 1)xH1(0, 1)xHy(0, 1),
system (1.8) has a unique solution (¢, , 0, q) that verifies
(@, ) € C°(R,, (H2(0,1) n HL(0, 1)) x (H*(0, 1) n H}(0, 1)))
n CY(Ry, HX(0, 1) x H}(0, 1)) n C*(R,, L2(0, 1) x L(0, 1))

and
(6, q) € C°(Ry, H1(0,1) x H5(0, 1)) n C*(R,, L2(0, 1) x L*(0, 1)).

3 Stability results

In this section, we state and prove a stability result for the nonlinear Timoshenko system (1.8). For this

purpose, we consider the following hypotheses:

(A1) a: R, — R, is a differentiable and non-increasing function.

(A3) h: R — Ris a continuous non-decreasing function such that h(0) = 0 and there exists a continuous
strictly increasing odd function hgy € C([0, +00)), continuously differentiable in a neighborhood of 0
and satisfying ho(0) = 0,

ho(lsl) < |h(s)l < hgt(Isl) forall|s| <&,

cils| < |h(s)| < cy|s| forall |s| > €,

wherec; >0fori=1, 2.
Moreover, we define a function H by

H(x) = Vxho(Vx). 3.1

Thanks to Assumption (A3}), H is of class C! and is strictly convex on (0, r’], where r > 0 is a sufficiently
small number.

Remark 3.1. We denote by c a positive generic constant throughout this paper.
The hypothesis (A;) implies that a(t) < c.

We recall here the stability number defined by

:(T_p_l)(&_&)_wzm
K kos)\'b ~ k) bkps

3.1 Thecasepy =0
In this subsection, we state and prove the decay results which are not necessarily of exponential or polynomial

type. For this purpose, we establish several lemmas. We recall that the energy associated with system (1.8) is
defined by

E(t) :=

N|

1
J(pﬂpf + P27 + b2 + k(px + )% +p36% + 1¢°) dx. (3.2)
0

Throughout the rest of this paper we assume that conditions (A1) and (A3) hold.
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Lemma 3.2. Let (¢, ¥, 0, q) be a solution of system (1.8). Then, the functional E satisfies

1 1
E't) = -B j ¢ dx - a(t) J Yeh(e) dx <. (3.3)
0 0

Proof. By multiplying the first fourth equations in (1.8), respectively, by ¢, Y;, 6 and g, using the integration
by parts with respect to x over (0, 1), the boundary conditions (1.8e) and the hypotheses (A1) and (A3),
we obtain (3.3). O

Lemma 3.3. Let (¢, i, 0, q) be a solution of system (1.8). Then, the functional

1
Ka(6) = - [(p10@1 + p2pipo) dx (3.4)
0]

verifies the following estimate:

1

1 1 1
K;(t)s—p1J(pfdx—pzJl/)fdx+cjl/),2(dx+kj(<px+l/))2dx+
0 0 0 0

1
Jezdx+
0

N >
N =

1
J R@wodx.  (3.5)
0

Proof. By differentiating (3.4) and using the first and second equations of (1.8), we get

1

1 1 1
KL(0) = —p1 J 02 dx - p; J W2 dx - J K@y + ) dx — j(bl[)xx — k(@x + ) - 805 — a(Oh(pe)) dx.
0 0 0 0

Integrating by parts and using the boundary conditions (1.8e), we have
1 1 1 1 1 1
KL(0) = j 02 dx - p; j Y2dx + b j Y2 dx + I Ky + )2 dx— 6 J By dx + J a(ORW P dx.
0 0 0 0 0 0

Applying Young’s inequality, we obtain (3.5). O

Lemma 3.4. Let (¢, ¥, 0, q) be a solution of system (1.8). Then, the functional

1 1 1
Ky(t) :=p> J Yedx — ps J Qwdx - 6T J Yq dx (3.6)
0 0 0

satisfies, for any € > 0,

1 1

1 1 1
Ky(t) < —(b - 2ce) J P2 dx + c< J Y2 dx + I q? dx + J h%(y) dx) +p1€ J @? dx, 3.7)
0 0 0

0 0

where w is the solution of the problem

[t oo

w(0) = w(1l) = 0.

