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Abstract: In this paper, we concern ourselves with the following Kirchhoff-type equations:

—<a +b JIVuI2 dx)Au +Vu=fu inR3,
R3
u e H(R%),
where a, b and V are positive constants and f has critical growth. We use variational methods to prove the
existence of ground state solutions. In particular, we do not use the classical Ambrosetti—-Rabinowitz condi-
tion. Some recent results are extended.

Keywords: Kirchhoff-type equations, critical growth, ground state solutions, variational methods

MSC 2010: 35J20, 35J65, 35]J60

1 Introduction and main results

Consider the following Kirchhoff-type problem:

—(a +b IIVul2 dx)Au +Vu=fu inR>,

o (1.1)

u e HY(R3),

where a, b and V are positive constants and f(u) satisfies the following hypotheses:

(f1) f(u) € C(R, R) is odd.

(f2) limy_o+ f(u)/u = 0.

(f3) limy— o0 flu)/u’ = u>0.

(f4) There exist M > 0 and 2 < q < 6 such that f(u) > pu® + Mu?=! for u > 0.
Kirchhoff-type problems are related to the stationary analogue of the equation

Ugt — (a +b leul2 dx)Au =f(x,u) inQ,
Q
where u denotes the displacement, f(x, u) the external force, and b the initial tension while a is related to the

intrinsic properties of the string (such as Young’s modulus). Equations of this type arise in the study of string
or membrane vibration and were first proposed by Kirchhoff in 1883 (see [15]) to describe the transversal
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oscillations of a stretched string, particularly, taking into account the subsequent change in string length

caused by oscillations. Kirchhoff-type problems are often referred to as being nonlocal because of the pres-

ence of the integral over the entire domain Q, which provokes some mathematical difficulties. Similar

nonlocal problems also model several physical and biological systems, where u describes a process which

depends on the average of itself, for example, the population density; see [10, 11], and the references therein.
If weseta =1, b = 0, then (1.2) reduces to the following Schrédinger equation:

—Au+V(x)u = f(u) inRY.

There exist many studies on the existence and multiplicity of solutions for this equation. We refer to
[2-5, 20, 21] and the references therein.

There has been a lot of research on the existence of nontrivial solutions to (1.1) with subcritical nonlin-
earities by variational methods; see, e.g., [17-19, 24] and the references therein. Recently, some researchers
have considered the existence of ground state solutions for Kirchhoff-type problems with critical Sobolev
exponent. By using the Nehari manifold, Wang and Tian [23] proved the existence and multiplicity of positive
ground state solutions for the following semilinear Kirchhoff problem with critical growth:

—(£2a+b£ jIVuI2 dx)Au+M(x)u =fu)+u’, xeR3,
R3 (1.2)
u>o, u € HY(R3),

where ¢ is a positive parameter and f is a C! and subcritical function such that the following hold:
(F1) fit) =o(t)ast —» Oand f(t) =0 forall t < 0.
(F2) f(t)t73 is strictly increasing for t > 0.
(F3) f(t) = o(t*) as |t| — +co.
We pull the energy level down below the following critical levelz%(aS)% + %b356. He and Zou in [13] also
considered (1.2), where f(t) satisfies (F1), (F2) and the following:
(F4) vF(t)=v jéf(s)ds < tf(t) holds for some v > 4.
(F5) f(t)=o(t9)ast — 00,3 < q < 5.
By the use of variational methods, the authors showed that there exist £* > 0, A* > 0 such that forany € > £*,
A > A*, problem (1.2) has at least one positive ground state solution in H!(IR?).
Under conditions (F1)-(F4), by variational methods, Li and Ye [16] proved the existence of positive
ground state solutions for the following Kirchhoff-type problem:

—(a +b JIVuIZ dx)Au +u=fu)+u’, xeR3,
R3
ue HY(R?), u>0,xeR.

Particularly, Alves and Figueiredo [1] obtained the existence of positive solutions for a periodic Kirchhoff
equation with critical or subcritical nonlinearity.

Motivated by the above works described, we borrow an idea from [25] to prove the existence of ground
state solutions for problem (1.1) with a general nonlinearity in the critical growth. Our main result is the
following.

Theorem 1.1. Assume that (f1)—(f4) hold, then for 2 < q < 4 with M > 0 sufficiently large or 4 < q < 6, prob-
lem (1.1) possesses a radial ground state solution.

