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Abstract: Many existence and nonexistence results are known for nonnegative radial solutions to the equation
A
~Au + Pk =fu) inRY, N>3,A,a>0, ueD"?(RY)nL*RY, x| dx),

with the nonlinearities satisfying |f(u)| < (const.)uP~! for some p > 2. The existence of nonradial solutions, by
contrast, is known only for N > 4, a = 2, f(u) = uN+2/(N-2) and A large enough. Here we show that the above
equation has multiple nonradial solutionsas A — +ocofor N > 4,2/(N-1) < a < 2N -2 and a # 2, with the
nonlinearities satisfying suitable assumptions. Our argument essentially relies on the compact embeddings
between some suitable functional spaces of symmetric functions, which yields the existence of nonnegative
solutions of mountain-pass type, and the separation of the corresponding mountain-pass levels from the
energy levels associated to radial solutions.
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1 Introduction and main result

This paper is concerned with the following semilinear elliptic problem:

A
—Au+Wu=f(u) inRY, N >3,

u=>0 in]RN,

ueH., u+o0.

(1.1)

where A, a > 0 are real constants, f: R — R is a continuous nonlinearity satisfying |f(s)| < (const.)sP~! for
some p > 2 and all s > 0, and H} := D2(RY) n L?(RY, |x|~% dx) is the natural energy space related to the
equation. We will deal with problem (1.1) in the weak sense, that is, when we speak about solutions to (1.1)
we will always mean weak solutions, i.e., functions u € H} \ {0} such that u > 0 almost everywhere in RN and
I Vu-Vvdx + j %uvdx= Jf(u)vdx forallv e Hy. (1.2)

RN RN RV
As is well known, problems like (1.1) are models for stationary states of reaction diffusion equations in
population dynamics (see, e.g., [17]). They also arise in many other branches of mathematical physics, such
as nonlinear optics, plasma physics, condensed matter physics and cosmology (see, e.g., [11, 27]), where
its nonnegative solutions lead to special solutions (solitary waves and solitons) for several nonlinear field
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Figure 1: Regions of nonexistence of solutions (light gray), and existence
(white with p > 2) and nonexistence (dark gray) of radial solutions.

theories like nonlinear Schrodinger (or Gross—Pitaevskii) and Klein—Gordon equations. In this context, (1.1)
is a prototype for problems exhibiting radial potentials which are singular at the origin and/or vanishing at
infinity (sometimes called the zero mass case; see, e.g., [8, 22]).

Although it can be considered as a quite recent investigation, the study of problem (1.1) has already some
history, which probably started in [26] and continued in [5, 9, 15, 16, 24, 25] (see [4] for a similar cylindrical
problem). Currently, the problem of existence and nonexistence of radial solutions is essentially solved in the
pure-power case f(u) = uP~1, where the results obtained rest upon compatibility conditions between a and p.
These can be summarized as follows (for a chronological overview of these results see [5]): the problem has
a radial solution for (a, p) = (2, 2*) (see [26]) and for all the pairs (a, p) satisfying

O<acx<?2, 2<a<2N-2, a>2N-2, . 2N-2+a
or or with2; :=2——— (1.3)
2,<p<27, 2" <p<2;, p>2*, 2N-2-a
(see [25]), while it has no solution if
O<ax<?2, a=2, 2<a<N, a>N, . 2N
or or i or with 24 :=
p¢(2a’2*)’ p#:Z*) p¢(2 yza)’ pSZ*) N_a
(see [9]) and no radial solution for both
O<ac<?2, 2<a<2N-2,
nd
2, <p<2;, 2, <P< 24

(see [5] and [15], respectively). As usual, 2* := 2N/(N - 2) denotes the critical exponent for the Sobolev
embedding in dimension N > 3. All these results are portrayed in the picture of the ap-plane given in Figure 1,
where nonexistence regions are shaded in gray (nonexistence of radial solutions) and light gray (nonexis-
tence of solutions at all, which includes both the lines p = 2* and p = 2, except for the pair (a, p) = (2, 2*)),
whereas white color (of course above the line p = 2) means existence of radial solutions. As to nonradial
solutions, the only result available is the one contained in [26, Theorem 0.5], where Terracini proves that
problem (1.1), with N > 4, a = 2 and f(u) = u2 1, has at least a nonradial solution for every A large enough.
This brought Catrina to say, in the introduction of his paper [15]: “Two questions still remain: whether one
can find non-radial solutions in the case when radial solutions do not exist, or in the case when radial solutions
exist”.

Su, Wang and Willem [25] covered also the case where problem (1.1) has general nonlinearities satis-
fying the power growth condition |f(u)| < (const.)uP~! for some p > 2, and ensured that, under some rather
standard additional assumptions on f (precisely (f1) and (f2) below), problem (1.1) has a radial solution for
all the pairs (a, p) satisfying (1.3). To be precise, they only concerned themselves with radial weak solutions
in the sense of the dual space of the radial subspace of H} (where the energy functional of the problem is
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Figure 2: v as a function of p; € (2, p7) for N> 3 and Figure 3: v as a function of p; > p; for N > 3 and
o € (0, 2) fixed. o€ (2,2N - 2) fixed.

well defined by the embeddings they proved), but the symmetric criticality type results of [6] actually apply,
yielding solutions in the sense of our definition (1.2). No results are known in the literature about nonradial
solutions.

