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Abstract: In this paper, we are concerned with the nonlinear elliptic systems in divergence form under control-
lable growth condition. We prove that the weak solution u is locally Holder continuous besides a singular set
by using the direct method and classical Morrey-type estimates. Here the Hausdorff dimension of the singular
set is less than n — p. This result not only holds in the interior, but also holds up to the boundary.
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1 Introduction

In this paper, we are concerned with partial regularity up to the boundary for weak solutions u € WH?(Q, R™)

of a general inhomogeneous system of subquadratic elliptic equations in divergence form:
—diva(-,u,Du) = b(-,u,Du) inQ,
(1.1)

u=g on 0Q,

where Q ¢ R¥ is a bounded domain, n > 2, N > 2, and the boundary values g € C1(Q, RY). The coefficient a
maps Q x RN x R™ into R™, the inhomogeneity b which maps Q x RY x R™ into R is a Carathéodory map,
that means it is continuous with respect to (u, z) and measurable with respect to x. We need to impose certain
conditions as boundedness, differentiability, growth, continuity, and uniformly strong ellipticity conditions
on a in the following:

la(x, u, 2)| + 1Dzax, u, 2)|(2 + 1212 < (2 + 1217,
Dsa(x, u, 2A- A > v(u? + |212) T 142, (1.2)
la(x, u, z) — a(x, @, 2)| < L(u? + 1213 T w(x - x| + [u - al),
where the map z — a(-, -, z) is a vector field of class
CO(]RnN, ]RnN) ncl (]RnN \ 0, ]RnN),

A e R™W and w: R* — R* is a monotone nondecreasing concave function bounded by 1 (without loss of
generality), continuous at 0 with lim,_,o w(p) = 0. The parameter yi € [0, 1].If u # O, it means that the system
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is non-degenerate; when u = 0 the system is degenerate, and the parameter 1 < p < 2. The third inequality
of condition (1.2) means that the coefficients a(x, u, z) are continuous with respect to (x, u). Moreover, we
also need to impose the controllable growth condition on the inhomogeneity b:

. 72 N #
b, 1, 2)| < LG + 12707+ 't pr= 4N P (13)
any constant, N =p,

where (x, u, z) € Q x RN x R,

The regularity for solutions of partial differential equations is a difficult problem. Many authors have
studied it such as [1, 2, 18]. There are some previous partial regularity results for elliptic systems. First we
can pay attention to some articles that, for dimension n and with the mild continuity assumption to the
coefficients such as [13-16] and [17, 24, 27, 31], tell us the regularity results for quasilinear systems, and
[12] tells us about the partial regularity for subquadratic growth problems in the interior. For related problems
of dimension reduction of the singular set Singp, (Q) under additional assumptions on w(-) see Mingione
[28, 29]. For the dimension reduction up to the boundary see Duzaar, Grotowski and Kronz [20]. Further-
more, [19, 22, 26, 30] give some results about the general form of the coefficients for n > 3. It is well known
that we cannot expect full Holder continuity. In contrast, due to the global higher integrability of the weak
solution and the Sobolev embedding theorem, we see that full Holder regularity up to the boundary holds
true provided that p is close to n.

For the setting of low dimension various results have been proved such as [21, 32]. In [8], Campanato
obtained local Holder continuity of the weak solution on the regular set in the interior of Q under a con-
trollable growth assumption, and that paper also gave the Hausdorff dimension of the singular set up to the
boundary. He further achieved similar results for systems of higher order in [9]. Moreover, Campanato [10, 11]
presented global Morrey-estimates for the weak solution of systems with coefficients not depending explicitly
on u, and Arkhipova [3, 4] proved a partial regularity result up to the boundary for non-degenerate systems
in the superquadratic case. An example under a natural growth condition for higher order Morrey-type and
Holder estimates can be found in [33]. In [6], Beck considers weak solutions of second order nonlinear elliptic
systems in divergence form under standard subquadratic growth conditions with boundary data of class C?.
Our work here depends on this article.

In this paper, we are concerned with the regularity in the subquadratic case. We prove that the weak
solution u to the nonlinear system (1.1) is locally Hélder continuous on Reg, (Q) for some Holder exponent
0 > 0 under the assumption that the inhomogeneity obeys a controllable growth condition. Moreover, we
show that the Hausdorff dimension of singular sets is strictly less than n — p; the same result as in [6].