Remark 1.2. Conditions (f1)-(f4) were introduced in [25] to obtain the existence of ground state solutions
for a class of Schrédinger—Poisson equations with critical growth. An interesting question now is whether
the same existence results occur to the nonlocal problem (1.1) with critical growth. In this paper, we study
problem (1.1) and give some positive answers. Theorem 1.1 extends the main result in [25] to the Kirchhoff-
type equation.

Remark 1.3. Set V = 1in (1.1). Compared to [16, Theorem 1.3], we need not consider the usual Ambrosetti—
Rabinowitz (AR) condition (F4), which is restrictive. The lack of the (AR)-condition gives rise to two obstacles
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to the standard mountain pass arguments both in checking the geometrical assumptions in the functional
and in proving the boundedness of its (PS) sequences. In the present paper, we use another method to obtain
our results. Moreover, there exist some functions which satisfy our conditions (f1)—(f4), but do not satisfy the
conditions of [16]. For example, the function f(t) = ut> + Mt3, u, M > 0, satisfies our conditions (f1)-(f4), but
does not satisfy conditions (F3) and (F4) in [16]. For this reason, Our main results can be viewed as a partial
extension of [16].

The outline of the paper is as follows: In Section 2, we present some preliminary results. In Section 3, we give
the proof of Theorem 1.1.

Notations. We use the following notations:
« H'Y(R?)is the Sobolev space equipped with the norm

lull sy = J (IVul? + u?) dx.
IR3
e Define
lul)? = J (alVul® + Vu?)dx foru e H'(R?).
IR3
Note that || - | is an equivalent norm on H*(R3).

« Forany 1 < s < oo, we denote by
1

ullzs += (j|u|s ax)’

]R3
the usual norm of the Lebesgue space LS(IR3).

« Forany x € R3, we set

B/(x)2{yeR?:|x-y|<r}.
o Let DV2(R3) := {u € L(R3) : Vu € LZ(IR?)} be the Sobolev space equipped with the norm

Il ooy = [ 190l dx.
]R3

o Sdenotes the best Sobolev constant

s I]R3 |Vu|? dx
T ueD RN ([ ub dx)S

o C denotes various positive constants.

2 Preliminaries
It is clear that problem (1.1) are the Euler-Lagrange equations of the functional I : H'(R3) — R defined by

2
() = %nun2 + %( J IVul? dx) - J F(u) dx, 2.1)
R3 R3
where F(u) = j(;l f(t) dt. Obviously, by (f1)-(f3), we can obtain that I is a well-defined C' functional and
satisfies
I'(w),v) = J (aVuVv + Vuv)dx + b JIVuI2 dx J VuVvdx — Jf(u)v dx
R3 R3 R3 R3
for v e HY(R3). For simplicity, by (f4), we may assume that u = 1. Let g(t) = f(t) - >. Then
1. b 2 0\ 1( 6
I = Sl + Z(I'Wl dx) - J GG dx - < j u® dx,

R3 R3 R3
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where G(u) = j; g(t) dt. It is well known that u € H'(R?) is a critical point of the functional I if and only if u
is a weak solution of (1.1).

Let E := H(R3) = {u € HY(R?) : u is radial}. Then, by the principle of symmetric criticality, a critical
point of I on E is a critical point of I on H'(R3). We refer the readers to [6, 12]. Thus, we only need to look
for critical points of I on E. To complete the proof of our theorem, the following result will be needed in our
argument.

Theorem 2.1 (See [14]). Let (X, ||-|) be a Banach space and h c R, an interval. Consider the following family
of C* functionals on X:
In(u) = A(u) - AB(u), Ac€h,

with B nonnegative and either A(u) — +0o or B(u) — +oo as ||[u]| — oco. We assume there are two points vy, v
in X such that
cy = inf max Iy(y(t)) > max{Iy(v1), IA(v2)} forallA € h,
yel) te[0,1]

where
r/l = {Y € C([O’ 1]aX) : )’(O) =V, Y(l) = VZ}-

Then for almost every A € h there is a sequence {u,} ¢ X such that
(1) {uy} is bounded,

(i) Ia(un) — cp,

(iii) I} (un) — O in the dual X' of X.

Moreover, the map A — c; is continuous from the left.

