Adv. Nonlinear Anal. 2019; 8: 694-706 DE GRUYTER

Research Article

Gurpreet Singh*
Nonlocal perturbations of the fractional

Choquard equation

https://doi.org/10.1515/anona-2017-0126
Received May 30, 2017; accepted June 19, 2017

Abstract: We study the equation
(=AY u + VOOu = (I * [ulP)|ulP~?u + Al * [u|Dul%u  inRY,

where I, (x) = |x|7¥ forany y € (0, N), p,q > 0, a, B € (0, N), N > 3, and A € R. First, the existence of ground-
state solutions by using a minimization method on the associated Nehari manifold is obtained. Next, the
existence of least energy sign-changing solutions is investigated by considering the Nehari nodal set.
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1 Introduction

In this paper, we are concerned with the equation
(=AY u + VOOu = (I * [ulP)ulP~?u + Adg + W|Dul%u  inRY, (1.1)

where p,q >0, a, B € (0,N), N > 3, and A € R. Here I, stands for the Riesz potential of order y defined as
I, = |x]""N forany y € (0, N).

The operator (—A)S is the fractional Laplace operator of order s € (0, 1), and is defined as follows (see
[6, 15]):

il

(=A)*u = C(N, s)P.V. j %
RN

where P.V. stands for the principal value of the integral and C(N, s) > 0 is a normalizing constant. The oper-

ator (—A)’ is referred to as the infinitesimal generator of the Levy stable diffusion process. The function

V € C(RY) is required to satisfy one (or both) of the following conditions:

(V1) infry V(x) = Vo > 0.

(V2) Forall M > 0, the set {x € RN : V(x) < M} has finite Lebesgue measure.

Note that condition (V2) is weaker than limy_ V(x) = 0o, as for instance V(x) = |x|* sin?|x| satis-
fies (V2) but has no limit as |x| — oo.

In the last few decades, problems involving the fractional Laplacian and nonlocal operators have received
considerable attention. These kinds of problems arise in various applications such as continuum mechanics,
phase transitions, population dynamics, optimization, finance, and many others.

The prototype model of (1.1) is the fractional Choquard equation

(=A)Su + Vo)u = (I * [uP)lulP~2u inRN, (1.2)
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studied by d’Avenia, Siciliano and Squassina in [5] in the case where V is a positive constant. They obtained
the existence of groundstate and radially symmetric solutions with diverging norm and diverging energy
levels.

The case of the standard Laplace operator in (1.2) has a long history in the literature. Fors = 1, V = 1 and
p = a = 2, equation (1.2) becomes the well-known Choquard or nonlinear Schrédinger—Newton equation

~Au+u=( *ud)u inRV. (1.3)

Equation (1.3) for N = 3 was first introduced by Pekar [20] in 1954 in quantum mechanics. In 1996, Penrose
[21, 22] used equation (1.3) in a different context as a model in self-gravitating matter (see also [11, 16]).
Since then, the Choquard equation has been investigated in various settings and in many contexts (see, e.g.,
[1, 10, 14, 19]). For a most up to date reference on the study of the Choquard equation in a standard Laplace
setting, the reader may consult [18].

Fors = %, V=1,p=a=2,N=3,and A = 0, equation (1.1) becomes

(A u+u=(L*ud)u inR3,

and has been used to study the dynamics of pseudo-relativistic boson stars and their dynamical evolution
(see [7-9, 12]).

In this paper, we shall be interested in the study of groundstate solutions and least energy sign-changing
solutions to (1.1). To this aim, we denote by D?:5(RY) the completion of C2°(RN) with respect to the Gagliardo

seminorm , )
[u(x) = u(y)| 2
o= [ [ [ EER dxay]
RN RN

Also, HS(RY) denotes the standard fractional Sobolev space defined as the set of u € D2S(RY) satisfying
u € L>(RM) with the norm

1
2
e = [ [+ 12, |
]RN
Let us define the functional space

X3 RY) = {u e D2SRY) J Voou? < cof
RN

endowed with the norm

lullxs, = [ j J %—Iu]ﬁ?slzdxdy+ J V(x)uz]%.
RN RN RN

Throughout this paper, we shall assume that p and q satisfy

N+a N+a
i <p< N—72s (1.4)
and N N
B <qg< +B (1.5)

N 9Nz
It is not difficult to see that (1.1) has a variational structure. Indeed, any solution of (1.1) is a critical point of
the energy functional &, : X?,(]RN ) — R defined by

_ 1 2 1 p p A q q
&w—jww—ﬁj%*wﬂm—EJW*MNM-
RN RN

A crucial tool to our approach is the Hardy-Littlewood—-Sobolev inequality

| [ @y« w| < crutm, (1.6)

RN
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fory € (0,N), u € L"(RN) and v € L(R") such that

1 1 y
- + i 1+ N
Using (1.4) and (1.5) together with the Hardy-Littlewood-Sobolev inequality (1.6), the energy functional &,
is well defined, and moreover £, € C 1(X?,).
We shall first be concerned with the existence of ground state solutions for equation (1.1) under the
assumption that V satisfies (V1). This will be achieved by a minimization method on the Nehari manifold

associated with &,, which is defined as
Ni = {u e X (RN) \ {0} : (&)(w), u) = 0}.
The groundstate solutions will be obtained as minimizers of
my = uienj\ia Er(u).
Our main result in this sense is stated below.