Proof. By differentiation of (3.6) and the use of the first, second and fourth equation of (1.8), we get

1 1
Ky()=pa [ Wi dxob [ pupdx -k
0 0

O t—

1 1
(x + YY1 dx - 6jex¢ dx - a(t) j Yh(p,) dx
0 0

1
+k J((px + ) ywdx +py
0

O

1 1 1
(p[wtdx—n?j¢tqu+6ﬁjl/)qu+619,(1/)dx.
0 0 0
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Integrating by parts the last equality, using (3.8) and the boundary conditions (1.8e), we have

1 1 1 1
K;(t)=pzj¢fdx-bj¢§dx-kap2dx+k wﬁdx-a(t)jzph(zpt)dx
0 0 0 0

o O

1 1
+p1 J(ptwtdx—TSJ¢tqu+6ﬁjlpqu.
0 0 0

By a simple calculation, we easily deduce that the function w satisfies the following estimates:

1
w2 dx < J P2 dx, (3.9)
0

1
widx<c J Wi dx. (3.10)
0

Thanks to Young’s and Poincaré’s inequalities and (3.9)—(3.10), we conclude that

1 1 1 1 1
K;(t)spzj¢fdx—bjlp§dx+%wadx+plej(pfdx+16811/)fdx
0 0 0 0 0
s L 1 (65 1 1 ol
+qu2dx+cpsjlp§dx+ 4e qudx+scpllp§dx+Ejhz(lpt)dx.
0 0 0 0 0

Therefore, we obtain (3.7). O

Lemma 3.5. Let (¢, i, 0, q) be a solution of system (1.8). Then, the functional

1 X
Ks5(t) := -1p3 J q( J o(t,y) dy) dx (3.11)
0 0

satisfies
1
K50 < - JBZ dx+c<jq2 dx+J'1,bt2 dx). (3.12)
0

Proof. By differentiation of (3.11) and the use of the third and fourth equations of (1.8), we get

q( f@(t, y) dy) dx + ps3 J ( f@(t y) dy) dx
0 0

+TJ1 <j(qx(t y) dy) dx+1'5[1q( j(lptx(t, y) dy) dx.
0 0 0

By integrating the above equality over the integral (0, 1) and using the boundary conditions (1.8e) (note also
that fol 0 dx = 0), we have

1
Ki(0) = Psﬂj
0

1 x 1 1 1
Ki(t) = p3B J q( I o(t,y) dy) dx - p3 J 2dx+1 J g?dx + 16 J qy; dx.
0o 0 0 0 0

Applying again Young’s inequality and the fact that
1 x 2 1
j(JG(t,y)dy) dx < cIszx,
0 0 0

we arrive at (3.12). O
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Lemma 3.6. Let (¢, , 0, q) be a solution of system (1.8). Then, the functional

1 1
K0 = P2 [t v pracs T2 [ ppax
0 0

T2
b - b 1
_btes(p2_ps b (p2 p1
(B2 PU) [opeax+ (52 - 21) [ aton + ) dx (3.13)
0 0
satisfies
1 1 1 1
KZ(t) < —(1-2¢&1) J((Px + l,b)z dx + C( J 1/)? dx + J q2 dx + J' hz(l/)f) dX)
0 5 o 5
, bps pL\(p2 p1\ 817
3 1 2 1 1
5p1 [(T kp3 )(7 - 7)  bkps3 ] Jex(‘f’x + 1) dx (3.14)
with

_ 02 <b<Pz pl))(ﬂz 2) c’r?
=2 =4z = _ .
C max[ X + \p X 4e, + 4k2€1 and &1 >0

Proof. By differentiation of (3.13), using (1.8) and integration over (0, 1), we get

1 1
Ko = 3 [ (B~ K@+ ) = 861~ aORWP0) @ + ) dx + 22 [ s+ e dx
0 0

1 1
b
+ k—z J((Px + P)xPx + PP dx — 5—;(% - %) j(—(qx +6Pxe) e + O(x + P)x) dx
0 0

b
" ak(% - p?) I( (Bq + 0x)(px + ) + q(@x + P)¢) dx.

0
By integration over (0, 1) and using the boundary conditions (1.8e), we have

1

K (6) = - j1(¢x+¢>2dx+ jz/)t Sk(’;j p;)Jql/)tdx
0

(0]

1
bB (p2 P1 T
(e jq(gox +p)dx- 1 [ @O+ ) dx
0 0
1
bps[(_  p1\(P2 p1\_ T78°p1 J
T [(T kp3>< b k) bkps ]0 Oxlpx + P) dx.
Applying Young’s inequality, we obtain (3.14). O

Next, we define a Lyapunov functional K and show that it is equivalent to the energy functional E.

