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Abstract: We are concerned with the existence of ground states and qualitative properties of solutions
for a class of nonlocal Schrédinger equations. We consider the case in which the nonlinearity exhibits
critical growth in the sense of the Hardy-Littlewood—-Sobolev inequality, in the range of the so-called
upper-critical exponent. Qualitative behavior and concentration phenomena of solutions are also stud-
ied. Our approach turns out to be robust, as we do not require the nonlinearity to enjoy monotonicity nor
Ambrosetti—-Rabinowitz-type conditions, still using variational methods.

Keywords: Ground states, semiclassical states, Choquard equation, Hardy-Littlewood—-Sobolev inequality,
upper-critical exponent

MSC 2010: 35B25, 35B33, 35J61

1 Introduction and main results

This paper deals with the following class of nonlinear and nonlocal Schrédinger equations:
~ XAV + V)V = e (I * FW)f(v), v>0,xeRV, (1.1)

where € > 0 is the dimensionalized Planck constant, N > 3, a € (0, N), F is the primitive function of f, I, is
the Riesz potential defined for every x € RN \ {0} by
T(3(N -a)

T(4)7%2a

Aq

IIX(X) = Ix|N—ﬂ il

where A, = , I' is the Gamma function,

and the external potential I/ satisfies:
(V1) Ve C(RM, R) and inf,cgy V(x) > 0.
When ¢ = 1, V(x) = a > 0, equation (1.1) reduces to the following nonlocal elliptic equation:

—Au+au = (I * Fw)f(u), u>0,xeRY, (1.2)

which is variational, in the sense that solutions of (1.2) turn out to be critical points of the energy functional

Lo(u) = % j Vul? + au? — (I, * F)Fu), u e H'(RY).

RN
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In particular, in the relevant physical case of dimension N = 3, a = 2 and F(s) = %, (1.2) turns into the so-
called Choquard equation
—Au+au=( =udu, xeR>, (1.3)

which goes back to the seminal work of Frohlich [24] and Pekar [50], modeling the quantum Polaron and
then used by Choquard [35] to study steady states of the one component plasma approximation in the
Hartree—Fock theory [38]. Equation (1.3) appears also in quantum gravity in the form of Schrédinger-Newton
systems [51-53] in which a single particle is moving in its own gravitational field (self-gravitating matter), see
also [30]. Lieb in [35] proved the existence and uniqueness of positive solutions to (1.3) by using rearrange-
ments techniques. Multiplicity results for (1.3) were then obtained by Lions [39, 40] by means of a variational
approach. A class of solutions which turn out to be of great interest in Physics as well as Mathematics are
minimal energy solutions, which were predicted by Pekar to have a stochastic characterization in terms of
Brownian motion, a conjecture proved just thirty years later by Donsker and Varadhan [21, 22]. We refer
to [47] and references therein for an extensive survey on the topic.
Sete=1,V=1and F(u) = % in (1.3):

—Au+us=~Uy* uP)ulP?u, xeRN. (1.4)
Formally, as @ — 0, equation (1.4) yields
—Au+u=u®3u, xeRY, (1.5)

which is a prototype in semilinear equations and in particular it is well known since the work of Gidas, Ni and
Nirenberg [28] that positive solutions with finite energy are radially symmetric, unique and non-degenerate
(in the sense that the kernel of the linearized operator at the solution u is generated by Vu), see [28, 49]. In
contrast with the local problem (1.5), moving planes methods are somehow difficult to be used and is difficult
to be used and the classification of positive solutions to (1.4) (even for p = 2) has remained open for a long
time. By using a suitable version of the moving planes method developed by Chen, Li and Ou [15], Ma and
Zhao [42] gave a breakthrough to this open problem by considering equivalent Bessel-Riesz integral systems.
By requiring some involved assumptions on &, p and N, they proved that positive solutions of (1.4) are, up to
translations, radially symmetric and unique. In [44], Moroz and Van Schaftingen established the existence
of ground state solutions to (1.4) in the optimal range

N+0{< <N+oz
N “P<nN_z

(1.6)

The endpoints in the above range of p are extremal values for the Hardy-Littlewood—Sobolev inequality [36]
and sometimes called lower and upper H-L-S critical exponents. From the PDE point of view, a Pohozaev-type
identity prevents the existence of finite energy solutions. In the upper critical case, as in the local Sobolev
case, the appearance of a group invariance which yields explicit extremal functions to the H-L-S inequality
is responsible for the lack of compactness. The lack of compactness can not be recovered by the presence of
an external potential. In the lower critical case, equivalent variational characterizations of the ground state
level still allow the H-L-S extremal functions to preventing compactness: this casts the problem within the
class of Brezis—Nirenberg-type problems [8].

Recently, in [45] the more general Choquard equation (1.2) has been studied by requiring Berestycki—
Lions-type conditions, and establishing the existence of ground state solutions in the subcritical case (1.6).

The first purpose of the present work is to investigate the existence of ground state solutions to (1.2)
involving the upper H-L-S critical exponent. In presence of lower H-L-S critical exponent, a suitable external
potential may lower down the groundstate to the compact region. This turns out to be a Lions-type problem
and it is considered in a companion paper [26] as it involves quite different techniques.

Definition 1.1. A function u is said to be a ground state solution of (1.2) if u is a solution of (1.2) with the
least action energy among all nontrivial solutions of (1.2). Namely,

Lq(u) = inf{L,(v) : v € H'(RY) is a solution to (1.2)}.
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Throughout this paper we assume f € C(R*, R) which satisfies:
(F1) limeo- 12 = o,

(FZ) linlt—>+oof(t)rm = 1,

(F3) thereexistu >0andq € (2, %) such that

flt) > 75 4 ut91, £ 0.
Our first main result in this paper is the following:

Theorem 1.1. Assume a € (N - 4);, N), ¢ > max{1 + %5, %} and (F1)-(F3). Then, for any a > 0, (1.2)
admits a ground state solution.

Let us point out that assumption (F3) plays a crucial role. Indeed, under the lonely assumptions (F1)
and (F2), equation (1.2) has no solutions for any nontrivial external potential V by means of a Pohozaev-type
identity (Lemma 3.2, Section 2). This fact rules out any perturbative argument and casts the problem into
a Brezis—Nirenberg-type.

The second purpose of this paper is to investigate the profile of positive solutions to (1.1) as € — 0.
Indeed, in quantum physics one expects that as the Planck constant € — 0, the dynamic is governed by
the external potential V and an interesting class of solutions show up which develop a spike shape around
critical points of V. From the physical point of view, these solutions are known as semiclassical states, as
they describe the transition from quantum mechanics to classical mechanics. For the detailed physical back-
ground, we refer to [49] and references therein. By a Lyapunov-Schmidt reduction approach, based on the
non-degeneracy condition, in [23, 49] the authors obtained the existence of solutions to the semilinear sin-
gularly perturbed Schrédinger equation

—&2Au + V(x)u = fu), (1.7)

which exhibit a single peak or multi peaks concentrating, as € — 0, around any given non-degenerate critical
points of V. However, so far, the non-degeneracy condition holds for only a very restricted class of f. In the
last decade, a lot of efforts have been devoted to relax or remove the non-degeneracy condition in this family
of singularly perturbed problems. By using a variational approach, Rabinowitz [54] obtained the existence
of positive solutions to (1.7) for small £ > 0 with the following global potential well condition:

liminf V(x) > inf V(x).
[x|—00 RN

Subsequently, by a penalization approach, del Pino and Felmer [18] weakened the above global potential

well condition to the local condition
(V2) there exists a bounded domain O ¢ R¥ such that

0 < m = inf V(x) < min V(x)
x€0 x€00

and proved the existence of a single-peak solution to (1.7). In [18, 54], the non-degeneracy condition is not
required. Some related results can be found in [3, 17, 19, 20, 59] and the references therein. In [10] Byeon
and Jeanjean introduced a new penalization approach and constructed a spike layered solution of (1.7) under
(V2) and the almost optimal Berestycki-Lions conditions [6], see also [9, 11, 12] and [65, 68].

The second main result of this paper is the following:

Theorem 1.2. Assume (V1)—(V2)in addition to the assumptions of Theorem 1.1 andlet M = {x € O : V(x) = m}.
Then, for small € > 0, (1.1) admits a positive solution v., which satisfies:
(i) There exists a local maximum point x. of v. such that

lim dist(xg, M) = 0,
e—0
and we(x) = ve(ex + x.) converges (up to a subsequence) uniformly to a ground state solution of the limit

equation
—Au+mu = (Ip *« FW)f(w), u>0,ueH(RY).

(i) ve(x) < Cexp(-lx - x¢l) for some c, C > 0.
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We mention that related results under stronger assumptions have been recently obtained in [5]. For the con-
venience of the reader let us better contextualize our result within the existing literature on the singularly
perturbed problem (1.1).

