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Abstract: We prove interior Holder estimates for the spatial gradients of the viscosity solutions to the singular
or degenerate parabolic equation

ur = |Vul* div(|VulP 2 Vu),
where p € (1, 00) and k € (1 — p, co). This includes the from L™ to C1“ regularity for parabolic p-Laplacian
equations in both divergence form with k = 0, and non-divergence form with x = 2 — p.
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1 Introduction

Let1 < p <ooandk € (1 — p, co). We are interested in the regularity of solutions of
ur = |Vul* div(|VulP~2Vu). (1.1)

When x = 0, this is the classical parabolic p-Laplacian equation in divergence form. This is the natu-
ral case in the context of gradient flows of Sobolev norms. Hélder estimates for the spatial gradient of their
weak solutions (in the sense of distribution) were obtained by DiBenedetto and Friedman in [8] (see also
Wiegner [26]).

When k = 2 — p, equation (1.1) is a parabolic homogeneous p-Laplacian equation. This is the most rele-
vant case for applications to tug-of-war-like stochastic games with white noise; see Peres and Sheffield [22].
This equation has been studied by Garofalo [10], Banerjee and Garofalo [3-5], Does [9], Manfredi, Parviainen
and Rossi [19, 20], Rossi [23], Juutinen [15], Kawohl, Kromer and Kurtz [16], Liu and Schikorra [18], Rudd
[24] as well as the second and third authors of this paper [14]. Holder estimates for the spatial gradient of
their solutions were proved in [14]. The solution of this equation is understood in the viscosity sense. The
toolbox of methods that one can apply are completely different to the variational techniques used classically
for p-Laplacian problems.

Equation (1.1) can be rewritten as

ur = [Vul’ (Au + (p - 2)|Vul2uiujuy;), (1.2)

where y = p + k - 2 > —1. In this paper, we prove Holder estimates for the spatial gradients of viscosity solu-
tions to (1.2) for 1 < p < co and y € (-1, 0o0). Therefore, it provides a unified approach for all those y and p,
including the two special cases y = 0 and y = p — 2 mentioned above.
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The viscosity solutions to (1.2) with y > -1 and p > 1 fall into the general framework studied by Ohnuma
and Sato in [21], which is an extension of the work of Barles and Georgelin [6] and Ishii and Souganidis [13]
on the viscosity solutions of singular/degenerate parabolic equations. We postpone the definition of viscosity
solutions of (1.2) to Section 5. For r > 0, by Q, we denote B, x (—r?, 0], where B, c R" is the ball of radius r
centered at the origin.

Theorem 1.1. Let u be a viscosity solution of (1.2) in Q1, where 1 < p < co and y € (-1, 0o). Then there exist
two constants a € (0, 1) and C > 0, both of which depend only on n, y, p and |lullL=(q,), Such that

IVullceq,,,) < C.

Also, the following Holder regularity in time holds:

[u(x, t) - u(x, s)| <C

sup 1+a)/(2-ay) — 77

(0,(05)eQus 1t =S|
Note that (1 + @)/(2 — ay) > %for everya >0andy > -1.

Our proof in this paper follows a similar structure as in [14], with some notable differences that we explain
below. We use non-divergence techniques in the context of viscosity solutions. The classical variational meth-
ods can only be used for y = p — 2, when the equation is in divergence form. Theorem 1.1 tells us that our
techniques are in some sense stronger when dealing with the regularity of scalar p-Laplacian-type equations.
The weakness of our methods (at least as of now) is that they are ineffective for systems.

The result in [14] has recently been extended to allow for a bounded right-hand side of the equation by
Attouchi and Parviainen in [1]. We have not explored the possibility of adding a right-hand side for arbitrary
values of the exponent «.

The greatest difficulty extending the result in [14] to Theorem 1.1 comes from the lack of uniform
ellipticity. When y = 0, equation (1.2) is a parabolic equation in non-divergence form with uniformly elliptic
coefficients (depending on the solution u). Because of this, in [14], we use the theory developed by Krylov and
Safonov, and other classical results, to get some basic uniform a priori estimates. This fact is no longer true
for other values of y. The first step in our proof is to obtain a Lipschitz modulus of continuity. That step uses
the uniform ellipticity very strongly in [14]. In this paper, we take a different approach using the method of
Ishii and Lions [12] (see also [11, Theorem 5]). Another step where the uniform ellipticity plays a strong role
is in a lemma which transfers an oscillation bound in space, for every fixed time, to a space-time oscillation.
In this paper, that is achieved through Lemmas 4.4 and 4.5, which are considerably more difficult than their
counterpart in [14]. Other, more minor, difficulties include the fact that the non-homogeneous right-hand
side forces us to work with a different scaling (see the definition of Q? by the beginning of Section 4).

In order to avoid some of the technical difficulties caused by the non-differentiability of viscosity solu-
tions, we first consider the regularized problem (1.3) below, and then obtain uniform estimates so that we
can pass to the limit in the end. For € € (0, 1), let u be smooth and satisfy

Ujlt;
deu = (|Vul® + 62)%(6,']' +(p- Z)W)MU. (1.3)

We are going to establish Lipschitz estimates and Holder gradient estimates for u, which will be independent
of € € (0, 1), in Sections 2, 3 and 4. Then, in Section 5, we recall the definition of viscosity solutions to (1.2)
as well as their several useful properties, and prove Theorem 1.1 via approximation arguments. This idea of
approximating the problem with a smoother one and proving uniform estimates is very standard.

2 Lipschitz estimates in the spatial variables

The proof of Lipschitz estimates in [14] for y = 0 is based on a calculation that |Vu/|? is a subsolution of a uni-
formly parabolic equation. We are not able to find a similar quantity for other nonzero y. The proof we give
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here is completely different. It makes use of the Ishii—Lions’ method [12]. However, we need to apply this
method twice: first we obtain log-Lipschitz estimates, and then use this log-Lipschitz estimates and the Ishii—
Lions’ method again to prove Lipschitz estimates. Moreover, the Lipschitz estimates holds for y > -2 instead
ofy > -1.

Lemma 2.1 (Log-Lipschitz estimate). Let u be a smooth solution of (1.3) in Q4 with y > -2 and ¢ € (0, 1).
Then there exist two positive constants L1 and L, depending only on n, p, y and |lullr~(q,) such that for every
(to, xo) € Q1 we have

L L L
u(t, x) ~ u(t,y) < Lilx - ylflogle —yI| + Z-lx = xol® + Sy — xol* + (¢ ~ to)?

forallt e [ty — 1, to] and x, y € B1(xp).
Proof. Without loss of generality, we assume xo = 0 and to = 0. It is sufficient to prove that
L L L
Mi=  max _fult0-u(t,y) - Lig(x -y - 2l - Sy’ - S}
-1<t<0, x,yeB1

is non-positive, where
—rlogr forre[0,e™!],

= [ b0,

forr>e .
We assume this is not true and we will exhibit a contradiction. In the rest of the proof, t € [-1, 0] and
X,y € By denote the points realizing the maximum defining M.
Since M > 0, we have

L
Lip(x—yl) + 72(|x|2 +1y1? + ) < 2lullzeo(0,)-

In particular,

2 0
P(5) < M where § = |aland a = x - y, 2.1)
1
and I
U700
I+ xl + Iyl < 6J""§% 2.2)

Hence, for L, large enough depending only on |ullz~(q,), we can ensure that ¢ € (-1,0] and x,y € B1. We
choose L? here and fix it for the rest of the proof. Thus, from now on L is a constant depending only on ||u| .
Choosing L, large, we can ensure that § (< e~2) is small enough to satisfy

P(6) = 26.

