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1 Introduction

The purpose of the present paper is to establish some existence results for the Dirichlet problem

{ Au(x) + a(x)u(x) = Ag)f(u(x)), xeV\Vy,

(Sh%)
uly, =0, A

where V stands for the Sierpifiski gasket in (R¥-1, | -]), N > 2, Vj is its intrinsic boundary (consisting of its
N corners), A denotes the weak Laplacian on VV and A is a positive real parameter. We assume that f: R — R
is a continuous function and that the variable potentials a, g : V — R satisfy the following conditions:

(h1) a € LY(V, p) and a < 0 almost everywhere in V,

(hy) g € C(V) with g < 0 and such that the restriction of g to every open subset of V is not identically zero.

Many physical problems on fractal domains lead to nonlinear models (for example, reaction-diffusion
equations, problems on elastic fractal media or fluid flow through fractal regions), so it is appropriate to
study nonlinear partial differential equations on fractals.

In recent years there has been an increasing interest in studying such equations, also motivated and
stimulated by the considerable amount of literature devoted to the definition of a Laplacian operator for func-
tions on fractal domains. Among the contributions to the theory of nonlinear elliptic equations on fractals
we mention [9, 11, 13, 14, 18].

For instance, Falconer and Hu, in [11], considered Dirichlet problems defined on the Sierpinski fractal.
More precisely, under certain hypotheses on the nonlinear term, the existence of at least one non-trivial solu-
tion was proved (see [11, Theorems 3.5 and 3.18] and Remark 3.4 below).

Further, in [13], Hu analysed the problem

Au(x) + a(x)u(x) = Af(x,u(x)), xeK\Ko, f
(Sa,0)

ulg, =0,
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where K is the Sierpifiski gasket (of intrinsic boundary Ko) in R? and f : K x R — R is a continuous symmet-
ric function satisfying some monotonicity properties. More precisely, in [13, Theorem 2.2], the existence of
p-pairs of non-trivial solutions of (S];’ ) was achieved in relation with the value of the p-th eigenvalue, say A,,
of the problem
{ Au(x) + Aa(x)u(x) =0, x e K\ Ko,
ulg, = 0.

Very recently, Breckner, Repovs and Varga [6] studied the existence of multiple solutions for prob-
lem (S’;’i) through variational methods. Their approach ensures the existence of at least three weak solutions
under some hypotheses on the behaviour of the nonlinearity f.

Successively, Breckner, Radulescu and Varga [5] proved the existence of infinitely many solutions of
problem (S{;’i) under the key assumption that the nonlinearity f is non-positive in a sequence of positive
intervals (see Remark 3.2). See also the papers [2-4, 7, 8, 16] and references therein for related topics.

In this paper, requiring an asymptotic behaviour of the nonlinearity f at zero, we are able to determine
a precise open interval of positive parameters A, for which problem (S};’i) admits at least one non-trivial weak
solution in the Sobolev space Hj (V).

The proofs of our main results are based on a critical point theorem due to Ricceri [17] in the form given
in [1].

Theorem 1.1. Let X be a reflexive real Banach space, and let ®, ¥ : X — R be two sequentially weakly lower
semicontinuous functionals. Assume also that @ is strongly continuous and coercive. For every r > infy @, put

. (SUPyed-1(]-co,rp (V) — ¥ (1)
o(r) := inf .
ue®-1(]-co,r[) r—®d(u)

Then, for every r > infy ® and every A € 0, ﬁ [, the restriction of the functional I := ® — AY to ®~1(]-co, r[)
admits a global minimum, which is a critical point (local minimum) of I in X.

Clearly, the abstract framework introduced in the above mentioned paper is adaptable to our context by using
the geometric and analytic properties of the Sierpinski fractal as, for instance, the careful analysis of the
Sobolev-type inequality (see, for instance, [11, Lemma 2.4] and Section 2)

sup [u() —u(y)l < 2N + 3)VW), (1.1)

x,y€eV, [x-yl°

where
i log((N + 2)/N)

2log2 ’
and V, and W will be defined in the sequel.
A special case of our results reads as follows.

Theorem 1.2. Let f: R — R be a non-negative continuous function. Assume that

3
t)dt
{lirg IO% = +00. (hy)

Then the positive number A*, given by

2+ 1 Y

" 2N+ 32([, 800 dw) 7 [T de

is such that, for every A € 10, A*|, the elliptic Dirichlet problem (S{l’gﬂ) admits at least one non-trivial weak
solution uy € (H(l)(V), Il - IN. Furthermore, limy_o+ luxll = O.

