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1 Introduction

In the studies of electrorheological fluid, nonlinear elasticity and image restoration in practical applications,
the classical Lebesgue and Sobolev spaces are not applicable, see [1, 5, 18]. Problems with variable expo-
nential growth conditions are inhomogeneous and nonlinear. So we need to study the problems based on
the theory of variable exponent Lebesgue and Sobolev spaces. Since Kovacik and Rakosnik first studied the
LPY spaces and W*P™ spaces in [12], many results have been obtained concerning these kinds of variable
exponent spaces, see examples in [4, 7, 8, 10, 11, 16, 17, 21].

This paper is devoted to the study of conditions guaranteeing the removability of isolated singularities
for solutions of the elliptic equations with nonstandard growth

n
0
- Z —laj(x, u, Vu)] + g(x, u) = 0. (1.1)
i1 aX]'
We assume that for j = 1, 2, ..., n, the functions a;(x, £, n) are measurable and satisfy the following condi-

tions: There exists a number u € (0, 1] such that

Y aj(x, & mn; = uinlP®, (1.2)
j=1
laj(x, & )l < u~HnPO-1, (1.3)
aj(x, &, -n) = -aj(x, &, n) (1.4)

for almost all x € Q, ¢ € R, 1 € R", where p(x) is continuous on Q and satisfies 1 < p~ < p(x) < p* < n with
p =infp(x) and p* =supp(x).
xeQ xeQ

In addition, it is assumed that the function g(x, &) with the conditions of measurability, local integrability in
x € Q and local boundedness in ¢ € R satisfies the following condition: There exists a function g(x) € C Q)
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and g(x) > p(x) — 1 such that for almost all x € Q, & € R,

g(x, &) sgn & > &%, (1.5)

where Q ¢ R" is an open bounded domain with smooth boundary. Here by g(x) > p(x) - 1 we denote the fact
thatinf, 5(q(x) -p(x) +1) > 0.

The removability of singularities for the equations with standard growth has been considered by many
authors. Serrin [19] considered the conditions of removability of an isolated singular point for equation (1.1)
in the case of g(x, u) = 0 and the condition for this case is

u(x) = o(lx—xolg), l<p<n.

Brezis and Veron [2] studied an equation of the form (1.1) with a Laplace operator in the principal part. They
proved the removability of isolated singularities for solutions under condition (1.5) with g > ;> and n > 3.
For equations with weighted functions v, w, Mamedov and Harman [15] proved that an isolated singular point

Xo is removable for solutions of equation (1.1) if the condition of weighted functions

w(B(xo, €))

B gy) | oW £-0

V(B(xo, )(
with p > 1 and g > p - 1 is fulfilled. The removability of singularities for solutions of elliptic equations with
absorption term was studied in [13, 20]. Skrypnik [20] considered general nonlinear equations and proved
that if the conditions

np-1)

n-p
are fulfilled, then the singular point is removable. Liskevich and Skrypnik [13] studied the equation (1.1)
with a weighted function x~% in the subordinate part g(x, u), and proved that the singular point is removable
if the conditions

l<p<n, q=

p-Dn-a
qu, a<p, l<p<n
are fulfilled.

Recently, there have been a few papers on the study of the removability of singularities for the equa-
tions with nonstandard growth. Lukkari [14] investigated the removability of a compact set for the equation
—div(|DuP®=2Du) = 0. For the anisotropic elliptic equation, the removability of a compact set was proved
by Cianci [6]. Cataldo and Cianci [3] considered the conditions of removability of an isolated singular point
for equation (1.1) in the case of g(x, u) = |u|972u.

In this paper, we prove that an isolated singular point x, is removable for solutions of equation (1.1) if

the condition
p(x)q(x)

200 —p(0 + 1 (1.6)

is fulfilled for almost all x € Q.

2 Preliminaries

We first recall some facts on spaces LP® and W*P®), For the details see [10, 12].
Let P(Q) be the set of all Lebesgue measurable functions p : Q — [1, co], we denote

Ppy(W) = J [ulP™ dx + sup [u(x)l,

xeQ
Q\ Qoo *

where Qq = {x € Q : p(x) = co}.
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The variable exponent Lebesgue space L™ (Q) is the class of all functions u such that Ppo(tu) < oo, for
some t > 0. LP®(Q) is a Banach space equipped with the norm

lullreo = ll’lf{/l >0 :pp(x)(%) < 1}_

For any p € P(Q), we define the conjugate function p’(x) as

00, xeQp={xeQ:px) =1},
p’(X): 1, Xero’
P, x€Q\(Q1U Q).