In this case, (2.1) implies
lullzo(q,)
§< — =4,
< I

Since t € [-1, 0] and x, y € B; realize the supremum defining M, we have that
Vu(t, x) = L1¢'(8)a + Lx,
Vu(t,y) = L1¢'(6)a - Lyy,

ue(t, x) = ue(t, y) = Lat,

V2u(t, x) 0 7 7z
(2 y)] = [—Z z ] Ll (2.3)
where ,
z-¢"®ava+ T -4ea) and a--L- XY
8 lal ~ x-yl

For z € R", we let
A(z) :1+(p_2)ﬂ
2|2 + €2’
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q=L1¢'(8)a, X = V>u(t, x) and Y = V2u(t, y). By evaluating the equation at (¢, x) and (¢, y), we have
Lyt < (Ig + Lox|? + €)2 Tr(A(q + Lox)X) - (Ig - LayI? + €2) Tr(A(q - Loy)Y). (2.4)

Whenever we write C in this proof, we denote a positive constant, large enough depending only on n, p, y
and |lullL~(q,), which may vary from line to line. Recall that we have already chosen L, above depending on
lullL only.

Note that |g| = L1|¢'(6)|. By choosing L; large enough, § will be small, |¢’(6)| will thus be large, and

|g| > L. In particular,
gl Iql

> <|q+Lyx| <2|ql and > <|q - Lyy| < 2|q|. (2.5)
From (2.3) and the fact that ¢"’(§) < 0, we have
!
X = V2u(t,x) < L1¢5(5)(I—a®a) + Lo,
¢'(6)

-Y = -Vu(t,y) <L, (I-a®a)+ Lol (2.6)

1)
Making use of (2.4), (2.5) and (2.6), we have

lg — Loyl + €2

Y
2
T AT 82) Tr(A(q - L2y)Y)

Tr(A(q + L2x)X) = (Iq + Lax|> + €2) 5 Lot + (

> —C(Iql_y +L4 ¢,é5) + 1).

Therefore, it follows from (2.6) and the ellipticity of A that

!
1X| < c(|q|—y + L 4’;5) + 1). 2.7)
Similarly,
!
Y] < c(|q|—y +L1@ + 1).
Let

B(z) = (12> + €)Y A(2).
We get from (2.4) and (2.2) the following inequality:
- C < Tr[B(q + Lox)X] - Tt[B(q - L,y)Y] < Ty + T, (2.8)
where
T1 =Tr[B(g-Lyy)(X-Y)] and T, =|X||B(q+Lyx)-B(q-Lyy).
We first estimate T,. Using successively (2.2), (2.5), (2.7) and the mean value theorem, we get
T, < CIXllgl ' |x +yl
< CIX|lgP*

Li¢'(6
< ¢(lgr + 2O )

Yy
< (i + D s 1), (2.9)

We now turn to T;. On the one hand, evaluating (2.3) with respect to a vector of the form (¢, ¢), for all
¢ e RY we have

(X -Y)&- & <2018 (2.10)

On the other hand, when we evaluate (2.3) with respect to (a, a), we get

X-Y)a-a<4Li¢"(6)+2L;. (2.11)
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Inequality (2.10) tells us that all eigenvalues of (X — Y) are bounded above by a constant C. Inequal-
ity (2.11) tells us that there is at least one eigenvalue that is less than the negative number 4L1¢" (6) + 2L,.
Because of the uniform ellipticity of A, we obtain

Ty < Clgl' (L1¢" (8) + 1).
In view of the estimates for T; and T,, we finally get from (2.8) that

v
-L19"(8)lq" < C(|q|y +lgit + % Flglt+ 1>,

or equivalently
-L1¢"(6) < C(l +lg ™ + % +lg™t + Iql‘y). (2.12)

Our purpose is to choose L; large in order to get a contradiction in (2.12).

Recall that we have the estimate § < C/L;. From our choice of ¢, we obtain ¢'(8) > 1 for § small and
-¢"(6) = § = cLy.

For L, sufficiently large, since y > -2,

L _ 1
CA+lg Y +1gl ™t +1gI™) < CA+ L]V + L7 + L) < gLZ < —§L1¢”(6).

The remaining term is handled because of the special form of the function ¢. We have

L 2C
_ L " 5 _ -t ==
197(8) 5 > 5
for L, sufficiently large.
Therefore, we reached a contradiction. The proof of this lemma is thereby completed. O

By letting t = to and y = xo in Lemma 2.1 and since (xq, t() is arbitrary, we have the following corollary.

Corollary 2.2. Let u be a smooth solution of (1.3) in Q4 withy > -2 and € € (0, 1). Then there exists a positive
constant C depending only onn, y, p and ||ullr~(q,) such that for every (t, x), (t,y) € Qs and |x - y| < %, we have

lu(t, x) — u(t, y)| < Clx - yl[log|x - yl|.

We shall make use of the above log-Lipschitz estimate and the Ishii—Lions method [12] again to prove the
following Lipschitz estimate.

Lemma 2.3 (Lipschitz estimate). Letu be asmooth solutionof (1.3)in Q, withy > -2 and € € (0, 1). Then there
exist two positive constants L1 and L, depending only on n, p, y and |[ullr~(q,) Such that for every (to, xo) € Q1
we have

L L L
u(t, x) - u(t,y) < Lilx -yl + ?le—xolz + fly—mz + 72(1‘— to)?
forallt e [to -1, to] and x, y € B1/4(xo).

Proof. The proof of this lemma follows the same computations as that of Lemma 2.1, but we make use of the
conclusion of Corollary 2.2 in order to improve our estimate.
Without loss of generality, we assume xo = 0 and ¢y = 0. As before, we define

— LZ 2 LZ 2 Lz 2
M := 43{;13%631{14(@@_u(t,y)_qumx-yD_ e £}

and prove that it is non-positive, where

1
r¥Yo forre [0, 1],

o(r) =

forr>1

for some yg € (3, 1).
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We assume this is not true in order to obtain a contradiction. In the remaining of the proof of the lemma,
te[-1,0land x,y € B, /4 denote the points realizing the maximum defining M.

For the same reasons as in the proof of Lemma 2.1, inequalities (2.1) and (2.2) also apply in this case.
Thus, we can use the same choice of L, depending on ||u||;~ only that ensures t € (-1, 0] and x, y € Bj.

From Corollary 2.2, we already know that u(¢t, x) — u(t, y) < C|x — y|[log|x — y||. Since M > 0,

L
Lig(Ix -yl + 72(IXI2 +1yl* + t*) < Clx - yl|log|x - yl|.
In particular, we obtain an improvement of (2.2):

5[log &
|t|+|x|+|y|sC\/ 'Lg 5
2

This gives us an upper bound for |x + y| that we can use to improve (2.9):

Y
1> < CIXllgl e+ vl < C(lgl + 95 +1g~1)Bilog a1

The estimate for T stays unchanged. Hence, (2.12) becomes

~11"(8) = (1 + \/sllogl(1g" + lal™ + 5 +1aI)).

