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1 Introduction

Nonlinear difference equations and systems of difference equations not closely related to differential ones
have attracted some recent attention (see, for example, [1-12, 14, 16-23, 28-30, 33-62] and the refer-
ences therein). Among other problems, such as boundedness, periodicity and stability, the classical prob-
lem of solving such equations and systems also re-attracted some attention recently (see, for example,
[1-5, 11, 30, 34, 35, 39, 40, 42-51, 53, 55-62] and the related references therein), especially after the
author gave in [34] a theoretical explanation for the formula presented in [14]. For some classical methods
for solving difference equations and systems see, for example, [25, 27]. For some other classes of differ-
ence equations and systems, and their applications, see, for example [15, 16, 25, 26, 31, 32, 35]. Some
papers dealing with nonlinear difference equations and systems which are not solvable, use the behavior
of solutions of some solvable ones in order to describe the behavior of their solutions (see, for example,
[8,9, 33, 36, 38, 52, 54]), which shows their importance.

Continuing our line of investigations on solvable difference equations and systems (see, for example,
[11, 34,35, 39, 40, 42-51, 53, 55-61]), we consider here a nonlinear second-order difference equation with
constant coefficients which, among others, is a natural extension of the nonhomogeneous linear second-
order difference equation with constant coefficients as well as of the bilinear difference equation with con-
stant coefficients. Namely, we consider the difference equation

AXpi1 + BxpsiXn + CxnXno1 + GXny1Xn—1 + Dxp + Exypo1 + F =0, n € Np, (1.1)

where the coefficients A, B, C, D, E, F, G and the initial values x_1, xo (or one of them, if (1.1) is reduced by
the vanishing of some of the coefficients to a first-order difference equation) are real numbers.

Our motivation stems from the fact that special cases of (1.1) appear often in the literature but there is
no unified treatment of the problem of solvability for the case of the general equation (1.1). Apart from this,
it seems that many experts are not aware of the fact that, albeit it is quite “rare”, there are numerous special
cases of (1.1) which can be solved in closed form.
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Our main aim is to present several subclasses of the difference equation (1.1) which are solvable in closed
form and to give formulas for their general solutions. In doing this, for the benefit of the reader and for com-
pleteness, we will also recall several known methods for solving difference equations. We will mostly present
direct, clear and constructive ways for getting the formulas for the general solutions, although they will be
sometimes technically complicated. Here and there, we will use the method of induction just to justify some
practically “obvious” relations.

Another aim of ours is to also point out and to remind the importance of the linear first-order difference
equation, that is, of the equation

Xn = PnXn-1+qn, N € No, (1.2)

where (Pn)neN,» (@n)nen, are arbitrary real sequences and x_; € R.
Equation (1.2) can be solved explicitly in several ways. For example, writing down the first n + 1 equali-
ties obtained from (1.2) (in the order of decreasing indices), then multiplying the kth equality

Xn-k+1 = Pn-k+1Xn-k t qn-k+1

by

n

[1 »i

j=n-k+2

and finally summing up the resulting n + 1 equalities, gives that the general solution of (1.2) is

n n n
Xn =X_1 Hpj+2qz' H pj, n=-1, (1.3)
j=0 i=0  j=i+l
where, as usual, we use the conventions
S 1
Hp]-:l, quzo, S,IEZ.
j=s+1 j=l+1

For some recent applications of this equation, see, for example, [5, 9, 11, 30, 34, 35, 39, 40, 42-44, 46—
48, 50, 56, 58-60].

Remark 1.1. Although the coefficients (pn)nen, and (gn)nen, in (1.2) as well as the initial value x_; can also
be complex numbers, and many considerations in this and in related papers also hold for the complex case,
we will restrict our considerations to the real case for practical reasons.

The solution (x,)x>-s of the difference equation
Xn = f(Xp-1,...5,Xn-s), N € Np,
where f: RS — R, s € N, is called periodic with period p if there is an n; > —s such that
Xnip = Xn, N =nj.

It is frequently said that such a solution is eventually periodic and that it is periodic with period p only if
n; = —s. For some results in this area, see, for example, [6, 10, 16—19, 22-24, 29, 37, 41] and the related
references therein.

2 Solvable subclasses of equation (1.1) for the case G = 0

In this section, we will present several subclasses of the difference equation
AXpi1 + BXpi1Xn + CxpXpo1 + Dxy + Expo1 + F =0, n € Ny, (2.1)

that is, of (1.1) for the case G = 0, which can be solved in closed form. Many of them are already known but
we will present them for the benefit of the reader and for completeness.
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2.1 ThecaseA=B=C=D=0forE+0

In this case, (2.1) is equivalent to the equation

Xp-1=-%, he€Np,

E ’
that is, the set of solutions consists of a constant sequence.