3 Proof of the main result

This section is devoted to the proof of Theorem 1.1. According to Theorem 2.1, we need the following lemmas.
Lemma 3.1. Ifuy, forA € [%, 1], is a critical point of I, then u, satisfies the following PohoZaev-type identity:

1 2 b 2 2.3 2

5 J alvVu|* dx + E(JIVuI dx) +5 J Vu dx—3/1JF(u)dx=0.

R3 R3 R3 R3
Since the proof can be done as in [16], we omit it here.
Lemma 3.2. Assume that conditions (f1), (f2)-(f4) are satisfied. Then the conclusions of Theorem 2.1 hold.
Proof. By Theorem 2.1, we set
X=E, h= [% 1), A= %nuu2 + %(quﬁ dx)z, B(u) = J F(u) dx.
R3 R3

By (f3)-(f4), we obtain that f(u) is odd and by the definition of A(u), we can see that B(u) > 0 for u € E and
A(u) — +oo as |ul| — oo. By (f1)-(f3), for any € > 0, there exists C(¢) > 0 such that

[F(u)| < eu? + C(e)ub. (3.1)

Then, by the Sobolev embedding theorem, there holds

2
Li(u) = %uuu2 + %( J |Vu|? dx) .yl J F(u) dx > %uun2 - J eu? dx - I C(e)u® dx > Cllull? - Cllul®,
R3 R3 R3 R3

which implies that there exists p > 0 small enough and a > 0 such that

L(u)>a>0 forall|ul =p. (3.2)
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By (f4) and (2.1), for ¢ € E, ¢ > 0 and ¢ # 0, we have
2 ., bt 5 . \2 Mt g t 6
neg) < 1917 + 2 ( [1ver ax) - S [1g1rax- 5 [1¢°dx— oo ast - roo.

R3 R3 R3

Taking v, = t;¢ with ¢; > 0 large enough, we have |v,| > p and
1
L(v2) <0 forallAe [5, 1]. (3.3)

On the other hand, I;(0) = 0. Set v; = 0; then inequalities (3.2) and (3.3) imply that the conclusions of The-
orem 2.1 hold. O
Lemma 3.3. Assume that (f1)-(f4) hold. Then
abs3 . b3s6 N (b2S% + 4alS)?

4 242 242
for q € (2, 4] with M sufficiently large or q € (4, 6).

*-_
O<ca<cy =

Proof. For e, r > 0, define
_ pet
(€ +1x12)?

where ¢ € C3°(B,(0)), 0 < ¢ < 1 and ¢|g, (o) = 1. Using the method of [9], we obtain

J|Vu£|2 dx = Ky + 0(e?), J|u£|6 dx = K, + 0(e3) (3.4)
R3 R3
and )
Ke?, tel2,3),
Jlugltdx - {Kkelllnel, t=3, (3.5)
R KeT, te(3,6),

where K1, K3, K are positive constants. Moreover, the best Sobolev constant is S = K 1K51/ 3 By (3.4), we have

J.]Rzlvus'Z dx

—— = S+0(?).
(.[]R3 ug dx)s

By Lemma 3.2 and the definition of c;, we can deduce that c; < sup.q Ia(tu,). Let

2 4 2 6
h(O) = S el + th(jwugP ax) -2 | utax foraneo.

R3 R3

Note that h(t) attains its maximum at

(b(j]R}Wuglz dx)? + \[b2([g IVue 2 dx) + AU [, ul dX)é
24 [ ug dx '

Then
max h(¢) = blluel ([ IVuel> dx)?* b3 ([, IVuel? dx)® . (D2 IVue 2 dX) + 42 [, u® dxlluc]?]?
=0 42 [y ug dx 2402 ([, ug dx)? 2622 ([, uf dx)?
abS® b3S6  (b2S* +4alS)? L A
T4 +24}l2 * 242 +0(e2) := c; + 0(e?)

for € > 0 small enough.
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Obviously, we see that there exists O < t; < 1 such that for € < 1, we have

2
sup Iy(fug) < sup [ltzllugllz + 2t‘*( J Ve |2 dx) ] < sup (ltzllugllz + Ct4||ug||4) <ci. (3.6)
o<t<t; o<t<t; L 2 4 o o<t<t; \ 2
By (f4) , we have
Ltug) = () - A I Gtue) dx < h(t) - A%tq J|ug|q dx < h(t) - CMt? J|u8|q dx. (3.7)
R3 R3 R3

It follows from (3.4), (3.5) and (3.7) that there exists O < &9 < 1 such that for € < gg, we have
lim I)(tug) = —oo.
n—.oo

Thus, there exists t, > 0 such that
sup In(tue) < cj. (3.8)

t>ty
From (3.7) and the definition of h(t), we have
abs® bS®  (b?S* +4aks)} s
it e + 0t - M [l dx. (3.9)
R3 J

sup Ip(tug) < suph(t)- CM Jluglq dx <
t1<t<t, t>0

For q € (2, 4], fix € € (0, &), it follows from (3.9) that

sup Ip(tug) < ¢y for M sufficiently large. (3.10)

t1<t<t;