Recall that |q| = L1¢'(6) > L1/2 and ¢ (8) = (yo — 1)67°. Then

L1867 < C(1+ 8llog81(1 + L7 + L7 + 871+ 1)),
The term +1 inside the innermost parenthesis is there just to ensure that the inequality holds both for y < 0
and y > 0. Recalling that 6§ < C/L1, we obtain an inequality in terms of L; only:

L7 <c(1+ Lo \log L1+ L + L7 4 Ly + 1)

Choosing L, large, we arrive at a contradiction given that 1+ yo > max(3, -1 - y) since yo > 3 and

y>-=2. 0
Again, by letting t = to and y = xo in Lemma 2.3 and since (xg, to) is arbitrary, we have the following corollary.

Corollary 2.4. Let u be a smooth solution of (1.3) in Q4 withy > -2 and € € (0, 1). Then there exists a positive
constant C depending only on n, y, p and |lullL~(q,) such that for every (¢, x), (t,y) € Qs and [x - y| < 1,

lu(t, x) —u(t,y)| < Clx - yl.

3 Holder estimates in the time variable

Using the Lipschitz continuity in x and a simple comparison argument, we show that the solution of (1.3) is
Holder continuous in t.

Lemma 3.1. Let u be a smooth solution of (1.3) in Q4 withy > -1 and € € (0, 1). Then there holds

u(t,x) —u(s, x
sup lu(t, x) 1/(2 )l <,
t#s, (t,x),(s,x)€Q; [t - s]

where C is a positive constant depending only on n, p, y and ||[ullr~(q,)

Remark 3.2. Deriving estimates in the time variable for estimates in the space variable by maximum principle
techniques is classical. As far as viscosity solutions are concerned, the reader is referred to [2, Lemma 9.1,
p. 317] for instance.
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Proof. Let§ = max(2, (2 +y)/(1 +y)). Weclaim that forall ¢, € [-1,0)and n > O thereexistL; > Oand L, > 0
such that
u(t, x) —u(to,0) <n+Ly(t—to) + Lo|x|f =: o(t,x) forall (t,x) € [to, 0] x By. (3.1)

We first choose L, > 2[Jullr(q,) such that (3.1) holds true for x € 0B;. We will next choose L, such that (3.1)
holds true for ¢ = ty. In this step, we shall use Corollary 2.4 to find that u is Lipschitz continuous with respect
to the spatial variables. From Corollary 2.4, [|[Vu|r~(q,) is bounded depending on |u|lz~(q,) only. It is enough
to choose

IVulzeo(gp Xl < 1 + Lo IxP,

which holds true if 5
 Wuliogg,
> —'1 1

We finally choose L; such that the function ¢(t, x) is a supersolution of an equation which u is a solution of.
Inequality (3.1) thus follows from the comparison principle. We use a slightly different equation depending
on whethery <Oory > 0.

Let us start with the case y < 0. In this case, we will prove that ¢ is a supersolution of the nonlinear
equation (1.3). That is,
PiP;j

2 INYES _
i - (€2 +1Vp)E (85 + (0 D ol

)q)i}' > 0. (32)
In order to ensure this inequality, we choose L1 so that

PiPj

2 2 2\%
Li> (0 = DIVQP D2l > (& + 199 ) (85 + (0 - 2) o

)oi-
We chose the exponent 8 so that when y < 0, |Vo|Y|D?¢| = CL}” for some constant C depending on n and y.
Thus, we must choose L; = CL%” in order to ensure (3.2).

Therefore, still for the case y < 0, = (2 + y)/(1 + y) and for any choice of > 0, using the comparison
principle, we have

u(t’ 0) - u(t()’ 0) <n+ C(Yl(l_ﬁ)||vu||€oo(03) + 2||U||L00(Q3) + S)Y+1(t - to)

y+2

_ 1
<n+Cn 1||Vu”Lm(Q3)|t —to| + C(||u||L00(Q3) + S)Y+ |t - tol.

y/2+1

Lot = tol1/2, it follows that for t € (¢, O],

By choosing n = ||Vu||

pacs 1
u(t, 0) - u(to, 0) < C(IVullLo(ay) 2 It - tol? + C(lullieo(ay) + €)1t — tol.

The lemma is then concluded in the case y < 0.
Let us now analyze the case y > 0. In this case, we prove that ¢ is a supersolution to a linear parabolic
equation whose coefficients depend on u. That is,

fc— (& +1Vul)E (85 + (0 - 2)

2+ [Vul? >(pij > 0

Since y > 0 and Vu is known to be bounded after Corollary 2.4, we can rewrite the equation assumption
as

¢ — aij(t, )@ > 0, (3.3)

where the coefficients ajj(¢, x) are bounded by
laij(t, x)| < C(g + [|Vullo(gy))” -
Since y > 0, we pick 8 = 2 and D?¢ is a constant multiple of L,. In particular, we ensure that (3.3) holds if

Ly > C( + [Vullze(gy )" La-
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Therefore, for the case y > 0, f = 2 and for any choice of n > 0, by using the comparison principle,

u(t, 0) — u(to, 0) <n + C(e + ”Vu"LO"(Qg))y(rl_l”Vu”%OO(Q3) + [ullzeo(gy) ) (E = to).

Choosing
N = (e + 1Vulog,) 7 (- to)?,
we obtain,
u(t, 0) - u(to, 0) < C(e + [Vulloay)) ™ (t ~ t0)? + C(e + IVt eo(a))! Nty (€ — o).
This finishes the proof for y > 0 as well. O

4 Holder estimates for the spatial gradients

In this section, we assume that y > -1, so that Corollary 2.4 and Lemma 3.1 hold, that is, the solution of (1.3)
in Q5 has uniform interior Lipschitz estimates in x and uniform interior Hélder estimates in ¢, both of which
are independent of € € (0, 1). For p, r > 0, we denote

Q; =B, x(-1%,0], Q) =B,x(-p7r%,0].

This same family of cylinders Q} was used in [8]. They are the natural ones that correspond to the two-
parameter family of scaling of the equation. Indeed, if u solves (1.3) in Q’,’ andweletv(x, t) = % u(rx, r-p't),

then
Vivj

_ 2 2 —2\%
ve(t, x) = (IVv]* + €°p )Z(AV+(p—2)W

Vi]') in Q1 .

If we choose p > [[Vul|r~(q,) + 1, we may assume that the solution of (1.3) satisfies [Vu| < 1in Q.

We are going to show that Vu is Holder continuous in space-time at the point (0, 0). The idea of the proof
in this step is similar to that in [14]. First we show that if the projection of Vu onto the direction e € $" 1 is
away from 1 in a positive portion of Q;, then Vu - e has improved oscillation in a smaller cylinder.

Lemma 4.1. Let u be a smooth solution of (1.3) with € € (0, 1) such that |Vu| < 1 in Qy. For every % <f<1
and pu > 0, there exists 11 € (0, %) depending only on u, n and there exist T, § > 0 depending only onn, p, y, u
and ¢ such that for arbitrary e € S™1 if

HO 6) € Qu: Vu-e < e} > plQil,

then
Vu-e<1-6 inQi?

and QX% c Q,.

Proof. Let
v qiq;j
aij(@) = (ar* +eh: (85 + -2, 5705 ), g€ R, (4.1)
and denote
aai]-
Aij,m = —aqm .

Differentiating (1.3) in xx, we have
(Uit = aij(ur)ij + aijmuij(Ui)m.

Then
(Vu-e-4€); = aij(Vu -e— e),-,- + a,-,-,mu,-,-(Vu -e—0Om,
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and for
v = |Vul?

we have
Vi = aijvij + Aij,mUijVm — 2a,~juk,~uk]~.