This general lack of symmetry breaking results is the motivation of this paper, where we prove that prob-
lem (1.1) has multiple nonradial solutions as A — +oo, provided that N > 4, a € (2/(N - 1), 2N - 2) \ {2} and
f belongs to a suitable class of nonlinearities satisfying a power growth condition. We observe straight away
that such a class of nonlinearities does not unfortunately contain pure powers (which does not satisfy our
assumption (f0), where p; # p>).

The main assumptions characterizing our class of nonlinearities are the following, where we define

F(s) = [; flt) dt:

(f0) supg.g % < +oo for some 2 < p; < 2* < p».

(f1) There exists 6 > 2 such that OF(s) < f(s)s forall s > 0.

(f2) F(s) >0Oforalls > 0.

(f3) The function @ is strictly increasing on (0, +00).

(f4) There exists p > 2 such that the function % is decreasing on (0, +00).

ForN>3,a€(0,2N-2),a #2and 2 < p; < 2* < p,, we define
[Zmin{N_l,N_22 _pl}—ZN(l—lﬂ—l if0<a<?2,
a 2-a p1 -2 a 2

N-1 N-2 - 2%
[Zmin{ s P2 H—l if2<a<2N-2,
a a-2 p2—2

V= VNapp, = (1.4)

where [ - ] denotes the ceiling function (i.e., [x] := min{n € Z : n > x}).
Our main result is the following theorem.

Theorem 1.1. Let N > 4anda € (2/(N-1),2N - 2), a + 2. Let f : R — R be a continuous function satisfying
(f1)-(f4). Assume that (fO) holds with
a’(N-1)-2a(N - 1) + 4N 2N+2-a

1:=2 =2 1.
Pre<Pi=<maN_1) 2aN+1+aNn O P27P2T S9N T, (1.5)

ifa e (2/(N-1),2)ora € (2,2N - 2), respectively. Then there exists A, > 0 such that for every A > A, prob-
lem (1.1) has both a radial solution and v different nonradial solutions.

Some comments on Theorem 1.1 are in order. First of all, under the assumptions of the theorem, v is positive
(see Lemma 5.2 below), and so at least one nonradial solution actually exists. On the other hand, it is easy
to check that for every fixed N and a, the behavior of v as a function of p; and p, is the one portrayed in
Figures 2 and 3, respectively, whence one sees that the number v of nonradial solutions may assume every
natural value (as N — ©0).
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Regarding assumptions (1.5) and (f0), it is worth observing that a € (0, 2) implies 2 < p] < 2*, while
2 <a < 2N -2implies p5 > 2*,and so (1.5) and (f0) are consistent with each other. Assumption (f0) is the so-
called double-power growth condition and seems to be typical in nonlinear problems with potentials vanishing
at infinity (see, e.g., [2, 3, 6-8, 12-14, 18, 19, 22]). Such an assumption obviously implies the single-power
growth condition |f(s)| < (const.)sP~! forall p € [p1, p»]and s > 0, but it is actually more stringent than that,
since it requires p; # p,. We finally observe that (f0) still remains true if one raises p; and lowers p», but this
decreases v (see Figures 2 and 3), and therefore it is convenient to apply Theorem 1.1 with p; as small as
possible and p» as large as possible (which is also consistent with assumption (1.5)).

The plan of the paper is the following. In Section 2 we define the variational setting and introduce the
argument we will use in the proof of Theorem 1.1, which will be given in Section 5. Observe that we cannot use
the technique used in [26], where the homogeneity of the nonlinearity is exploited and a nonradial solution
is obtained as a global minimizer of the Sobolev type quotient associated to the problem. Our argument,
instead, essentially relies on the following two main elements:

(i) The compact embeddings between some suitable functional spaces of symmetric functions, which yield
the existence of v different solutions of mountain-pass type.

(ii) The separation of the corresponding mountain-pass levels from the energy levels associated to radial
solutions.

Sections 3 and 4 are devoted to the estimation of these levels in order to separate them. As a conclusion, we

get v nonradial solutions on which the energy functional of the equation has a lower value than the energy

levels of radial solutions.

We end this introductory section by giving some examples of nonlinearities to which Theorem 1.1 applies,
and by presenting some notations we use throughout the paper.

Example 1.2. LetN > 4anda € (2/(N-1),2N -2),a + 2,and let 2 < p; < 2* < p, be such that (1.5) holds.
The most obvious nonlinearity to which Theorem 1.1 appliesis f(s) = min{|s[P*~1, |s|P2~1}, which satisfies (f1)
and (f4) for 6 = p; and any u > p,. Other simple examples are
~ |s|P2-1 ~ d ( |s|P2 )
fis) = 1 + |s|p2p1’ fis) = ds\1 + |s|p2=p1 )’
both of which satisfy (f1) with 8 = p;. In the latter case, (f4) clearly holds for any yu > p,. We leave it to the
reader to check that (f4) also holds in the former case for u large enough.

Notations.

e 0g4 denotes the (d — 1)-dimensional measure of the unit sphere of RA,

«  C®(Q)isthe space of infinitely differentiable real functions with compact support in the open set Q < R4,

o DUL2RYM)={ueL?RN): Vu e L2(RY)} is the usual Sobolev space, which identifies with the completion
of C2(RN) with respect to the norm of the gradient.