Theorem 2.1. Let p € P(Q). For any u € LP®(Q) and v € LP'®0(Q),

[ vt dx < 20ulolvio.

Q
Theorem 2.2. Let p € P(Q) with p* < co. For any u € LP®(Q), we have
(1) if lullpeo = 1, then ull? ., < [o [P dx < [ull,,,
(2) if ullo < 1, then [ullFy, < [, 1P dx < ul.
The variable exponent Sobolev space WP (Q) is the class of all functions u € LP®(Q) which have the prop-
erty [Vu| € LP®(Q). The space WX (Q) is a Banach space equipped with the norm

lullwrreo = lullppeo + [Vullppeo .

We say that the function u(x) belongs to the space Wllo’f (X)(Q) if u(x) belongs to WP (G) in any subdomain
G,GcQ.

Theorem 2.3. For any u € W-P™(Q), we have

(1) if lullwrreo = 1, then IIuIIﬁ;l,pm < [ IVulP® 4 uP@) dx < [ullfy, 0

@) if lullwrrw < 1, then [ully,, 0 < [ (IVUP® + uPO) dx < [ull); -

From Zhikov [21, 22], we know that smooth functions are not dense in W?®(Q) without additional assump-
tions on the exponent p(x). To study the Lavrentiev phenomenon, he considered the following log-Holder
continuous condition:

C
[p(x) —p(y)l < m (2.1)

for all x,y € Q such that |[x - y| < % If the log-Hélder continuous condition holds, then smooth functions
are dense in WP®(Q) and we can define the Sobolev spaces with zero boundary values Wé P (X)(Q), as the
closure of C3°(Q) with the norm of || - [ y1.r00(q).

Theorem 2.4. If u € Wé’p(B(a, R)), 1 <p < n, thenforany 1 < q < p*, the inequality

( j Iulqu>qu(n,P)R1+3_;( j |Du|de)p (2.2)

B(a,R) B(a,R)
is valid, where B(a, R) is a ball.
Lemma 2.5. Let Q be an open bounded subset of R", E be a measurable subset of Q and p = infycg p(x),

Dq = infxeq p(x), then all nonnegative measurable functions f and g defined on E satisfy the inequality

Jfg"’g1 dx < dex + Jfgp(") dx.

E E E
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Proof. Since 5 (i gf;, > 1, using Young’s inequality we have
Q

_ P()-pg Pg _
Ifgpgdxzjprf’[sz%gpa]dxsdex+Jfgp(")dx. O

E E E E

Consider a solution u(x) of equation (1.1) with an isolated singularity. Assume that xo € Q and xq is a singular
point of the solution u(x). We say that u(x) is a solution of equation (1.1) in Q \ {xo}if u € Wllo’f (X)(Q \ {xo})
and for any test function ¢ € Wllo’f (X)(Q \ {xo}) N LS. (Q\ {x0}) with compact supportin Q \ {xo}, the following
equality is true:
n a(p
J{Za,-(x,u,Vu)— +g(x, u)(p} dx = 0. (2.3)
= aX}
o 7t
We say that the solution u(x) of equation (1.1) has a removable singularity at the point xg if the func-
tion u(x) is a solution in Q \ {xo} and u € Wllo’f W\ xoh) n L (Q) implies that it belongs to the space
WHPO(Q) n L®(Q) and equality (2.3) with any test function ¢ € Wcl)’p Q) n L®(Q) is fulfilled for it.
In the proof of the main theorem, we use the following lemma.

Lemma 2.6 ([9]). Let 0 < 0 < 1, 0 > 0, &(h) be a nonnegative function on the interval [%, 1], and let

&k) < A(h - k)™°(&h)°, % <k<h<1.

Then, there exists Cq,9 > O such that
1

5(5) < CopATS.

3 The behavior of solutions near the isolated singular points

In this section we state and prove the following theorems.