2.2 ThecaseA=B=C=E=0forD+0
In this case, (2.1) is equivalent to the equation

Xn =— n € No,

5 ’
that is, the set of solutions also consists of a constant sequence and the main difference with the previous
case is that the domain of indices is not Ng U {-1} but INg.

2.3 ThecaseB=C=D=E=0forA+0
In this case, (2.1) is equivalent to the equation
X = —E nelN
n+l = A ) 0>

that is, the set of solutions also consists of a constant sequence and the main difference with the previous
two cases is that the domain of indices is IN.

2.4 ThecaseA=B=D=E=0forC+0

In this case, (2.1) is equivalent to the equation

F
XpXp_1 = - n € No. (2.2)
If F = 0, then we have that x,x,_1 = 0, n € Np. This means that among two consecutive members of the
sequence (X, )n>-1, at least one is zero. There are many such sequences. We do not have a closed form formula
for the solutions of (2.2) in this case but they can be described in the following way. Each solution (xy)n>-1
consists either of all zeros or of a string of zeros followed by a nonzero number (except if x_; # 0, when it is
followed by a string of zeros which is followed by a nonzero number), which is followed by a string of zeros
followed by a nonzero number and so on.
If F # 0, then applying (2.2) twice, it follows that

F

Xn =
Xn-1

= Xn-2, ne]N’

which means that (x,,)n>-1 is two-periodic, that is,

n € Np.

F
Xon-1=X-1, Xon = x 1’
-1

2.5 ThecaseC=D=E=F=0forB+0

In this case, (2.1) is equivalent to the equation

Xns1(A + Bxy) =0, ne N, (2.3)
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so we do not have a closed form formula for its solutions and we will give a description of them just for
completeness.

If A = 0, then we have that x;,x,-1 = 0, n € N, that is, the sequences which are essentially described in
the previous case. If A # 0, then each solution (x,)nen, Of (2.3) in this case consists either of zeros and —-A/B’s
or of a string of zeros and —A/B’s followed by a number from the set R \ {0, —A/B} (except if xo ¢ {~A/B, 0},
when it is followed by a string of zeros and —A/B’s, which is followed by a number from the set R \ {0, -A/B}),
which is followed by a string of zeros and —A/B’s followed by a number from the set R \ {0, —A/B}, and so on.

2.6 ThecaseA=C=D=E=0forB+0

In this case, (2.1) is equivalent to the equation
F
Xn+1Xn = —E, ne ]N(). (2.4)

If F = 0, then we have that x,,1x, = 0, n € Ny, and we have a situation similar to the one in the previous
two cases.
If F # 0, then applying (2.4) twice, it follows that

F

B
Xn41 = — =Xp-1, NEN,
Xn

which means that (x)nen, is two-periodic, that is,

F
Xon+1 = "B Xa2n = X0, N € No.
0

2.7 ThecaseA=B=C=0forD+0

In this case, (2.1) is equivalent to the equation

E F
Xn=~pXn-1= 5, M€ No, (2.5)

which is a nonhomogeneous linear first-order difference equation with constant coefficients. It is a special

case of (1.2) with
E F

B ) Qn = _B )

which is solvable and whose general solution is given by (1.3). Recall here that the equation can also be
solved by using the change of variables x, = y, + ¢ for a suitable chosen c. Namely, by using this change of
variables, (2.5) becomes

Pn=-

= E c(1+E> F nelN
Yn= DYn—l D D’ 05

which for

when D # —E, is reduced to the equation

= E nelN
Yn = Dyn—l’ 0>

whose general solution is

From this and by using the relation
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we get
E n+1l F F
XF(‘B) (X’1+D+E)_D+E’ nz-1,
when D # —E.
When D = -E, (2.5) becomes
Xn = Xn-1— g,

from which it immediately follows that

F
Xn = _B(H +1)+x_1, n>=-1.