2 Preliminaries

Let N >3 and A, a > 0. Let f: R — R be a continuous function satisfying (f0)—(f2). In this section we define
the functional setting and introduce the argument we will use in proving Theorem 1.1.
As already mentioned in the introduction, we define the Hilbert space
w2
H. := {u e DH2(RY) : J —dx < oo},
[x]*
IRN
which we endow with the following scalar product and related norm:
A A
(U, v)4 := I (Vu Vv + —uv) dx, |lulj := J <|Vu|2 + —uz) dx.
|x* |x]*
RN RN

Of course, the embedding H} < D?(RN) is continuous.
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Given any integer K such that 1 < K < N — 1, we write every x € RN as x = (y, z) € RK x R¥"X, and in the
space H}, we consider the following closed subspaces of symmetric functions:

Hy:={ueH:u(x) =u(x])} and Hg:={ueH:u) =uy,z2) =u(yl, |z])}.

Of course u(y, z) = u(lyl, |z|) naturally means that u(y, z) = u(S1y, S»z) for all isometries S; and S, of R and
RN-K| respectively. Similarly for u(x) = u(|x|). Note that H, c Hg for every K, since |x|? = |y|? + |z|2. The next
lemma clarifies better the relation between the spaces Hg and H,.

Lemma 2.1. Let1 < K; < K; < N - 1. Then Hg, N Hg, = H;.

Proof. The proof is essentially an adaptation of the one of [21, Lemma 3.3]. For any x € RY, we will
denote by (y1,z1) its decomposition in RKt x RN-X1, and by (y», z») its decomposition in RX2 x RN-Kz,
Let u € Hg, N Hg,, and for every s, t > 0, define

u(s,t) :=u(s,0,...,0,t).

Then we clearly have u(x) = i(ly1l, |211) = @(ly2l, |z2|) for every x = (y1, z1) = (2, 22) € RN. Letx = (y1, z1) €
RE x RV-K1 and X' = (v}, z5) € RK2 x RV-K2 be such that |x| = x|, i.e., ly1]? + |z11> = |y4]? + |2}]%. Suppose
that |y1] < |y}| and define x”” € RN by setting

X” = (|Y1|,0,---,0, \|y’2|2_|y1|2’0"--505|Z’2|10;'~'90)’

where the first block of zeros has K; — 1 zeros, the second K, — K1 — 1, and the third N - K, — 1. Then

u(x") = a(ly} 1, 1241) = iyl V412 - yal? + 123 12) = @iy, |z2)

and

u(x") = a(ly;l, 123 1) = fl(\/l)/ll2 +1y512 = ly1l2,1251) = adlysl, 1230),

which implies @(|y1l, |z11) = @(ly5l, 125]), ie., u(x) = u(x’). If [y1| > |y}|, we repeat the argument with x”

defined by
X” = (lylzl!o"-"O’ \|YI|2—|)”2|2,0,---,0, |leio""’0)

(with the same lengths of blocks of zeros) and get the same result. Hence, |x| = |x| implies u(x) = u(x'), i.e.,
u € H,. O

We modify the function f by setting f(s) = 0 for all s < 0 and, with a slight abuse of notation, we still denote
by f the modified function. Then, by (f0), there exist M1, M, > 0 such that

If(s)] < My min{|s|”'"1, |s|P>"'} and |F(s)| < M, min{|s|’!, |s|P2} foralls € R,
which, in particular, yields
If(s)] < M1|s|P~! and |F(s)| < M,|s|P forallp € [p1,p>]ands € R. (2.1)

By the continuous embeddings H} < D:?(RN) — L?"(RY), one can check (see, for example, [20]) that con-
dition (2.1) with p = 2* implies that the energy functional associated to the equation of (1.1), i.e.,

1
1w = St} - | Fwdx, 2.2)
RN
is of class C! on H} and has Fréchet derivative I' (u) at any u € H} given by

I'(wyv = (u,v)s - j fu)vdx forallv e H:. (2.3)

RN
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This yields that the critical points of I: H: — R satisfy (1.2). A standard argument shows that such criti-
cal points are nonnegative (see the proof of Theorem 1.1 in Section 5), and therefore we conclude that the
nonzero critical points of I are weak solutions to problem (1.1).

Accordingly, our argument in proving Theorem 1.1 will be essentially the following. The existence of a
critical point for the restriction I, readily follows from the results of [25]. By exploiting the compact embed-
dings of [2] and the results of [8] about Nemytskii operators on the sum of Lebesgue spaces, we will show in
Section 5 that I}z, has a nonzero critical point ug for every 2 < K < N — 2. Thanks to the classical Palais prin-
ciple of symmetric criticality [23], all these critical points are also critical points of I, and thus weak solutions
to (1.1). Hence, Theorem 1.1 is proved if we show that ug ¢ Hy for every K, which also implies ug, # uk, for
K1 # K,, by Lemma 2.1. This will be achieved by showing that the critical levels I(uk) are lower than all the
nonzero critical levels of I|g,. The starting points in proving this are the following lemmas.

Lemma 2.2. Forevery u € H; \ {0}, u > O, there exists t, > O such that I(t,u) = maxeo I(tu).