Theorem 3.1. Let conditions (1.2)—(1.5) and (2.1) be fulfilled. There exists a constant O < § < 1 such that for
u € WHP™(B(a, r)) n L*(B(a, r)) which is a solution of equation (1.1) in B(a, r) with r < 8, B(a, ) C Q, the
following inequality is valid:
sup |u(x)| < CrTT,
xeB(a, %)
ps+1
pst+l

where T = 1(p;, P, q5, €) > # >0, € (0, Zg: ) is a constant and C = C(n, u, py, P, 45, q5)- More-
over,

ps= sup pWy), ps;= _inf _p(y), g5= sup q(y), qz= _inf _q(y).
yeB(a,6)nQ y€B(a,6)nQ yeB(a,6)nQ y€B(a,6)nQ

Proof. As q(x), p(x) are continuous on Q, for any &; € (0, 1) and any x € Q, there exists § > 0 such that
lg(x) - q(y)| < €1 and |p(x) — p(y)| < €1 whenever |x — y| < 8. Take x € Q. Forany y € Bs(x) N Q, we have

p(y)-1<px)-1+e and q(y)>qx) -é&1.
As g(x) » p(x) - 1, take &1 = %infxeﬁ(q(x) - p(x) + 1). Then,
1
qx)—e1 - (px)-1+e1) 2 3 iné(é](X) -p)+1)>0

and therefore
p(y)-1<p)-1+&1 <qx) -1 <qy).
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Furthermore,
.

ps-1= sup (p(y)-1)<gqgz= _inf _q(y)
yeB(x,6)nQ y€B(x,6)nQ

and since a € Q, we have
ps - 1<gs. (3.1)

Let u = FW, where F > 1 is a positive number that will be chosen later. Let Q' = {x € B(a, r) : W(x) > 0},
Q" = B(a,r) \ Q'. Assume that W(x') > 0 at some point x' € B(a, 5) n Q' (if W(x) < 0 at some point B(a, %),
then we will consider, in addition, the function —-W(x) in B(a, §) N Q'). Take

M; = sup{W(x) : x € B(a, tr)n Q'}, % <t<l1.
Let3<s<t<1l,z=W-M{and
zk = (W - M€ — k), = max(W — M — k,0) inthe ball B(a, tr),
where O < k < supq z. The function ¢ € Lip(B(a, r)) satisfies: £ = O for x € B(a, sr), £ = 1 for x ¢ B(a, ST“r),

0<é(x)<1 and |V¢]<

C
=) forx € B(a, r),
where C is a constant. Denote Qi = {x € B(a, tr) : zx > 0}. It is obvious that z; € Wé’p (X)(B(a, tr)). It is as-
sumed that M 121 The conclusion is obviously right for the case of 0 < M 1< 1. Let ¢ =z in (2.3), we

obtain
n

Z aj(x, u, Vu)% dx + J g(x,u)zxdx = 0.

4 0x;
Ile(a,tr) / B(a,tr)
Then,
L w
Y J aj(x, FW, FVW)(% - Mt?> dx + JlFqu(")zk dx <0,
j=1Qk X X Qp

By virtue of conditions (1.2)-(1.5), we have

u j FPO-L iy P®) gy + J|F|‘1(")|k|q‘x)zk dx < r(t—ts) lelp(")‘1|VW|p(")"1 dx (3.2)
Q Qp }1 Qi

and using Young’s inequality in the right-hand side of (3.2), it does not exceed
MP(X)
C(u, 2, n) J -t gy, C52 J VWP FPCO-1 gy
rPX)(t — s)pX) u
Qk Qk

Take &, = % Then, from inequality (3.2) we have

p(x)

B[ mpo-1g e 4001140 M p(0-1
ZJF VWP dx + | [FIT k|9 zi dx < C(u, n) rP(X)(t—s)P(X)|F| dx.