2.8 ThecaseB=C=E=0forA+0

In this case, (2.1) is equivalent to the equation

D F
=——x,—-—, neNp, 2.6
Xn+1 R 0 (2.6)
which is also a nonhomogeneous linear first-order difference equation with constant coefficients. It can be
solved either by using (1.3), but with the initial value xq, or by using the change of variables in the previous

case, which gives that

x—(D)n(x+ F ) F neN
n=\"a °"DrA) DrA’ 0

when D # -A.
When D = A, (2.6) becomes

Xnil =Xn =, MNE€ No,
from which it immediately follows that

Xn =— F n+x nelN

n= A 0 0-
2.9 ThecaseB=C=D=0forA+0
In this case, (2.1) is equivalent to the equation
b'e = Ex neN
n+l = A n-1 A, 0-

This equation is a nonhomogeneous linear second-order difference equation with constant coefficients, but
of a special type. Namely, it is easy to see that the subsequences (X2m+i)men,, i € {—1, 0}, are two independent
solutions of the nonhomogeneous linear first-order difference equation with constant coefficients

Zm+l = ——Zm — m e IN(). (27)

A A’
Since (2.7) can be solved either by using (1.3) or by using the change of variables z,, = y,,, + ¢, m € Np, we
obtain that Eam F F
Xom+i = (_Z) (Xi + m) “Foar M€ No, i € {-1,0},
when E # —A.
When E = -A, (2.7) becomes

F
Zm+1:Zm—Z, m € No,

from which it immediately follows that

F .
Xomei = —Zm +Xij, meNg,ie{-1,0}.
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2.10 ThecaseC=E=F=0forB+0+A

In this case, every well-defined solution to (2.1) satisfies the equation

Dxy,

X =——, neNp. 2.8

n+1 A+ BXn 0 ( )

Since the case D = 0 is trivial, from now on we will also assume that D # 0. Now, first note that if xo = 0,

then from (2.8) we get x,, = 0 for every n € IN. Also, if ng is the smallest natural number such that x,, = 0,

then from (2.8) it follows that x,—-; = 0, which implies that ny = 1. Thus, for a well-defined solution (X,)nen,
of equation (2.8), we have that xo = 0 is equivalent to x, = O for n € Ny.

Hence, for any well-defined solution (x,)nen, Of (2.8), we may use the change of variables
= ! nelN
Yn= Xn ) 0>
and transform (2.8) into the equation

A B
Yn+1 ——BYH—B’ n € Np. (2.9)

Now, note that (2.9) is a linear first-order difference equation with constant coefficients. Hence, by using (1.3)
we obtain

AN B B
m=(-5) 0ot 13p) " ap "N
when D # -A, and
Yn = —EI’H)’O, n € No,

D
when D = -A.
From the last two formulas we obtain
A+D
Xn = — (4 + D)xo , neNo, (2.10)
(-%5) (A +D + Bxo) — xoB
when D # -A, and
DXO
-0 No, 2.11
Xn D - Bxon n € No ( )

when D = -A.

Remark 2.1. From (2.10) and (2.11) we see that a solution of (2.8) in the case D # —A is well defined if and

only if

(-4)"(A+D)
1

€N,

while in the case D = —A if and only if

D
xo;eB—n, n € IN.

2.11 ThecaseA=B=F=0forC+0+D

In this case, any well-defined solution of (2.1) satisfies the equation

Exn 4

-—, No. 2.12
D+CXn_1 e o ( )

X =

Since the case E = 0 is trivial, from now on we will also assume that E # 0. Similarly as in the previous
case, it can be proved that for a well-defined solution (x,),>_1 of (2.12), we have that the condition x_; = 0
is equivalent to x, = 0 forn > -1.
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Hence, for any well-defined solution (x;)n>-1 of (2.12), we may use the change of variables
1

=—, n=x=-1,
Vn X,
to transform (2.12) into the equation
D C
Yn:—E)’n—l—E, n € No. (2.13)

Now, note that (2.13) is a linear first-order difference equation with constant coefficients. Hence, by using
(1.3) we obtain

D n+1 C C
n=(-5) (tpE) pep "Eb
when D # —-E, and
Yn= —E(n +1)+y1, nx-1,
E
when D = —E.
From the last two formulas we obtain
(D +E)X,1

, nx-1, (2.14)
(-2)"' D + E+ Cx_1) - x4 C

Xn =

when D + —E, and

Ex-1 ns-1, (2.15)

M E cimen 7

when D = -E.

Remark 2.2. From (2.14) and (2.15) we see that a solution of (2.12) in the case D # —E is well defined if and
only if
-2y (D + B)

_ —————, ne€ Ny,
ca--%mh
while in the case D = —E if and only if
X,1 i m, ne NO.
2.12 ThecaseB=C=0forA,D,E € R\ {0}
In this case, (2.1) is equivalent to the equation
Xns1 + 2x,, + —Xp_1=-— n € No, (2.16)

A A A’
which is a nonhomogeneous linear second-order difference equation with constant coefficients. There is
a well-known standard method for solving (2.16) (see, for example, [27]). Here, we present a direct method
for solving (2.16), that is, a method which does not use the theory of linear difference equations, and we
make some comments which could be little known to the experts.