Notations. We use
By(y)={xeR":|x-yl<p} and Bj(y)={xeR":x, >0, [x-y|l<p}

to denote a ball and the intersection of a ball with the upper half-space R""! x R", respectively. Here the
center point y € R" and y € R""! x R{}, respectively, the radius p > 0. Furthermore, we write

Tp() ={x e R":xy =0, [x-yl <p} foryeR" xO0.

When y = 0, we write B, := B,(0), B := By, B;; = B;;(O), B* =B7, T, :=T,(0),and I :=T;. We use
Lo, p+ mny ._ Lp/p+t MY .4, — 1
Wr (B,]R)._{ueW (B,IR).u_OonF\/m(xo)}

to denote the W'?-functions defined on a half-ball B/ (y) which vanish on the flat part of the boundary, where
Yn < p is satisfied and where y' := (y1, ..., ¥n_1, 0) denotes the projection of y onto R""! x 0. Sometimes, it
will be convenient to treat the tangential derivative D’(u) = (D1u, . . ., Dy_;ju) and the normal derivative D,u
of a function u € W%’p (B}, R™) separately. For a given set X ¢ R" we write £™"(X) = |X| and dimg(X) for its
n-dimensional Lebesgue-measure and its Hausdorff dimension, respectively. Furthermore, if f € L1(X, R")
and O < |X| < 0o, we denote the average of f by (f)x = J(Xf dx.
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We now state our main theorem.

Theorem 1.1. Let QO c R" be a bounded domain and let g € C*(Q, RN). Let u ¢ WHP(Q, RN), with p € (1, 2),
be a weak solution of (1.1) with coefficients a : Q x RN x R™ — R™ satisfying assumptions (1.2), and inho-
mogeneity b : Q x RN x R™ — RN obeying the controllable growth condition (1.3). Then there exists 61 > 0,
depending only onn, N, p, %, llullze, |IDullze, |DgllLeo for n € [2, p + 2 + 61], such that there holds

dimy(Q \Reg,(Q) <n-p and u e C2’(Reg,(Q), RY)
forall 6 € (0, min{1 — %’51, 1}). Moreover, the singular set Sing,, (Q) of u is contained in
5 i {xo € 0 liminf RP°" j (1 +|DulP) dx > o}.
N
Br(xoNQ)

Here the number § arises from the application of Gehring’s lemma on higher integrability (see Lemma 2.4 for an
explicit possible choice of the higher integrability exponent). Therefore, the conditionn € [2, p + 2 + §1) mostly
means n € [2, 3) unless p is close to 2 or 61 happens to be large.

2 Preliminaries

In this section, we will give the definitions of Morrey and Campanato spaces and some known conclusions
which will be used later.

Definition 2.1. Let QO c RN be a bounded open set and let 1 < p < co. By £74(Q, RN), A > 0, we denote the
Campanato space of all functions u € £PA(Q, RN) such that

P o -
Ml pr o mvy = . 0s<u£)diame J lu - (u)B,(y)nal? dx < co.
yei, Deps B,(y)NQ

A

The local variant Lﬁ)’c (Q, RN) can be defined in the usual way, saying that u € Lfo’?(Q, RN) if and only if
u e LPAQ!, RY) for every Q' e Q.

Definition 2.2. Let Q c RY be a bounded open set and let 1 < p < co. By LPA(Q, RN), A > 0, we denote the
Morrey space of all functions u € LPA(Q, RY) such that

”“"IL]M(Q,RN) = sup p™ j [ulP dx < co.

yeQ, 0<p<diamQ
B, (y)nQ

The local variant Lfo’él(Q, RM) can be defined in the usual way, saying that u € Lfo’?(Q, RN) if and only if

u € LPA(Q', RY) for every Q' e Q.

To handle the subquadratic case the V-function is very useful. For ¢ € R¥, k € N, p € [0, 1], and p > 1 it is
defined by

V(@) = 2 + 1897 &,

which is a locally bi-Lipschitz bijection on Rk,
When we deal with the V,-function, we will need some technical lemmas.

Lemma 2.3. Let &, n be vectors in RK, u €[0,1] and q > 1. Then there exist constants C1(q), C2(q) = 1 not
depending on p such that

1
Cilu+ 18] + ) < j(u F1E + )T dt < Co(u+ 18] + 1)
0
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A proof of the latter statement can be found in [3, Lemma 2.1], and for the case y = 1 in [7]. The next lemma
collects some basic inequalities.