Lemma 3.7. Let (¢, , 0, q) be a solution of system (1.8). Then, the functional
K(t) := NE(t) + K1 + N2K> + N3K3 + N4Ka, (3.15)
where N is sufficiently large and N1, N, are positive real numbers to be chosen properly, satisfies

c1E(t) < K(t) < c2E(), (3.16)
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for ¢y and c, two positive constants and

1 1 1
K'(t) < —(p1 — Nap1€) J @? dx - p; J Wi dx - (Ny(b - 2ce) - ¢) J P2 dx
0 0 0

1 1
)jede—(Nﬁ—ch—cm—cN4)jq2dx
0 0

(-3

1
- J(N4(T —2¢&1) = k)(@x +)? dx - 5
0

cj(¢?+h2(¢t>)dx+w4%[(r ,fpz)(%—%)—Tb"zg]jex«ox+¢)dx. (3.17)

Proof. From Lemmas 3.3-3.6, we find

1 1 1
IK(¢) - NE(t)] < p1 j 0@ dx + (02 + N2) anz/m dx + Nops J|(ptwl dx
0 (0] 0

1 1 X
q( I 0t,y) dy) dx
0

Applying the Young, Poincaré and Cauchy—Schwarz inequalities and the fact that

+ N,T6 Jll[)ql dx + 1p3 J
0 0

2 < 2@y + ) + 207 < 2(px + )% + 202,
we obtain (3.16), and therefore we get
K(t) ~ E(t).
To prove (3.17), it suffices to differentiate (3.15) and use Lemmas 3.2-3.6. O

Theorem 3.8. Let us suppose that

_ _p_1)</£_&)_ﬂ:
K (T s \b " k) by

Then, there exist positive constants k1, k», k3 and &y such that the energy E(t) associated with (1.8) satisfies

t
E(t) < k3H11<k1 J a(s)ds + k2> forallt >0, (3.18)
0
where
‘ 1
_ _ !
Hi(t) = tj T ds Ha0 = tH o).

Here H, is a strictly decreasing and convex function on (0, 1] with lim;_,o Hy(t) = +co.

Proof. Estimate (3.17), with u = 0, takes the form

1 1
K'(t) < —(p1 - Nap1€) J @?dx - p J Y? dx — (Na(b - 2ce) - J Y2 dx — [(N4(1 - 2e1) - k)(@yx + 1h)? dx
0 0

|
(M J

1
6
5 §>Iezdx—(NB—cN2—cN3—cN4)Jq dx +c | (W +h2(Yy)) d

0
Now, we choose the constants in the above estimate as follows: first, € and £; are such that

€= ! and ¢ <T
" 2N, 157
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After that, we choose N, N,, N3 and N, sufficiently large such that

2c ) k 2c 6 k
N2>F, N3>p—3, N4>m and N>ﬁ<b+p—3+m>.

Then, we deduce that
1

K'(t) < ~dE(t) + ¢ J(zpf + R2(e) dx, (3.19)
0
where

Nsps

d= min(Pl - Nypi€g,p2, Nao(b - 2ce) — ¢, Ny(T - 2¢1) - k, >

1)
- E’Nﬁ -cN, - CN3 - CN4).
First case: Let hg be a linear function over [0, €]. The hypothesis (A3) implies that
chlsl < |h(s)l < chls| foralls e R.

Consequently, by multiplying inequality (3.19) by a(t), we obtain

1
a(HK'(t) < —da(t)E(t) + ca(t) J(l/)t +h>(Yy)) d

0

1

< —da(t)E(t) + ca(t)J — Weh(Pe)l + czllpth(lpt)I)
0 1

—da(t)E(t) + coa(t) J Yeh(P)dx = —da(t)E(t) — coE' (1), (3.20)
0

where ¢g = c(ci, + ¢5). Using now hypothesis (A;), this yields
1

(aK + coE)'(t) < a()K'(t) + coE'(t) < —~da(t)E(t). (3.21)

We integrate inequality (3.21) and use the fact that aK + coE ~ E, we obtain for some k, ¢ > 0,

t
E(t) <k exp(—dc j a(s) ds). (3.22)
0

Finally, by a simple computation we get (3.18).