For q € (4, 6), by (3.5) and (3.9), we obtain

sup Di(tue) < ¢ + 0(e?) - CO(e"T). (3.11)
ti<t<ts
Since % < %, then there exists €1 € (0, £9) small enough such that for € € (0, £1), we have
sup In(tue) < cj. (3.12)
ti<t<ts
By (3.6), (3.8) and (3.10)—(3.12), the proof of Lemma 3.3 is complete. O
Lemma 3.4. Set
. 2 1 2 bAZ 2
A= HIL%O JIVunl dx and Ji(u)= §||u|| + 5 JIVuI dx-A I F(u) dx.
R3 R R3

IfJ(u) = 0, where A € [1, 1], then Jx(u) > O.

Proof. Since (J ;1(”)’ u) = 0, by Lemma 3.1, we get the following the PohoZaev-type identity:

2
1 J alVul® dx + b% JquI2 dx+% J Vu? dx - 31 J F(u)dx = 0.

2
R R R R
Then we get that
1 bA? 1
E J alvul? dx + = JIVuI2 dx + 5 J Vu?dx -2 I F(u)dx = 0. (3.13)
R3 R3 R R

Combining (3.13) with the definition of J;(u), we obtain that

2
Ta(u) = % J alVul? dx + b% JIVuIz dx > 0. O

R3 R3
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Using a notion similar to [16, Lemma 3.6], we can obtain the following result.

Lemma 3.5. Fors,t > 0, the system
r(t,s)=t—as(s—+t)§ -0,

B 2(SHENE
Y(t,s)=s - bS (T) =0

has a unique solution (ty, So). Moreover, if
I'(t,s) >0,
Y(t,s) >0,

thent > tg and s > sg, where
ab$S3 + a\bh2S6 + 41aS3 s bS® + 2AabS> + b2S3/b3S6 + 4AaS3
= ) 0= .
2A2

t
0 21

Lemma 3.6. Assume that (f1)-(f3) hold. If {u,} C E, for A € [%, 1], is a sequence such that |uy| < C, Iy(un) — ¢y,

I l’l(u,,) — 0, and, moreover, c) < ¢y, then {u,} has a strong convergent subsequence in E.

Proof. Since ||uy| < Cin E, there exists a u € E such that
u, — u strongly in LS(R>) forall s € (2, 6).

u, — uweaklyin H,

Set
A = lim JIVunl2 dx.
n—oo
]R3

By Lemma 3.4 and the fact that c; < c;, we have
cyp—Ja(u) < C;{.

(3.14)

Using an argument similar to [7, Radial Lemma A.IL.], by the boundedness of {u,}, we have lim|y|—, 0o Un(x) = O

G 0 and lim & =0,
=0 2 + 6

Since
m —— =
Itl—oco t2 + t©

j(uﬁ +ub) dx < oo.

R3

we also get

By the compactness lemma of Strass [22], one has
lim J(G(un) — G(w)dx = 0.
n—-oo

]R3
Similarly,
Jim [ (gtunus - gaw dx =0
]R3
Setting w, = u, — u, due to Brezis—Lieb (see [8]), we have
j Ve |? dx = j Va2 dx j Vual? dx + o(1),
R3 R3 R3
j|wn|6dx= j|un|6dx— j|uA|6dx+o(1),
R3 R3 R3
and
A% +0(1) = j |Vun|? dx = J|an|2 dx + J |Vul? dx + o(1)
IR3 ]R3

R3

(3.15)

(3.16)



542 —— L.-P. Xu and H. Chen, Ground state solutions DE GRUYTER

Then, from (3.15) and (3.16), we have

b 2 pA?
) - o ( j [Vunl dx ) + 23 j|Vun|2 dx — Ja(u)
R3 R3

= J(un) - Ja(w)
1 bA?
= Sl + 2= [Vl dx

R3

2
+ Z[(JIV(U,,IZ dx) + J-IVa)nl2 dx JIVuIZ dx] - % Jla)nl6 dx + o(1),

R3 R R3 R’

and
]/’1(u) =0.