In [60], Wei and Winter considered the nonlocal equation, equivalent to the Schrodinger-Newton system,

—E2Av+ V)V =25 = vV, xeR3, (1.8)

and by using a Lyapunov-Schmidt reduction method under assumption (V1), proved the existence of multi-
bump solutions concentrating around local minima, local maxima or non-degenerate critical points of V.
When the potential is allowed to vanish somewhere, thus avoiding (V1), the problem becomes much more
difficult. In [56], Secchi considered (1.8) with a positive decaying potential and by means of a perturbative
approach, proved the existence and concentration of bound states near local minima (or maxima) points of V
as € — 0. Recently, by a nonlocal penalization technique, Moroz and Van Schaftingen [46] obtained a family
of single spike solutions for the Choquard equation

—&2Av + V)V = € %Iy = [vP)|vIP~2v, xeRVN,

around the local minimum of V as € — 0. In [46] the assumption on the decay of V and the range for p > 2
are optimal. More recently, using the penalization argument introduced in [10], Yang, Zhang and Zhang [64]
investigated the existence and concentration of solutions to (1.1) under the local potential well condition
(V2) and mild assumptions on f. In particular, the Ambrosetti—-Rabinowitz condition and the monotonic-
ity of @ are not required. For related results see [4, 7, 16, 43, 48, 56, 58, 63]. All the previous results
are subcritical in the sense of the Hardy-Littlewood—Sobolev inequality. In [2], the authors considered the
ground state solutions of the Choquard equation (1.1) in R?. By variational methods, the authors proved the
existence and concentration of ground states to (1.1) involving critical exponential growth in the sense of the
Pohozaev-Trudinger—Moser inequality. A natural open problem which has not been settled before is to
establish concentration phenomena for (1.1) in the critical growth regime. Here we give a positive answer to
this open problem in Theorem 1.2.

Overview. We conclude this section by giving the outline of the paper and pointing out major difficulties. In
Section 2 we prove some preliminary results which require some efforts to extend a few well-known results
in the local setting, to the nonlocal framework. Section 3 is devoted to proving Theorem 1.1. Here, with-
out the Ambrosetti—Rabinowitz condition, to obtain the boundedness of the Palais—Smale sequence becomes
a delicate issue. To overcome this difficulty, a possible strategy is to look for a constraint minimization prob-
lem. This goes back to Berestycki—Lions [6], in which the authors established the existence of ground state
solutions to the scalar mean field equation —~Au = g(u), u € H'(R"). By using a similar strategy, Zhang and
Zou [67] extended the result in [6] to the critical case. Precisely, in [6, 67], the existence of ground state
solutions is reduced to looking at the constraint minimization problem

inf{% j IVul? : J Gu)=1,ue Hl(IRN)}
RN RN
and eventually to get rid of the Lagrange multiplier thanks to some appropriate scaling. However, this
approach fails for the nonlocal problem (1.2), since f]RN [Vu|?, f]RN |u)? and I]RN(IQ * F(u))F(u) scale differ-
ently in space and hence one has no hope to remove the Lagrange multiplier. The existence of ground state
solutions to the nonlocal problem (1.2), in the subcritical case, has been done by Moroz and Van Schaftingen
in [45], where they constructed a bounded Palais—Smale sequence satisfying asymptotically the Pohozaev
identity and obtained a ground state solution by virtue of a concentration-compactness-type argument and
a scaling technique introduced by Jeanjean [31]. Here, to avoid a Ambrosetti—Rabinowitz-type condition, we
use the Struwe monotonicity trick, in the abstract form due to [32], to get a bounded Palais—Smale sequence.
Clearly, due to the presence of a critical H-L-S term, the Palais—Smale condition fails. By a decomposition
technique, we recover compactness and obtain the existence of ground state solutions to (1.2). In Section 4,
we first prove some qualitative properties of the set of ground states such as compactness, regularity, sym-
metry and positivity. Then we use a truncation argument as key ingredient to prove Theorem 1.2. In [64], the
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authors considered problem (1.1) in the subcritical case and established concentration phenomena. Here,
the presence of critical growth prevents to use directly the argument in [64]. We overcome this difficulty by
penalizing the problem which is relaxed to a subcritical case. The penalized problem admits a family of spike
shaped solutions which develop a concentrating behavior around the local minima of V. Finally, the analysis
carried out in Section 3 enables us to prove the convergence of the penalized solution to a solution of the
original problem which preserves the same qualitative properties of the penalized problem.

2 Preliminaries

In this section, we are concerned with the existence of ground state solutions to (1.2). Let a > 0 and denote
the least energy of (1.2) by

Eq =inf{Lq(u) : L, (w) = 0in H"Y(RV), u e HY(RN) \ {0}}.

In what follows, let HX(RN) be endowed with the norm

1
2
Jul = ( [ wur+ a|u|2) . weH'®RY).
IRN
Before proving Theorem 1.1, we prove first some preliminary results. First of all, let us recall the following
Hardy-Littlewood—-Sobolev inequality which will be frequently used throughout the paper.

Lemma 2.1 ([37, Theorem 4.3]). Let s,r>1and 0O <a <N with 1 + 1 =1+ %, f € LS(RN) and g € L"(RV).
Then there exists a positive constant C(s, N, a) (independent of f, g) such that

‘ j j F001x — y1“Ng(y) dxdy| < C(s, N, a)lfl;ligl)-

RN RN

In particular, if s = r = %, the best possible constant is given by

Cpi=mt' T (%) [Lg)]_%.

r(22) LT(N)

Remark 2.1. As a consequence of the Hardy-Littlewood—Sobolev inequality, for any v € LS(RN), s € (1, %),
Iy # v € LNS/(N=as)(RN) ‘Moreover, I, € L(LS(RN), LNS/N-as)(RN)) and

Mo * vl s < C(s, N, @)lvls.

2.1 Brezis—Lieb lemma

In this subsection, we prove a nonlocal version of the Brezis—Lieb lemma.
Lemma 2.2 (Brezis-Lieb Lemma). Assume a € (0, N) and there exists a constant C > O such that
O] < CUHLF +167), s eR.
Let {u,} ¢ HY(RY) be such that u, — u weakly in H'(RY) and a.e. in RN as n — co. Then
[ e ) Fun) = [t x Flan - )P - w + [ (i x Fa)Fa) + on(1),
RV RV RV
where 0,(1) —» 0asn — oo.

In order to prove Lemma 2.2, we recall the following lemma, which states that pointwise convergence of
a bounded sequence implies weak convergence.
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Lemma 2.3 ([62, Theorem 4.2.7]). Let Q < RN be a domain and let {u,} be bounded in L4(Q) for some q > 1.
Ifu, - ua.e.inQasn — oo, then u, — uweakly in L1(Q) as n — co

Proof of Lemma 2.2. Observe that
j(la * F(un))F(un) — (Ig * F(up — u))F(un — u) - (Ig * F(u))F(u)
]RN
= j (Ig * [F(un) + F(un = W [F(up) - F(un — w)] = (I = F(u))F(u)
IRN
and there exists C > 0 such that

IF(s)| < C(Is|'™ +|s|¥3) foralls € R,

which implies F(u) € L*N/W+O(RN), For any § > O sufficiently small, by the Hardy-Littlewood—Sobolev
inequality there exists K; > O such that

Q1 :={x e RY : ju(x)| = K1}.

j(la « Fu)F(u)

Q

< -,
6

Again by the Hardy-Littlewood—-Sobolev inequality we have

J(Ia # [F(un) + F(up — W) [F(un) - F(un - u)]
Q

N+a

< C( J |F(un) + F(uy — u)hﬁ) ( J |F(un) - F(up, - u)|,§fa)
RN

< C(N, a)( J |F(upn) - F(uy - u)|1v2+’i> ,

1

where we have used the fact that {u,} is bounded in H'(RN). It is easy to see there exists ¢ > 0 such that
IF(un) = F(ttn = W% < ¢ lunl 5 [l 55 -+ |11 |5 705 ] ¥+ Juj? + Jul 7).

Then, by Holder’s inequality,

a N
2 N Nea Fea
[l e < ( | |un|2> ( | |u|2)
Q Q Q
and
2+ N-2
24a 2N N N N+a N N+a
|y | ¥-2 Nea [y Nra < |un|¥-2 |u|¥-2 .
Q1 Q Q

So for 6 given above and K fixed but large enough, we get for any n,

J(Ia * [F(un) + F(up = w))[F(un) - F(up - w)]| < g.
Q1
Similarly, let Q, := {x € RN : |x| > R} \ Q; with R > 0 large enough, we have
[ tax P < 2
Q)
and for any n,
6
J(Ia * [F(un) + F(un — w[F(up) — F(un - w]| < r

Q;
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For K, > K1, let Q3(n) := {x € RN : Jup(x)| = K2} \ (Q1 U Q)). If Q5(n) + 6, then we know that |u(x)| < K; and

|x| < R for any x € Q3(n). By noting that u, — u a.e. in Q as n — oo, it follows from the Severini-Egoroff

theorem that u, converges to u in measure in Bg(0), which implies that |Q3(n)| — 0 as n — oo. Similarly we
have, for n large enough,

6

| s FanFa) < 2

Qs3(n)

and 5
|| = (P + Fn = wh P - Fun - w)| < 2.
Q3(n)

Finally, let us estimate

J (g * [F(un) + F(un —w))[F(un) — F(un — w)] - (Ia * F(w))F(u),
Qq4(n)
where Q4(n) = RV \ (Q; U Q, U Q3(n)). Obviously, Q4(n) c Br(0). By Lebesgue’s dominated convergence
theorem we have

lim J |F(up —u)|% =0, and lim J |F(uy) — F(u)|¥4 =0,
n—oo n—oo
Qq4(n) Q4(n)

which implies by the Hardy-Littlewood—Sobolev inequality

N+a
2

j (Lo # [F(un) + F(un — w)])F(ttn - w)| < CN, a)( j |Fuy u)|»5+”a) ~0
Q4 (n) Q4 (n)

asn — oo, and

N+a

sC(N,a)< j |F(un)—p(u)|5i’a>2” -0
4(n)

J (I * [F(un) + F(un — w)D[F(un) - F(u)]
Q4(n) Q

as n — oo. Now let H, = F(uy) + F(u, — u) — F(u); we have
dim [T (Fun) + Flatn = ] F) - Ftn = )] = (o« F)F@) = lim | (T« Ho)FG).
Qq4(n) Qq4(n)
Noting that H,, is bounded in L2N/N+®(RN) and H,, — O a.e.in RY asn — oo, by Lemma 2.3, H, — 0 weakly
in L2N/WN+0)(RN) 35 n — co. By Remark 2.1, I, * H, — 0 weakly in L2¥/N-®(RN) as n — oo, which yields

nli_}rglO j (Ig * Hy)F(u) = 0.