Recall that if A; and A, are the zeros of the characteristic polynomial

D. E

R Vi -
Po(A)=A +A)l+A,
D D2-4AE
AT

2 ’
then the solution of the homogeneous linear second-order difference equation

that is,

AI,Z =

D E
Ynet + 5 Vn+ 2 ¥n-1 = 0, neNo, (2.17)
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with initial values y_1, yq is

Yn= A—Z/\y; ;11”0/1'1“1 + —y‘};gyl*/\;‘”, ne-1, (2.18)
when A1 # A, while if A; = A,, the solution is
yn=om+1)-nA1y-1)AY, n=-1. (2.19)

To see how (2.18) and (2.19) can be obtained in a direct way, we refer to, for example, [51] (this is an old
idea, see, for example, [27]).
Now, note that from (2.16) it follows that

X +Dx +Ex— F—x +Dx +Ex nelN
n+2 A n+1 A n= A = An+l A n A n-1» 0
which implies

D E

Xn+2 = Xns1 + —(Xne1 = Xn) + —(Xn —Xp-1) =0, n € No,

A A

so that the sequence
bn =Xps1 —Xn, nx=-1,
is the solution of (2.17) with initial values b_1, bg.
Hence, if 1 # A; # A, # 1, by using (2.18) we have that

b_1A; — bo
A -4

bo -A1b_1

Xn —Xp-1=bp_1 =
A -

AL+ A3, neNo. (2.20)

By summing up (2.20) from O to n and by some simple calculations, we get

(c1hy =x0) (A =D+ AT 1 (o —xc1iA)(A - 1) - £ AT

= X_ . 2.21
=X M- A1 " M- A -1 (2.21)
For the case when one of the numbers A; or A, is equal to 1, say A,, then from (2.20) we obtain
(xo-x-1)A-1) - F A -1 F
=X_ 1). 2.22
=Xt A1 no1 ag ot (2.22)
If A1 = A, # 1, by using (2.19) we have that
Xn —Xn-1 = bnfl = ((bo - /\1b71)n + A1b71)/\?_1, n € Np. (2.23)
By summing up equations (2.23) from 0 to n and by some simple calculations, we get
F\1-(n+ DA} +nAf*! At -1
Xp=X_1+ ((xo -Mx_1)(A; - 1) - Z) T2 +(xo - x_1) L1 (2.24)
If A1 = A, =1, then from (2.23) we have that
F Fn?
Xn —x0+(x0—x_1 _ﬂ)n_ﬂ' (2.25)

Remark 2.3. The solution in (2.21) for the case 1 # A; # A, # 1 can be written in the form

F n+1 n+1
_ Aax_1 - XOAn+1 n Xo —A1x_q Al A AT -1 AT -1

LI T P LA 2 /12—/11(/11—1_/12—1

) net

which is a natural decomposition of the solution as a sum of the solution

n_ A2X_1 - Xo Anel Xo —A1x_1

221770 AL >-1,
L T P LA 2 !
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of the homogeneous equation with initial values x_1, xo and the solution

F 1 1
Xp= i (/le —1_Ag+ —1) n>-1

"T -\ -1 A-1) -
of the nonhomogeneous equation (2.16) with initial conditions x_; = xo = 0, that is,

xn=xl4xb, n>-1.

The solution in (2.22) for the case A; # 1, A, = 1 can be written in the form (2.26), where

X_1—X Xo — A1x_
Xﬁ = —1 OAT+1+—0 L 1, n 2 _15
1-A1 1-A

is the solution of the homogeneous equation with initial values x_1, xo and
F 1
o _A (AEH -
1A\ -1
is the solution of the nonhomogeneous equation (2.16) with initial conditions x_; = xo = 0.
When A1 = A, # 1, (2.24) can be also written as a sum of the solution

—(n+1)>, ns-1,

xﬁ = ((xo —Mx_1)n+xo)A}, n=-1,
of the homogeneous equation with initial values x_1, xo and the solution

F 1-0m+DA" +nA?
xh=-=. ( ! L n>-1,
A (1-21)?

of the nonhomogeneous equation (2.16) with initial conditions x_; = xo = 0.
Finally, when A; = A, = 1, (2.25) can be also written as a sum of the solution

x’,} =x0+ (Xo—-x_1)n, nx-1,

of the homogeneous equation with initial values x_1, xo and the solution

o o i+ D)
24

of the nonhomogeneous equation (2.16) with initial conditions x_; = xo = 0.