Lemma 2.4. Let &, n be vectorsin Rk, U €[0,1] andp € [1, 2]. Then there exist constants C1(k, p), C2(p) such
that the following inequalities hold true:

CTHE = 0l + 187 + DT < 1V(@) - VGl < Cal€ = nl® + 187 + In>) 7,
W2+ 1ED)E < €+ 0% + 187 + ) 1€ -,
W2+ 1827 18nl < e(u? + 1) T 187 + e P(u? + InP)? fore € (0, 1).
The first inequality is proved in [3, Lemma 2.2], while the other inequalities can be easily obtained.

Lemma 2.5 (Sobolev—Poincaré [26]). Let p < n, let p* = % and let B,(z) c R"™. Then there exists a constant
C = C(n, N, p) such that for every u € WHP(B,(z), R") we have

. 1/p* 1/p
( J- lu - (u)g,»l? dx) < C( J |Dul? dx) ,
By (2) B,(2)*
and such that for every u € W%’p(B,(z)", R™") with0 < z, < %r we have
. 1/p* 1/p
( j ur” ax) " < j IDup dx)
By (2)* B,(z)*

Lemma 2.6 (Gehring’s Lemma [20]). Suppose A to be a closed subset of Q). Consider two nonnegative functions
g, f € LY(Q) and p with 1 < p < oo such that there holds

][ gPdx < bp[( { gdx)p + ][ fP dx]
BynQ B.jnQ ByjnQ

for almost all z € Q \ A with BZ n A = 0 for some constant b. Then there exist constants
C=C(n,p,q,b, ko) and &=6(n,p,b, ko)

such that

(iqux)é gc[(igpdxf +(ifqu)3]

forallq € [p, p + 8), where
G0 = L£"(Bd(x,a)(x) N Q)
g - 2"(0) >

kq is a positive constant such that |B,(xo) N Q| = kop™ for all points x¢ € Q, and every radius p < diam(Q).

Lemma 2.7 ([5, Corollary 4.6]). Let v € W;l’p)(B}Q(xo)) be a weak solution of divag(Dv) = O under assump-
tions (1.2). Then there exists a constant C = C(n, N, p, ’;‘) independent of v such that for every B;(y) C BE(Xo)
with center y € BE(X()) U Tr(x0) and radius 0 < p < R — |xo — y| there holds

I (P +|DvIP)dx < p J (UP + |Dv|P)dx forallt € (0, 1].
B, (y) B, (y)
Further, we have
P \Yo
J (uP + |Dv|P)dx < C(ﬁ) J (uP + |Dv|P) dx.
B} (xo) B (xo)

Here yo = min {2 + ¢, n} for some € = ¢(n, N, p, %) > 0.
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3 Caccioppoli inequality

In this section, we consider the problem on an upper half-ball, i.e., we consider weak solutions
ue Wh?(B*, RV)nL®(B*, RY)

of the system

—diva(-,u,Du) = b(-,u,Du) inB*,
(3.1)

u=g onT.

Next, we will prove the following Caccioppoli inequality.

Theorem 3.1. Letu € g+ W;’p(BJf, RN), g € CY(B* UT, RN), be a weak solution of (3.1), where the coefficients
a(-,-,-) satisfy the first and second inequalities of (1.2) with u € [0, 1]. Let the inhomogeneity b(-, -, -) obey
the controllable growth condition (1.3). Then there holds

][(1+|Du|P)dxsc][(1+|”;g|p)dx (3.2)

Bt

+
/2 B;

forallze BtuT andO <r <1 -|z|withz, < %r,and

][(1+|Du|p)dst][(1+‘M|p)dx (3.3)

T
Br/Z

Bf
forallze BfuTand0 <r < 1 - |z| withz, > %r. Here C depends only on n, N, p, % lulre, IDullzys, |DgllLe.
Proof. In order to prove inequality (3.2) close to the boundary, we choose a standard cut-off function
n € Cy°(By, [0, 1]) satisfyingn = 1 on B%(z) and |Vn| < é We first note that
¢ =u-gn’ e WyP(B*,RY).
Then ¢ can be taken as a test function in the weak sense of (3.1). Hence, we have
} b(-,u,Du)-@dx = ][ a(-,u,Du)-Dedx
B (2) Bf(2)

- | aC.u.Dw . (Du- D’ + 20u - ) 8 V) dx.