Forp = £, let
w=(Vu-e—-~€+plvVul?)’.

Then in the region Q, = {(x, t) € Q1 : w > 0} we have
Wt = QijWij + AijmUijWm — Zpaijukiuk,-.

Since [Vu| > £ in Q,, we have

cp,m, )t ify=o0,
|ajj,ml| <
cp,n, )t ify <o,

in Q,, where c(p, n, y) is a positive constant depending only on p, n and y. By the Cauchy-Schwarz inequality,
it follows that
we < aiwij + c1(8)[Vw]?  in Q.

where ,
C()e_y_ lfy >0,
c1(6) = w3
col” ify<o

for some constant ¢y > 0 depending only on p, y and n. Therefore, it satisfies in the viscosity sense that
we < @jwij + c1(8)lVw|*  in Qq,

where

_ aij(Vu(x)) ifxeQ,,
aij(x) =

0ij elsewhere.

Notice that since ¢ € (%, 1), the coefficient a;; is uniformly elliptic with ellipticity constants depending only
on p and y. We can choose c,(¢) > 0 depending only on p, y, n and ¢ such that if we let

W=1-¢+p

and
W= L1 enm)
Co ’

then we have
We = awi;  in Qq

in the viscosity sense. Since W > supg, w, we obtain w > 0 in Q1.
IfVu-e < ¢, thenw > (1 — e®2¢-1)/c,. Therefore, it follows from the assumption that

(1 _ecz(f—l))
> C—ZH > u|Qul.

H(x,t)eQ1:W_

By [14, Proposition 2.3], there exist 7; > 0 depending only on y and n, and v > 0 depending only on y, ¢,
n, y and p such that
W=V in Q.

Meanwhile, we have
<W-w.

g

This implies that
W-wz>=v inQq,.
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Therefore, we have
Vu-e+plVul? <1+p-v inQq,.

Since |Vu - e| < |Vu|, we have
Vu-e+p(Vu-e)2 <l+p-v inQq.
Therefore, remarking that v < 1 + p, we have

-1++1+4p1+p-v) <1-5

Vu-e<
u 2

in Qr,

for some § > 0 depending only on p, y, u, € and n. Finally, we can choose 7 = 71 if y < Oand 7 = 71(1 - 8)¥12
if y > 0 such that Q1% ¢ Qq,. O

Note that our choice of T and § above implies that
T< (1—6)% when y > 0.
In the rest of the paper, we will choose T even smaller such that
T<(1-8) forally > -1. (4.2)

This fact will be used in the proof of Theorem 4.8.

In case we can assume that Lemma 4.1 holds in all directions e € 0B, then it effectively implies a reduc-
tion in the oscillation of Vu in a smaller parabolic cylinder. If such an improvement of oscillation takes place
at all scales, it leads to the Holder continuity of Vu at (0, 0) by iteration and scaling. The following corollary
describes this favorable case in which the assumption of the previous lemma holds in all directions.

Corollary 4.2. Let u be a smooth solution of (1.3) with € € (0, 1) such that |Vu| < 1in Q1. Forevery0 < €< 1
and u > 0, there exist T € (0, %) depending only on u and n, and 6 > 0 depending only on n, p, y, u and ¢, such
that for every nonnegative integer k < log €/ log(1 - 6) if

(1-8)'

Ti

(1-6)'
i

{x, ) e Q :Vu-est’(l—&)’}] > u|Q | foralle e $"'andi=0,...,k, (4.3)

then

Vul < 18 in Q2" foralli=o, ..., k.

Remark 4.3. Note that we can further impose on § that § < % andd<1-T7.

Proof. When i = 0, it follows from Lemma 4.1 that Vu-e < 1 - § in Q; for all e € $"~1. This implies that
[Vu| < 1-6in QL9.
Suppose this corollary holds fori = 0, ..., k — 1. We are going prove it for i = k. Let

= k,2k1—6_kyt.
v(x, t) Tk(1—5)ku(T x, T7( ) )
Then v satisfies
2 Y
_ 2 8— 7 B Vivj . .
Ve = (IVvI + - 5)2k) (Av+ (p 2)|Vv|2 pySToR 8)—2"‘/1]) in Q;.

By the induction hypothesis, we also know that |Vv| < 1 in Q, and
[{, ) € Q1 : Vv-e <€} >ulQi| forallees™? .
Notice that € < (1 — 8)X. Therefore, by Lemma 4.1 we have
Vv.e<1-6 inQlPforallees™.

Hence, [Vv| < 1 - § in Q1. Consequently,

(175)k+1
Th+1

Vul < (1 -8 inQ
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Unless Vu(0, 0) = 0, the above iteration will inevitably stop at some step. There will be a first value of k where
the assumptions of Corollary 4.2 do not hold in some direction e € $"~1. This means that Vu is close to some
fixed vector in a large portion of Q(le"s)k. We then prove that u is close to some linear function, from which the
Holder continuity of Vu will follow by applying a result from [25].

Having Vu close to a vector e for most points tells us that for every fixed time ¢ the function u(x, t) will be
approximately linear. However, it does not say anything about how u varies with respect to time. We must use
the equation in order to prove that the function u(x, t) will be close to some linear function uniformly in ¢.
This is the main purpose of the following set of lemmas.

Lemma &4.4. Let u € C(Q;) be a smooth solution of (1.3) withy > -1 and € € (0, 1) such that |Vu| < M in Q.
Let A be a positive constant. Assume that for all t € [-1, 0] we have

oscp, u(-,t) <A.

Then
CA ify =0,

0SCq, U < L )
CA+A™) if-1<y<0,

where C is a positive constant depending only on M, y, p and the dimension n.

Proof. When y > 0, for the a;j in (4.1) we have |a;| < A := (M? + 1)¥2 max(p - 1, 1), and therefore the con-
clusion follows from the same proof of [14, Lemma 4.3].
When y € (-1, 0), we choose different comparison functions from [14]. Let

W(x, t) =a+ At + 2A|x ],
w(x, t) = a- AA™t - 2A|x|P,

where f=(2+y)/(1+y) and A is to be fixed later. As far as a and a are concerned, a is chosen so that
w(-,-1)>u(-,-1)inBy and w(x, -1) = u(x, -1) forsome x € §1,andgischosensothatv_v(-,—1) <u(-,-1)
in B; and w(x, -1) = u(x, —-1) for some x € B;. This implies that

a-a=u(x-1)-u(x,-1)+2AA"™ - 2A|x|* - 2A|x|> < A + 2AA™Y,

Notice that 8 > 2 since y € (-1, 0). We now remark that if A is chosen as A = (28)Y*1(B — 1)pn? + 1, then
the first inequality

Y
2

AA™Y < (QABIXIFY)? + €2)7 - pn? - 2AB(B - DIxIF? < (2B)*(B - 1)pnA™Y

(we used that y < 0) cannot hold true for x € B;. This implies that w is a strict supersolution of the equation
satisfied by u. Similarly, w is a strict subsolution.
We claim that
w>u inQq and w<u inQj.