-1,

2.13 ThecaseA=B=0forC+0

In this case, every well-defined solution to (2.1) satisfies the equation

EXn_l +F

Xn=—F7F"""72
CXn_l +D’

n € Np,

— 155

(2.26)

(2.27)

which is the bilinear difference equation with constant coefficients, which is also solvable in closed form.
A detailed study of this difference equation can be found, for example, in [13] (see also [51]). We will briefly

explain how (2.27) can be solved. First, note that it can be written in the form

E 1 ED-CF

X":_E+ECXH_1 +D’

n € No,

from which it follows that

ED - CF

C D=D-E+ ———,
Xn +an_1+D

n € Np.

Since for a well-defined solution of (2.27) it must be

Cxp-1+D +0, neNo,

(2.28)
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we can use the change of variables
n € No, (2.29)
in (2.28) and obtain

bn

“D-E+@ED-Chb,, "cNo (2.30)

If we further use the change of variables

by = nx-1, (2.31)

in (2.30), we get
Cns1— (D —-E)cy + (CF-ED)cpo1 =0, ne€ N,

which is a homogeneous second-order difference equation with constant coefficients, whose solutions with
initial values c_1, co can be calculated by using (2.18) and (2.19).
By using such formulas for (c;),>-1 in the relation

_ l( Cn+1

= —D), n € No,
Xn c\ ¢, 0

which follows from (2.29) and (2.31), we obtain the general solution of (2.27).

2.14 ThecaseC=E=0forB+0

In this case, every well-defined solution to (2.1) satisfies the equation

Dx, + F

—, ne€ Np,
Bx, + A 0

Xn+1 = —

which is a bilinear difference equation with constant coefficients and can be solved as in the previous case.
Hence, we omit the details.

2.15 ThecaseB=D=E=F=0forA+0+C

In this case, (2.1) can be written in the form

Xn1 = —%, n € No. (2.32)
By using the change of variables
Yn = —CX", n>-1, (2.33)
we transform (2.32) into
VYn+1 =YnYn-1, N € No. (2.34)
Let
ai=1, b;=1 (2.35)

and rewrite (2.34) into the form
Yn+1 :)/ZIJ/?_l’ n € Np. (2.36)
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Using (2.34) in (2.36) we get

a;..b a;+by . a a b
Yl = Vn-1Yn-2)Vnis = Vi1 Vnta = Vni1Vnio» NEN,

where
ap = (11+b1, b2 =daj.

Assume that for some k > 2 we have
aj bk
Y+l = VeV nN=k-1, (2.37)
where
ai = ag-1 + bir-1, b = ax-1 (2.38)

and (2.35) holds.
By using (2.34) into (2.37), we have that

ag.,br ax+by ax ket brs1
Yn+1 = Vn-kVn-k-1)* Yk = Yok Vnokc1 = Yok Vnok-10 2 S k<n,

where the sequences (ak)ken and (bx)ren satisfy the system of difference equations
ags1 = A+ bg,  bry1 =ax, keN, (2.39)

with the initial conditions (2.35). Hence, we have proved by induction that (2.37) holds for every k € N and
n > k - 1, where the sequences (ay)xen and (by)ken satisfy (2.38).
From (2.39) it follows that
Ak+1 = A + Ak-1, k=2,

with a; = 1, a, = 2, while by = ay_1, k > 2, with b1 = 1. Hence, by = fi and ay = fx.1, where (fi)xen is the
Fibonacci sequence, and consequently

yn = ylryln = yleayfn ons 1,

where, as usual, weregard that fo = f> —f1 =0and f.1 = f1 — fo = 1.
From this and (2.33) it follows that

A C f“*1+f"71 n+ f)’l C fn+271 n+ n

we—grn= (7)) = ()T e e

which is the general solution to (2.32).

Remark 2.4. It is a common situation that mathematicians, including some experts, try to solve equations
of the type related to (2.32) by taking the logarithm and reducing them to linear difference equations with
constant coefficients. However, for some values of the parameters and the initial values, the values of the

solutions can be negative and so the method for solving the equations essentially does not work. For the case
of (2.34), such a situation appears if y_1yo < O.