Qu(n)
Thus,
liglqsogp J(Ia * F(un))F(un) — (In * F(up — w)F(up — u) - (Ig * F(w))F(u)| < 6
RN
and the arbitrary choice of § concludes the proof. O

2.2 Splitting lemma

Next we prove a splitting property for the nonlocal energy.

Lemma 2.4 (Splitting Lemma). Assume a € ((N-4),, N), (F1)-(F2) and let {u,} ¢ H'(R") be such that u, — u
weakly in HY(RY) and a.e. in RN as n — co. Then, up to a subsequence if necessary,

J (e * F(un)f(un) = Ua * Flun = wf(un - u) - I * F@1fW))¢ = on(Dll,
RN

where 0,(1) — O uniformly as n — oo for any ¢ € C8°(IRN).
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In order to prove Lemma 2.4, we need first to prove Lemma 2.5 and Lemma 2.6 below.

Lemma 2.5. Let Q c RYN be a domain and let {u,} c HY(Q) be such that u, — u weakly in H'(Q) and a.e. in Q
as n — oo. Then the following hold:
(i) Foranyl<q<r< %andr> 2,
lim J [l et [t~ |97 — 1) — [ul9" 1] = 0.
Q
(ii) Assume h € C(R, R) and h(t) = o(t) as t — 0, |h(t)| < c(1 + |t|9) for any t € R, where q € (1, %]. The
following hold:
(1) Foranyrelg+1, #5],
Tim J |H(uy) - H(upn - w) - Hw)|# = 0.
Q
where H(t) = jé h(s)ds,
(2) Ifwe further assume that Q = RN, a € (N - 4),, N) and lim¢| o h(t)ltl’% =0, then

2N 2N 2N
[ 1h) - h = w0 - R 115 = 01117,
]RN
where 0,(1) — O uniformly for any ¢ € Cgo(]RN) asn — oo.
Proof. The proofs of (i) and (1) are similar to [66, Lemma 2.5]. We only give the proof of (2) which is inspired
by [1] and [68, Lemma 4.7].

In the following, let C denote a positive constant (independent of &, k) which may change from line
to line. For any fixed € € (0, 1), there exists so = so(€) € (0, 1) such that |h(¢t)| < €|t for |¢| < 259. Choose
s1 = S1(€) > 2 such that

In(¢)] < elt] 2

for |t| > s; — 1. From the continuity of h, there exists § = 6(¢) € (0, sp) such that |h(t1) — h(t2)| < spe for
[t; — t2] < 6, |t1], |t2] < s1 + 1. Moreover, there exists c(g) > 0 such that

h(t)| < c(e)|t] + ]| 73

for t € R. Noting that a € (N — 4),, N), we have 2 < ¥ < 1\%\’2 Then there exists R = R(¢) > 0 such that

N+a

hagl e <c | <|u|5+”a+s|u|fﬁ%)|¢|iﬁ

RM\B(O,R) RN\B(O,R)
) }
sc< | |u|;£;> (jw&)
RVM\B(O,R) RN
+C£( | |u|r5—”z) ( [ |¢|5—”z)
RN\B(0,R) RN
N
< Cellpl . 2.1)

Setting Ay, := {x ¢ RN \ B(0, R) : |un(x)| < So}; then
1) = bt = WIFE |G < Ce [ (Iunl#5 4l — w5 )15 < Celgl .
Ann{lu|<6} RN

Let B, := {x € RV \ B(0, R) : |un(x)| > s1}. Then

1) ity = WIFE |G < Ce [ (Iun FEF5 4y - #5550 ) 9175 < Cellgl .

Bnn{lul<6} RN
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Setting Cy, := {x e RV \ B(0, R) : sg < |un(x)| < s1}; then |Cy| < 0o and
1
2
| thw - b - wiFE g < soefE [ g1 < (soe>13+”a|cn|%( | |¢|f$‘+”a)

Cnn{|ul<6} Cnn{lul<6} RN

1 1
2N 4N 2 4N 2 2N
sew(jmnw) <j|¢|~+a) < Celgl .
RN

Cn

Thus, (RN \ B(0, R)) n{Ju| < 6} = A, UB, U C, and

|R(un) ~ h(un - w)| ¥ P ¥4 < Cellpl = forall n.
(RN\B(0,R))n{|u|<6}

Clearly, for € given above, there exists c(g) > 0 such that
2N 2 2N 2 2N 2N 2N
Ih(un) = hn = W F < &(lunl ¥ 55 + up - ul 555 ) + c(2)(Iunl ¥ + it - ul )
and

|h(n) - h(un — u)| ¥ ||
(RM\B(0,R))n{|u|>5}

2 2N 2 2N 2N 2N 2N 2N
< j £(1unl ¥ 5 + | — ul ¥ ) |15 + c(e) (Junl T + up — u| % ) p| s
(RM\B(0,R)n{lul=6}
2N 2N 2N 2N
scelplfrce) [ (s g -l gl

(R¥\B(0,R)N{|u|>6}

Noting that 0 < a + 4 — N < N + a and [(RN \ B(0, R)) n {lu| > 6}| — 0 as R — oo, there exists R = R(¢) large
enough, such that

2N 2N 2N
c(@)(Iunl 5 + Jup — ul ¥ ) p| e

(RNM\B(0,R)N{|u|=6}
N-2

sc(e)[( | |un|z5”z> N +( | |un—u|~z”z) ]( | |¢|5Nz) RN\ B(O, R) N {Jul = 8}

RN RN RN

N
< gl .
Then, for any n,
P(un) ~ h(un - w)| % | PP < Cellp]| .
(RN\B(0,R))n{|u|=6}
Thus, by (2.1), for any n,

j |R(un) — h(W) ~ h(uy — w)| 5 || e < Cellpl| e (2.2)
RN\B(O,R)
Finally, for € > 0 given above, there exists C(¢) > 0 such that
Ih()|¥5 < C(e)|t| ¥ + e|t|Favs, teR. (2.3)

Recalling that u, — u weakly in H'(RN), up to a subsequence, u, — u strongly in L*¥/N+®(B(0, R)) and
there exists w € L*N/WN+®(B(0, R)) such that |u,(x)|, [u(x)| < |w(x)| a.e. x € B(0, R). Then we easily get for n
large enough,

Ih(un — w5 Pl < j (C@lun - ul ™ + elun - ul ¥ 73 )il < Celple.  (2.4)

B(0,R) B(O,R)
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Moreover, let Dy, := {x € B(0, R) : |uy(x) — u(x)| > 1}, then by (2.3),
[ 1hun) - ma g1 < [ [c (P + lunl#5) + e{unl #5524 ) |ig e
Dy Dy

< CelplIF + 2C(e) j || e || s
D,
1

< Cellpll e + 2C(e)( J |w|»?+Nu> ( J |¢|Ié‘fa) _

Dy RN
By u, — ua.e. x € B(0, R), we get [D,| — 0as n — co. Hence,
I h(un) - h(w)| 5 |75 < Cellpll#e  for n large. (2.5)
Dy
On the other hand, for ¢ given above, there exists c(e) > 0 such that
Ih(un) — h@IT < (ot V55 + g | V555 ) 4 ) (Jutnl 75 + 01 7).
Noting that |{|u| > L}| — 0 as L — oo, similarly as above, there exists L = L(€) > 0 such that for all n,
|h(un) - h(w)|¥5 || < Cell ]| .
(B(O,R)\Dn)nflul>L}
By the Lebesgue dominated convergence theorem,
2N 2N 2N
[h(up) = h(u)| ¥+ |@|Vra = 0p(1)]| |l ¥+,
(B(O,R)\Dyp)N{lul<L}
where 0,(1) — 0 as n — oo uniformly in ¢. Then by (2.5),
J |h(un) - h(w)| ¥4 || ¥a < Celld|| ¥ for n large.
B(0,R)
Then, by (2.4) and for n large,
Ih(un) - h(u) — h(uy - w)| Ve |p|¥a < Cell||¥a  for n sufficiently large.
B(O,R)
Finally, combining the previous estimate with (2.2), we conclude the proof. O

Lemma 2.6. Leta € (0, N), s € (1, ¥) and let {gn} € LY(RN) n LS(RN) be bounded and such that, up to a sub-
sequence, for any bounded domain Q ¢ RN, g, — 0 strongly in LS(Q) as n — co. Then, up to a subsequence if
necessary, (Iy = gn)(x) — 0 a.e.in RN asn — oo.

Proof. Let us prove that for any fixed positive k € IN, passing to a subsequence if necessary, (I * gn)(x) — 0
a.e. in Bx(0) as n — oo. Let k € N* be fixed and for any 6 > 0, there exists K = K(6) > k such that

Ign(¥)I
Aa x—ya
RN\Bk (x)

dy <6 foranyx e RY, n e N*.

Obviously, Bx(x) c B,k (0) for any x € Bg(0). Noting that g,x5,.(0) € LS(RN), by Remark 2.1,

e * (IgnlXBx )

L iy < ClgnllLsaacon

where the constant C depends only on N, a. It follows that, up to a subsequence, I * (IgnlxB,x(0)) — O strongly
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in LNs/(N-as)(RN) and a.e. in Bx(0) as n — co. Then, for almost every x € By(0), one has

limsup |(I * g)(xX)| < Ag lim sup j gl J g4
n—eo n—co |x — y[N-a |x — y[N-a

Br(x) RN\Bx(x)

J' IIgn(y)l dy

< 6+ Ay limsup Nz
x-yIN-

n—oo
Bk (x)

J Ign(y)l

Ix — y|N-2
Bk (0)

=6+ li;nqsogp[la * (IgnlxB, (0)](x) = 8.