B (2)
Therefore, one has
J: la(-,u, Du) — a(-, u, 0)] - Dun? dx
B (2)

=- ][ a(-,u,O)-Dunzdx— { 2a(-,u, Du)(u - g)® Vnn dx

Bf (2) B (2)
+ } a(~,u,Du)-Dgn2dx+ J: b(-,u,Du)-(u—g)ﬂzdx
B (2) B (2)
=h+hL+15+1,. (3.4)

We use the first inequality of (1.2) and Young’s inequality (for a positive € to be determined later) to obtain

Iy < LpP™! ]( |Duln®dx < € ][ \DulPn? dx + €75 L7 P (3.5)

Bi(2) B (2)
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It follows from the first inequality of (1.2), Young’s inequality and p%l > 2 that

L <2L ][ (2 +1Dul) T |u - gl|Vnln dx
B (2)

<8L ][ (U2 +|Du?) T
B (2)

<e J: (uP + |DulP)n? dx + 8P PLP } |u;g|p dx, (3.6)

B/ (2) Bl (2)
<L } (u? + IDMIZ)%Dgn2 dx
B (2)
<e J: (MP + |DulP)n? dx + eLPLP J: |DglP dx. (3.7)
B (2) B; (2)

By (1.3), Young’s inequality and Sobolev’s inequality, we have

I b(-,u, D)~ (u-gin*dx <L J L2 + [DufP 5 4 P )
5@ B (2
<e€ J (P + IDu|P)n2 dx + el P [P° J u —g|P* dx
5@ B (2)
) Jlu _glP ndx + T 77T J' ul” dx

Bi(2)

*

<[5

<e J (uP + |DulP)n? dx+sl‘P*Lp*< J |Du - Dgl? dx)
B(2) B )

z 1 p* 2

+£( J |Du—Dg|de)” +£WLW< J ul? dx + J |Du|de)"

Bi(2) Bi(2) Bi(2)

~ [

<e J (WP + |DulP)n? dx + ' P LP IDqu; + sl‘p*LP*< J |Dg|P dx)

Bi(2) B (2)

) "“*

* _1__p" * *
velDulf, +( [ 1Dl dx)” + T L (ui, + 1Dull).
B (2)
Then we can infer that
I, = { b(-,u, Du) - (u-g)n* dx
B (2)
<e :': (uP + |DulP)n? dx

Bi(2)

.
+£1‘p*Lp*||Du||ILJ; } 1dx+£1‘P*Lp*< } IDglpdx)p

Bi(2) B/ (2)

) “i

+£||Du||€; :[ 1dx+£( ][ |Dg|P dx)
B (2) B (2)
+ e L7 (ulf) ][ 1dx + |Dulf; ][ 1dx). (3.8)

B/ (2) B;(2)
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By setting ¢ < §, estimates (3.4)—(3.8) imply that

vl ][ (a(-,u,Du)—a(-,u,O))-Dunzdxs% ][ (uP + |DulP)n? dx

B (2) B (2)
L * + |u—-gp
rC(Nop2) f (4 mlly + 10ui?y + [<5[) ax
B (2)
(N L)( ][ IDgl? dx)p; (3.9)
» D v g . .
Bi(2)
On the other hand, we use the second inequality of (1.2) to obtain
{ (a(-,u, Du) - a(-,u,0))-Dun®dx = ][ D.a(-,u, Du)Du - Dun? dt dx
Bf(2) B (2) [,
> ][ v(u? + 2|Dul?) T |Dul?n? dt dx
Bf(2) [,
>v ][ |V, (Du)|*n? dx. (3.10)
B/ (2)
By virtue of p? + |DulP < 2(u? + IV},(Du)IZ) and inequalities (3.9) and (3.10), we have
f o siuprn?axs2 § @ vaowin?
Bf(2) B (2)
<2 { WP +v1) ][ (a(-,u, Du) - a(-,u,0)) - Dun? dx
Bf(2) B (2)
1 * = |u—-gyw
<3 F (v vy 0wy + |“=5f ) ax
B (2)
Then
L * M u- *
f s pupmtaxsc(Np.2) f (w7 sty c10uidy + “Ep ci0glf) e GAD)
Bf(2) B (2)

Setting u = 1in (3.11), we have

L u-gp
f v pup? ax< c(n N, .l 10l 1Dgl=) f (14 [“E[") .
v r
B (2) B (2)
Then we obtain the result (3.2) by using the fact 7 = 1 on B:(z).