This paper is organized as follows. In Section 2 we recall the geometrical construction of the Sierpifiski gasket
and our variational framework. Successively, Section 3 is devoted to the proof of the main theorem. Finally,
in the last section, we give an application of the obtained results.

We cite the very recent monograph by Kristaly, Radulescu and Varga [15] as a general reference for the
basic notions used here.
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2 Abstract framework

Let N > 2 be a natural number and let p1, ..., py € R¥"! be so that |p; - pjl = 1 for i #j. Define, for every
ief{l,...,N},themapS;: RV-1 - RN-1py

1 1
Si(x) = 5 X+ 5 Di.

Let 8 := {S1, ..., Sy} and denote by F : P(RN-1) — P(RN~1) the map assigning to a subset A of RN~ the set

N
F(A) = JSi(A).
i=1

It is known that there is a unique non-empty compact subset V of RV-1, called the attractor of the family S,
such that F(V) = V; see [10, Theorem 9.1].

The set V is called the Sierpinski gasket in RN-1 of intrinsic boundary Vo := {p1, ..., pn}. Let u be the
normalized restriction of the d-dimensional Hausdorff measure ¢ on R¥-! to the subsets of V, so uv) =1.

Further, the following property of u will be useful in the sequel:

U(B) >0 for every non-empty open subset B of V. (2.1)

In other words, the support of u coincides with V (see, for instance, Breckner, Radulescu and Varga [5] for
more details).
Denote by C(V) the space of real-valued continuous functions on V and set

Co(V) :={u € C(V) : uly, = 0}.

The spaces C(V) and Co(V) are endowed with the usual supremum norm || - ||o,. For a functionu : V — Rand
for m € IN let

N +2\™M
Wn = (Z22)" Y @0 -um)?, 2.2)
X,yeVn
[x=yl=27"

where Vy, := F(Vjp_1) for m > 1. Put V., := .50 Vim and note that V = V... We have Wy, (u) < Wi,1(u) for
every natural m, so we can put
W(u) = n!gréo Wi (u). (2.3)
Define now
Hy(V) :={u € Co(V) : W(u) < oo}.
It turns out that H(l) (V) is adense linear subset of L2(V, u) equipped with the norm || - ||,. We now endow H(l) (V)
with the norm

lull := VW(w).
In fact, there is an inner product defining this norm: for u, v € H(l)(V) and m € N let
N+2\™
Wa,v) = (535)" Y @00 - um)ve - vo)).

X,yeVn
[x=yl|=27"

Put
W(u, v) = n!iﬁrr(lx)wm(u, V).

Then W(u, v) € R and the space Hé(V), equipped with the inner product W, which induces the norm | - |,
becomes a real Hilbert space.
Moreover,
lulloo < (2N + 3)|lull for every u € HA(V), (2.4)

and the embedding
HFW), 1) = (Co(V), I lloo) (2.5)

is compact.
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For more details concerning the definitions and notions which lead in a natural way to the Sobolev
space Hé (V) we refer to Fukushima and Shima [12]. See also [19, Sections 1.3 and 1.4] (this reference applies
for N = 3, but the cases N > 4 are straightforward generalizations of this one).

Remark 2.1. As pointed out by Falconer and Hu [11], we just observe that if a € L' (V) and a < 0 in V, then,
by (2.4), the norm | - ||.., defined by

ull. := (W(u, u) - J a(u(x)? dy)z forall u € H(V),
v

is equivalent to || - |.

We now state a useful property of the space H(l)(V) which shows, together with the facts that (H(l)(V), -1 is
a Hilbert space and H}(V) is dense in L?(V, u), that W is a Dirichlet form on L?(V, p).

Lemma 2.1. Leth : R — R be a Lipschitz mapping with Lipschitz constant L > 0 and such that h(0) = 0. Then,
for every u € Hy(V), we have h o u € Hy(V) and ||h o u|| < Ljull.