Proof. Since u > 0 and u # 0, we can fix 6§ > 0 such that the set {x ¢ RN : u > 6} has positive measure. From
assumptions (f1) and (f2), we deduce that there exists a constant C > O such that F(s) > Cs? for all s > 6.
Then, for every t > 1, one has

J F(tu) dx = J F(tu) dx + J F(tu) dx
RN {xeRN:tu>6} {xeRN:tu<8}
> J F(tu) dx
{xeRN:tu>6}
> Ct? J uf dx
{xeRN:tu>6}
> Cct? J u® dx,
{xeRN:u>6}
and therefore 1
I(tu) < Etz lul? - ct? j u?dx - —co ast — +oo, (2.4)

{xeRN:u>68}

since 6 > 2. On the other hand, condition (2.1) with p = 2* and the continuous embeddings H, — H,}( —
DL2(RN) — L2 (RN) imply that there exists a constant C > 0 such that I(tu) > ||u||j§ ~ Cllull3"¢?" for all
t > 0, which in turn yields I(tu) > O for all t > 0 small enough. Together with (2.4), this gives the result. [

According to Lemma 2.2, define

my := inf maxI(tu).
ueH\{0}, t=0
u=0

Lemma 2.3. Assume (f3) and let u € H; \ {O}. If u is a critical point for I, then I(u) > my.

Proof. As already observed, if u is a critical point for I, then u is nonnegative. We shall now prove that
I(u) = maxso I(tu), which obviously yields the result. For t > 0, define
1

g(0) 1= I(tu) = 3

ullj - j F(tu) dx.
IRN
As u is a critical point for I, we readily have that ¢t = 1 is a critical point for g. Indeed, g'(t) = I' (tu)u, and thus

g'(1) = I'(u)u = 0. We now show that, on the other hand, g has at most one critical point in (0, +co). We have
g'(t) =0ifand only if I'(tu)u = 0, i.e.,

I'(tuyu = tlulj - j fitwu dx = 0.

RN
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So, if 0 < t; < t; are critical points for g, then one has

1 1
Il = - j fitwudx = = j f(tauu dx,

RN RN

which implies

J(f(tzu) _ f(tau)

)uz dx =0, (2.5)
thu tiu

u

where E, := {x € R : u > 0}. Since the integrand in (2.5) is nonnegative by assumption (f3), we have that
% - % = 0 almost everywhere on E,. Since E, has positive measure (because 0 # u > 0), this implies
t1 = t,, again by assumption (f3). As a conclusion, according to Lemma 2.2, we deduce that t, = 1 and the

claim ensues. O

Lemma 2.4. There exists R > 0 such that forevery 1 < K < N — 1, one has

inf - I(u)=0 and inf  I(u) > 0. (2.6)

ueHg, |lulla<R ueHg,||lulla=R
Proof. The claim readily follows from (2.1) with p = 2* and the continuous embeddings Hy — H)
DV2(RN) — L?'(RY), which imply that there exists a constant C > 0 such that I(u) > [[ul3/2 - Cllull}" for
all u € Hg. O

In Section 4 we will see that Iy, takes negative values by choosing a suitable ux € Hg such that I(uk) < 0.
Thisimplies |[uklla > R, by (2.6), and therefore the functional ]|z, has a mountain-pass geometry. In Section 5
we will see that it also satisfies the Palais—Smale condition for 2 < K < N - 2, and so it admits a (nonnegative)
critical point ug at the mountain-pass level

CaKk = ingtrr%g)f] I(y(t)) >0, whereT :={y e C([0, 1]; Hk) : y(0) = 0, y(1) = ug}. 2.7)
yeT te(o,
With a view to obtaining the separation inequality c4,x < ma, Sections 3 and 4 are devoted to estimating mx
and cy k-

3 Estimate of m,

LetN >3 and a, A > 0.Let f: R — R be a continuous function satisfying (f0)—(f2). This section is devoted to
deriving the estimate of m, given in Proposition 3.2 below, which relies on the following radial lemma (see
also [6, Appendix] and [25, Lemmas 4 and 5] for similar results).

Lemma 3.1. Every u € H; satisfies

V2/on  ulla

A% [x|[eN-2-ah almost everywhere in RN
X|ON—2-

lu(x)| <

(recall that oy denotes the (N — 1)-dimensional measure of the unit sphere of RN).

Proof. Letu € Hyand letii: (0, +00) — R be continuous and such that u(x) = it(|x|) for almost every x € RY.
Set
v(r) == rN"17%25(1?  forallr > 0.

By [6, Lemma 27], we have that it ¢ W''((a, b)) for every 0 < a < b < +00, whence v € Wh1((a, b)) and

b
v(b) - v(a) = J V' (r) dr.

a
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Moreover, for almost every r € (a, b), one has
vin=(N-1- g)rN-Z—“/za(r)2 + 2125 (). (3.1)

If a < 2N - 2, this implies v/ (r) > 2rN-1"%251(r)&t' (r), and therefore

v(a) <v(b) - | V/(r)dr

<v(b) - | 2PN 25(nd (r) dr

Qe Vo

<v(b) +2 | N2 (r)| dr

=v(b) + 2 | rNV215 ()| rN=-D12=02 ()| dr

f
f

+00 +00

1/2 1/2
sv(b)+2< j N ()2 dr) < I rN1“|a(r)|2dr>
0 0

12 N 12
2 Au

< v(b jv Zd) (I—d)