Estimate (3.3) in the interior is achieved in the same way by using a standard cut-off function n with
supportin the ballB%(Z) ¢ B*and choosing ¢ = (u - (u)g,, )n* asatest functioninsteadof ¢ = (u - g)n?. O
4

4 Higher integrability

Theorem 4.1. Let u € g+ Wﬁl’p)(Bt RY), g € CY(B* UT, RY), be a weak solution of (3.1), where the coeffi-
cients a(-, -, -) satisfy assumptions (1.2) with u € [0, 1]. Let the inhomogeneity b(-, -, -) obey the controllable
growth condition (1.3). Then there exists an exponent q > p depending only on p, n, N, ’5, IDgllzeo, lullze, I1Dullze
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such that u € W(W)(B;;, RN) for all p < 1. Furthermore, fory e B-nT and 0 < p < 1 - |y| there holds

( ][ (1+|Du|)§dx)qsc< ][ (1+|Du|p)dx),

B}, (2) B!, (2)

with constants C = C(p, n, N, £, |Dg|L*, |ullz», | Dullz»).

Proof. Applying Lemma 2.5 in the zero-boundary-data version to inequalities (3.2), for z € Bf uT and
0<r<1-|zlwithz, < 3r, we get
ntp
][ (1+ |Dul?) dx < c{(1 . \”—;gr’)dxs 6[1 +(][|Du—Dg|% dx)] "

B, B} B}

where C depends only on p, n, N, %, IDgllze, llullze, |Dulr» in the interior (for z, > %r). We first apply

Lemma 2.3 in the mean value version to (3.3), and then increase the domain of integration to B;. Next, from
. . L
Lemma 2.6, we know that there exist a constant C and an exponent g > p depending on p, n, N, 3, [Dgllz~,
lullzr, |Dullz» such that i
n_ ntp 2
(1+|DulP)m e L 7 (Bp;2(y))

with the estimate

(§ amara)'=2( § oo

B,)2(2) By

£"(B x)N B} z

B 2"(“5)“’( { ( d(x,A)(+) 5 (V) (1+ D)’ dx)q
£"(B,(¥))
B}, (2)
<C ][ (1 + |Dul”) dx.
B}
Hence, we have finished the proof of the desired higher integrability estimate. O

5 Decay estimate for the solution

This section will give an appropriate decay estimate for the solution u of the original system (3.1) by compar-
ing u with the solution
v e WEP)(Bh(x0), RY) n L®(B*, RY)

of the system

{ —divao(Dv) =0 in BE(XO)’ (5 1)

u=g onoBy(xo),
where u = ag(z) = (xo, (u)B;;(XO)’ z), xo € I' and 2R < 1 — |xo|. Testing the latter system with u - g-v, we
obtain
0= J ap(Dv) - (Du - Dg - Dv) dx

Bj(xo0)

1
= J J D,ay(tDv)(Dv) - (Du — Dg — Dv) dt dx
Bj(xo) O

= J ap(Dv) - (Du — Dg — Dv) dx.

By (xo)
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Using the first and second inequalities of (1.2), Young’s inequality, Lemma 2.3, and the second inequality of
Lemma 2.4, we have

1
v J % + 1DvI?) = |DV|? dx < C(p)v J j(y2+|tDv|2)’%2|Dv|2dtdx
0

B (xo) Bj(xo0)

1
< C(p) J JDzao(tDv)Dv -Dvdtdx
B}i(x0) O
1
= J J D,ay(tDv)D(u — g) - Dv dt dx
B}i(xo) O
<e J (u? + IDVI2) 2" |Dv|? dx + C(p)e'PLP j (1P + |Du - DglP) dx.
B} (x0) B (xo)
Choosing ¢ < ¥, we have
j IDVP dx < C J (4 + |Du - DglP) dx < C j (1 + |DulP) dx. (5.2)
By (x0) By (x0) B (x0)
Note that
div(ao(Dv + Dg) — ap(Du)) = div(ao(Dv + Dg) — ao(Dv)) + div(a(-, u, Du) — ap(Du)) + b(-, u, Du).
By Young’s inequality, we deduce from the condition of the second inequality of (1.2) that

p-2
2

-2
27 v J (;12+|Du|2+|Dv+Dg|2)pT|Du—Dv—Dg|2dx

B (x0) )
<v (42 _ 25 my Dy — Dol2
< u” +|Du+t(Dv+ Dg — Du)|*) 7 |Du - Dv — Dg|* dt dx
0