<6+ Aglimsup
n—oo

Since § is arbitrary, the proof is completed. O
Now we are set to prove Lemma 2.4.

Proof of Lemma 2.4. Set

t
4+a-N

f(O = fit) - 1115t and Fl(t)=jf1<s)ds, teR.

0

Observe that for any ¢ € C(RY),

j Ua * FQun)fun) = [ Ua * Fun)lfi(un)b + j Lo * Ftt)lunl ¥ tnp.
]RN

RN RN

Step 1. We claim

jua « F(ut)lun] 55 unp = jua « FQutn - w)]lttn — ul 5 (un - w)h
RN RN

4+a

+ J e * Fa)llul 5" ugp + 0n(1)l1,

RN

where 0,,(1) — 0 uniformly for any ¢ € Cgo(]RN) as n — oo. Noting that @ > N — 4, by Lemma 2.5 (ii) (1) with
h(t) = f(t), g = 4.7 = 5, N
lim j |F(tn) — F(uy — u) - F(u)| ¥ = 0. (2.6)
n—oo
]RN
Then forv, = Iunl%un, aswellas v, = |u, — ul%(un —u)andalsovy, = Iul%u, there exists C > 0 such

that
i Nox Nox
N Pra +a N ta N ta
J |Vn¢|N+a S( J |Vn|2+a> ( J |¢|N2> < C( J |¢|NZ> s
RN RN

RN RN

from which it follows

N+a N+a

< C( J |F(un)—F(un—u)—F(u))|Nz*N“) ( j Ivn¢lﬂvﬂ>
]RN

RN

J (U * (F(un) = F(up — u) = F(w)lvap

RN

N+a

= on(1>( j |vn¢|wzi’a> = on(1)I$ll,

RN

where 0,(1) — 0 uniformly for any ¢ € CSO(IRN) asn — oo.

On the other hand, by virtue of (i) of Lemma 2.5 with ¢ = 2*4 and r = 2,
. 4+a-N 4+a-N 4+a-N %
,}ggoj’llunl N2 Up — |Up — ul %2 (up —u) - lu 32 u|"" =0.

RN
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For wy, = F(uy), as well as wy, = F(uy, — u) and also w, = F(u), one easily gets {w,} bounded in L2N/N+®(RN),
By the Hardy-Littlewood—-Sobolev inequality and Holder’s inequality, there exists C > 0 such that

4+a-N 4+a-N 4+a-N
j g * walllun] %2 up — |up — ul %2 (up — u) - |u| 52 u]¢l
RN

N

4+a=N 4ra-N hva-
< C( [ Dl 55 = = 5 = ) = 5

28 2N
u ”*“|¢IN+“>

RN
4+a—N 4+a—N 4+a—N I+a 2 2N 2
< C( ”Iunl N2 U — [Uun — Ul N2 (un —u) - |ul N7 u ““) ( J I¢IN-2)
RN RN
= on(Dlgl,

where 0,(1) — 0 uniformly for any ¢ € CSO(JRN) as n — oo. Then we get

j[Ia « Flun)llun 55 np = jua « Pty — w)]lttn — ] 5 (up — w)p + j[la « Fu)]lu) 55 ugp

RN RN RN
" j[la « Fun - w)]lul ¥ ugp
IRN
" j e * F@)lutn - ul F5" (- 0 + 0u(II,
]RN

where on(l) — O uniformly forany ¢ € C°(RY) as n — co. Noting that lf(u) € L2N/(N+a)(RN) by Remark 2.1,
I * F(w)| %2 e LV+2/(N-a)(RN)_ By virtue of Lemma 2.3, |uy — u|<N DD 0 weakly in LN+2)/2+Q(RNY a5
n — 0. This yields

. 2N _2N@+ta)
lim J [In * F(u)|¥2 |uy — u|®2@+3 = Q,
n—oo

)
which implies that
N+2 N-2
[ tre « Fun -2 - w09 < ( [ e P01 - u|<(>(’>) i ( [ |¢|f5”z> .
RN RN RN

=on(DPl,

where 0,(1) — 0 uniformly for any ¢ € CSO(]RN) asn — oo.

At the same time, since a € (N = 4),, N), for s € (1, 2 o a) c(1, ), by Rellich’s theorem, up to a subse-
quence, for any bounded domain Q ¢ R¥, F(u, — u) — 0 strongly in LS(Q) as n — oo. By Lemma 2.6, up to
a subsequence, I, * F(u, —u) — Oa.e.in RN as n — 0. By Remark 2.1 we have

sup | 1a * F(uy - w)| %2
n

L2/ -2(RY) < CSlip | F(un - u)"LZN/(N+a)(]RN) < 00,

which vields, by Lemma 2.3, |I5 * F(uy — u)|¥z — 0 weakly in LON+2/(N-a(RN) as n — co. Noting that
lu| 75 75 ¢ [IN+2/Q@+a) (RN,

lim J L, % F(up — w)|%2 [u| V372 = 0 (2.7)
n—.oo
IRN

and by Holder’s inequality,

N+2 N-2
4+a—N 2N 2+a 2N 2 2N 2N
J Ua * Flun — w)lul ¥ ugp| < ( j L * F(uy - u)|N+z|u|N—zN+z> ( j |¢|N—z) = on(D)l91,
]RN

RN RN

where 0,(1) — 0 uniformly for any ¢ € Cgo(]RN ) as n — co. The claim is thus proved.
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Step 2. We claim

j e * Fun)lfy () p = j e * Flttn - w]f1(n - )b + j Ua * F)lf W + oDl (2.8)

RN RN RN

where 0,(1) — 0 uniformly for any ¢ € CS"(]RN ) as n — oo. The following hold:

J (Ta * (F(un) = F(un — u) = F)lf1(un)p = on(1)ll,
RN
) J o * (F(un) = F(un — u) = F)1f1(un — )¢ = on(D)lll, (2.9)

RN

J (Ua * (F(un) = F(un — u) - F)If1(w)¢ = on(D)lIl,

RN

where 0,(1) — 0 uniformly for any ¢ € C8°(IRN ) as n — co. Let us only prove the first identity in (2.9),
the remaining ones being similar. Observe that there exists § € (0, 1) and C(8) > 0 such that |f;(t)| < |¢t| for
2+a

|t| < 6 and |f1(8)] < C(8)|t|2 for |¢| > &. Noting that a € (N - 4)., N), we have 2 < ¢ < % Then, for any
¢ € CP(RY), there exists C > 0 (independent of ¢, n) such that

2N 2N 2N
j 1y ()| 5 = j i () | 5 + j 1 ()l
RN {XeRN : Juy, (x)|<6} {X€RN : Juy(x)|26}
2N(2+a)
< |un @l + [C(8)] 75 || T2 | | ¥
{XeRN : |u, (x)|<6} {XeRN : |uy (x)|26}
4N 4N 2N 2N |\ M v\ N
s( j |un|w> ( j |¢|M) " [C(6>1N+a( j |un|m> ( j |¢|Nz)
RN RN RN RN

< Clpl*e foralln>1.

Thus

N+a

2N
( j Ifl(un)¢|lvziva) < Cl¢ll uniformly forall ¢ € C8°(IRN), n=1,2,....

RN

Then by the Hardy-Littlewood—Sobolev inequality and (2.6),

j Lo # (F(ttn) — Fun — u) ~ F(u))]fl(un)¢|
]RN

N+a N+a

< C( J |F(un) ~ F(un —“)_F(u)|sza> 2 ( J |f1(un)¢|15fa)

N
RN RN

= on(Dll,

where 0,(1) — 0 uniformly for any ¢ € C°(RV) as n — co. So (2.9) holds.
Similarly we prove

j (Lo % Fun)[f1 ()  fo(ttn — 1) — 1] = 0n(DlI P,

RN

) j (I * F(utn — w)[f1 (tn) ~ f1(ttn — 1) = f1(W)]p = 0n(DII B, (2.10)
RN

J (I * F)[f1(un) = f1(un —u) - fr(W)]P = 0n(D)l I,

RN
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where 0,(1) — 0 uniformly forany ¢ € C8°(IRN )as n — oo. By the Hardy-Littlewood—Sobolev inequality and
(ii), of Lemma 2.5, there exists C > 0 such that

N+a

2N

jaa s Fun))[f1 (Un) — f1r (Un — ) - f1(w)] | < C( j 1 (n) = f1 (ttn —u)—f1<u>|z5+’ﬁ|¢|15+’%)
RN RN

= on(Dlgl,

where 0,(1) — 0 uniformly for any ¢ € Cgo(IRN ) as n — oco. So the first identity of (2.10) holds and the
remaining can be proved in a similar fashion.
Combine (2.9) and (2.10) to have

j U * Fun)lfi(un)b = j U * Fltn — w)1f1 (un — )b + J e * F)lf1 ()

RV RN RV
+ J Ua * Fun —w)lfr(u)¢ + J Ua = F)lf1(un — w)@ + on(Dlll,
RN RN

where 0,(1) — O uniformly for any ¢ € C8°(]RN )as n — co. To conclude the proof of (2.8), it remains to prove

j U * Flitn — w10 = 0n(D)l]
]RN

and
[ e+ Ffaun - w0 = 0n 1)1 (2.11)
]RN
where 0,(1) — O uniformly forany ¢ € Cgo(]RN) asn — oo. Notice that forany € € (0, 1), there exist § € (0, 1)
and C. > O such that |f;(t)| < €|t| for |t| < 6 and |f1(t)| < Cgltlﬁ for |t| = 6. Then, for any ¢ € Cgo(]RN), by the
Hardy-Littlewood—Sobolev inequality and Holder’s inequality,

j U * Fltty - u)]h(u)qbl <e j Ly * F(ttn — wl[u] + Ce j L * F(un - w)llul ¥ ||
RN {xeRN : |u(x)|<6} {X€RN : lu(x)|>8}

N+a
2N

< &|lF(un - u)"LZN/(N“"’(]RN)( I |u¢|N2ﬁ*>

{XeRN : |u(x)|<6}
N-2

N+2
2N 2N
. cg( [ e+ P, _u)|;yz|u|;_“5:z> ( | |¢|»?—”z> .
RN RN
There exists ¢ > 0 (independent of ¢, §, €) such that
2N 2N
lug|¥ < cll||v+a.
{X€RN : Ju(x)|<6}

Then by (2.7), there exists C > 0 (independent of ¢, €) such that

lim sup
n—oo

j g * Flun - wlfi (W] < Cel .