" HoWZ( IVul? dx | X

]RN
2
<v(b) + ——ul?. (3.2)
(qu‘/:a. A
If a > 2N - 2, then (3.1) gives v/ (r) < 2rN-1%/24i(r)it' (r), and thus we have
{ 2
v(b) < v(a) + J 2PN 102 (ni! (r) dr < v(a) + lull3, (3.3)
(qu*/jg

a

as before. Now observe that there exist 0 < a,, —» 0Oand b, — +ocosuch thatv(a,) — 0Oandv(b,) — 0.Indeed,
if1 := liminf,_o+ v(r) > 0, then for every r smaller than some suitable ro > 0, one has [ii(r)| > A/1/2r- N-1-a/2)/2
and therefore one of the following contradictions ensues:

u2d>l ! dx = ifa>2
JW X_EJW X=400 1 az=

RN By,
. 1\2°/2 1
[ axz (3" [ — i dx= o0 ifas2.
2 N

N-1-a/2
N-2
B By, x|

Similarly, if lim inf,_, o, v(r) > O, then one obtains

2
Jluwdx=+oo ifa<2 and Jlulz*dx=+oo ifa > 2.
RN X RN
Therefore, the claim follows by letting n — oo in (3.2) with a = r and b = b,,, and in (3.3) with a = a, and
b=r. O

We can now prove our estimate for my.
Proposition 3.2. Assume O < a < 2N -2, a # 2, and let p = max{2;,p1} if 0 < a < 2, or p = min{2}, po} if
2 < a < 2N - 2. Then there exists a constant Cq > 0, independent from A, such that

p-2*

N2
my > CoA«2 »7,
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Proof. Letu € H; \ {0}. By Lemma 3.1, we have
j lu|?e dx = J lul?a2u? dx

RN RN
2 \(2;-2)/2
(2)

SOl v dx
T AQL-2)/4 A Ix|[(2N—2—a)/4](2;—2)
RN
2 - 2:-2
B (E)Za/(ZN 2-a) "u”A J, Au2

Aa/N-2-a) A X[ dx

RN
(L)Za/(ZN—Z—a) .
< —Bvaonas s
= A@N-2)/2N-2-a) "7 "A

since 2; — 2 = 4a/(2N - 2 — a). On the other hand, one has

. . 2/2 . .
j|u|2 ax <83 ( j|Vu|2 ax) < Sy,
RN RN
where Sy denotes the Sobolev constant in dimension N. Then, in either case p = max{2}, p1} <2* or
p =min{2}, po} > 2*, we can argue by interpolation: there exists A € [0, 1) such that p = A2* + (1 - 1)2},
and by Holder inequality, we get

' = Juf
)4 _ A2*+(1-1)2; 2% 25 A
[t ax= [ s ([l ax) ([rupiax) <ot

RV RV RV RV
where C := S}’ (%)2“(1‘/‘)/ (2N-2-2) only depends on N, a, p. Recalling condition (2.1), this implies

lually
ACN-2)(1-1)/2N-2-a)’

| J F(u) dx‘ <M, J lul? dx < M,C
RN RN
and therefore 1
I(u) > 5||u||,24 —allul,

where we set a = M, CA-2N-2(1-1/(2N-2-a) for hrevity. Hence,

1
I(tu) > §t2||u||j —at?|lully =: gu(t) foreveryt>O0.

. .. . . -1/(p-2) .
The function gy, : [0, +00) — R attains its maximum in ¢, := % and since

p-2" (P-2")2N-2-a)(N-2)

1-A= = ,
25 - 2% 4a-2)(N-1)

one computes

1\2/e-2),1 1

t)=(— - _ =

s = (577 (3- 1)

_ p—2 (1\2/-2)

"~ 2pp/(-2) (E)
_ p-2 <A(2N—2)(1—/\)/(2N—2—a) )2/(p—2)
M,C

© 2pp/-2)
N-2 p-2*

_p-2 AT

- 2ppl®-2) (M, ()22

Hence,

—2 p-2%*
max I(tu) > max g, (t) = gu(ty) = COA%%,
t=0 t>0

with the definition of Cy being obvious. Since u € H; \ {0} is arbitrary, we conclude

2 p-2*
my = inf maxI(tu) > inf maXI(tu)zCoA%pW,
ueH\{0}, t=0 ueH\{0} =0
u=0

and the proof is complete. O
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Remark 3.3. If p is as in Proposition 3.2, it is easy to check that

_(N-1 N-22*-p;) .
mln{ s } ifo<a<?2,
N-2p-2" 2-a p1-2
a-2p-2 N-1 N-2p,-2*
p min{ s P2 2} if2<a<2N-2.
a a-2 p2—2

4 Estimate of ¢,

Let N>3,2<K<N-2and a>0, a+2.Let f: R — R be a continuous function satisfying (f0)-(f2). In
this section we define a suitable ug € Hg such that I(ug) < 0 and estimate the corresponding mountain-pass
level (2.7).

In defining ug, we will use the following construction of positive Hx functions, which is inspired by [10].
Denoteby ¢p: D — R? \ {0} the change to polar coordinates in R? \ {0}, namely, ¢(p, ) = (p cos 8, p sin 6) for
all (p, 0) € D := (0, +00) x [0, 2m). Define

B (5 a)<(55)

and take any 1: R? — R such that ) € C*°(E) and 3 > 0.For 0 < € < 1 and (p, 6) € R?, define

6
- 1/e 7
Pe(p. 0) = p(p", 2),
in such a way that . € CX(E,), where
6 1\¢ 3\¢ 7€ e
i 2. 1/e Y _ 2. (2 el -
E. .-{(p,@)e]R .(p ,S)GE}—{(p,H)elR (4) <p<(4) g <0< 3 }
Finally, define
VeV, 2) := Ye(@ Iyl 121))  forx = (y,2) € RE xRV )\ {0},  ve(0):=0.