Qp Qp Qp
Note that Vzy = VW — M;V¢ in Q, therefore
U 1 P(x)
L J PO o V2P — MV e ) dx + JIqu(")Iqu(")zk dx < C(u, n) j P ppeo-t gy,

rPX(t — s)pt)
Qp Qx Qx

By Lemma 2.5, we have

J FPO-1yzPs dx < J FPO~1 dx + I FPOL|yz, PO gx
Qp Qx Qx
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and therefore

p(x)
H | mpeo-1(1p, 105 900 1|20 M p0-1
v JF (IVzilPs — 1) dx + | |F|9%1k|79z; dx < C(p, n) (¢ 5 |F| dx. (3.3)
Qk o o

Since zy, € Wé’p(x)(B(a, tr)), so zj € Wé’pg (B(a, tr)). By (2.2), we have

m\"“

_ n-1 pg-1
L ;s L -\
( J = dx) < C(n, py)r %( J Vze[Ps dx) .
B(a,tr) B(a,tr)
Using Holder’s inequality, we get

n-1 npg-n+l

Zedx <2 |zl "1 dx |Qp| ™s
B(a,tr) B(a,tr)

where |Qy| is the Lebesgue measure of Q.
From (3.3), we have

npgfrwl pgfl

. i - s _ o,
%F”él[CIQkI w5y Ps I zkdx] + F9 min{k%, k9% } zi dx
2Ps

B(a,tr) B(a,tr)
MP(X)
pi-1 t H rpra1
< C(u, n)FPs J —rp(x)(t—s)l’(x) dx + ZPEF Q.
Qi
Take € € (0, qg_pgﬂ). Then,
qs5—ps+1
8}1 -1 p; — _ X _ " npgfrul
TF”B‘ C J zidx | r'7Ps + (1 - e)F% min{k%, k% }|Qx| = J zy dx
2% B(a,tr) B(a,tr)
nps-n+l Mp(x) np;-n+l
pi-1 5 t K pr1 1428
< C(u, n)FPs™ Qx| J —rP(X)(t—s)P(X) dx + 2p;F s Qg (3.4)
Qp
Applying Young’s inequality a®bh'~¢ < ea + (1 — €)b in the left-hand side of (3.4), we obtain
pset+l-¢€
min{kq;(l—a)’ kqg(l—s)}Fqg(1—€)+(p;—1)£r(1—pg)£[ J Zk dx]
200 B(a,tr)
N npL-n+l M nps-n+l
< CRP Qi ™8 | = dx+ |l e
rPO(t — s)p)
k
and
min{k% (-8, k95 (1=} pd5-Ps+1-(a5-p;+1)e
-(psetl-¢) B MPE npT—n+1
<C J Zk dx] r%-l)f[ —t 1]|Qk| el (3.5)
B(a,tr) ree (t a S)p5
where C = C(n, y,Pg,pg).
Denote a = np%ms + 1. Integrate (3.5) with respect to k and take the equality ﬂ( j 0 zrdx) = —|Qy| into

account, then we have

supq! z pgerie

supq z +
Pq N Dy

1
a5 -p+1-(a5-ps+De gs(1-6)  gf-e) M @ (ps-1)e «
R J min{k e,k }dksc[—fu] r J “zkdx] Q4| dk.

rP5 (t — s)Ps
0 0 Qx
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. Se+l-¢ np;e+n-ne
Since 1 — Zs&1°7F _ 1 _ _IPsETNE > 0, supgr z > 1, so
a np58+n—ns+£

qg(lfs) p5€+17€

+ 1

—+1 45 P5+i-lag-ps+ie === Mfﬁ a py-ne
(supz) F a <C Jzodx —— 41| r e .
o rPs (t — s)Ps

0

Apply the estimate -[Qo zo dx < M¢|B(a, r)| and note that supg: z > supginp(q,sr) 2 = Ms, then we have

— - M L
G502 o —pt +1-(gE —p 1) pyeti-e MP5 @ (pi-De pretl-e
+1 957 Ps 5 Ps 1- 8 -
M, © T < oM, © [— ‘ +]r“ (-55),
rPs (t — s)Ps
- o+t
where C = C(n, HsPssPs> Q5)-
Choosing