We only justify the first inequality since we can proceed similarly to get the second one. Suppose that the first
inequality is false. Let m = —infg, (W — u) > 0 and (xo, to) € Q1 be such that m = u(xo, to) — W(xo, to). Then
w+m > uin Q1 and w(xo, to) + m = u(xp, to). By the choice of @, we know that ¢ty > —1. If xg € 0By, then

2A = (W(xo, to) + m) — (W(0, to) + m) < u(xo, to) — u(0, ty) < oscp, u(-, to) < A,

which is impossible. Therefore, xo € B;. But this is not possible since w is a strict supersolution of the equa-
tion satisfied by u. This proves the claim.
Therefore, we have

oscolussupW—igfws&—g+ 4A = 20AY! 4 5A. O
Q 1
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Lemma 4.5. Let u € C(Q1) be a smooth solution of (1.3) withy € Rand € € (0,1). Lete € $" 1 and 0 < 6 < %.
Assume that for all t € [-1, 0] we have

0SCxep, (U(X, t) —x - €) < 8.

Then
08C(x,t)eq, (U(X, t) — X - €) < C6,

where C is a positive constant depending only on y, p and the dimension n.
Proof. Let
Wx,t) =a+x-e+ A8t +268|x|%,
wx,t)=a+x-e—- Aot - 26|x1?,
where A > 0 will be fixed later, a is chosen so that w(-, -1) > u(-, —1) in By and w(x, —1) = u(x, —1) for some
X € By, and aischosensothat w(-,-1) < u(-,-1)in B; and w(x, —1) = u(x, —1) forsome x ¢ B;.This implies

that
a-a=ux,-1)-x-e—-(ux,-1)—x-e)+2A8 — 26|x|> - 26|x|*> < 2A + 1)6.

For every x € Biandt € [-1, 0], since 8 < %, we have

_ 1
[Vw(x, t)| = |e| - 461x| = 5 [Vw(x, t)| = |e| - 46|x| =

N~

Similarly, |[Vw(x, t)| < % and [Vw(x, t)| < % Therefore, using the notation from (4.1), there is a constant Ag
(depending on p and y) so that

aij(Vw(x, t)) < Aol and a;j(Vw(x, t)) < Aol
We choose A = 5nAq. We claim that
w>u inQq and w<u inQ;.

We only justify the first inequality since we can proceed similarly to get the second one. Suppose that the first
inequality is false. Let m = —infg, (W — u) > 0 and (xo, tp) € Q1 be such that m = u(xo, to) - w(xo, to). Then
W+ m > uin Q1 and W(xo, tp) + m = u(xop, tp). By the choice of a, we know that ¢ty > —1. If xg € 0B1, then
26 = (W(xq, tg) + m) — xg - e — (W(0, tp) + m)
< u(Xo, to) —Xo-'€— U(O, t())
< 0SCxep, (U(X, to) — X - €)
<4,

which is impossible. Hence, xo € B;. Therefore, we have the classical relations

u(xo, to) = w(xo, to) + m,
Vu(xo, to) = VW(xo, to) € B32 \ B1)2,
D?u(xo, to) < D*W(xo, to) = 461,
otu(xo, to) = 0wW(xg, to) = Ab.

It follows that
ut(xo, to) — a;j(Vu(xo, to))oiju(xo, to) = We(Xo, to) — aij(Vw(xo, to))0iW(xo, to) > 0,

which is a contradiction. This proves the claim.
Therefore, we have

0SC(x,t)eq, (U(X, t) =X -e) <sup(W—-x-e) — igf(w -x-e)<sa-a+46=2A+5)A. O
1 1
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Lemma 4.6. Let 1 be a positive constant and let u be a smooth solution of (1.3) withy > -1 and € € (0, 1) such
that |Vu| < 1in Q4. Assume
[{x, ) € Q1 : [Vu—-e| > eo}| < &4

for some e € $""! and two positive constants €g, £1. Then if €y and &1 are sufficiently small, there exists a
constant a € R such that
lu(x,t)—a-e-x|<n forall(x,t) e Q2.

Here, both €y and €, depend only on n, p, y and 1.

Proof. Let
f(t) := |{x € By : [Vu(x, t) — e| > &o}|.

By the assumptions and Fubini’s theorem, we have that j_ 1 fltydt < e1.ForE := {t € (-1, 0) : f(t) > +/e1}, we
obtain

0
1

Therefore, forall ¢t € (-1, 0] \ E with |E| < \/ﬁwe have

|{x € By : [Vu(x, t) — e| > go}| < Ver. (4.4)

It follows from (4.4) and Morrey’s inequality that for all t € (-1, 0] \ E we have

0scp,, (U(-, t) —e-x) < C(n)[|Vu - e|lgans,) < C(n)(eo + &), (4.5)

where C(n) > 0 depends only on n.
Meanwhile, since [Vu| < 1 in Q;, we have that oscp, u(-, t) <2 for all t € (-1, 0]. Therefore, applying
Lemma 4.4, we have that oscg, u < C for some constant C. Note that u(¢, x) — u(0, 0) also satisfies (1.3) and

lu(t, x) — u(0, 0)lLo(q,) < 0sCq, U < C.

By applying Lemma 3.1 to u(t, x) — u(0, 0), we have

u(t,x) —u(s,x
sup —l (&, x) 1/(2 ) <C.
t£s, (t,x),(s,x)€Q; |t —s|

Therefore, by (4.5) and the fact that |E| < /e we obtain

1 1
oscp,,(u(-,t)—e-x) < C(eo +&{" + &)

forallt € 0] (that is, including t € E). If £g and &, are sufficiently small, we obtain from Lemma 4.5 that

1 1
oscq,,(u—e-x) < Cleo +&{" +¢7).
Hence, if £y and &, are sufficiently small, there exists a constant a € R such that
lu(t,x)—a—-e-x|<n forall(x,t) € Q. O

Theorem 4.7 (Regularity of small perturbation solutions). Let u be a smooth solution of (1.3) in Q. For each
B € (0, 1), there exist two positive constants n (small) and C (large), both of which depend only on B, n, y and
D, such that if lu(x, t) — L(x)| < n in Q; for some linear function L of x satisfying % < |VL| < 2, then

lu - L"CZ’B(QUZ) <C.

Proof. Since L is a solution of (1.3), the conclusion follows from [25, Corollary 1.2]. O

Now we are ready to prove the following Holder gradient estimate.
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Theorem 4.8. Let u be a smooth solution of (1.3) withe € (0, 1) andy > —1 such that |Vu| < 1in Q1. Then there
exist two positive constants a and C depending only on n, y and p such that

IVu(x, t) = Vu(y, s)| < C(Ix — y|* + |t — s|7)
for all (x, t), (y, S) € Q2. Also, there holds
lu(x, £) - u(x, s)| < Clt - s|7%

forall (x,t), (x,s) € Q12-

Proof. We first show the Holder estimate of Vu at (0, 0) and the Holder estimate in t at (0, 0).
Let i be the one from Theorem 4.7 with § = %, and for this n let £, £1 be two sufficiently small positive
constants so that the conclusion of Lemma 4.6 holds. For £ = 1 — s(z) /2and y = €1/|Qq] if

[{(x,) € Q1 : Vu-e < e}| <ulQi| foranyee S,

then
[{(x, ) € Q1 : [Vu—e| > eo}| < €1.

This is because if |Vu(x, t) — e| > &g for some (x, t) € Q1, then
IVul? - 2Vu-e+ 12 &},

Since |Vu| < 1, we have
2

€0
Vu-e<1- >
Therefore, if £ = 1 — s%/z and p = £1/]Q1], then
{(x,t) e Q1 : |[Vu-e| > e} c{(x,t) € Q1 : Vu-e < ¢}, (4.6)

from which it follows that
[{x,t) € Q1 : [Vu—-e| > eo}| < [{(x,t) € Q1 : Vu-e < €}| < pulQi] < &;1.