RN

It follows that
[ e P - wipi a0 = 0n(1)1g,
]RN
where 0,(1) — 0 uniformly for any ¢ € C°(RY) as n — oo. Similarly, (2.11) can be proved and the proof of
Lemma 2.4 is complete. O
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3 Ground state solutions: Proof of Theorem 1.1

Since we are looking for positive ground state solutions to (1.2), we may assume that f is odd in RY. In this
section, a key tool is a monotonicity trick, originally due to Struwe [57] and which here we borrow in the
abstract form due to Jeanjean and Toland [32, 34].

ForA e [%, 1], we consider the following family of functionals:

L) = % J |Vul? + au? - % J(Ia «* Fu)Fuw), ueHY(RN).
RN RN

Obviously, if f satisfies the assumptions of Theorem 1.1, for A € [%, 1], I € CY(H'(RY), R) and every critical
point of I, is a weak solution of

—Au+au = A(Iq = Fw)f(w), ue HY(RY). (3.1)

The existence of critical points to I, is a consequence of the following abstract result

Theorem A (see [32]). Let X be a Banach space equipped with a norm | - ||x, let ] ¢ Rt be an interval and let
a family of C'-functionals {I\} ¢ be given on X of the form

Iy(u) = A(u) - AB(u), uelX.

Assume that B(u) > O for any u € X, at least one between A and B is coercive on X and there exist two points
V1, V2 € X such that forany A € J,

¢y :=inf max I (y(t)) > max{l}(v1), 1(v2)},
yel te[0,1]

where T := {y € C([0, 1], X) : y(0) = v1, y(1) = v,}. Then, for almost every A < ], the C!-functional I; admits
a bounded Palais—Smale sequence at level cj. Moreover, c, is left-continuous with respect to A € [%, 1].

In the following, set X = H*(R") and

1 1
Aw =3 J Vul + @, B = J(Ia « F(w)F(u).
RN RV
Obviously, A(u) — +oo as |lu] — co. Thanks to (F3), B(u) > 0 for any u € H'(R"). Moreover, by (F1)-(F2),
for any € > 0, there exists C, > 0 such that F(t) < g|t|N+O/N 4 C |¢|N+O/(N=2) for any t € R. Then, as in [45],
there exists § > 0 such that 1
J(sz * F(u))F(u) < zllull2 if flull <6,
]RN
and therefore for any u € H YR and A €],

IO % J [Vul? + au? >0 if0 < |ul < 6. (3.2)
]RN
On the other hand, for fixed 0 + ug € H'(RV) and forany A € J, t > 0, by (F3),

tz tZ%ga N— 2 2 N+a N+a
Ltuo) < & j Vol + aluol? - (1) j(la  luto] ) o | 2
2 4 N+a

RN RN

and I (tug) — —oo as t — oo. Then there exists to > 0 (independent of A) such that I (toug) < 0, A € J and
ltougl > 6. Let
cj := inf max I (y(t)),
2 += inf max A(y(8))

where I := {y € C([0, 1], X) : y(0) = 0, y(1) = touo}-
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Remark 3.1. Here we remark that c, is independent of ug. In fact, let
= i f I ’
da jnf max Ay (D)
where I'; := {y € C([0, 1], X) : y(0) = 0, Ix(y(1)) < 0}. Clearly, d, < cj. On the other hand, for any y € I'y, it
follows from (3.2) that [|y(1)|| > 8. Due to the path connectedness of H' (RV), there exists j € C([0, 1], H'(RN))
such that y(t) = y(2t)if t € [0, 3], [7(t)l > §if ¢ € [3, 1] and (1) = touo. Then y € I and

Ly(t) = L(y(t),
[max A(Y(8)) ax A(y()
which implies that ¢y < dy and so dj = ¢y forany A € J.
By (3.2), ¢y > ‘54—2 for any A € J. Then, as a consequence of Theorem A, we have:

Lemma 3.1. Assume (F1)-(F3). Then, for almost every A € J = [%, 1], problem (3.1) possesses a bounded
Palais—Smale sequence at the level cy. Namely, there exists {u,} ¢ H'(RN) such that

(i) {up}is bounded in H'(RV),

(ii) Ia(un) — caand If(up) — 0in HY(RN) as n — co.

Next, in the spirit of [33, 41], we establish a decomposition of such a Palais—Smale sequence {u,}, which will
play a crucial role in proving the existence of ground states to (1.2). However, some extra difficulties with
respect to the local case are carried over by the presence the nonlocal as well as critical H-L-S nonlinearity.

Proposition 3.1. With the same assumptions in Theorem 1.2, let A € [%, 1] and {un} given by Lemma 3.1.
Assume un — uy weakly in H L(RN) as n — oco. Then, up to a subsequence, there exist k € N*, {x’,,}»]’.‘:1 c RN
and {vﬂl}]’.‘:1 c HY(RN) such that:

(i) Ij(up) = 0in HY(RY),

(i) v\ #0and I[(V) = 0in HY(RY), j = 1,2,...,k,

(iii) ¢ = L) + 2y vy,

(V) lun —up = Tjoy Vi(- = x0)ll = 0 as n — oo,

) le;,l — oo and |X£1 —x1;1| —o00asn — oo foranyi # j.

Before proving Proposition 3.1, we need a few preliminary lemmas.

Lemma 3.2. Let A € [%, 1] and let uy be any nontrivial weak solution of (3.1). Then u, satisfies the following

Pohozdev identity:
N-2 N N+a
S22 [ vl Sa [l = S22 | da s FanFa). (3.3)

2
RN RN RN
Moreover, there exist B,y > O (independent of A € [%, 1]) such that ||lup| = B and Iy(uy) > y for any nontrivial
solutionup, A € [3,1].

Proof. For the proof of the Pohozaev-type identity (3.3) we refer to [45, Theorem 3]. Let A € [%, 1] and let uy
be any nontrivial weak solution to (3.1). Then

j Vil + alual? < jua « Fup)fun)uz. (3.4)
RN RN

Thanks to (F1)-(F2), for any € > 0, there exists C. > O such that F(t), tf(t) < g|t|'¥ + CgltIH forany t € R.
Moreover, as in [45], there exists 8 > 0 such that

full> .
(Iq * Fu)f(u)u < > if lull < B,
]RN
which yields by (3.4), |lup|| = B. By Pohozaev’s identity (3.3),
2+ 2 aa 2
hw = 53+ j Vil SN v o J hual
RN RN

and this concludes the proof. O
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Let a € (0, N). For any u € D»2(RY), combining the Hardy-Littlewood—Sobolev inequality with Sobolev’s
inequality, we have

N+a N+a
N N-2
jua L=t =: sAaea< j |u|5f”z) sAaeas-%—z( j |Vu|2) ,
RN RN RN
where R
[Vul
S el LRN—NL
0+ueD1:2(RN) (f]RN |u|m) N
Then

. J.]RN |Vu|2 S
Sa = H}t; N N+a N+a | N=2 2 N-2 *
0+ueDL2(RN) (J']RN(Ia " |u|m)|u|m)ma (AgCq) N

Minimizers for 8, are explicitly known from [37, Theorem 4.3] (see also [27, Lemma 1.2]). Actually,
_ 8
© (AgCr) N
and it is achieved by the instanton
NN - 2)]'%
(1+1)'s

Now, we use this information to prove an upper estimate for c,.

Ux) =

Lemma 3.3. Let A € [1, 1], a € (0, N) and assume

o N+« }

142 tra
Q>max{ "N-22N-2)

Then the following upper bound holds:

N-—.
2+a (N+a\re an N
CA

o7 (217 Tra § 21
S INim\N_2) ATSa

Proof. Let ¢ € CgO(IRN ) be a cut-off function with support B, such that ¢ =1 on B; and 0 < ¢ <1 on By,
where B, denotes the ball in RN of center at origin and radius r. Given € > 0, we set Ye(x) = @(x)Ug(x), where

(NN - 2)e2)' 7
(82 + |X|2)¥ )

Ue(x) =

By [8] (see also[61, Lemma 1.46]), we have the following estimates:

0(eN-2 if N > 4,
J IVipel? = 87 + { ) !