Second case: Let hy be a nonlinear function over [0, £]. We assume that max (r, ho(r)) < &, where r is defined
in hypothesis (A}). Let £1 = min(r, ho(r)), we deduce from hypothesis (A3) that

Is| < II_Ih()I_ Is| < Is|
Is| Is| €1

for all s satisfying &1 < |s| < €. Then, the estimates in hypothesis (A;) become

ho(e1) ho(lsl) ho' (Isl) ho(e)
€

ho(Is]) < |h(s)| < h(‘)l(lsl) forall |s| < &1,
) , (3.23)
cyls] < 1h(s)] < ¢,ls] forall |s| > €4,
and we have
s? + h%(s) < 2H X (sh(s)). (3.24)

To estimate the last term of (3.19), we consider the following partition of (0.1):

Qp={xe(0,1): Yl <e&1}, Qo ={xe€(0,1): || > &1}
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Then, we obtain
Yeh(Py) < HF?) and Peh(Pe) <1* on Q. (3.25)

Now, we apply Jensen’s inequality to the term

10 = [ wehpo d,

Q

and we infer that
H @) > ¢ J H(peh(o)) dx. (3.26)
Q
Using (3.23), (3.24) and (3.26), the right-hand side of (3.19) multiplied by a(t) becomes

1
alt) j(wf + R2(py)) dx = a(t) j(wf + R2(p)) dx + a(t) j(¢% + h2(y)) dx
0

Ql QZ

< 2a(0) [ B Wepo) dx+ a(o) [ (Wb Impol + chlypellhpo) dx
1

Q Q,
1
< ca(OH ™ 1(0) + a(0c [ pehipo) dx
0

< ca(t)H Y(I(t)) - cE'(t).
Consequently, estimate (3.19) gives
Ry(t) < —da()E(t) + ca(t)H 1 (I(1)), (3.27)

where Ry = aK + cE. On the one hand, for &¢ < r?, using (3.27), H > 0 and H" > 0 over (0, r*] and E' <0
the functional R, defined by

E(t)
E(0)
is equivalent to E(t). On the other hand, using the fact that
o 20 g2y EO
°F (0) E(O)

Ry(6) —H’(eo )Ro<t)+cOE(t>,

)Ro(t) <

and (3.27), we conclude that

E E E
RL(6) = OE(((:)) ( E(((l;)))Ro(t) H’(eo (((t)))) L(b) + coE'(B)
E(t) Et)\,,.1 :
s—da(t)E(t)H( E(O))+C (t)H( E(O))H (I(6)) + coE' (8). (3.28)

Our goal now is to estimate the second term in the right-hand side of (3.28). For that purpose, we intro-
duce the convex conjugate H* of H defined by

H*(s) = s(H) " Y(s) - H(H")Y(s)) fors e (0, H'(r?)) (3.29)

and H* satisfies the following Young inequality:

AB < H*(A) + H(B) for A € (0, H (%)), B € (0, 1?). (3.30)
Now, taking A = H' (&g g((é yand B = H~1(I(t)), we obtain
E
RU(H) < da(t)E(t)H'(eo E(((‘;))) N ca(t)H*(H'( E(((t))) )) T ca(tyH(H1((8)) + coE'(t)
. E(t) E(t) E(t) E(t) ,
< —da(HE(®H <eom) + ceo s a(DH! ( "Fo) ) - ca(t)H(som> + ca(®)I(t) + coE' (6)
! E E ! E ! !
< —da(DE(OH <so%) + co E((é)) (OH ( E(((‘;)) ) —CE'(t) + coE'(0).
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With a suitable choice of €9 and ¢, from the last inequality we deduce that
1= (@0 cenyatt 20 (o050 ) < )
R} (1) < ~(dE(0) - ceo)a(t) g H (0 55 ) < ka(t)H2<E(0) , (3.31)

where k = dE(0) — cgp > 0 and H»(s) = sH'(g9s). Since E(t) ~ R1(t), there exist a; and a, such that

E(t)

a1R1(t) < E(t) < axR1(t).
We set now
aiR(t)
E@)
It is clear that R(t) ~ E(t). We use the fact that H;(t), H,(t) > 0 over (0, 1] (this is due to the fact that H is
strictly convex on (0, 2]) and we deduce from (3.31) that

R(t) =

R'(t) < -ka(t)H>(R(t)) forallt e R,

with k; > 0. By integrating the last inequality, we obtain
t
Hi(R() > Hy(R(O)) + ke j als) ds.
0
Finally, using the fact that H ;1 is decreasing (because H; is also), we have

t
R(t) < H;1<k1 j als) ds + k2> with k; > 0.
0
Taking into account that E(t) ~ R(t), we deduce (3.18). O

3.1.1 Examples

In the following, we will apply inequality (3.18) on some examples in order to show explicit stability results
in term of asymptotic profiles in time. For that, we choose the function H strictly convex near zero.