By(xo)

1
< J J D,ao(Du + t(Du — Dv — Dg))(Du — Dv — Dg) - (Du — Dv — Dg) dt dx
Bh(xo) 0
= (ao(Dv + Dg) — ap(Du)) - (Du - Dv — Dg) dx
Bj(xo0)

< (ao(Dv + Dg) — ap(Dv)) - (Du - Dv — Dg) dx

By (x0)
+ J (a(-,u, Du) — ap(Du)) - (Du - Dv - Dg) dx
B (xo)
- j (b(-, u, Du) - ao(Dw)) - (Du — Dv - Dg) dx
By (x0)
=L+ +I;. (5.3)

First, we will estimate the first term I;. It follows from the first inequality of (1.2), Lemma 2.3, Young’s
inequality, p < 2, and (5.2) that
L <cL J (% + |DvI +|Dg|®) "= |Du - Dv - Dg||Dg| dx,
Bj(xo)
< cL<6 j (1 + |DulP) dx + R"al-P) (5.4)
Bg(xo0)

for every 6 € (0, 1).
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For the second term, using the third inequality of (1.2), Holder’s inequality, Young’s inequality, the
higher integrability estimate for 1 + |[Du? from the energy estimate (5.2), Jensen’s inequality and Poincaré’s
inequality, we have

-2
I <cL j w(IX - Xo| = |t = (W)py ()N (u? + IDVI* + |DgI?)'Z |Du - Dv - Dgl dx
B (xo)

< Brool( | w® - () dx)
By (xo)

1
><< ][ (,uP+|Du|P)%dx) (31’*1 ][ (|Du|p+|Dg|poo)dx>p
B;(x0) B (xo)
slB;(xo)cha)ﬁ< J: (R+|u—(u)B;|)dx>

By (x0)

><< ][ (1+|Du|p)dx)%1< f (1+|Du|p)dx>%

B p(x0) Bj(xo)

p=14-p
P 4q

p-lp
P4

chwﬂ< J (Rp+|u—(u)BE|p)dx)% J (1 + |Dul?) dx

Bj(x0) Bjg(x0)
< Lcwﬂ((Rp-" | @+ pur) dx)") | @vipur)ax. (5.5)
Bj(xo0) B3p(x0)
Here p-1q-p
Bi=—" (5.6)
p q
and g > p denotes the (up-to-the-boundary) higher integrability exponent of the gradient Du from Theo-

rem 4.1 depending only on p, n, N, £, |Dgllze, llullzr, IDullze.

Finally, by the growth condition on b(x, u, Du), Holder’s inequality, Poincaré’s inequality, Sobolev’s
inequality, and (5.2), we have

L <L I (u? + |Du|p(1‘p%) +ulP Ylv+g-uldx
B(2)
*_ 1 .
<CE.NL [ (24 @l + DUl ) 4y @l v+ g - uldx
Bi(2)

SCL[5 J (yz+(u)§fR+|Du|p+|u—(u)z,Rlp*)dx+51‘p* J lv+g-—ulP dx]

Bh(2) Bj(2)

*

3
~[%

=

saL[s J (1+|Du|p)dx+6< j (1+|Du|p)dx) +61-P*( J (1+|Du|p)dx>
Bj(xo0) Bj(xo) Bj(xo0)

J

It follows from (5.3)-(5.7) that

J (u? + |Dul?® + |Dv + Dg?) |Du - Dv - Dg|? dx

By (x0)
b*-p

SC[a)ﬁ<(RP—" J (1+|Du|p)dx)’l’)+5( J (1+|Du|P)dx) ’

B} (xo) Bj(xo0)

+51-p*( j (1+|Du|p)dx)p+6] j (1+|DulP) dx + R"6'P.