3y iFN =
an Kie+0(e?) ifN =3,

J el 75 = 8% + 0(eN) ifN >3,
]RN
Kye? + 0(eN-2) ifN>5,
j [Yel® = 1 K2€2|Ine| + O(e?) if N = 4,
RY Kye + 0(e2) if N=3,

where K1, K, > 0. Then we get

aK>e? + 0(eN-2) if N > 5,
j|V¢e|2+a|lps|2 =87 + {ak,e|Ine| + O(2) if N = 4, (3.5)
RN (K1 + aKy)e + O(e?) if N =3.
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By direct computation, we know

N+a
< J- |lp€|ﬂ§> N :K3£N+a7(N72)q +0(£N+a—(N—2)q)’
RN

and then by the Hardy-Littlewood—-Sobolev inequality,

N+ L;\;x
oNg \ 2 N+a—(N-2)q N+a—(N-2)q
< J |¢5|N+’1> <Kue™ 2 +o(e” =z ), (3.6)

Nia
2N
RN

N+a 2N
[ e el Bl < ea( | |¢g|»v—z>
RN RN
where K3, K, > 0. Moreover, similar as in [25, 27], by direct computation, for some K5 > 0,

N+a

N+a N+a N Nia N+a
j(la o el EH el ¥ > (AaCa)¥8e7 — Kse™d +0(e™F). (3.7)
]RN

We also have

j(Ia*|¢g|%f?)|¢g|qua(j dexdy— | Imdxdy

Ix - y|N-2 Ix — y|N=2
RN RN RN Y RM\B, By Y
N+a N+a
Uﬁ Uq Uﬁ Uq
_J J e - (U:(y) dxdy - j j e - (X) E(y)dxdy ’
|x — y|N-a |x — y|N-«
By RM\B, RM\B; RM\B;
where forsome K; > 0,i=1, 2, 3, 4,
N+a
i q
J J U (x)Ug () dxdyzklgw,
|x — y|N-«
RN RN
e q
J J Ve~ U Q) g, dy < KpeVte'57a 4 o(eNHe-1529),
|x — y|N-«
RN\B; B:
h N+a
s a
J J wdxdygk3g¥q+o(g¥q)’
x — y|N-a
By ]RN\B1
N+a
UX () UL (y) didy < Rye 02 | ooty
|x - y|N-a
RM\B; RN\B,
Thus for some K¢ > 0, we have
J(Ia o e E) el > Kee ™8 1 o(e™557), (3.8)
IRN
Here, we used the fact that g > % Then for any ¢ > 0,
t2 AN-2 v Nea
Do) < 5 [ 199l + alpel? - B2 T2 oW [ (1 Yy
RN RN
tZ(IGIjza) N-2 2 N+a N+a
B N2, N2 .
S T
]RN

One has g.(t) — —oo as t — +oo and g.(t) > 0 for ¢ > 0 small. Following [55, Lemma 3.3], g. has a unique
critical point t, in (0, +00), which is the maximum point of g.. From g/(t.) = 0,

N+a\UAN -2 g+d+a_q ya
tgJ|Vzp£|2+a|z/;{,,.|2—(q+1\,_2)"‘7]\”“1‘s (e 92 )t
RN RY

2(N+a)71N_2 N+a N+a
-t gt ] (el 63
RN
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Claim. There exist tg, t; > O (both independent of €) such that t. € [tg, t1] for € > 0 small.

DE GRUYTER

Consider first the case, t, — 0 as € — 0. Then by (3.5), (3.6) and (3.7), there exist ¢y, ¢c; > 0 (independent

of &) such that for £ small,

N+a—(N-2)q q+%—l q+ie—1 g+ia_q

Cite <ce” 2t + tg <2t ¥,

where we used the fact that q < %: hence a contradiction and ¢, > ty. By (3.9), one has

2(N+a) 2N 2 N+a
[ e+ ate > (T | (1wl

RN RN

which implies, combining (3.5) and (3.7), that t. < t; for some t; > 0 and & small.

By the Claim just proved and (3.8), we have for some K7 > 0,

],l/lN 2 g+l

N+a
4N+ atg J (Ia x PN )¢Z >K;e™ 2 +o(e
IRN

and hence on the one hand the following:

tg P 2 N+a—(N-2)q
max I(6e) = ge(te) < = [ IVWel? + alyel? - Kpe™ 4
> J
2(N+a)
thfz N-=2 2 % % _(N—
i (rra) A (e )l ot
RN
2 ) , EWE N-2 tia
<max| 2 [ 9l + alypel? - C(N-2y [ (1< w

]RN RY
N+a—-(N-2)q

-Kze 2 +o(e

N+a—(N-2)q
2

)

N+a—(N-2)q N+a—(N-2)q
2

_ 2+a (N+a) AzN J-]RN|V1/)5|2+a|l/J£ )2
2(N + a) (J.]RN(I‘X % 2)1/) )Q’m

N+a—-(N-2)q N+a—(N-2)q
).

-Kze 2 +o(e

On the other hand, by (3.5) and (3.7), for some Kg > 0,

Nea
(J-IRN |V'~/)8|2 +a|¢£|2)2+a Nia

~ <83 + 1Kse?|Ing| + o(e?|Ing])

N+a Nia N
(J]RN(sz * P )P ) e

K8€min{2,¥} + O(gmin{z’w}) lfN > 5,

O

Kge + o(¢)
Then, for some Ky, K19 > 0,
Kggmin{Z,#} _ KlogNM?(zNiZ)q
2+a N+a b 2-n A N+a—(N-2)
max [(te) < 550 a)( ) AFE85 + d Koe?|Inel - Kioe ™52 1 o(e
N+a—(N-2)q N+a-(N-2)q
Koge - Kioe™ 2 +o(e” 2
2 N+a\2a an W
< ﬁ(lv—ig) A 84 ife > 0is sufficiently small,
where we used the fact N + a — (N — 2)g < min{2, %}. Therefore, forany A € [%, 1] and € > 0 small enough,
we get
2+a (N+a\is on N
et < 200 (M) g
er = maxitPe) < 5\ N
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Proof of Proposition 3.1. Let A € [%, 1] and assume u, — u, weakly in H'(R") and satisfy I;(u,) — c, and
Ij(up) - 0in H'(RN) as n — co.

Step 1. We claim I}t(u,\) = 0in HY(RN). As a consequence of Lemma 2.4, it is enough to show, up to a sub-
sequence, that for any fixed ¢ € Cgo(]RN ),

J g * F(up —u)]flup —u)p - 0 asn — oo.
RN

In fact, by (F1)-(F2), there exists C > O such that

(O Fe < C(lt1 e + |EF57), ¢ eR.
By virtue of the Hardy-Littlewood—-Sobolev inequality and Rellich’s theorem, up to a subsequence, for some C
(independent of n) we have

N+a
2

J[Ia * F(up — uw)|f(un — u)g SC( j If(un—u)qblﬁfa) — 0 asn— oo.

RN RN

Step 2. Set v} := uy — uy; we claim
lim sup J viZ > 0. (3.10)

Indeed, arguing by contradiction, if not, by Lions’ lemma [41, Lemma 1.1], v} — 0 strongly in L{(RY) as

n — oo forany t € (2, 2%). Noting that (I} (un), vy) — 0 as n — oo and (I} (uy), vy) = O for any n, by virtue

of Lemma 2.2 and Lemma 2.4, we get
cr = L) + i(vy) + 0on(1),  [val> =2 j (Lo * F(vp)If(vp)vy + 0n(1), (3.11)
]RN
where 0,(1) — 0 as n — oo. Next, we show that
lim J o+ FiWHIF (vY) = 0,
n—.,oo
]RN

where

t
(0 = fO) - 165, Fl(t)=jf1(s)ds, teR.
0

Notice that 7= € (2, 2%5) and f1(t) = o(t) as [t| — 0, limf—co IFL(DIIE" 75 = 0. It is easy to see that

N+a
. 2N
lim J |Fy(vi)|¥+a =0,
n—oo
]RN

which yields by the Hardy-Littlewood-Sobolev inequality that there exists some C > 0 (independent of n)
such that

N+a

2N
I J[Ia * FI(vD)IF1(vD)| < c( J |F1(v,11)|nzii) -0 asn— oo.
RN RN

Similarly,
. Nia
Jim, J o # Fuvp)llval ¥ =0,
IRN

lim [ U2+ FLIAWRYE 0.
RN
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Then by (3.11), we get

1 A/N-2\? Nia Nia
e = Iaw) + S IVAIP - 5(N+ a) j Lo VAR IVENS 4 0,(1),
N
N-2 N N - (3.12)
WA = A [ e WA VA 4 o),

]RN
where 0,(1) — 0 as n — oo. Recalling that v} + 0 strongly in H'(R") as n — oo, let

N
: 12 _
Jm v ]© = A N

2 . 1, Nta 1, Nta
= tim [t WV = b

RN

then b > 0. From

-2

Nea Nea | N
[ v sa( [ tras |v,£|N—zllv,%IN-z) :
RN RN
we have

N2 +a
bz(x“;)““/l%sg?.

By Lemma 3.2 and (3.12),
N-2
2+a <N+L¥)2+a/\%sg%,
2(N+a)\N-2
which is a contradiction. Thus (3.10) holds true.

C) =

Step 3. By (3.10) and v} — 0 weakly in H'(RV) as n — co, there exists {z}} ¢ RN such that |z}| — co as
n — oo and
lim J W12 s o.

n—oo
Bi(zy)

Let uj; = vi(- +z}). Then, up to a subsequence, u} — v} weakly in H*(RV) as n — co for some v} # 0. By
Lemma 2.2 and Lemma 2.4, we have

Lup) — ca-Liwp), Ijup) >0 inHYRN)asn — co.
Similarly as above, I}(v}) = 0. Let vj = u} — v}. Then
Up = up +vy( —zh) +VA(- = zp).
Ifvi —0,ie ul — v}t strongly in H'(RY) as n — oo, then
=L+ vy,  lup-ur-vi(- —zp)| -0 asn— oo,
and we are done. Otherwise, if v?l +> 0 strongly in H RN asn - oo, similarly as above

lim sup J V2|2 > 0.
Bi(2)

Then there exists {zﬁ} c RY such that |z$1| — ocoasn — ooand
s 2,2
nh—%lo J [vyl© > 0.