Proof. Itis clear that h o u € Co(V). For every m € N we have, by (2.2) and the Lipschitz property of h, that
Win(hou) < L Wi (u).
Hence W(h o u) < L2W(u), according to (2.3). Thus ho u € Hcl)(V) and |houl < L|ul. O
Following Falconer and Hu [11], we can define in a standard way a linear self-adjoint operator
A:Z— L2V, p),

where Z is a linear subset of Hcl,(V) which is dense in L?(V, u) (and dense also in (H(l)(V), - 1)), such that

-W(u,v) = JAu -vdyu forevery (u,v) € Z x Hé(V).
v

The operator A is called the (weak) Laplacian on V.
More precisely, let H-(V) be the closure of L?(V, u) with respect to the pre-norm

lull-1 = sup [Ku, h)l,
heHL(V)
[lhl=1

where
(v, ) = jv(x)h(x) dy,
Vv

veL?(V,u)and h € Hé(V). Then H~1(V) is a Hilbert space. Then the relation
~W(u,v) = (Au,v) forallv e HY(V)

uniquely defines a function Au € H™1(V) for every u e H(l)(V).
Finally, fixA > 0.Leta : V - R,f: R —» Rand g : V — Rbeasin the Introduction. We say that a function
u € H}(V) is a weak solution of (S{l’i) if

Wi, v) - j a()u()V(x) dyt + A j SOOFUOO)V() dy = 0
Vv Vv

for every v € H(V).
While we mainly work with the weak Laplacian, there is also a directly defined version. We say that Agu
is the standard Laplacian of u if A;u : V — R is continuous and
lim sup |(N+2)™(Hpu)(x) - Asu(x)| =0,

M=00 yeV\V,
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where

Hpu)(x):= Y (u(y)-u(x)) forx e Vp,.
yEVm
[x=y|=2""

We say that u € Co(V) is a strong solution of (S’;’g/l) if Asu exists and is continuous for all x € V'\ V, and
Asu(x) + a(x)u(x) = Ag0)f(u(x)) forallx e V'\ V.
The existence of the standard Laplacian of a function u € Hé(V) implies the existence of the weak
Laplacian Au (see, for completeness, Falconer and Hu [11]).

Remark 2.2. Ifa € C(V), f: R — Ris continuous and g € C(V), then, using the regularity result Lemma 2.16
of Falconer and Hu [11], it follows that every weak solution of problem (S{z’%\) is also a strong solution.

3 Main results

Define F: R — Rby F(¢) = J'(ff(t)dt and fix A > 0. The functional I; : H{(V) — R given by

L) := %||u||2 - % J a(x)u(x)*du + A J g()Fu(x) du foreveryu e Hy(V), (3.1)
% %

will turn out to be the energy functional attached to problem (S’;’g/\).
We have the following result contained in [11, Proposition 2.19] that we recall here in a convenient form.

Lemma 3.1. The energy functional I : H(l)(V) — R defined by relation (3.1) is a Cl(H(l)(V), R) functional.
Moreover, for each point u € H(l)(V),

I/’\(u)(v) =W(u,v) - J ax)ux)v(x)du + A J gOOfu())v(x)du forallv e H(l)(V).
v v
In particular, u € Hé(V) is a weak solution of problem (S’;’i) if and only if u is a critical point of I,.

The aim of the paper is to prove the following result concerning the existence of at least one non-trivial solu-
tions of problem (S’;’gA).

Theorem 3.1. Letf: R — R be a continuous function with f(0) = 0. Assume that
F@) _

F( = +00. (ho)

-0 < liminf —* and limsup —2=
E50+ {2 f—’O*p %‘2
Then the positive number A*, given by
" 1
= - sup ,
2(2N +3)2([, g(x) dp) y>0 maxXz<y F(§)

is such that, for every A € 10, A*[, problem (S’;’gA) admits at least one non-trivial weak solution u, € H(l)(V).
Moreover,

lim uall = 0,
A—0t

and, for every y > 0, the function A — I (u,) is negative and strictly decreasing in

1 i [

0,-
202N +3)2( [, g(x) dp) maxig<y F($)
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Proof. Let us define the functionals @, ¥ : X — R by

) 1= Sul? - 3 j aou(0? dy and W(u) = —jg(x)F(u(x)) du,
vV 174

where X denotes the reflexive Banach space Hcl)(V). Now, in order to achieve our goal, fix A as in the conclu-
sion.

With the above notations we have that I = ® — AW¥. We seek for weak solutions of problem (S{z’i) by
applying Theorem 1.1. First of all we observe that, by Lemma 3.1, the functional I € C'(X, R).