2.16 ThecaseB=0forA,C,D,E,F € R\ {0}

In this case, (2.1) can be written in the form

CxpnXpn-1 + Dxp + Exn1 + F
Xpyq = —nXn-1 ¥ A"+ L UL N (2.40)

Equation (2.40) seems not to be solvable in closed form for all values of the parameters A, C, D, E, F. Hence,
we will give some sufficient conditions for which a subclass of the equation is solvable.
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From (2.40) it follows that

CxpXn-1+Dxp+Exp 1+ F—gA
A

C< D E F—gA)

Xny1 + 8 =—

A

XnXn-1+ =Xn + =Xp-1 + ——
C C C

= A n n-1 C I n-1 E
for n € No.

If we choose constants A, C, D, E, F such that

D E F-gA
§=¢~¢c~E
then (2.41) is reduced to
Xn+1 + 2 = —£<Xn + 2><Xn—1 + 2),
C A C C
which by the change of variables

becomes

C
Yn+1 :—ZYnJ’n—l, nZ_ly

which is identical to (2.32). Hence, its general solution is

C\frr2—1
Yn = <——) ’ y(f)"”yi"l, n>-1,

A
from which, by using (2.42), it follows that

C fre2—1 D fret D fn D
X":<_Z> <x0+—) (x_1+—> -—, nx=-1,

is the general solution of (2.40).

2.17 ThecaseA+0+ B

In this case, every well-defined solution of (2.1) satisfies the equation

CxnXp-1+Dxp + Exnq1 + F
Xn+1 = — A+ Bx ’ nGNO’
n

which can be rewritten in the form

CXpXp-1 +dXxn +exp_1 +f

Xn1 = , ne€No,

Xnt+a
where A C D E F
=g = d=p = [T

DE GRUYTER

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

Equation (2.45) also seems not to be solvable in closed form for all values of the parameters a, c, d, e, f.
Hence, we present some sufficient conditions which guarantee its solvability, and consequently the solvabil-

ity of the corresponding equation in the class (2.43).
Equation (2.44) is equivalent to the equation
CXnXn—1 + (d + Q)Xp + €xny_q + f + a?

Xn+1 + A = , neNp.
Xn+a

(2.46)



DE GRUYTER S. Stevié, Solvable subclasses of a class of nonlinear second-order difference equations =—— 159

First, assume that ¢ > 0. Then, (2.46) can be written as

Vexn 1 (Vexy + &) + £ (ox, + Ye)
Xnp41 + A= Y 1a , neNp.
n

Now, assume that

2
e=M=d+a. (2.47)
d+a

Under the conditions (2.47), we have that the sequence

Xns1 + @
un = n+—’ n> _1,
\Cxn +
satisfies the relation 1
Unt1 = —
Un

from which it follows that (u,),>_1 is two-periodic. Hence, we have that
Xon+i + Q@ _ Xi+a
VCXon-1+i + % Vexio + %

forn e Npandi € {0, 1}, that is,

Xop =—————Xon-1 + -a, (2.48)
f+a® f+@ d+a
X-1+ d+a X1+ d+a
2
X1+a x1+a f+a
Xons1 = Fra on * i dia @ (2.49)
X0+ gra Xo +
for n € Np.
From (2.48) and (2.49) we obtain
2 2
Xo +a X1+a Xo +a X1 +a +a Xo +a +a
Xon = Fra? Fra? Xan-2 + frd ( frd f;j T a - (1) + W‘fﬁ -a, (2.50)
X1+ "grqg X0+ ‘Fpg X-1+73q X a X-1+"7q
Xx1+a xo+a X1+ a x0+a f+a? x1+a f+a
X2n-1 = f+a? fraz X203 F fra? *d+a v [t d+a (2.51)
Xo+ grg X-1+ Fpg 0+ g X1+d X0+a
forn e N.

This means that the sequences (X2n)nen, and (X2n-1)nen, are solutions of the linear first-order differ-
ence equations

Xo+a xi+a Xo+a x1+a f+a? xXo+a f+a? . (2.52)

Zn = Zno1 + - < _a, .
f+a@® f+a® f+a® f+a®> d+a f+a> d+a

X1+d+a Xo + d+a X1+ d+a Xo d+a X1+ d+a

Xx1+a Xxo+a X1 +a xXo+a f+ad? x1+a f+a? a (2.53)
Up = Up_1 + —a)+ — - .
" X +f+a X _|_f+_a2 n-1 X, +f+a2 X +f+a d+a X, +f+a d+a

0 dra -1 d+a 0 d+a - d+a 0

for n € N, respectively.

From (2.52) and (2.53), by using (1.3), (2.44) with n = 0, and (2.45), we easily obtain formulas for the
general solution of (2.43) in this case.