Bi(z3)

Let uz = V(- +z3). Then, up to a subsequence, u% — v; weakly in H'(RY) as n — oo for some v} # 0. We
have I} (v}) = 0 and

D) — ca- L) -Lvy), ILwi)—0 inH'(RY)asn — co.
Let v} = up - v3. Then

1 1 2 1.2 3 1.2
Un = up + V(- = zp) +vi(c =z —zp) + v (- =z — zp).
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Ifvi — 0,i.e., uj — v; strongly in H'(RY) as n — oo, then
ca= D) + D) + LV,  lun—ua-vi(- —zp) -Vvi(- —zp —z2) > 0 asn — oo,

and we are done. Otherwise, we can iterate the above procedure and by Lemma 3.2, we will end up in a finite

number k of steps. Namely, let x), = ¥}_, z}, to have

k . k. .
=)+ Y L),  fun—ur- Y Vi(- =xp)| >0 asn— co.

j=1 j=1
Step 4. Clearly, |x}, - x, !| = |2 — ocoasn— oo forj=2,3,...,k However, it is not clear that if {x’;,}]’.‘=1
repels each other as n — oo, i.e., |x],l —X£1| —oo0asn—ooforanyi,j=1,2,...,kandi+j. Let us show

that after extracting a subsequence from {x’,}} and redefining {vfl} if necessary, properties (iii), (iv), (v) hold.
Let A1, Ay {1,2,...,k} and satisfy A UA; ={1,2,...,k} and let {x’n},, be bounded if j € Ay, whereas
IXh| — co as n — o0 if j € A,. Then, for any j € Ay if A1 # 0, there exists O # vi e HY(RY) such that, up to
a subsequence, v} (- - x),) — v/ weakly in HY(RV) as n — co and I} (v/) = 0 in H-'(RY). By Rellich’s theorem,
for any t € [2, %), we have V) (- - x},) — V/ strongly in L(RV) as n — co. Noting that I}(V}(- - x},)) =0
in HY(RY) and I;(V} (- - x})) < ¢z, similar to Step 2, we know that v} (- - x},) — V/ strongly in H*(RY) as
n — co. Then, up to a subsequence, there exists ¥/ ¢ H'(RY) such that Y., Vi(+ = xp) — ¥ strongly in
H'(RN) as n — oo, which eventually implies

un—ur— Y Vi(- = xp)

jehs

— 0 asn— oo.

Recalling that |u, — uz| # 0 as n — oo, we have A, # 0. Let x, € A, and
Al :={j € A, ¢ |xi, - X),| stays bounded}.

Then similarly as above, up to a subsequence, for some ‘73 e H'(RY), we have Yje AL v’}.l(- +xi - x’},) — ‘751
strongly in H'(RN) as n — oo. Then, as n — o,

— 0.

un—w - -x) - Y VG- x)

je(Az\AL)

Without loss of generality, we may assume that f/j1 # 0. Noting that u,(- + XL) — f/j1 a.e.inRY asn — oo, we
get I/'\(f/jl) = 0in H }(RY). Then we redefine vjI = f/j'1 and as n — oo,

Un—w— Y Vi —xh)

je(Az\AL)uii}

— 0.

By repeating the argument above at most (k — 1) times and redefining {vfl} if necessary, we end up with A c A,
such that

|XJ;1|—>oo and |xL—x{1|—>oo asn —» ocoforanyi,je Aandi #j,

un—u;(—z%(-—x’,;) -0 asn — oo.
jeA
Finally, by Lemma 2.2 one has ¢y = Iy(uy) + ZieA I/\(v;). The proof is now complete. O

Proof of Theorem 1.1. As a consequence of Lemma 3.1, Proposition 3.1 and Lemma 3.2, one has that for
almostevery A € J = [%, 1], problem (3.1) admits a nontrivial solution u, satisfying |uall > B, y < In(ua) < ¢y,
where B, y > 0 (independent of A). Then there exist {1,} ¢ [%, 1] and {u,} ¢ H}(RY) such that, as n — oo,

=1, y<h,(up)<cp, I (up)=0 inH'(RY). (3.13)

By Pohozaev’s identity (3.3) we have

2+« aa
I =277 | Vun P ——— I 2
A, (Un) SN+ ) JI Un| +2(N+a) [un|
RN RN
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and {u,} is bounded in H*(RY). Notice that

1

La@) = L + 3A-1) J(Ia « FQ)F(), u e H\RY).
]RN
Then by (3.13), up to a sequence, there exists ¢y € [y, ¢1] such that
= lim Ly(up) = lim I, (un) < lim ¢y, = c1,
n—oo n—oo n—oo

where we used the fact that ¢, is continuous from the left at A. Moreover, by (3.13), for any ¢ ¢ CSO(IRN ),

(Lytan), @) = o= 1) [ U+ Faan) ).
]RN
Similarly as above, there exists some C > 0 such that

N+a

2N
( J If(un)zl)llvzﬁr) < Cl¢ll uniformly for all ¢ € CSO(]RN), n=1,2,...,
RN

and by the Hardy-Littlewood—-Sobolev inequality

KLh(un). )1 = (1 = An)| [ [La = Flun) f(un)¢‘
RN
< C(l—An)( | |F(un)|~zfa) ( | |f<un>¢|ﬁ+”a)
RN RN

=on(DlPl,

where 0,(1) — 0 uniformly for any ¢ € C(RY) as n — co. Namely, L/ (u,) — 0 in H"}(R") as n — oo.
Finally, we obtain

lunll = B, La(un) — co<c1, Li(up) —0 inH'(RN)asn — co.

If up — ug strongly in H'(RY), then [uo| > B, La(uo) = co < ¢q and L} (up) = 0 in H-1(RYN). Otherwise, as
a consequence of Proposition 3.1 with A = 1, ¢y = co, uy = uo, there exist k ¢ N* and {v’}k c HY(RY) such
thatv/ # 0, L’ (v/) = 0in H"(RY) for all j and co = L4(uo) + Z] 1 La(V). So let

={ue H'®N\{0}) : L) (u) =0 in H1(RV)}.

Then N # 0 and inf,en Lo (u) = E4 € [y, €1].

We conclude the proof of Theorem 1.1 by showing that E, is achieved. Clearly, there exists {v,} ¢ N
such that as n — 0o, Lq(vy) — Eq4 and L (v,) = 0 in H"Y(RY). Thus {v,} is bounded in H(R"). Assume
that v, — vo weakly in H'(R") as n — oo. Then L, (vo) = 0 in H"}(RY). If v, — v strongly in H'(RY), then
Lq(vo) = E4. Namely, vq is a ground state solution of (1.2). Otherwise, there exist k € N* and {V/ }k 1 CH LRN)
such that v/ # 0, L’ (V) = 0in H~ 1(IRN) foralljand E; = La(vo) + Zl 1 La(V). By the definition ofEa, Vo =0,
k =1and Ls(v!) = E,, which yields v! as a ground state solution to (1.2). The proof is now complete. O

4 Towards semiclassical states

4.1 Compactness of the set of ground state solutions

Denote the set of ground state solutions to (1.2) by
Ng :={u e HH(RY) : Lo(u) = Eq, Ly(u) = 0in HY(RV)}.

Then by Theorem 1.1, N, # 0 for any a > 0. Since L, is invariant by translations, N, cannot be compact
in H'(RY). However, this turns out to be the only way to loose compactness as we have the following result.
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Proposition 4.1. For any a > 0, up to translations, N, is compact in H*(RY).

Proof. Let {un} ¢ Ng. Then Lg(uy) = E; and L, (u,) =0 in HY(RY). Similarly as above {u,} is bounded
in H'(RY). Assume that u, — uo weakly in H'(R") as n — oo; then L) (uo) = 0 in HX(RN). If u, — uo
strongly in H L(RN), we are done. Otherwise, by virtue of Proposition 3.1, up to a subsequence, there exists
k e N*, {x’n}ll.‘ , < R¥and {vf}]’.‘ , € HY(RN) such that v/ # 0, L,(V/) = 0in H"}(RN) for all j and

k k. .
Eq=La(uo) + Y La(V),  |un—uo— Y Vi(- —=xp)| >0 asn— oo,
=1 =1
which implies that up = 0, k = 1, v! € Ng and Jun(- +x}) = vi| — O as n — co. O

4.2 Regularity, positivity and symmetry

Here we borrow some ideas from [4, 45] to establish boundedness, decay, positivity and symmetry of ground
state solutions to (1.2).

Proposition 4.2. Let a > 0. The following hold:
(1) O<inf{lulloo : u € Ng} < sup{llufloo : u € Ng} < 0.
(ii) Foranyu € Ng, u € CLY(RN) fory € (0, 1).

loc
(iii) For any u € Ng, u has constant sign and is radially symmetric about a point.

(iv) E, coincides with the mountain pass value.

(v) ThereexistC, c > 0,independent of u € Ny, such that|D* u(x)| < C exp(-c|x — xo), x € RY, for|a;| =0, 1,
where [u(xp)| = maxycgy [U(x)].

Proof. First, by Pohozaev’s inequality it follows that N, is bounded in H!(RN).