Let 7 and 6 be the constants from Corollary 4.2. We denote by [log e/log(1 — §)] the integer part of
log e/1log(1 — 6). Let k be either [log £/log(1 — §)] or the minimum nonnegative integer such that condition

(4.3) does not hold, whichever is smaller. Then it follows from Corollary 4.2 that for all ¢ =0, 1, ..., k we
have ,
IVu(x, O] < (1-6)° inQi™.
Then for , "
0 eQi QY
we obtain
IVu(x, )| < (1 - 8) < C(Ix|* + [t|7=),
where L loe(1 _ §
C [, and a= M.
1-6 logt
Thus, .
_a . _ +1
IVu(x, ) - gl < C(IxI* +1¢]77) in Q1 \ Q4. (4.7)

for every g € R" such that |g| < (1 - 8)k. Note that when y = 0, it follows from (4.2) that

a

2 - 0 d
ay >0 an > ay

1
<=
2
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For¢=0,1,...,k,let

Up(x, t) = u(ttx, 26(1 - 6)™%¢). (4.8)

T¢(1 - 6)¢
Then |Vue(x, t)] < 1in Qq, and

aiugajug
IVue|? + €2(1 - 6)-2¢

dite = (IVuel + €2(1 - 8) )% (8+ (p - 2) )osue in Qi (4.9)

Notice that £2(1 — 6)72¢ < £2(1 — §)2k < 1. By Lemma 4.4, we have
0scq, Ue < C,

and thus
0SC -5 U < cté(1-6)°. (4.10)

¢
Let v = ug.
Case 1: k = [loge/log(1 - 8)]. Then we have (1- 8K <e<(1-8k andthus 3 <1-6<e(1-6)F<1.
Therefore, when ¢ = k, equation (4.9) is a uniformly parabolic quasilinear equation with smooth and

bounded coefficients. By the standard quasilinear parabolic equation theory (see, e.g., [17, Theorem 4.4,
p. 560]) and Schauder estimates, there exists b € R", |b| < 1, such that

IVV(x, ) = bl < C(x| +[t12) < C(IXI* + [t177) in QX% ¢ Quy4

and
10v| < C in QX c Qi

a

where C > 0 depends only on y, p and n, and we used that < % Rescaling back, we have

2-ay
Vu(x, ) = (1 - 8)b| < C(IxI* + 1t177) in QLY (4.11)
and .
+1
[u(x, t) — u(x, 0)] < Ct%(1 = 6)x¥* V¢ in Q1Y (4.12)

Th+1

Then we can conclude from (4.7) and (4.11) that
Vu(x, ) - gl < C(IXI* + [t175) i Qu2,
where C > 0 depends only on y, p and n. From (4.12) we obtain that for |¢| < T2™(1 - §)™™ withm > k + 1,
[u(0, ) - u(0, 0) < CT™X(1 - H*H2M(1 - 6™ < CT™(1 - 6)™, (4.13)

where in the last inequality we have used (4.2). From (4.10) and (4.13) we have

lu(0, t) - u(0, 0)| < Ct|f
forall t € (-1, 0], where B is chosen such that

7(1-6) = (12(1 - §) )b,

That is,
1+a

B=5—2 (4.14)

Note that B > 3 if y > -2.
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Case 2: k < [loge/log(1 - 6)]. Then
[{x, t) € Q(le_ﬁ)k :Vu-e<e(1- S)k}| < y|QS(_6)k| for some e € $*°1.

Also, ,
IVu| < (1-6) in Q(Tl[‘s) foralle=0,1,...,k.

Recall v = uy as defined in (4.8), which satisfies (4.9) with € = k. Then |[Vv| < 1in Q4, and
[{x,t) € Q1 : Vv-e <€} <ulQi| forsomee e S" 1.
Consequently, using (4.6), we get
{(x, ) € Q1 : Vv —e| > go}| < €1.
It follows from Lemma 4.6 that there exists a € R such that
lv(x,t)—a-e-x|<n forall (x,t) € Q).
By Theorem 4.7, there exists b € R" such that
IVv - b| < C(Ix| + V|t]) forall (x, t) € Q1% c Q14

and
10¢vl < C in QL c Quys.

Rescaling back, we have

Vu(x, ) - (1 - 8 b| < C(IxI* + [(177) in Q0"
and .
lu(x, t) - u(x, 0)| < Ct ¥ (1 - & Vg in Q'Y

Together with (4.7) and (4.10), we can conclude as in case 1 that
IVu(x, ) - gl < C(IXI® +1]79) in Qyja

and
[u(0, t) - u(0, 0)| < Clt|?

forallt e —%, 0], where C > 0 depends only on y, p and n.
In conclusion, we have proved that there exist g € R" with |g| < 1, and two positive constants a« and C

depending only on y, p and n such that

IVu(x, t) - ql < C(Ix|* + [t|=@)  forall (x, ) € Q1>
/

and 1
[u(0, t) — u(0,0)| < Clt|f¥ forte (—Z,O],

where B is given in (4.14). Then the conclusion follows from standard translation arguments. O

5 Approximation

As mentioned in the introduction, the viscosity solutions to

ur = |[Vul(Au + (p - 2)IVul?ujujui)  in Q (5.1)
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with y > -1 and p > 1 fall into the general framework studied by Ohnuma and Sato in [21], which is an
extension of the work of Barles and Georgelin [6] and Ishii and Souganidis [13] on the viscosity solutions of
singular/degenerate parabolic equations. Let us recall from [21] the definition of viscosity solutions to (5.1).
We denote
F(Vu, V2u) = |[Vul(Au + (p - 2)|Vul % uiujus).

Let F be the set of functions f € C%([0, 00)) satisfying
f0)=f(©) =f"0)=0, f'(r>0 forallr>0

and
lim F(Vg(x),V’g(x)) = lim F(-Vg(x),-V?g(x)) =0, where g(x) = f(|x]).
|x]—0, x+0 |x]—0, x+0
This set F is not empty when y > -1 and p > 1 since f(r) = B e F for any S > max((y + 2)/(y + 1), 2). More-
over, if f € F, then Af € FforallA > 0.

Because equation (5.1) may be singular or degenerate, one needs to choose the test functions prop-
erly when defining viscosity solutions. A function ¢ € C?2(Q;) is admissible, which is denoted as ¢ € A, if
for every 2 = (%, t) € Q1 such that V@(2) = 0 there exist § > 0, f € F and w € C([0, c0)) satisfying w > 0 and

w(r)

lim, ,o =~ = Osuch thatforall z = (x, t) € Q1, |z - 2| < §, we have

lp(2) - @(2) - @e(D)(t - B)] < fllx - X)) + w(|t - T)).

Definition 5.1. An upper (resp. lower) semi-continuous function u in Q; is called a viscosity subsolution
(resp. supersolution) of (5.1) if for every admissible ¢ € C?>(Q1) such that u — ¢ has a local maximum (resp.
minimum) at (xg, tg) € Q1, the following conditions hold:

¢ < (resp. 2) [Vol'(Ap + (p - 2)IVe| 2 @ipjpi)  at (Xo, to) when Vo(xo, to) # 0

and
@¢ < (resp. =)0 at (xo, to) when Vo(xo, to) = 0.

A function u € C(Q1) is called a viscosity solution of (1.1), if it is both a viscosity subsolution and a vis-
cosity supersolution.