— (= —_ - - *
a5 p§+1 :15 p5+1)5 _ r(pﬁal)e rn(l_p5e;-1 E)r*pTS

then F = r' 7, where

= -1 E+l-¢ 1rqs —ps+1-(q5 —ps +1)eq-t
o _ (P ) +n(1_p5 )_&][qb‘ Ds (g5 - ps )]
a a a
~e—_p*t +
:__+p5 1_’5_ >_p5+ 50
Qs —Ps+1-(q5-pPs+1e gz-ps+1
when € € (0, w).
qﬁ—p5+1
On the other hand,
0
- t
M; < C(n, u, pg, Py q})m,
where
e+l-¢ e (1-¢ -1 a-(p;-De+pl-1
o-[(1-BEtlE) Po)[ %08 ) (s~ Detps -1 _
a a a a-qze+q;
trg-(1-¢ -1
azlﬁ[u+1] > 0.
a a
By virtue of Lemma 2.6, we derive M% < C(n, 1, p5, 05> 45, q5)-
From the substitution u = FW we obtain
sup{u(x) L xe B(a, %) n Q’} - FM; < CF. (3.6)

If SUPp(q,1yn W <0, then there exists x"" € B(a, £) n Q" such that -W(x"") > 0, in the same way, we can
obtain .
sup{—u(x) 1Xx€ B(a, 5) n Q”} =FM1 < CF. (3.7)

Combining (3.6) and (3.7), we can give the estimate

sup lu(x)| < CrT,

B(a,})
_ _ pi qs-pi+l, . _ _
where 7 = 7(py, p§, g5, €) > %ng“ >0,¢¢(0, qg_pgﬂ) is a constant and C = C(n, u, py, P, 45, 4)- O

From Theorem 3.1, we can easily obtained the following theorem.

Theorem 3.2. Let conditions (1.2)~(1.5) and (2.1) be fulfilled. Let u € W:"®(Q\ {xo}) N LE.(Q \ {xo}) be a
solution of equation (1.1) in Q \ {xo}, then for any 0 < |x — xo| =1 < min{% dist(xq, 0Q), g}, the following in-
equality is valid:

lu(x) < Ccr™, (3.8)
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where .

px06

——— >0,
qX06 pX06+1

T _T(pX05’pX05’qX05’€)>

x0,6 px 6 . — —
e e (0, %) is a constant and C = C(n,y,pXOyﬁ,p;O’(s, q;o,ﬁ’ qXO,é). Moreover,

qxo 5_px0 1)
pys= Sup  p(y), pys= _inf _pOy), 4q; 5= sup q¥), q,s= _inf _q@).
yeB(xo,6)NQ y€B(x0,6)NQ yeB(xo0,6)NQ y€B(x0,6)NQ

4 The removability of isolated singular points

The following theorem is the main theorem in this paper.

Theorem 4.1. Let conditions (1.2)—(1.6) and (2.1) be fulfilled. Let u be a solution of equation (1.1) in Q \ {xo}.
Then, the singularity of u(x) at the point x, is removable.

Proof. WeletRg = min{% dist(xq, 0Q), g} and for O < r < Rp we denote m(r) = sup{|u(x)| : r < |x — xo| < Ro}.
It is assumed that lim,_,o m(r) = co, then there exists 0 < p < Ro such that m(p) > 1. For sufficiently small
values r < min{é, Rcz)}, we define the function ¥ ,(x) as follows:

Yr(x)=0 for |x — xo| < 1,
Pr(x) =1 for [x — xo| > Vr,
l,b,(x)zl—lln X = Xol for r < |x — xo| < Vr.
T
For r < |x — xo| < +/r, we have
0 2 0 . |x-xol  2(xi—Xoi)
- X)= — — — s
aXil'br( ) In 1 ox; r Ix - xol2In 1
) 2
‘axi‘/”(x)| [x = xol| = T
and
2 2] 2
vY,(x)| = ——M— Xi— X .
Vr0l = T[Z(z | = el
We take the test function y
900 = (0| In W] (4.1)
+

forany x € Qp, where Q, = {x € Q : u(x) > m(p)}, y = sup, g % isa constantand ¢(x) = O for x ¢ Q,.