B} (x0) Bag+ (o)
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From Lemma 2.7, one has
p Pve p
I |DvIP dx < C(R) I |Dv|P dx.
B} (xo) B (xo)

Note that

p P ye
I (1+1DgP) dx < c(2) I 1dx.
B} (xo) Bj(x0)

It follows from Lemma 2.3 that

1+ |Duf? < C[1 +|Dv + Dgl? + (u* + |Dul?® + |Dv + Dgl?)= |Du - Dv - Dgl?].

Then we deduce from (5.7)-(5.10) that

I (1+|Du|p)dst(%)yo j (1 + [Dul?) dx

B} (xo) B (xo)

By (xo) By (x0)

p*-p

+C[a)ﬁ<(Rp‘" J (1+|Du|P)dx)’l7)+6< J (1+|Du|p)dx)7
(

+ 8P j (1+|Du|")dx)"+5] j (1+|Dul?) dx + R"6"7

B} (x0) Bart(s)

B} (x0) B (xo)

p*-p

Bj(xo) Bar*(xo)

Define the Excess function as
D(xg, 1) := j (1 + |Dul?) dx.
Bf (xo0)

Then (5.10) can be rewritten as follows:

p

sc[(%)”wﬂ(((zmp" | (1+|Dulp)dx);)+6< | (1+|Du|")dx)‘
(

J (1+|Du|p)dx)p+5]x J (1 +|Dul?) dx + R"67.

(5.7)

(5.8)

(5.9)

(5.10)

D(x0, p) < c[(ﬁ)y"wﬁ(((zR)P*"q:(xo, 2R))%) +6D(x0,p) 7 + 6P D(x0,p) 7 +6|D(xo, 2R) + R"61P.

To conclude, we have the following lemma of decay estimate.

Lemma 5.1. Let f3, yo be chosen as above in Lemma 2.5 and let § € (0, 1). Furthermore, let u € g + Wl’p,
1 < p < 2, be a weak solution of system (5.1) under assumptions (1.2) and (1.3) with g € C1(B* UT, RN).

Ifxo eTand R < 1 — |xgl|, orif xo € B* and R < min{1 — |xg|, (X0)n}, there holds

©x, p) < C[(2) WP (RP"D(xo0, R)?) + 60 (x0, ) T + 617 Dlxo, ) 7" +6]@(xo, R) + R"6'

R

for every p € (0, R) and the constant C depends only on p, n, N, %, |Dgllzeo, lullze, |Dullze.

6 Proof of Theorem 1.1

Now, we prove the partial regularity result of the system on the unit half-ball. Afterwards, we can use
a transformation which flattens the boundary locally, and a covering argument in a standard way to yield the

statement of Theorem 1.1.
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Theorem 6.1. Letu € WhP(Q, RN), p € (1, 2), be a weak solution of

Jl—diva(-,u,Du) =b(-,u,Du) inB",

u=g onT,

where we assume that the coefficients a : B* x RN x R™ — R™ satisfy assumptions (1.2), the inhomogene-
ity b : B* x RV x R™ — R¥ obeys the controllable growth condition (1.3) and g € C'(B* U T, RN). Then there
exists 6, > 0, depending only on n, N, p, %, lullze, IDuUllzr, and |Dg|l1 for n € [2, p + 2 + 82], such that there
holds

dimgc(B* UT) \Reg,(B* UT) <n-p and ue C>%(Reg,(B* uT),RY)

loc

forall 6 € (0, min{1 — %’52, 1}). Moreover, the singular set Sing, (B* UT) of u is contained in

Y= {xo €B"UT: lirlglxionpr‘" J’ (1 + |Dul?) dx > O}.
Br(xo)UB*

Proof. Firstly, we give some denotions for some coefficients and constants that will be used later. Let g be
the higher integrability exponent depending only on p, n, %, IDglize, |Dullze, |Du|r from Theorem 4.1, and
B= I%l %. Let € be the positive number mentioned in the proof of Theorem 3.1.If n = 2, we sete = 2p(1 - y),
y € (0, 1).If n > 3, it stems from the application of Gehring’s Lemma (see Lemma 2.6) and depends on n, N, p,
and L, v. We set yo = min{2 + &, n}. Choosing the constant &g < 1 in [24, Chapter III, Lemma 2.1] depends on
Yo, Yo — 5. We use yo, yo — §, C instead of a, 8, A which comes from Lemma 5.1. Furthermore, we set § = %0
Since w(-) is a modulus of continuity, we can find a positive number ¢ such that

*

wP(rv) < %0 and (5+67P)H)r' 7 < %0.