Then, by (3.16) and the fact that I/’l(un) — 0, we have
0(1) = J}(un), un) — J3(w), u
2
= lwal® + b( J [Vawn|? dx) +b JIV(unl2 dx J [Vul? dx - A J w8 dx + o(1).
R R R R

We can assume that there exists I; > 0 (i = 1, 2, 3) such that

2
lwnl? — L, b(wande) +b Jlenlzdx JIVulZ dx -1, A j w8 dx — 1.
R3 R3 R3 R3

Then by (3.18) and (3.17), we have

I1+lz—l3=0,

bA? ) bA?
" nlgg() JIVw,,I dx=cp+ % = a(u).

RrR3

1 1 1
511 + le - 613 +

By the definition of S, we see that

2

wa 2dx > i(){ J|w |6dx)% b(Jle |dx)2 > bs—z()l Ilw |6dx)§
n = /11/3 n ) n = A2/3 n .
R3 R3 R3 R3

Then

hzas(F2) ana b s per(1ERYY

Obviously, if I; > 0, then I, I3 > 0. By Lemma 3.5, we have that

bA? 1 1 bA% 2
CA+T_]A(M)_§ll+ﬁlz+TnangoJ|vwnl dx
R3

(3.17)

(3.18)

21 ab$? + aVbh2S + 41aS3 1 bS® +21abS> + b2S3Vb3S6 + 41aS3 . b_A2

=3 22 12 212
_abs® b’S° (b’S"+4als)} DA

4 24K 2402 4
bA>
0

— *
=cy+

which is contrary to (3.14). Therefore, |w,| — 0 and Lemma 3.6 is complete.

4

O

Lemma 3.7. Under the assumptions of Theorem 1.1, for almost every A € [%, 1] there exists uy € E, uy + O such

that In(up) = cp and I} (up) = 0.
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Proof. By Lemma 3.2, there is a sequence{u,} c E satisfying |lu,|l < C, Ix(u,) — cy and I/’l(un) — 0. More-
over,0 < ¢y < c/’{. Then, by Lemma 3.6, the sequence {u,} has a strong convergent subsequence, still denoted
by{un}. In other words, there exists u, € E such that I;(u,) = ¢y and I/’l(u;() =0. O

Lemma 3.8. Under the assumptions of Theorem 1.1, the functional I admits nontrivial critical points.

Proof. From Lemma 3.7, there exist c,, € (O, c}[n), An € [%, 1] and u,, c E with u,, # 0 such that A, — 1,
I/’ln(u;ln) =0and I},(uz,) = ca,. Then, by Lemma 3.1, we have

2
3cp, = J alVuy, |* dx + g(jwmz dX) .

R3 R3

The Sobolev embedding theorem implies the boundedness of I]R3 lua, |6 dx. From (3.1) and Lemma 3.1 we get

2
% J alvuA"|2 dx + % J Vuin dx + g( J |V“An|2 dx) =3, J F(up,)dx<¢ Jlul\n|2 dx + C(g) j'“ﬂn|6 dx
R3 R3 R3 R3 R3 R3

for any € > 0 and some C(¢) > 0. Hence, |lu,, || is bounded. Since

Iup,) = I, (un,) + (An — 1) j F(uy,) dx,

R3

we have
T w,) = 0 ) wn) + (o = 1) [ faun, dx
IR3
and
abs® b’S°  (b?S*+ 4aS)?
4 24 24 :
By a standard argument, we obtain that lim,_, I(u,) = ¢1 and limp_ I' (4y,) = 0. By the boundedness of
lluz, I, similarly to the proof of Lemma 3.6, we can prove that there exists ug € E such that I' (1) = 0. We claim
that up # 0. Otherwise, if ug = 0, then uy, — 0 weakly in E and

lim cj, =c¢1 € (0,c*), wherec” =
n—.oo

uy, — Ostronglyin L5(R%), s € (2, 6). (3.19)

From (3.19) and (f1)-(f3), we have

| san) =0 and | gau,yus, = oc1).

R3 R3

From lim,_,, I(u2,) = ¢1 and lim,_, I' (ua,) = 0, we have that

1 2 b 2 2 1 6
ero(1) = Sl 12+ Z(jwum dx) = J|uA"| dx (3.20)
R3 R3
and 5
o(1) = lup, I + b( J Vuy, |2 dx) - Jluml(’ dx. (3.21)
R3 R3

Assume that 5
hup I = hy >0, b(qumz ax) = hy 20, j w8 dx — hs 2 0.
R3 R3
Then by (3.21) and (3.20), we have

h1+h2—h3=0,
1 1 1

C1 = Ehl + th - €h3,
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where ¢; > 0 implies that hq, h, h3 > 0. By the definition of S, we see that
hi > aS(hy + hy)3 and hy > bS2(hy + hy)5.