Example 3.9. Let h be a function that satisfies
c3 minJsl, Is”) < |h(s)| < ¢4 max((sl, Is|7)

for some c3, ¢4 > 0 and p > 1. For ho(s) = csP, hypothesis (A}) is verified. Then, H(s) = cs’T. Therefore, we
distinguish the following two cases:
o If p =1, we have that hg is linear, H>(s) = cs, Hy(s) = —1“# and Hil(t) = exp(-ct). Applying (3.18) of
Theorem 3.8, we conclude that
t

E(t) < k3 exp(—c<k1 J a(s)ds + kz)).

0
p+1
2

o If p > 1, then this implies that h( is nonlinear and we have H,(s) = ¢cs 2 and

1
(1 e, 2 B 2 p-1 . _ pb+1 22
H1(t)—J65 7 ds = 50-p) 6(1—p)t2 w1th6—c—2 £y -

t

Therefore,
2

H\(b) = <5p - Lis 1)7’?

Using again (3.18), we obtain

2

t t __2
E(b) < H;l(k1 Ja(s)ds " kz) - (51%1<k1 J als) ds + k2> N 1) o
0

o
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Example 3.10. Let ho(s) = exp(-1). This yields H(s) = x/Eexp(—%) and

H>(s) = (2—:/;0 + 2—;) exp(—

)

Moreover, we have

Then,
1

Hi(t)+ce -2
tse(‘)l(ln< T "p(m))) .

c

Replacing t by HIl(kl Iot a(s) ds + k) in the last inequality, we find
t 1

k ta(s)ds+k + cexp -2
HIl<klja(s)dS+k2)seal(ln( 110 : (ﬁ))> )
0

Cc

Therefore,
ky jot a(s)ds + ky + cexp(—=

-2
E(h) < k3£51<ln( - V) )) :

Example 3.11. Let ho(s) = % exp(—slz). Following the same steps as in Example 3.10, we find that the energy

of (1.8) satisfies
ki [Fa(s)ds + ks + cexp(L)\\ !
E(t)s.?<ln( 110 c 2 p(£°)>) .

Example 3.12. Let ho(s) = £ exp(-4(Ins)?). Then, we have H(s) = exp(-; (In 5)?),

1

1Inegps 1 2 B £o 1 2)
H;(s) = —5 exp(—z(ln £0S) ) and Hq(t) = J_Zln £0s exp(z(ln £0S)” ) ds.
2 2
As lims_, (m‘(f% = 0, it follows that the function s — (lnl(f% is bounded on (0, 1], and we infer that

1Inéggs

1
Hq(t) < -
1()<CJ 2 &oS
t

exp(%(ln s)z) ds = exp(%(ln eot)z) - exp(%(ln eo)z) .

Hence, we have
1 1
t< o exp(—Z(ll’l(H1(f)) +c1)? )

Replacing t by HIl(kl I(: a(s) ds + k) in the last inequality, we find

t t 1
E(t) < k3H11(k1 j a(s)ds + k2> = E—Zexp(—2<ln k1 ja(s) ds+ky + cl) )
0 0
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3.2 Thecasepy #0and a(t) =1

This subsection is devoted to the statement and the proof of the stability result for system (1.8) when u + 0
and a(t) = 1. We suppose here that the derivative of the function h is bounded. We have the following theorem.

Theorem 3.13. Let us suppose that conditions (A1) and (A3) hold. Then for

_ _P_1><&_&)_T62P1
K (T s\ " k) by O

the energy solution of (1.8) satisfies
E0 < H'(), (3.32)

where
H,(t) = tH'(eot) with }inéHz(t)zo.

Proof. Let (¢, P, 8, q) be a solution of system (1.8). First, we define

1
1
E(t) := 5 J(plq)f +pa? + b2 + k(gx + )% +p360* + 1¢) dx
0

and
1

- 1
E@) = 5 J(Pl‘P?t + P2i + DY + k(@ + ) + p3b7 + Tq7) dx.
0

Then, the functional E satisfies

1 1
E'0)=f | ¢ dx- [y dx<o.
0 0
Analogously, the functional E satisfies
1 1
B (6) = -B J g2 dx - j YL R () dx < 0.
0 0
Using the results in Section 3.1 (recall the expressions of the functionals K4, . . ., K4), we have the following
lemma.
Lemma 3.14. Let (¢, Y, 0, q) be a solution of system (1.8). Then, the functional
L(t) = N(E(t) + E(t)) + K1 + N2K2 + N3I(3 + N4I<4 (333)
satisfies

1
L'(6) < —d'(6) + ¢ J(lpf T+ R2(Py)) dx (3.34)
0

for N large enough and d' > 0.