Take G ¢ Q\{xo}. Since u € W-"®(Q\{xo}) n LIOC(Q\{XO}), we have

loc

s [ gt ] ()

G GnQ, GnQ,
and
o) PX [ -1 alPr(X)( u > y1 ou ]I’(X)
” oX; dx = J Vr OX; In m(p) *Yr U ox; dx
! GnO J J
P
(x Y— )p(x) al/) (x) p(x)( u )p(x) w1 ﬂ e
Gn[) vy ax, n m(p) g upP® | ox; ax
p
p(x) u p(x) 1 au p(x)
() ou
GL v (r) (m(p)) " (m(p))P™ | ox; dx < 0.
Ny,

Then, we obtain ¢(x) € W-?*(Q\{xo}) N L®

loc

(Q\{x0}) with compact support in Q\{xo}.

loc
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For some O < p < Ry, let the domain Q, be nonempty. Testing the equality (2.3) by the test function ¢,
we have

I Zn:a,(x u, Vu)—h + g(x, u) l,by(x ln< )dx+ J Za](x u, Vu)yl,l)y 1(x)
G J=1 Xj m(p) q,

bl/), ( )dx=0.

u
m(p)

By virtue of the conditions (1.2)—(1.5), we have

p(x)
I HIVul l/)y(X) dx + J u‘“")l/)y(x) ln( m(p))dx <nu” y J [VuP®-1|vy, Igby 1(x) 1n(%) dx.
Q, Q, o

As
p(x)-1 y-1

nu- ij [Vul IV, Yy " (x) ln< o) ) dx

' PO

< C(n, p,y, €3) j u”(")’llﬁf_p(x)IVl/Jrlp(X’(ln %p)) dx + npye; j Yhu | vulPY dx

Qp Qp

2
take 3 = ZM—W Then,

}El j V[P Pl dx + J uI®yY(x) 1n<L>dx

m(p)
q, Q,

p(x)
<C(n, pu, J’ulf’(")*1 Yty p‘*’(ln U ) dx.
(n, u V)Q Yr VY| -
7

Furthermore,

Jup X)— lll)y pX)Ile |p(x<

Qp

L )p(X) dx

P)-1)g(x) (y-p())q(x)

u 1+ q()-p(0)+1 p(x)q(x)
< C(e J(ln —) 70-p0+ 1 dx + € j ln( )uq(x) POT gy
(€4) - Vi, | 4 m() Yy

Q, o

(y-p())g(x)
p(x)-1

Take &4 = min{m, 3}. Since > 7, Yr(x) < 1and y < n, we have

J |Vu [P VUl Y ooax + L qu Py o) m( m(p ))

Q Q
g ’ 14 2019w

- (0g()
sc [ () T R ax
m(p)

2

Qon{x:r<lx—xol<Vr}
14 L0010 P(0g(Xx)

-C J (ln u ) q00-p0O+1 ( 2 . )q(X>—p(X)+1 dx
m(p) Ix - xo|In 1

Qun{x:r<lx—xol<Vr}

(x)q(x)
14+ @W-Dg(x) 2 BRI
i 1 q()-p()+1
<C j (1nx — xo ™) T (—1) dx
[x = xolln

Qun{x:r<lx—xol<Vr}

9x0,6Pxq,8 (PO-1)g(x) pIgE)

IN 7 1 1+ 500-prn 1 9-p(O+T
< C(ln—) 0,6 Px.6"! J <1n ) o ( )qx P dx
r |x — Xol |x - Xol

Qonix:r<|x—xol<Vr}

- - + +
qxo,ﬂpxo,b' (pxo,ﬁil)qxo,ﬁ

- 0.2 X0:2 I+ = Y
< c<1n 1) T P67 J <ln ! ) TP 57! ( ! ) dx
r |x = xol |x = Xol

Qpn{x:r<lx—xo|<Vr}

%o,67x0,6 T (P;O ﬁfl)q;os
- Yy 1+7
o) (2 t) e
r

where C = C(n, U, Y, D} 55 Py, 50 .50 Dro.6)-
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Further, by (1.6), if y < n, then

x06 x05 (x05 1)qu5

_ +7
<1n xoa Pro.s* J 9x0,6 pxo stt 1 dt

r +
Iy, (xoé 1)qx06 \f
+ —_—

1 ,M 1\ 1+
< <1n —) 0:6Px0.6" (ln —) T0.67 k0.8 J v at
r r
06700 1+M
- <1n l) Pt Tt <ln AR —— VA i) 50 asr— 0.
r r n- y
Therefore, we obtain
. [Vu[p® y J » u
lim dx + = | uI®y(x ln(—) dx <0
tim 2 [ ==yl Weom( s
0, Q
and then ®
VulP™
HJ' u dx+Juq(")ln “ dx-o.
m(p)
Qp Qp

Hence, u(x) = m(p) almost everywhere in Q, and the Lebesgue measure of Q, equals zero. Considering fur-
ther the function —u(x) instead of u(x), we obtain the boundedness of —u(x) in a neighborhood of the point
Xo. Thus, we have proved that u € L*°(Q).