Now, assume that ¢ < 0. Then, (2.46) can be written as

— 2
V=Cxn-1 (V=Cxn = <f) — S8 (V=Cxy + 5L
Xpe1+ A =— P , neNp.
n

Assume that the conditions in (2.47) hold. Then, we have that the sequence

Xn+a

V=Cxn-1 - =

Vn: nZ—l,
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satisfies the relation

1
Vnel = —— nZ—l’
Vn
from which it follows that it is two-periodic. Hence, we have that
Xonsi + @ Xi+a

V=CXan-14i — ﬁ V=cxi-1 - \%C » MeNo, 1 {04},

from which it follows that (2.50) and (2.51) hold, and consequently that the sequences (X2n)nen, and

(X2n-1)nen, are solutions of (2.52) and (2.53), respectively. Hence, again from (2.52) and (2.53), by using

(1.3), (2.44) with n = 0, and (2.45), we easily obtain formulas for the general solution of (2.43) in this case.
Now, we present another subclass of (2.43) which can be solved in closed form. Equation (2.44) is also

equivalent to
CXnXp1 +(d+g)xn+exp1 +f+ag
Xn+1 +g = ’ ne NO’
Xn+a

which can be written in the form

d+g e f+ag
Xn(Xn1 + —=2) + E(Xn_1 +
oo g = o T b H TR (2.54)
Xn+a

Now, assume that the conditions

a- 8, dts_fras_, (2.55)
Cc Cc e

hold. Then, if (x,)n=_1 is a well-defined solution to (2.54), it can be written in the form

Xn+1 t+

d
=C|XxXp.1+ —— ), neNp,
c-1 ("1 c—l) 0

from which it easily follows that
d d .
:) - :, m € No, i € {-1, 0},
are formulas for the general solution of (2.44) in this case. From this, along with (2.45), it follows that
c\™ D D
RN AT I ; -1
X2m+i ( B) <X1+C+B) C+B’ m e Ny, i € {-1,0},
is the general solution to equation (2.43).

m
Xom+i = C (Xi +

Remark 2.5. Note that from (2.55) it follows that ¢ must not be equal to 1, that is, C # —B, which implies that
the quantity d/(c — 1), thatis, D/(C + B), is defined.

3 Solvable subclasses of equation (1.1) for the case G # 0

Here, we present several solvable subclasses of the difference equation (1.1) for the case G # 0.

3.1 Thecase A=B=C=D=E=0forG+0+F
In this case, (1.1) is equivalent to the equation
F
Xn+1Xn-1 = ek n € Np. (3.1)

Using (3.1) twice, it follows that

Qly

Xn =

=Xp-4, N3,
Xn-2

which means that (x,,)>_1 is four-periodic, that is,

F X = F nelN
GX_1 ) 2n+2 = GXO’ 0-

Xon-1=X-1, Xon =X0, Xon+1=—



DE GRUYTER S. Stevié, Solvable subclasses of a class of nonlinear second-order difference equations —— 161

3.2 ThecaseA=B=C=E=F=0forD+0+G

In this case, every well-defined solution of (1.1) satisfies the equation

D
Xni1 = — none No. (3.2)
Gxn-1
By using the change of variables
D
Xn = —EYn, (3.3)
we transform (3.2) into the equation
Y = 2, neNo. (3.4)
Yn-1

It is easy to see that a solution of (3.4) is well defined if and only if y_; # O # yo, which is equivalent to y, # 0
foreveryn > -1.

To find a formula for the general solution of (3.4), we will use the method described in Section 2.15,
thatis,inthecase B=D=E=F=0forA #0 # C. Let

a =1, b1 =-1 (3-5)
and rewrite (3.4) into the form
Vne1 = VR'Yal,  neNo. (3.6)
Using (3.4) in (3.6), we get

—1 \a;.b a;+by -a a b
Va1 = Un1Yn-2) Yot = Vnit Vnes = Vni1Vnoa» NEN,

where
ap :=day + bl, bz =-aj.

Assume that for some k > 2 we have

Ynet = Vo Vo nzk-1, (3.7)
where
ai = ag-1 + bi-1, br =-ai1 (3.8)
and (3.5) holds.
By using (3.4) into (3.7) we have that

-1 ai . ,bx ai+bi —ax aps1 ., b
Y1 = W=k nliec) “Vek = Yok Vnoke1 = y,,fkly,,_*kl_l, 2<k<n,

where the sequences (ak)ken and (bi)ren satisfy the system of difference equations
Ays1 = Ag + bk,  bry1 =-ax, keN, (3.9)

with the initial conditions in (3.5). Hence, we have proved by induction that (3.7) holds for every k € N and
n > k — 1, where the sequences (ay)ren and (by)ken satisfy (3.8) with the initial conditions in (3.5).
From (3.9) it follows that
Aps1 = A — Ap-1, k=2,

with a; = 1 and a; = 0, while by = —ay_1, k > 2, with b; = —1. Hence, by using formula (2.18) (with shifted
indices) we obtain that