Moreover, @ is obviously coercive and, by using [5, Lemma 5.6], the functionals ® and ¥ are weakly
sequentially lower semicontinuous on X.

Since 0 < A < A%, there exists y > 0 such that

A<A* () = - v . (3.2)
2(2N +3)2( [, g(x) du) maxz<; F(8)
Setr:= Z(Z;\Y,Z—B)Z Due to the compact embedding into Co(V), by (2.4), we have
fveX:0(v)<rtc{veX:|vlw <}
Therefore

. SUPo< [, (-8 F(v() dp + [, SOF(u(x)) dp
v = ®1(£l)f<r r— o)

_ SUPow)<r [y (-8CF(V(x)) dp

- r

v

maxg < F(4) 1
=-2(2N + 3)2< g(x) dy) — =
J ¥ A*(P)

Thanks to Theorem 1.1, there exists a function u; € ®1(]-o0, r[) such that

L) = @' (up) - A¥' (wp) = 0,

and, in particular, u; is a global minimum of the restriction of I to ®~1(]—c0, r[).
Now, we claim that the function u; cannot be trivial, i.e. uy # 0. Indeed, fix a non-negative function u € X
such that there is an element xg € V with u(xg) > 1. It follows that

D:={xeV:ulx) >1}

is a non-empty open subset of V (due to the continuity of u).
Define h : R — R as follows:
h(t) := |min{t, 1}| forall t € R.

Then h(0) =0 and h is a Lipschitz function whose Lipschitz constant L is equal to 1. Hence, by using
Lemma 2.1, it follows that v := h o u € X. Moreover, v(x) = 1 foreveryx € D,and O < v(x) < 1 forevery x € V.
On the other hand, the condition

—00 < liminf l
£—0* {2
implies the existence of real numbers p > 0 and p such that
F(&) = p&? forevery ¢ € [0, pl. (3.3)
Further, the condition
s P&
im sup = +00

&—-0* ?



DE GRUYTER M. Ferrara, G. Molica Bisci and D. Repovs, Nonlinear elliptic problems on fractal domains =— 81

yields the existence of a sequence {£,} in ]0, p[ such that lim,,_,, &, = 0 and

lim F(;l") = +00. (3.4)
Now, we have that
2 2
B = S = 42 [ a0v00? au+ ARG [ g0 an+ A [ g00FEv0) an
v D WD

for every n € N. Using (3.3) and the fact that g < 0 in V, we get

2 2
B < S = 42 [ aov00? au o+ AR [ g0 dn+ 208l [ govio? an

v D V\D
for every n € IN. Thus
M < 1||v||2 _1 J a(x)v(x)* du + /lF(i") Jg(x) du+Ap j g(x)v(x)* du.
n 2 2 én
v D V\D
Condition (h;) and (2.1) imply that

Jg(x) du <0,
D

so we get from (3.4) and the above inequality that

lim IA({;V) _
e g

Then, there is an index ng such that I (¢,v) < O for every n > ny. Now, since
Jim ©($yv) =0,

one has that &,v € ®1(]-oo0, r[) definitively. In conclusion, Ox cannot be a global minimum for the restric-
tion of the functional I to ®~1(]-oo, r[). Hence, for every A € ]0, A*[, problem (S{l’i) admits a non-trivial
solution u, € X.

At this point, we prove that ||u]| — 0 as A — 0* and that the function A — I(u,) is negative and decreas-
ingin 0, A*[.

For our goal, let us consider A € ]0, 1*[. Moreover, let y > O0andletA € ]0, A*(9)[. The functional I} admits
a non-trivial critical point uy € ®~1(]-o00, r[), where

Since @ is coercive and uy € @ 1(]-oo, r|) for every A € ]0, A*(y)[, there exists a positive number L such that
luall < L
for every A € 10, A* ()[. Therefore, since ¥’ is a compact operator, there exists a positive constant M such that
W)l < I¥' (u)lx- luall < ML? (3.5)
for every A € 10, A*(§)[. Now I,’l(u/\) = 0 for every A € ]0, A*(9)[ and, in particular,
I (up)(up) =0,

that is,

D(up) = A j g)f(ua(x))ua(x) du (3.6)
1%
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for every A € 10, A*(p)[. Hence, by (3.5) and (3.6) it follows that
lim ®(u,) = 0. (3.7)
A—0*

Moreover, one has
laal? _ Jwl? _ Jy aoun00” dp
2 72 2
for every A € 10, A*(p)[. Then, conditions (3.7) and (3.8) yield

D(uy) (3.8)

lim |u,]l = 0.
A—0*

Further, the map A — I(u,) is negative in the interval ]0, A* (§)[ since the restriction of the functional I}
to ®1(]-co0, r[) admits a global minimum, which is a critical point (local minimum) of I in X.