By Lemma 3.5, we have that

1 1
C1 = §h1 + ﬁhz
21 abS3 + abh2S6 + 4aS3 . 1 bS® +2abS3 + b253/b3S6 + 4aS3
3 2 12 2
abS? b3S6  (b2S*+4aS)
= + + =c,
4 24 24
which is contrary to ¢; < c*. O

In the following, we prove c1 > I(ug). From I/’I"(u,\n) =0, I'(ug) = 0 and by Lemma 3.1, we obtain that

cr =1 (u )—aJIVu |2 dx + b(JIVu Izdx>2
a = I C,) = 5 A ) A
B3 B3

and

12
R3 R3

a b P
I(ug) = 3 JIVuOI2 dx + —<J'|Vuo|2 dx) )

Thus, by Fatou’s Lemma,

12
R? R3

2
c1 = lim ¢z, > g JIVuolz dx + i( J [Vuol? dx) = I(up).

Proof of Theorem 1.1. Let
m=inf{I(u): u e E, u#0, I'(u)y=0in E1}.

By Lemma 3.8 and Lemma 3.4, we have 0 < m < I(ug) < c¢1 < c¢*. We choose a minimizing sequence {uy}
for m, i.e. up # 0, I(u,) — m and I'(u,) = 0. Now, we prove that {u,} is bounded. The proof is divided into
two steps.

Step 1: {|lun|lz2} is bounded. By contradiction, we assume that ||u,|;2 — co as n — co. Set

lunllz”

2
Vn Xo = [19ual? a2, ¥ = ([ 19ual? dx) TunliZ, 2o = | Fla) dxunl3.
R3 R3 R3

Since I(un) — mand I’ (uy) = 0, using (2.1) and Lemma 3.1, we have

1 1 b 2
5 I alVug|? dx + 5 J Viun|? dx + Z( J |Vip|? dx) - J F(up) dx = m + o(1),
R? R? R? R3
3.22
1 2 3 2 b 2 2 ( )
5 J alVuy,|” dx + 5 J Vuy|® dx + E(qu"l dx) -3 J F(u,)dx =0,
R3 R3 R3 R3
and m is bounded. Multiplying (3.22) by m, we get
1 1
Eax,, + EV+ EYH -Zyp=0(1),
) ; b“ (3.23)
EaXn + §V+ EYn - BZn =0,
where 0(1) denotes that the quantity tends to zero as n — co. Solving (3.23), we have
b
Xn=-—Y,+0(1). (3.24)
4a

Since Y, > 0, X, > 0 and a, b > O for all n € N, equation (3.24) is a contradiction for n large enough. Thus,
{lunlz2} is bounded.
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Step 2: |[Vuy|z2 is bounded. Similarly, by contradiction, we can assume that |[Vuy||;2 — co as n — oo. Set

Un

Vp=——
IVutnllz2”

2
My = [ axiVunl?, No= ([ IVual dx) 1Vuali?, S = | Flun) dctVunl?.
R3 R3 R3

Then, multiplying (3.22) by m, we get

1 1
Ea + EVM" + ZNH - Sn = 0(1),
1 3 b (3.25)
za + EVM" + ENn - BSn =0.
Solving (3.25), we have
4
Ny = —7“ +o(1). (3.26)

Since N, > Oand a, b > 0, equation (3.26) is a contradiction for n large enough. Thus, {||Vuyl|;2} is bounded.
Thus, we prove the boundedness of {u,}. Similarly to the proofs of Lemma 3.6 and Lemma 3.8, we can prove
that there exists u # 0 € E such that I'(u) = 0.

Next, we will give the proof of m > I(u). In fact, by I'(u) = 0, I'(u,) = 0 and Lemma 3.1, we have that

_a 2 b 2 2
Iw = 5 j|Vu| dx + E(jww dx)

R3 R3
and
T(uy) = 2 qu Zdx+ 2 <j|Vu |2dx)2
n) — 3 n 12 n .
R3 R3
Then

b 2
m+o0(1) = (uy) = g j|Vu,,|2 dx + E( J Vit 2 dx) .
R3 R3
Thus, by Fatou’s Lemma,

m > a leuI2 dx + £( J |Vul? dx)2 =I(u)
3 12 o
R3 R3
By combination with the definition of m, there exists u # 0 satisfying m = I(u) and I'(u) = 0, which completes
the proof of Theorem 1.1. O
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