Then v, € C(Q,) N Hg, where Q. := {(y, z) € RK x RN K : (|y|, |z]) € ¢p(Ee)}.
For future reference, we now compute the relevant integrals of v.. By means of spherical coordinates in
RX and RV-X, one has

2 -1 2
JV_st: j Ye(@~ Uyl 12D)°

|x]* x|
RV Q.
Ye(p (s, 1) k1 Nk
= OKON-K J —(sz+t2)0‘/2 st ds dt
P(Ee)

a-N+1

2
= OKON-K j l/;:(p—’e)H(G) dp do
E.

1/e 2
= ORON-K J’ MH(Q) dp de,

pa—N+1

where H(6) := (cos 8)X~1(sin ) -1, and by the change of variables

0
T:pl/‘g, (p:E,

one obtains

vZ r,e)° -
J ﬁ dx = OxON-K J %H(e(p)gzrs 1y do

RN E

r(a—N)s+1
E

2
= ORON_KE> j l/)(r’—(p)H(sq)) drdg. (4.1)
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Similarly (recall that F(0) = 0),

j F(ve) dx = j F(e(~ My, |21))) dx

RN Qe
= OKON-K J F(e(dp~1(s, 1)K 1eNK1 gs at
P(E;)

- oxon-x | Fpe(p, 6)p" 1 H(O) dp dO
Ee

= OKON_KE> I Fap(r, )N 1H(ep) drde (4.2)
E

and
[ 19vel? ax = [ 9@ y1, 1200 T Oyl 2D dx
RN Qe
—oxon-k | V(@75 0) Ty (s, O 1K ds de
P(E;)

~ oxON-x | IVPe(p, 0)- 1! (p, O H(O) dp d
Ee

= O'KO'N—KJ’(al/;:( 0)% + 1 61/15 (P, 0) ) N-1H(0) dp a6

= OKON- KJ’ 2/86111 1/8,5)2 gz(Pl/g E) )PN_BH(Q)deG

E.
= OKON-K J e(r, ) + = lllq;(r ®) )r(N’z)“lH(e(p) drde, (4.3)
E

where we set Y, = a, Y and Yy = (p Y for brevity.

Lemma 4.1. The mapping wy := V412 € Hg, A > 1, is such that

2
lwalla
m ——— =
A—+o0 me F(wy) dx

Proof. According to the previous computations, for € = A2 < 1, we have

el JeVVel? dx + A [ % dx
Jon F(ve) dx [ F(ve) dx
jE ((llif + rlzl/)é)r(N—z)zﬁl +A821/)2r(N“")€‘1)H(£(p)dr d(p
B g2 IE F()rNe-1H(eg) dr do
Ji (@7 + Fp)r Dt + Y2 O DH(eg) drdg.
|z F()rNe-1H(eg) dr dg

-4 (4.4)

In the integration set E, one has €% < ¢ < €%, and thus, for € > 0 small enough (i.e., A > 1 large enough),
we get that 8"’ <sinep < €p and 1 5 < cose@ < 1. Hence, there exist two constants C1, C > 0 such that

C1€N_K_1 N—K—l.

< H(ep) < Eze

Similarly, since # < r < 2 in E, all the terms r(N-2)¢+1, y(N-®)e-1 anqd rNe-1 gre bounded, and bounded away
from zero by positive constants independent of € € (0, 1) (i.e., of A > 1), say C3 and Cj, respectively. Using
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these bounds in (4.4), we have
el , Culp (7 + Fpp)r™ 2ot + Y20t dr dg
I]RN F(ve)dx C, fE FrNe-1drdg
A61€4 JE(IP% + ,izllii, +2)drde
CoCs [ Fpydrde

The last ratio is positive and independent of A, whence the claim follows. O

According to Lemma 4.1, we fix Ag > 1 so that

Iwalz

—— 2 _>1 foreveryA > Ay. 4.5
J‘]RN F(WA)dX ry 0 ( )

We now distinguish the cases 0 < a < 2 and a > 2.

Proposition 4.2. Assume (f4) and 0 < a < 2. Let A > A and define ux € Hy by setting

_ X . waly®
ug(x) :=wgyl =), withd = ———"%=——.
k09 1= wa(3) (Jw F(wa) dx) /e

Then I(ug) < 0 and the corresponding mountain-pass level (2.7) satisfies
Cax < CLAK-D/24N/a-1/2)
where the constant C1 > 0 does not depend on A.

Proof. Since A > Ap, one has A > 1. Then an obvious change of variables yields

N-2 N-a
I(3i) = AT JIVWA|2 dx+ j A w2 dx -y j F(wy) dx

2 | x|«
]RN ]RN ]RN
AN-a 2 A, N
= > ( JIVWAl dx + j WWAdX)_A JF(WA)dX
RN RV RN
AN
= 5 (A wat} - 2 | Fov ax)
]RN
AN
=-5 J F(wy)dx <0,
IRN

where the last inequality follows from assumption (f2), since w4 > 0 almost everywhere. In order to estimate
ca,x, consider the straight path y(t) := tug, t € [0, 1]. Cleatly, ca,x < maxse[o,1] I(y(t)). Thanks to assump-
tion (f4), which implies F(ts) > t*F(s) forall s > O and t € [0, 1], we have

15— _
I(y(t)) = §t2||u,<||§1 - j F(tug) dx
IRN
£l - ¢ j F(iig) dx
]RN

<

N| =

1,
= —t“a-t'p,
2

where we set a := ||H1<||f1 and b := j]RN F(ug) dx for brevity. The function g(t) := %tza — t*b reaches its maxi-
mum in t = (lf—y)l/("*z), and so we get