Claim 1. Forany p € [2, ¥ 2, there exists Cp > O such that

lullp < Cpllull, forallu € Ng. (4.1)
In fact, for any fixed u € Ng, let H(u) = @ and K(u) = f(u)in {x € RN : u(x) # 0}. LetR > 0 and ¢r € CP(R)
be such that ¢r(t) € [0, 1] for t € R, ¢r(t) = 1 for |f| < R and ¢r(t) = O for [¢| > 2R. Set
H*(u) = ¢pr(w)H(), H.(u)=H(u) - H"(u),
K*(u) = pp(w)K(u), K.(u)=K(@u)-K*(u).
By (F1)-(F2), there exists C > 0 (depending only on R) such that for any x € RV,
H* ] < Clul¥, K" W) < Clul,
H. ()] < Clul¥3, K. )] < Clul¥.
Note that H* (u), K* (u) are uniformly bounded in L?V*(R¥) and so are H., (u), K, (u) in L2N/(@+2(RN) for any

u € Ng. Thanks to the compactness of N, for any € > 0 we can choose R depending only on ¢ such that

a+.

2N
( J \H, ()] 2 J |K*(u)|az+N2> <& forallu e N,

RV RN
Then repeating line by line the argument as in [45, Proposition 3.1], (4.1) follows.
Claim 2. The map I, * F(u) is uniformly bounded in L (RN) for all u € Ny,.

By (F1)-(F2) and the very definition of I, * F(u), there exists C(a) (depending only N, a) such that for any
x e RV and u € Ny,

|ul? + [u] V2

(Ia*IF(u)I)(X)SC(a)J(Iu|2+|“|%)dy+c(a) J [x - yIN-a

R2 |x-y|<1



1208 —— D.Cassaniand].]. Zhang, Choquard-type equations with H-L-S upper-critical growth DE GRUYTER

Thanks to (4.1), for some c (independent of u) such that for any x € RV,

|ul? + [u] V2

x — y|N-« dy-

(I * IFQ)N(0) < ¢ + C(a) j

[x=yl<1

As in [64, Proposition 2.2], we can choose t e (¥, ¥ Ny with 2t € (2, ¥ 2X) and s e (¥, ¥ 2Ny with

site e (2, ¥ 2Ny and there exist C1, C > O (independent of u) such that
N+
|ul? + Ju| v
|X _ y|N—lX dy C1||u"2t + C2”u| N+a ’

|[x-yl<1

which combining with (4.1) implies the claim.
Nowlet f(x, u) := (I * F(u))(x)f(u). Then by (F1)-(F2), forany u € N, u satisfies that forany § > 0, there
exists Cs > 0 (independent of u) such that

Fo wul < (8lul® + Cslul %), xeRY,
and
—Au+au=f(x,u), ueH®Y).

Noting that ¥ N5 < N 2 , by means of a standard Moser iteration [29] (see also [14]), N is uniformly bounded
in L®(RN). Since |f(x, u)| = o(1)|u] if |ulloo — 0 and E; > 0, one also has inf{||lulle : u € N} > 0.

Sinceu e L®(RY) forany € N, it follows from the elliptic regularity estimates (see [29]) that u € C1 pot Y(RN)
for some y € (0, 1). From the proof of Theorem 1.1, we know that E, < c1, where

1nf max La(y(0)),
yel telo,

whereT := {y € C([0, 1], X) : y(0) = 0, Ls(y(1)) < 0}. Following [45], for any u € N, there existsapathy € T
such that y(%) =u and L,(y) achieves its maximum at % Thereby, c; = E;. Namely, E, is also a mountain
pass value. Moreover, for any u € Ny, u has a constant sign and is radially symmetric about some point. If u
is positive, then u is decreasing at r = |x — x|, where x¢ is the maximum point of u. Finally, by the radial
lemma, u(x) — 0 uniformly as |x — xo| — oo for u € N,. By the comparison principle, there exist C, ¢ > 0,
independent of u € N, such that [D* u(x)| < Cexp(-c|x - xo|), x € RN for |a;| = 0, 1. O

4.3 Proof of Theorem 1.2

Let u(x) = v(ex), Ve(x) = V(ex) and consider the following problem:
—Au+ Ve(x)u = (Ig * Fw)f(u), xeRM, (4.2)

Let H. be the completion of CS"(]RN ) with respect to the norm

1

lulle = ( j(|Vu|2 " Vguz)) .

RN
For any set B ¢ RN and € > 0, we define B, = {x ¢ RN : ex € B} and B% = {x ¢ RV : dist(x, B) < §}. Since we

are looking for positive solutions of (1.1), from now on, we may assume that f(t) = O for t < 0. For u € H, let

Pew) = 5 [ Vul+ Ve - 3 [ ha = Fa) P,
RN ]RN

0 if x € Og,
Xe(x) =

Fix an arbitrary v > 0 and define

eV ifxe RN\ O,
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as well as X

Qe(u) = ( nguz dx - 1) -
RN

+

LetT'; : H. — Rbe given by
Te(u) = Pe(u) + Qe(u).

To find solutions of (4.2) which concentrate inside O as € — 0, we look for critical points u, of I'; satisfying
Qc(ug) = 0. The functional Q. that was first introduced in [13] will act as a penalization to forcing the con-
centration phenomena inside O. In what follows, we seek the critical points of I'; in some neighborhood of
ground state solutions to (1.2) with a = m

4.4 The truncated problem

Denote S, by the set of positive ground state solutions of (1.2) with a = m satisfying u(0) = max,crv u(x),
where m is given in Section 1.

Lemma 4.1. The set S, is compact in HX(RY).

Proof. By Proposition 4.2, S,,, # 0. For any {u,} c S,,, without loss of generality, we assume that u, — ug
weakly in H'(RY) and a.e. in RN as n — oo. Let us first prove that ug # 0. Indeed, by (v) of Proposition 4.2,
there exist ¢, C > 0 (independent of n) such that |u,(x)| < C exp (-c|x|) forany x € R, By the Lebesgue dom-
inated convergence theorem, u, — uo strongly in LP(R") as n — co for any p € [2, 2 e 2] So if up = 0, one
has u, — 0 strongly in H'(R") as n — oo, which contradicts the fact E,,, > 0. We claim u,, — ug strongly in
H L(RN)asn — oo.Indeed, if not, by Proposition 3.1, there exist k ¢ N* and {V/ }" 1 CH L(RN)suchthatVv/ # 0,

(v’) =0in H 1(RN) foralljand E,; = Ly (up) + Z] 1 Lm(V). Noting that Lm(uo) > Epp and Ly, (V) > Epp, we
get a contradiction. Finally, ug € Sy,;,. Clearly, ug € Ny, is positive and radially symmetric. Recalling that 0 is
the same maximum point u, for any n, by the local elliptic estimate, O is also a maximum point of ugy. The
proof is complete. O

By Proposition 4.2, let k > 0 be fixed and satisfy

sup [|U]leo < K. (4.3)
UeS,,

For k > maxye(o, ) f(¢) fixed, let fx(¢t) := min{f(¢), k} and consider the truncated problem
-2 Av + V(v = £ %Iy * FkW))fi(v), v e H(RY), (4.4)
whose associated limit problem is
—Au+ mu = (I * Fe@)fe(w), ue HY(RY), (4.5)

where Fy(t) = fé fx(s)ds. Denote by Sk be the set of positive ground state solutions U of (4.5) satisfying
U(0) = maxyegy U(x). Then by [45, Theorem 2], S, + 0. As in Lemma 4.1, Sk, is compact in H*(RN).

Lemma 4.2. We have S, c SK.

Proof. Denote by E’,‘n the least energy of (4.5). Notice thatany u € S, is also a solution to (4.5). Then EX < Epn.
By [45], EX, is a mountain pass value. Combining (iv) of Proposition 4.2 with the fact fi(t) < f(t) for t > 0 and
fi(®) = f(t) = O for t < 0, we have EX, > E, and so EX, = E,,, which yields S, c Sk,. O

4.5 Proof of Theorem 1.2

In the following, we use the truncation approach to prove Theorem 1.2. First, we consider the truncated
problem (4.4). By Lemma 4.2, S, is a compact subset of SK,. Inspired from [10] we show that (4.4) admits
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anontrivial positive solution v, in some neighborhood of S, for small €. Then we show that there exists g > 0
such that
[Velloo < k¥ for € € (0, €9).

As a consequence, v, turns out to be a solution to the original problem (1.1).
For this purpose, set

o c
6= 0 min{dist()M, O°)}.

Let 8 € (0, 6) and consider a cut-off ¢ € Cgo(lRN) such that 0 < ¢ < 1, ¢(x) = 1 for |x| < S and ¢(x) = 0 for
x| > 2B. Set p.(y) = p(ey), y € RV, and for some x € (M)P and U € Sy, we define

Ui (y) = %(y— )8—(>U<y— g)

and
Xe = {UX: x € )P, U; € S}

In the following, we show that (4.4) admits a solution in Xg c X, for £, d > 0 small enough, where

X = {ueH, - inf Ju-vie < d}.

In fact, since f satisfies all the hypotheses of [64, Theorem 2.1], for €, d > 0 small, (4.4) admits a positive
solution v, € Xg for which there exist U € S,;; and a maximum point x. of v, such that lim._,o dist(x., M) = 0
and ve(g - +x¢) — U(- + zo) in HX(RY) as € — 0 for some zo € RY. We have

Awe + vg(x " X;)w = (Lo * Fewe)fi(we), x € RY,

where we(-) = ve(e - +X¢). As in Proposition 4.2, I = Fi(we) is uniformly bounded in L (RY) for all &.
Then, noting that 0 < fi(w¢(x)) < k for all x € RV, local elliptic estimates (see [29]) yield w.(0) — U(zo) as
€ — 0. It follows from (4.3) that ||ve]eo = We(0) < k uniformly for small € > 0. Therefore, for small € > 0,
fr(ve(x) = fve(x)), x € RN, and then v, is a positive solution to (1.1). O
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