We now consider a point xo € B] ;5\ Z. This means that the excess quantity Rg_ntb(xo, R) becomes very small
when R \ 0. Hence there exists a radius Ry > 0 such that

B}, (x0) € Big, RE™>6+67%, RET j (1 + [Dul?) dx = RE"®(x0, Ro) < 7.
B, (x0)

Because the function z — R?"CD(Z, Ry) is continuous, for all z € B,(xg) N (BT NT) there exists a ball
B, (xg) such that

Bg,(z) € Bi_s and RL " J (1 +|DulP)dx = RE"®(z, Ro) < T.
B} @)

Our next goal is to show the following Morrey-type estimates:
P \Yo—e\2 Yo—e\2
Dz, p) < c[(R—O) ®(z, Ro) + p" 2 (6.1)

for all balls B;; (z) with center z € B,(xp) N (B* NnT') and a constant C which depends only on p, n, %, IDglize,
lullr, |Dullzr. This leads us to achieving our goal that the gradient Du belongs to a Morrey space on
By (xo) N (B* uT). In order to prove (6.1), we need to distinguish several cases by combining the estimates at
the boundary and in the interior.

Case 1: z €T, 0 < p < Ry. From the choices of §, €9, 7, Rp made above, considering Lemma 5.1 on the
boundary version, we have

D(z,p) < C[(lf )"+ 3ﬂ]op(z, Ro) + 4P 1cRIel™

Ro 4
< c[(RﬁO)Y(’ + B%]d)(z, Ro) + cRY" ™/

for all p < Ry, and the constant C has the dependencies stated above. Then we apply [23, Chapter III,
Lemma 2.1] to deduce inequality (6.1) for every such center z.
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Case 2: z € B*, 0 < p < Ro < z,. There holds Bg,(z) c B*, hence we consider Lemma 5.1 on the interior
version. Then inequality (6.1) follows as in Case 1.

Case 3: z € B*, 0 < z; < p < Ry. Without loss of generality, we may assume p < %. Otherwise, (6.1) is triv-
ially satisfied. Then we have the following relationship:

B*(z) Cc B} (Z) C B} .28 € BEO(Z),

where z denotes the projection of zon R™~! x 0. We use the boundary estimates in Case 1 and the monotonicity
to obtain

-€/2 1
D (z, p) < D2, 2p) = | p)y" oz, SRo) + 20"
P \Yo—€/2 e/
<C|(+= ®(z, Ro) + pYo—¢/2|,
(&) o Ro) +p» ]
Case 4:z € B*,0 < p <z, < Rp. Without loss of generality, we assume z,, < Ro/4. Then we have
By(z) € B, (2) By, ') c Bgo/z(zu) C By, (2).

We use the interior estimates in Case 2 and the boundary estimates in Case 1 to find

D(z,p) < C[(ﬁ))’o—s/zcb(z, ) +py°7€/2]

|

|
<([

Then we proved inequality (6.1) for all cases required. This tells us that

I/\

) (D(z” 2z,) +pro” 5/2]

(%
(Zﬁ)yo_g/z [(ﬂ)yo_g/zd)(z”, %Ro) + (ZZn)yo_s/z] +Py°_€/2]
(%

I/\

Ro
) 20z, Ro) + pro- 2],

Du € LPV°~¢/2(B,(xo) n (B* nT), R™),

Weset §; = § and observethatn < p+2 + 6, = p + 2 + §. Werecall thatif n = 2, we have yo = 2;if n > 2, we
have yo = 2 + €. This leads us to having yo — § € (n - p, n]. According to the Campanato—Meyer embedding
theorem (see [25, Theorem 2.2]), we get the conclusion that

u e COO(B,(xo) N (B* NT), RY) with g =1 Yo +e&/2

Since the higher integrability of Du has been shown in Theorem 4.1, we can improve the condition of x being
a regular point via

p
RPT I (1+ |DulP) dx < C(Rq‘" j (1 + |Dul?) dx)"
B (x) B(x)
for R sufficiently small. As a consequence we get
B*\x> {x € B'nT:liminfRT" J (1 +|Dul%) dx = o}.
Br(X)NB*
By [25, Proposition 2.7], we know that the Hausdorff dimension of the singular set is less than n - p. O
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