Proof. By differentiation of (3.33), and using (3.17) and Young’s inequality, we obtain

1

1 1 1
L'(t) < —dE(t) + ¢ j(lpf + 2P0 dx + ¢ J(9§ (@ +P)?) dx - NB J @ dx-N J YLK (W) dx.
0 0 0 0

Now, from (1.8d), we deduce that

1 1 1
JGﬁdxsc(qudx+Jqfdx).
0 0 0
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Consequently, we get

1

1 1
L) < ~d'E(f) + ¢ I(l/)% + R2(py) dx — (BN - ¢) j @ dx-N J W2 R (y) dx.
0 0

(0]

where d’' = d - ¢ > 0 and d is the same constant that appears in (3.19). Finally, we choose N large enough
and using the monotony of the function h we arrive at (3.34). O

Now, using the following partition of (0, 1) defined in Section 3.1, the right-hand side of (3.34) becomes

1

J(lpf + R2(pe) dx = J(lpf + R2(pe) dx + J(lpf + R2(py)) dx

0 o Q,

Now, estimates (3.23)-(3.26) imply that

1
[ w2+ woyax<2 [ B @enpo)ax+ [ (1w ol + chlpelinpor) dx
0 1

Ql 1 QZ
<cHY(I(t) + ¢ J Yeh(e) dx.
0
Consequently,

1 1
L'(t) < -d'E(t) + cH Y(I(t)) + ¢ j PYeh(y) dx + B I q* dx < -d'E(t) + cH Y (I(t)) - cE'(t).
0 0

Hence, we deduce that
(L + cE)'(t) < —d'E(t) + cH™1(I(¢)).

We then define
Ru(0) = H'(e0 T o) )L + cE)O) + coE ),
hich verif
wnich verines ’ ’ E(t) . E(t) . .
R(D) < ~d  E(H (som) +cH <eom>H (1) + eE'(D),
as we have

E'"(&) (. E®

H

°F0) (8 E(0)
We recall the definition of the convex conjugate H* of H, given by (3.29), which satisfies the following

Young inequality:

)Ro(t) <

AB <H*(A)+ H(B) forA ¢ (0,H'(r?)), B € (0, r?).
With the same choice of A and B as in (3.30), we obtain

E(t) ) +ceo E(t)
E(0) E(O)

E(t)

RY(6) < ~di EOH' (205 | °F0)

(t)H'( ) _CE'(t) + €E'(b).

With a suitable choice of £y and €, from the above inequality we deduce that

) E®) (. EQ® E(t)
R} (6) < ~(dE(©) - ce0) o H' (&0 ( E(O)) < _leZ<W>’ (3.35)

where k = dE(0) — cgg > 0 and H>(s) = sH'(g9(5)).
Finally, we have

E(t)

RU(b) < k1H2<E(0)

) forall t € R,



DE GRUYTER M. A. Ayadi et al., General decay in a Timoshenko-type system =— 283

with k; > 0, which yields

E(t) E(s)

tHz(m) < JtHz(m) ds < —(Ry(t) - R1(0)) < R1(0).
0

Then, we easily deduce that

E(t) R{(0)
HZ(WO)) S Tt
Thus,

E(0) < EOH( R1(0) )

kqt
This concludes the proof of Theorem 3.13. O

3.2.1 Examples

Example 3.15. Let ho(s) = csP. Then H(s) = cspT“. Therefore, we distinguish the following two cases:
« Ifp =1, we have that h is linear and H;(t) = cs. Applying (3.32) of Theorem 3.13, we conclude that

c
E(t) < r

p+1
2

o If p > 1, then this implies that hg is nonlinear and we have H,(s) = cs z . Therefore,
Hy(6) = et
Using (3.32), we obtain
2
E(t) < ct v+ 1,

Example 3.16. Let h be given by h(x) = & exp(—-5) and we choose ho(x) = 1;;‘2 exp(—:5). We obtain

exp(-z%)

352
£5x

Then, using the property
we deduce that

We infer that there exists xo > 0 such that
1
exp(——) < H,(x) on(0,xp].
EoX
Consequently, the energy of the solution of (1.8) satisfies the estimate
E(t) < c(In(t))L.
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