Next, we take the test function

=9y,
where = 1 in B(xo, 2p)\B(x0, p), = 0 outside B(xo, 57”)\3()(0, ’%), 0<Y(x) <1, VY| < /% and0<p<1.
Testing the equality (2.3) by the test function @, we have

IZa,(x u, Vu)(p PP 1 al/) + P’ P )+g(x wyYP udx = 0.

o /=t

By virtue of the conditions (1.2)—(1.5), we have

J UIVUPOPP" 4 |90+ yP" dx

B(x0, %)
<nptu! J [VuPO- 1P v |u| dx
B(xo, %)
+_q_ b pas
=np*u’! J [Vl [[ 17y’ | dx
B(x0, %)
< C(n,u,p*, &5) J [V PO |y POYP PO dx + np*u~tes J [VulPOyP" dx.
B(xo, %) B(xo,%)
Take €5 = 5-—. Then, we have

j IVulp(X)l/)f dx < C(n, }J,p+) J |V¢|p(x)|u|p(x)l/)p*—p(x) dx

B(xo,%) B(xo,%)

5
{1at2s, vt} B(xo0, 2 )
5p

5 ) = C(n, u, pHp" ",

<C(n,u,p )p wn<
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where w,, is the volume of the unit ball. Further,

[VulP® dx < C(n, u, pJf)p”"’+
B(x0,2p)\B(x0,p)

and then we obtain

(o) o0
J [VulP® dx Z I [VulP™ dx < CZ(Z”'p)"*If’+ < Cn,u,p )" P -0 asp— 0.

B(Xo,0) L B(xo,211p)\B(x0,2-Tp) =1

So |Vu| € LP™(Q) and thus we have proved that u € WHPM(Q) n L®(Q).

Next, we will show that u(x) is a solution of equation (1.1) in the domain Q. Let 17, € C(R™) be the
cutoff function for the ball B(xo, p) with 17, = 1 in B(xo, p), 17, = 0 outside the ball B(xo, 2p), [Vn,| < ¢ and
O<p<l.letgpe W1 PX () n L™(Q). Testing the equation (2.3) by the test function (1 — Np) P, We have

I Z aj(x, u, Vu)M Ig(x, w(l-np)pdx=0,
Xj

o /=t Q

that is

0 —,

n a(p n arlp
Y aj(x, u, Vu)=—(1 - n,) dx - J > aj(x, u, Vu)<F @ dx + Jg(x, w)(1-np)epdx =0.
i aX]' a i an 5

Indeed,

Za,(x,u Vu) (1 np)| < npVuPY 1 vl

j=1

_1(pPX) ., 1 o b 1
< n <—p(x) VUl SVl )eL Q),

therefore we have )

. op

lim J Y ajtx w, V) g1 - ) dx = J)Zl aj(x, u, Vu)— dx.
Q 0=

p—0 i
In the same way,

lin(l) I gx, )1 -np)pdx = | glx,u)p dx.
p—

Q

0 —

Since

JZa,(x u, Vu) (pdx

o=
Cn
B
B(x0,2p)\B(x0,p)
< C(n, Il) |Vu|p(X)—1 dx
B(x0,2p)\B(x0,p)
C(n, p)
ALY NTE p(x)-1 i 1| zpex
o IVl e 2o PN B, 200\ B0
Pt A
Cn, pt - L
S_(py_) maX{ J |Vu|p"‘>dX] ; J |Vu|p(")dx] }"B(Xo,zp)\B(xO,p)lp*
B(X0,2p)\B(X0,p) B(x0,2p)\B(x0,p)
C(n, u, p*) @ -vo-ph 1 P (nph)
<A Z_p Lo T (0 = pTp T =0 asp -0,

So we have obtained that equality (2.3) is fulfilled for any test function. Therefore, an isolated singular point
Xo is removable for solutions of equation (1.1). O



132 —— Y.FuandY. Shan, On the removability of isolated singular points for elliptic equations DE GRUYTER

Funding: This work was supported by the National Natural Science Foundation of China, grantno. 11371110.