1(6) Sg((%)ﬂ(y—Z)) _ a(%)Z/(H_Z)(% B ]%)
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Hence, setting m := (‘11)2/ W21 - %) for brevity and recalling that A > 1, we obtain

= 2K/ (u=2)
lukly
CaoK < —
(I]RN F(ug) dx)?/(-2)
B (AN=2 [ Vwal? dx + AN [ Alx| ™ wy dx)M =2
(AN [on Fwa) dx)2/0=2)
3 mA“(N—“)/(V—2>( fRN|VWA|2 dx + J']RNAlxl—awfl dx)u/(u—z)
- )[ZN/(H—Z)(LRN F(wp) dx)2/(=2)
2 -2
_ y(N;f){zN lwa ”All/(ll ) 56
(Jw FWa) dx)2/0-2
Inserting the definition of A into (4.6), we get
2u 2 p(N-a)-2N
e wal o waly™
AK < = =
(Jw FOWa) A0 @t T ([ Fwa) dxV-a)/
and therefore, using computations (4.1)—(4.3) with € = A=1/2, we have
C1eN Kt < H(eg) < CreVN K1
and N
(@ + Fpd)yr®2est 4 Y2y V-0 H(e) dr dp)"'"
Ca.xk < MOKON_ .
A,K KOUN-K gz(N—a)/a(JE F(l,[))rNg‘lH(S(p) dr d(p)(N—a)/a

As in the proof of Lemma 4.1, we take four constants Ci,...,C4>0 independent of A such that for every

N-K-1 N-K-1

(r, @) € E, one has Cy¢ < H(ep) < Ezs and the terms rN-2)é+1 y(N-0)e-1 andq yNe-1 3re hounded,
and bounded away from zero by C3 and C4, respectively. Hence, we conclude
(C2C5 [ (2 + 32) + p?r)eN K1 dr de)"'
82(N—a)/tx(ElE4 IE F(lp)gN—K—l dr d(p)(N—zx)/a
gN-K-DN/a( IE((l/’% + ,lzlzbéz) L2 dr d(p)N/“
8(N—K+l)(N—a)/a(jE F() dr dg)WN-)/a

Ca,K < MOKON-K

N/a
_ CAK-D/2+N(1/a-1/2) ( .[E((l/)'% + ) + Y7 drdp)

([ F(Y) dr dp)W-o/a

with the definition of the constant C being obvious. As the last ratio does not depend on A, the conclusion
ensues. O

il

Proposition 4.3. Assume (f4) and a > 2. Let A > Ag and define u € Hy by setting

_ lwalla
(Jn Fwa) dx)172”

Then I(ug) < 0 and the corresponding mountain-pass level (2.7) satisfies

ug(x) := WA(%), with A :=

cax < ARV
where the constant C, > 0 does not depend on A.

Proof. The proof is very similar to the one of Proposition 4.2, so we omit here some computational details.
As a > 2, we have

N-2 A AN
Vwal?dx+ | —w?dx)-AY | Fiwa)dx =-=— | F(ws)dx <0
x| 4 2

RN RN RN RN

I(ug) <
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and
20/ (1-2)
A

max I(tug) <m lux
€011 ([ F) d)2#-D

(AN-2 jIRNIVwAI2 dx + AN-a LRN Alx|=*w} dx /=2
AN [ox F(wa) dx)2/(=2)

A“(N_Z)/(”_Z)(I]Rnlvalz dx + ,'-]RNA|X|_aW124 dx)u/(u—Z)

<m
AZN/(H_Z)(IRN F(wp) dx)2/(#=2)
_ mAy(N;E)Z—ZN wa ”flﬂ/(ll—Z)

(-[]RN F(wy) dx)2/(u=2)"

Recalling the definition of c4 x and inserting the one of A, we get

2u U(N-2)-2N

lwally” 7 wally
Cag<m =

m s
(f Flwg) doiz 355 (Jpw F(wa) dx)V-212

and therefore, using computations (4.1)—(4.3) with € = A~1/2, we have
([p(p7 + Lyp2)r®-2edl g2y N0y e ) dr dp)/?
eN-2([. Fp)rNe-1H(ep) dr dep)N-212
([p(2 + 3p2) + p2reN K1 dr dp)'?
£N—2(J‘E F(lp)sN—K‘l dr d(p)(N—Z)/z
(K-1)/2 ( IE((lp% +mp) + Yy dr do)"?
([ Fp) dr dp)N-2/2

where C > 0 is a suitable constant independent of A. This concludes the proof. O

CA,K < MOKON-K

=CA

)

5 Proof of Theorem 1.1

This section is entirely devoted to the proof of Theorem 1.1, so we assume all the hypotheses of the theorem.
The proof will be achieved through some lemmas.

Let K be any integer such that 2 < K < N — 2. Assume A > Ag (where Ag is defined by (4.5)) and consider
the mountain-pass level c4 x defined by (2.7), with ux € Hg givenby Lemma 4.2 ifa € ( ﬁ, 2),or Lemma 4.3
ifa € (2, 2N - 2). We are going to show that cy4 g is a critical level for the energy functional I defined in (2.2).
To this end, we will make use of the sum space

LPY + P2 = {uy +uy : ug € IPY(RN), up e LP2(RV)).