Finally, observe that
D(u)

A

L) = )l( - ‘I’(u))

forevery u e Xand fix 0 < A1 < A, < A*(}).

Moreover, put
D D
my, = ( (A“l"l) —‘I’(u;ll)) - inf ( W) —‘I’(u))

ued-1(J—co, D\ A1
and
my, = (q)(”“) ~W(u )) - inf <CD(”) - ‘I’(u))
A A ho ued1(l-c0,rD\ A2 )

Clearly, as claimed before, m), < 0 (fori = 1, 2), and m,, < m,, thanks to A; < A,.
Then the map A — I;(uy) is strictly decreasing in ]0, A* (y)[ owing to

In, (up,) = Aamp, < Aamy, < Avmy, = I, (ug,).
The proof is complete. O

Remark 3.1. We observe that condition (hg) is technical and ensures that the solution, obtained by using
Theorem 3.1, is non-trivial. Anyway, the statements of Theorem 3.1 are still true for every continuous function
f that does not vanish at zero. In this last case our approach ensures the existence of one non-trivial solution,
for A € ]0, A*[, without condition (hg). If

max F(é§) =0
181<p

for some y > 0, Theorem 3.1 ensures the existence of one non-trivial solution, for every A € ]0, +ool.

Remark 3.2. Ifin addition to condition (hg) in Theorem 3.1, the function f also satisfies

(h'l) there exist two sequences {a,} and {b,} in ]0, co[ with b, < a, < by, lim,_,o, b, = 0 and such that
f(s) < O for every s € [an, by],

(h}) either sup{s < 0 : f(s) > 0} = 0, or thereisa 6 > 0 with f]j_s,0; = 0,

then, as proved by Breckner, Radulescu and Varga in [5], problem (S’;i) admits a sequence {u,} of pairwise

distinct weak solutions such that lim,,_,, [|u|| = 0. In particular, lim,_,«, [Uunllco = O.

Remark 3.3. A sufficient condition that ensures hypothesis (hg) in Theorem 3.1 is expressed by

Fi
{_}Ig ? = +090. (h(l))

Further, if f is non-negative, one has

% 7

sup————— =sup —,
y>(r)) maX¢|<y F(&) y>(I)) F(y)

since, in this case, max|g<, F(&) = F(y) for every positive y. Hence, Theorem 1.2 in the Introduction immedi-
ately follows from Theorem 3.1.
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The following example is a direct consequence of Theorem 3.1, bearing in mind Remarks 3.1 and 2.2.

Example 3.1. For each parameter A belonging to

2e?
nem o2,
(2N + 3)2
the Dirichlet problem
Au(x) + Ae*™0 = y(x), x e V\ Vo,
(Sn)
uly, =0,
admits at least one non-trivial strong solution. Moreover,
li =0
Am s
and the function A — I(u,) is negative and decreasing in A.
Remark 3.4. In [11] Falconer and Hu studied the non-autonomous Dirichlet problem
Au(x) + a(x)u(x) = Af(x, u(x)), xeV\Vy, r
(Sa. )
uly, =0,

where a : V — R is assumed to be integrable and f: V x R — R is a continuous function. The celebrated
Ambrosetti-Rabinowitz condition
(AR) there are constants v > 2 and r > 0 such that

tf(x,t) < VF(x,t) <0

for every [t| > r, uniformly for every x € V,
is an essential request in almost all the existence theorems contained in the above cited paper. However, if, for
instance, f is constant for large |t|, assumption (AR) is violated, even though (S’;’ 1) would be expected to have
a non-trivial solution. The Saddle Point Theorem copes with this case; see [11, Theorem 4.2]. We observe that
Theorem 3.1 (see also Remark 3.1) obtained in this paper does not require a global growth of the nonlinearity
f in order to obtain the existence of one non-trivial solution as the above example shows.
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