References

[1] E.Acerbiand G. Mingione, Regularity results for stationary electro-rheological fluids, Arch. Ration. Mech. Anal. 164
(2002), 213-259.

[2] H.Brezis and L. Veron, Removable singularities of some nonlinear elliptic equations, Arch. Ration. Mech. Anal. 75 (1980),
1-6.

[3] V. Cataldo and P. Cianci, On the removability of singularity for solutions of nonlinear elliptic equations with nonstandard
growth, Complex Var. Elliptic Equ. 57 (2011), 521-531.

[4] ). Chabrowski and Y. Q. Fu, Existence of solutions for p(x)-Laplacian problems on a bounded domain, J. Math. Anal. Appl.
306 (2005), 604-618. Erratum in: J. Math. Anal. Appl. 323 (2006), 1483.

[5] Y.M.Chen,S. Levine and M. Rao, Variable exponent, linear growth functionals in image restoration, SIAM J. Appl. Math.
66 (2006), 1383-1406.

[6] P.Cianci, Removability of singularity for an anisotropic elliptic equation of second order with nonstandard growth, Nonlin-
earAnal. 73 (2010), 1812-1819.

[7]1 L. Diening, P. Harjulehto, P. Hdsté and M. RGZicka, Lebesgue and Sobolev Spaces with Variable Exponents, Lecture Notes in
Math. 2017, Springer, Berlin, 2011.

[8] D.E.Edmunds, ). Lang and A. Nekvinda, On L?® norms, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 455 (1999),
219-225.

[9] E.B.Fabesand D.W. Stroock, The LP-integtability of Green’s function and fundamental solutions for elliptic and parabolic
equations, Duke Math. J. 51 (1984), 997-1016.

[10] X.L.Fan and D. Zhao, On the spaces LP® and W™P®), J. Math. Anal. Appl. 263 (2001), 424-446.

[11] Y. Q. Fu, The principle of concentration compactness in LP® spaces and its application, Nonlinear Anal. 71 (2009),
1876-1892.

[12] 0. Kovacik and ). Rakosnik, On spaces LP®Y) and W*P®X)_ Czechoslovak Math. J. 41 (1991), 592-618.

[13] V. Liskevich and I. I. Skrypnik, Isolated singularities of solutions to quasilinear elliptic equations with absorption, /. Math.
Anal. Appl. 338 (2008), 536-544.

[14] T.Lukkari, Singular solutions of elliptic equations with nonstandard growth, Math. Nachr. 282 (2009), 1770-1787.

[15] F.l. Mamedov and A. Harman, On the removability of isolated singular points for degenerating nonlinear elliptic equa-
tions, Nonlinear Anal. 71 (2009), 6290-6298.

[16] M. Mihadilescu and V Radulescu, A multiplicity result for a nonlinear degenerate problem arising in the theory of electro-
rheological fluids, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 462 (2006), 2625-2641.

[17] V.Radulescu and D. Repovs, Partial Differential Equations with Variable Exponents: Variational Methods and Qualitative
Analysis, CRC Press, Boca Raton, 2015.

[18] M. RUGZicka, Electrorheological Fluids: Modeling and Mathematical Theory, Lecture Notes in Math. 1748, Springer, Berlin,
2000.

[19] ). Serrin, Local behavior of solutions of quasilinear equations, Acta Math. 111 (1964), 247-302.

[20] 1. 1. Skrypnik, Removability of an isolated singularity of solutions of nonlinear elliptic equations with absorption,
Ukrainian Math. J. 57 (2005), 972-988.

[21] V. V. Zhikov, On Lavrentiev’s phenomenon, Russ. J. Math. Phys. 3 (1995), 249-269.

[22] V. V. Zhikov, On some variational problems, Russ. J. Math. Phys. 5 (1997), 105-116.



	On the removability of isolated singular points for elliptic equations involving variable exponent
	1 Introduction
	2 Preliminaries
	3 The behavior of solutions near the isolated singular points
	4 The removability of isolated singular points