We recall from [8] that such a space can be characterized as the set of measurable mappings u: RY — R for
which there exists a measurable set E < RN such that u € LP*(E) n LP2(RN \ E) (see [8, Proposition 2.3]). This
is a Banach space with respect to the norm

lullzes sz == inf  max{lluillze wyy, U2 llze @y}
U +ur=u

(see[8, Corollary 2.11]), and the continuous embedding LP (RN) < LP1 + LP> holdsforallp € [p1, p»] (see |8,
Proposition 2.17]), in particular, for p = 2*. Moreover, for every u € LPt + LP2 and every ¢ € P (RM)n LP: (RN),
one has
[ tugrax < Tuture s (4915, g+ 101t ) (5.1)
]RN

where plf = pi/(pi — 1) is the Holder conjugate exponent of p; (see [8, Lemma 2.9]).
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Lemma 5.1. cy k is a critical level for the functional I g, .

Proof. Thanks to Lemma 2.4 (note that I(ug) < O implies |[uglla > R), the claim follows from the mountain
pass theorem [1] if we show that Iy, satisfies the Palais—Smale condition. Using the compact embeddings of
[2] and the results of [8] about Nemytskii operators on LP* + LP2, thisis a standard proof but we still give some
details for the sake of completeness. Let {u,} be a sequence in Hy such that {I(u,)} is bounded and I’ (u,) — O
in the dual space of Hg. Then, recalling (2.2) and (2.3), we have

1
Sl - j F(un)dx = 0(1) and [un|? - jf(un)un dx = o(1)ul,

RN RN

and so assumption (f1) implies

1 1 1
Shunlly +00) = [ P dx < 5 [ funun dx = G lal} + oDl

RN RY

This yields that {||lu,]la} is bounded, since 8 > 2. On the other hand, thanks to the fact that p; < 2* < p»,
the space Hy is compactly embedded into LP* + LP2, since so is the subspace of D*?(R") made up of the
mappings with the same symmetries of Hg (see [2, Theorem A.1]). Hence, there exists u € Hg such that, up
to a subsequence, we have u,, — uin Hg and u,, — uin LP* + LP2, This implies that {f(u,)} is bounded in both
LP (RM) and LP: (RY), since assumption (f0) ensures that the operator v — f(v) is continuous from LP! + LP2
into LP' (RN) n LP2(RY) (see [8, Corollary 3.7]). Then, by (5.1), we get

| j ftn) — ) x| < j |ttt — 1] dx

RN RN
< it~ sz (1 g + U2 )
< (const.)lup — ullpr +1r2 = 0(1),

and therefore

2
lun —uly = (Un, up —u)a — (U, Uy — U

=I"(un)(un — u) + J flun)(un — u) dx — (U, up —u)s = o(1),
IRN

where (u, u, — u)4 = o(1), since u, — uin Hg,and I’ (un)(u, — u) = o(1) because I' (u,) — 0inthe dual space
of Hg and {u, — u} is bounded in Hg. This completes the proof. O

The next lemma clarifies why our separation of c4 x and mu needs assumption (1.5) and the lower bound
a > 5. Recall the definition (1.4) of v = Vy,q,p, p, -

Lemma 5.2. Forevery a € (3%, 2N -2), a # 2, we have v > 1.

2 : 2
Proof. Assume No1 < @< 2.Since a > =, we have

N-1 1 1 2
27—2N(E—5)—N—E>1.
On the other hand, by easy computations, condition

N—ZZ*—pl 1 1
p R CaN(= -2 1
2-a p1-2 (a 2)>

turns out to be equivalent to the first inequality of assumption (1.5). This proves that

N-1 N_zz*_pl}—ZN(i 1)>1,

2m’{ s =
mn 2-a p1-2
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which means

N-1 N-22* - 1 1
[Zmin{ , pl}—zN(———ﬂ >2,
o 2-a p1-2 a 2

and thus v > 1. Similarly, if 2 < a < 2N - 2, we readily have # > 1, and condition
N-2p,-2*
u > 1
a—-2 pr-2
turns out to be equivalent to the second inequality of (1.5). This proves again that v > 1. O

Proof of Theorem 1.1. On the one hand, the restriction I;g, has a critical point u, # 0 thanks to the results of
[25], since (fO) ensures that one can find p € [p1, p»] such that |f(u)| < (const.)uP~! (cf. (2.1)) and (1.3) holds.
On the other hand, according to Lemma 5.2, there are v > 1 integers K (precisely K = 2, ..., v + 1) such that

K-1 1 1 . (N-1 N-22*-py) .. 2
5 +N(E—§)<mm{ 2 ’2—ap1—2} 1fN_1<a<2

and

K;l min{N_l,N_zpz_2 } if2<a<2N-2.

a—-2 pr-2
Let K be any of such integers. By Remark 3.3 and Propositions 3.2, 4.2 and 4.3, there exists A, > Ag such
that

cax<my foreveryA>A,. (5.2)

Then, by Lemma 5.1, there exists ug € Hx such that I(ug) = c4,x and II’HK(uK) =0, where ug # 0, since
ca,x > 0 and I(0) = 0. Both u; and ug are also critical points for the functional I: H}‘ — R, by the Palais
principle of symmetric criticality [23]. Moreover, it easy to check that they are nonnegative: test I' (ug) with
the negative part uy € H} of ug and use the fact that f(s) = 0 for s < 0 to get I'(ug)uy = —||u1‘<||f1 = 0; the same
applies for u,. Therefore, u, and ug are weak solutions to problem (1.1). Finally, ug is not radial, because
otherwise Lemma 2.3 would imply ca x = I(ug) > ma, which is false by (5.2). This also implies ug, # uk, for
K, +# K5, thanks to Lemma 2.1. O
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