We shall use two properties about the viscosity solutions defined above. The first one is the comparison
principle for (5.1), which is [21, Theorem 3.1].

Theorem 5.2 (Comparison principle). Let u and v be a viscosity subsolution and a viscosity supersolution
of (5.1) in Q1, respectively. If u < von 0,Q1, thenu < vin Q1.

The second one is the stability of viscosity solutions of (5.1), which is an application of [21, Theorem 6.1]. Its
application to equation (5.1) with y = 0and 1 < p < 2 is given in [21, Proposition 6.2] with detailed proof. It
is elementary to check that it applies to (5.1) forall y > -1 and all p > 1 (which was also pointed out in [21]).

Theorem 5.3 (Stability). Let {uy} be a sequence of bounded viscosity subsolutions of (1.3) in Q with gx >0
such that g — 0 and uy converges locally uniformly to u in Q1. Then u is a viscosity subsolution of (5.1) in Q1.

Now we shall use the solution of (1.3) to approximate the solution of (5.1). Since p > 1, the following lemma
ensues from classical quasilinear equations theory (see, e.g., [17, Theorem 4.4, p. 560]) and the Schauder
estimates.

Lemma 5.4. Letg € C(0pQ1). For € > 0, there exists a unique solution u® € C*(Q1) N C(Q1) of (1.3)withp > 1
andy € R such that u® = g on 0,Q1.

The last ingredient we need in the proof of Theorem 1.1 is the following continuity estimate up to the bound-
ary for the solutions of (1.3). Its proof is given in Appendix A. For two real numbers a and b, we denote
aVv b =max(a, b)and a A b = min(a, b).
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Theorem 5.5 (Boundary estimates). Let u € C(Q1) N C*®(Q1) be a solution of (1.3) withy > -1 and € € (0, 1).
Let ¢ := uly,q, and let p be a modulus of continuity of ¢. Then there exists another modulus of continuity p*
depending only onn, y, p, p and || ¢|lL=(o,q,) Such that

[u(x, t) —u(y, s)l < p*(Ix -yl v V[t =sl)

forall (x, t), (y, s) € Q1.

Proof of Theorem 1.1. Given Theorem 4.8, Theorem 5.2, Theorem 5.3, Lemma 5.4 and Theorem 5.5, the proof
of Theorem 1.1 is identical to that of [14, Theorem 1]. O

A Proof of Theorem 5.5

We will adapt some arguments in [7] to prove Theorem 5.5. In the following, ¢ denotes some positive constant
depending only on n, y and p, which may vary from line to line. Denote

2.4 2, 2\ s a Uil 3
Fe(Vit, V) = (Vul? + )5 (85 + (0 = 20 i

Lemma A.1. For every z € 0By, there exists a function W, ¢ C(B1) such that W,(z) =0 and W, > 0in By \ {z},
and
Fe(VW,, V2W,) < -1 inBj.

Proof. Letz € 0By. Let f(r) = +/(r — 1)* and w,(x) = f(]x — 2z|). Then for x € B; we have

Fe(Vw,, V2 w,) = (f"? +€2)%<(1 +(p-2) f? )f" L ! f’).

> +e2 Ix — 22|

Then there exists § > 0 depending only on n, y and p such that for x € B; N B1,5(2z) we have
Fe(Vwg, V2w,) < —1.

For
2n

0=————+2 and a>0,
min(p -1, 1)

let 1
— o_ _ -
G(0) = a(2 TESPT )-
Then G,(x) > a(2% — 1) in B1. Also, for r = |[x — 2z| and x € B; we have
(p - 2)0?

20— Y
Fe(VGy, VZGZ) = a(Uzr 2072 4 82)2 ((1 + 02 + £2y20+2

Jo=o = Dro2 + (n-1)or°2)

a - 20— v
S_Eo.r o Z(O.Zr 20 2+82)2

_ g 37020+l ify > 0,
a__ s, 2 5 i
_53 (6 +1)20 ify<0,

where in the first inequality we used the choice of o. Then we choose a such that

1 5
a(2”- 1+ 6|0) - \ji'

Since w,(z) = 0 and G,(z) > 0, the function

G,(x forx € By, [x-2z| >1+386,
Wz(x)={ 2(X) 1, | |

min(G,(x), w,(x)) forx e By, |x—2z|<1+86,
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agrees with w, in a neighborhood of z (relative to B3). Also, because of the choice of a, the function W, agrees
with G, when x € B; and |x - 2z| > 1 + & for some § € (0, ). Moreover,

Fo(VW,, V2W,) < -k

for some constant k > 0 depending only on n, y and p. By multiplying a large positive constant to W,, we
finish the proof of this lemma. O

Lemma A.2. Forevery (z, T) € 0,Q1, there exists W, ; € C(Q4) such that W;,(z,7)=0, W, >0in Q1 \{(z, 1)}
and
OtWyr —Fe(VW, £, V2 W,7z)=1 inQq.

Proof. Fort > -1 and x € 0By,

N2
Wer(x, t) = -7

+2W,
is a desired function, where W, is the one from Lemma A.1. For 7 = -1 and x € By, we let

W,o(x,t) = A(t + 1) + |x — z|F,

where y+2
= ,2 ).
B max( v+l )
If we choose A > 0 large, which depends only on n, y and p, then W . will be a desired function. O

For two real numbers a and b, we denote a vV b = max(a, b) and a A b = min(a, b).

Theorem A.3. Letu € C(Q1) N C®(Q1) be a solution of (1.3) withy > -1 and ¢ € (0, 1). Let ¢ := ulo,q, andlet
p be a modulus of continuity of ¢. Then there exists another modulus of continuity p* depending only onn, y, p
and p such that

lulx, ) —uly, s)l < pIx -yl v [t -s|)

forall (x, t) € Q; and (y, s) € 9,Q;.
Proof. For every x > 0 and (z, T) € 9,Q1, let
Wiz,e(X, 8) = (2, T) + K + My W22 (x, 1),
where M, > 0 is chosen so that
Oz, T)+k+ MW, :(y,5) > @(y,s) forall(y,s) € 0,Q;.
Indeed,

. z-y|Vv|T=5s])-Kx)"
My = inf (p(lz-yl VI ) —x)
(1,9)€0,Q1, (1,9)%(z,T) W (y,s)

would suffice, and is independent of the choice of (z, 7). Finally, let

W(x, t) = inf Wy z,r(x, t).

1>0, (2,1)€0,Q

Note that for every x > O and (z, T) € 0,Q1,

W, t) — p(z, T) < Wy z (X, t) — (2, T)
<K+ MW, (X, t)
<K+ M(Wyo(x,t) = Wy (2, 7))

<K+ Mew(z-x|V|T-t]),
where w is the modulus of continuity for W , which is evidently independent of (z, 7). Let

p(r) = inf(x + Myxw(r))
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for all r = 0. Then p is a modulus of continuity, and
W, t)- @z, 1) <p(lz—x|vIT—t]) forall(x,t) e Q1, (z,7) € 0pQ1.