Ak—Z _ Ak—Z
ar=-—-—=2_, keN,
iv3
where
1+iV3
/11,2 = )
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from which it follows that

a 2 sin(k+1)n b 2 sinkﬂ keN
k= —F—= s k=—""= 5 b
\3 3 \3 3
and, consequently,
_ 2 gjp VT _ 2 iy nm
Ya=yoy =y T y” 7, nz-1, (3.10)

where we naturally regard that ap = a1 —a> =1,a-1 =ap—-a; =0and a_, =a-; —ap = -1.
From this and (3.3) it follows that

D G \an—an-1-1 B G\ an1-1 _
Xp = _EYH _ (_B) Qan ,—dn-1 (_5) Xgnx_‘llnfl’ n>-1,

which is the general solution to (3.2).

Remark 3.1. Itis a well-known fact that (3.4) is six-periodic. It is one of the standard examples for periodicity.
However, (3.10) is less known, although we expect that it can be found somewhere in the literature.

3.3 ThecaseB=C=D=0forG+0

In this case, every well-defined solution to (1.1) satisfies the equation
EXn,l +F
GXn_l +A°

From (3.11) we see that the sequences (Xam+i)men,, i € {~1, 0}, are respectively the solutions of the bilinear

difference equation

Xne1 = n € No. (3.11)

_ Ezy, +F
Zm+1 = —sz A
with the initial conditions zg = x_1; and zp = xo. Since (3.12) is solvable (see Section 2.13), we can find
formulas for (X2m+i)men,» 1 € {~1, 0}, in closed form. We omit the details.

m € No, (3.12)

3.4 Thecase A=D=E=F=0forB,(C,G € R\ {0}

In this case, every well-defined solution to (1.1) satisfies the equation

CxnXp-1

-———————  neNo. 3.13
Bxp + Gxp-1 0 ( )

Xn+1 =

It is easy to see that for a well-defined solution (x,),>-1 of (3.13), the condition x_; # O # xq is equivalent to
xn # 0 for every n > —1. Hence, we may use the change of variables

1

—, (3.14)
Vn

Xn =

which transforms (3.13) into
G B
)’n+1+Ele+Ele—1:0, n € No,

which is a second-order difference equation with constant coefficients. Hence, we can apply (2.18) with

G G2-4BC
“cEVNTo

Al,Z = 2 )
which along with (3.14) gives
AaXo = X1 1y X-1 = A1Xo n+1)_1
= XxX_ -1 1
Xn =X 1x0< 5L AT+ LA AS , nx=-1, (3.15)

when A; # Ay, while if A; = A,, by using (2.19), we get that the solution is

Xn = X1 X0((x-1(n+ 1) = nAyxo)A) ™, n=-1. (3.16)
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Remark 3.2. From (3.15) we see that, in the case G*> # 4BC, a solution of (3.13) is well defined if and only if
Xo # 0 # x_1 and
Aaxo — x_1 1 X-1-— A1xo
2270 7 Al e 221 7 7170
P P R P
for every n € N, while from (3.16) we see that, in the case G?> = 4BC, a solution of equation (3.13) is well
defined if and only if xo # 0 # x_; and

AZ+1 £0

x_1(n+1) # nA1xo

for every n € IN.

3.5 ThecaseB=0forG +0 + C

In this case, every well-defined solution to (1.1) satisfies the equation

CxnXpn-1 + Dxp + Exn1 + F

Gl + A , né€Np. (3.17)

Xn+1 = —

Equation (3.17) is equivalent to

—CxnXn-1—Dxy + (hG — E)xy,_.1 +Ah-F

Xner + = Gxp1 +A » e No,
which can be written in the form
c GD\ , (hG=E) G(Ah-F)
—&Xn(Gxp1 + =) + = (GXp1 + T
Xps1 +h=—C n(GXn-1 C();X 1‘3“4( "1 T ThGoE ), n e No. (3.18)
e
If we assume that
A GD G(Ah-F)
~ C  hG-E’

then, if (xn)n>_1 is a well-defined solution to (3.18), it can be written in the form

C E

Xn+1 = _Exn e

from which it follows that
w=(-5) (or i) e
"6/ \"°"CcyG/) Cc+G
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