By Lemma A.2, Wy, ; is a supersolution of (1.3) for every k > 0 and (z, T) € 9,Q1, and therefore W is also
a supersolution of (1.3). By the comparison principle,

ux, t) -z, 1) < W, t) - o(z, 7) < p(lz - x| V[T - t])

forall (x, t) € Q; and (z, 7) € 0,Q;.
Similarly, one can show that u(x, t) - ¢(z, 1) = -p(lz— x| v|T - t|) for all (x, t) € Qq and (z,7) € 0pQ1.
This finishes the proof of this theorem. O

Proof of Theorem 5.5. By the maximum principle, we have that

M = |lulle(q,) = l@llLe(,0,)-

Let (x, t), (¥, S) € Q1, and assume that t > s. Let xo be such that |[x — xg| = 1 — |x| = r. Let p be the one from the
conclusion of Theorem A.3. Without loss of generality, we may assume that 2M + 2 > p(r) > rforall r € [0, 2]
(e.g., replacing p(r) by p(r) + r),and p(r) < 2M + 2 forall r > 2.

In the following, if y € (-1, 0), then we will assume first that

M +2)7 <1,

and will deal with the other situation in the end of this proof. Under the above assumption, we have that
Y (E2r) 7Y < r?Y(2M +2)7Y < rwheny <0, and r>* (5(2r)) 7Y < r?Y(p(r)) Y < r? < rwheny > 0. Thus, for
all y > -1 we have

rPYERn)Y <.
We will deal with the situation that y € (-1, 0) and r'*Y(2M + 2)7¥ > 1 at the very end of the proof.
Case 1: r*?Y(p(2r) Y <1+ t. Ifly— x| < J and [s — t| < r**Y(p(2r))"Y /4, then we do a scaling:

u(rz +x, r’*@EQR2r) 71+ t) - u(xo, t)

V1) = pan

Then
Vivj

_ 2, 02225090 -2\5 (s
ve = (|VV|® + €°1r°p(2r) )2(511 + (p_2)|Vu|2 +2r2p(2r)2

)u,-j in Ql.

Notice that er/p(2r) < er/p(r) < € < 1 and r**Y(p(2r))”Y < r. Thus, |v(z, 1)| < 1 for (z, 7) € Q;. By applying
Corollary 2.4 and Lemma 3.1 to v and rescaling to u, there exists a > 0 depending only on y such that v is C*
in (x, t), and there exists C > 0 depending only on n, y and p such that

0y, )~ utx, 9l < cpn
and «
lu(x, t) - u(x, s)| < Cp(2r) 4 |rta(_2f)|/) ’
Therefore,
(v, s) - u(x, B) < Cp2n ;a)"a + Cp2r T+ |:a(_2f)|/(:'

Since |y — x| < % and |s — t| < 7Y (p2r) /4 < %, we have 27 1r < |x — y| V |t — 5| < 27™r for some integer
m > 1. Then

2™ 2(Ix —y| V|t = s])) Cﬁ(Z’”*z(IX -yl V|t st
Jma + 2maypa(l+y)
- Cf)(Z””z(IX -y VIt =s])+pR™A(Ix - y| v |t —s[)+

2le

u(y, s) - utx, )] < 24
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Notice that

A 2m+2 A 2m+2 1+ay
Supp( r)+lr)n(a ) —0 asr—0.
m=1 2

Therefore, we can choose a modulus of continuity p; such that

p(2m+2r) + p(2m+2r)1+ay
Jma

p1(r) = Csup forallr > 0,

m>1
and we have
[u(y, s) — u(x, )l < p1(Ix =yl v [t = s]).

If|ly - x| = £, then

lu(x, t) — u(y, s)| < u(x, t) — u(xo, )] + [u(xo, t) — u(y, s)|
<p) +p(xo -yl VIt -sl)
<pQx—-ylvit-sh)+pllx-yl+1)V|t-s])
<pQ(x-ylvit-s))+pBx -yl Vv|t-s])
<2pB(x -yl V|t -s)).
If |x -yl < 2 and |s - t| > r**Y(p(2r))™" /4, then
<47 (2M+2)%|s - 1|77
wheny > 0, and r < 2|s - t|*/? when y < 0. Then one can show similar to the above that

lu(x, 6) - u(y, s)| < 2p(c(lx ~yl v [t = |3 Vs - (7))
<palx—ylvIt-sl),
where p,(r) = 2p(crt/?) or p,(r) = 2p(cr'/?+Y) depending on whether y > 0 or y < 0 is a modulus of conti-

nuity, c is a positive constant depending only on M and y.
This finishes the proof in this first case.

Case 2: r’**(p(2r)) ¥ =1 +t. Then let A = /|t + 1| when y >0, and A = 2M + 2)Y/@™)|t + 1|V/C+) when
y € (-1, 0). Then one can check that A < r.
Ifly - x| < 4 and |s - t| < A2V (B(2A))7 /4, let

u(Az + x, A2 (PRA) YT + t) — u(xo, t)
p2A)

v(z, T) = for (z, 7) € Q1.

Then

Vivj
[Vul? + £2A2p(21)~2
Notice that A2*Y(p(24))Y <A? <A when y >0, and A>*(5(21))7 < Ar™*Y(5(2r))™Y <A when y € (-1, 0).
Thus, |v(z, 7)| < 1 for (z, T) € Q1. Also, eA/p(2A) < eA/p(A) < € < 1. Then, by arguments similar to the ones
in case 1, we have

ve = (IVv2 + £2r2p 02 (85 + (p - 2) Juiy in Qi

[u(y, s) —ulx, ) < pa(lx -yl v |t - s}).
If ly — x| > %, then |t + 1| < c(Jx - y|? V [x = y|**Y) < c|x - y| for some ¢ > 0 depending only on M and y.
Therefore,
[u(x, t) —u(y, s)| < lu(x, ) —ulx, =] + |u(x, -1) - u(y, s)l
<p(t+1)+p(x -yl vI1+s])
<plelx—yD+p(lx-yhVvI1+t])
<ple(x=ylvit=s))+plclx -yl VvIt-s])
=2p(c(Ix =yl v |t -sl)
< pa(lx -yl V[t - s]).
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If x -yl < 4 and |s - t| > A2*(p(21))"Y /4, then

A< 479 (2M +2)77 |s — t| 7

when y > 0, and A < 2|s — t|'/2 when y < 0. Then one can show similar to the above that
lu(x, t) = u(y, s)| < lu(x, t) —u(x, =1)| + |u(x, 1) — u(y, s)|
<p(t+1D)+p(x -yl VIl +s])
2 24y, ~

<p(c(ls 177 VIs—£72)) + p(x —y) V1 +t)
<p
<pa(lx—ylvIt-s).

cls — 177 Vs — 1)) + plc(ls ~ 177 v Is ~ t]}))

This finishes the proof in this second case.

In the end, we deal with the situation that y € (-1, 0) and r'*Y(2M + 2)¥ > 1. Then we have r > ¢ for
c=(2M + 2)Y/0+) Let
Y 1
A=Q2M+2)77 |t + 1|z,

There exists u > 0 depending only on M and y such that if |t + 1| < u, then A < ¢, ¢**(p(2¢))¥ > 1 + t and
AYY(2M +2)7Y < 1. Then, for t < -1 + p, the same arguments as in case 2 work without any change.
Now the final case left is that (x, t) € By_¢ x [-1 + U, 0]. Then we only need to consider that

(¥,8) € B1¢2 % [—1 + g, 0]-
It follows from Corollary 2.4 and Lemma 3.1 that there exists a modulus of continuity p depending only on
n, y, p and M such that

[u(x, t) —u(y, s)l < p(Ix =yl v |t - s|).

This finishes the final situation.
Then p*(r) := p1(r) + p2(r) + p(r) is a desired modulus of continuity. The proof of this theorem is thereby
completed. 0
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