Theorem 1.1. Assumep > q > 1, A > 0, p, q satisfy (1.4)-(1.5), and V satisfies (V1). Then equation (1.1) has
a ground state solution u € X?,(IRN ).

Our approach relies on the analysis of the Palais—Smale sequences for &,|x;,. Using an idea from [3, 4], we
show that any Palais—Smale sequence of &,y is either converging strongly to its weak limit or differs from
it by a finite number of sequences which further are the translated solutions of (1.2). The novelty of our
approach is that we shall rely on several nonlocal Brezis-Lieb results as we present in Section 2.

We now turn to the study of least energy sign-changing solutions of (1.1). In this setting, we require V
to fulfill both conditions (V1) and (V2). By the result in [25, Lemma 2.1] (see also [23, 24]), the embedding
X3, (RN) — LI(RN) is compact for g € [2, 27), where 27 = 2.

Our approach in the study of least energy sign-changing solutions of (1.1) is based on the minimization
method on the Nehari nodal set defined as

My = {u € X5(RY) : u* # 0and (€)(u), u*) = 0}.
The solutions will be obtained as minimizers for
= inf & .
¢ = Inf A(u)

In this situation, the problem is more delicate as some of the usual properties of the local nonlinear functional
do not work. For instance, since

wEOUF () + uF(u(y)

(€30, u%) = By — [ (o o) = A [t « eyt - [ [ R LEOD vy
RN RN RN RN y
- [t s ey -2 [ dp s @y,
RN RN

we have in general that
eaw) # &)+ Ex(u7) and (&) (w), u*) # (Ef(u), u*).

Therefore, the standard local methods used to investigate the existence of sign-changing solutions do not
apply immediately to our nonlocal setting.
Our second main result in this regard is stated below.

Theorem 1.2, Assume A € R, (N -4s), <a,B <N, p > q > 2 satisfy (1.4) and (1.5), and V satisfies (V1)
and (V2). Then equation (1.1) has a least-energy sign-changing solution u € Xf/(]RN ).

The remaining of the paper is organized as follows: In Section 2, we collect some nonlocal versions of the
Brezis-Lieb lemma, which will be crucial in investigating the groundstate solutions of (1.1). Further, Sec-
tions 3 and 4 contain the proofs of our main results.
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2 Preliminary results

Lemma 2.1 ([13, Lemma 1.1], [17, Lemma 2.3]). Letr € [2, 2]. There exists a constant C > 0 such that for any

u € X5, (RN) we have
-3
[t < cru(sup [ ur) .
yeRN

RN B1(y)

Lemma 2.2 ([2, Proposition 4.7.12]). Letr € (1, 0co). Assume (wy,) is a bounded sequence in L"(RN) that con-
verges to w almost everywhere. Then w, — w weakly in L"(RN).

Lemma 2.3 (Local Brezis—Lieb lemma). Let r € (1, co). Assume (wy) is a bounded sequence in L"(RN) that
converges to w almost everywhere. Then for every q € [1, r] we have

tim [ flwal? = w = wif = wif] i =0
n—.oo
]RN
and
lim J (Wl Wy = (Wi = w17 (wy = w) = (W] w7 = 0.
RN
Proof. Fix € > 0. Then there exists C(g) > 0 such that for all a,b € R we have
lla+bl9 - 1al?|7 < elal” + C(e)|bI". (2.1)
Using (2.1), we obtain
el = (|lwnl? = lwn = w|? = [WI||7 — glwyp —w|")" < (1 + C(e)w].

Now using the Lebesgue dominated convergence theorem, we have

an,s—>0 asn — oo.
RN
Therefore, we get
[IWnl? = [Wn = WIT = [WI9]T < f e+ lwn — W',
which gives
lim sup j l[Wal® — [wy — wl® — (Wi < ce,
—00
]RN

where ¢ = sup,|w, — w|} < co. Further, letting € — 0, we conclude the proof. O

Lemma 2.4 (Nonlocal Brezis—Lieb lemma [17, Lemma 2.4]). Let a € (O,N) and p € [1, %). Assume (uy) is

a bounded sequence in L>NP/(N+® (RN that converges almost everywhere to some u : RY — R. Then

Jim Jl(la # [unlP)unl? = (Lo * [un = ulP)un = ulP = (I * [ulP)ulP| = 0.
RN
Proof. For n € N, we observe that

J [(Ta * [unP)unl? = (g * (lun = ul?))(Jun - ul’)] = j [Za * (lunl? = lun = ulP)](lunl” = lun - ulP)
RN

RN

+2 j o (unl? = Jun - ulP)ltm —ul?. (2.2)
IRN

Using Lemma 2.3 with g =p, r = %, we have |u, — ulP — |up|? — |ulP strongly in L2N/N+0(RN) and by
Lemma 2.2 we get |u, — ul? — 0 weakly in L2N/WN+O(RN)_ Also, by the Hardy-Littlewood—-Sobolev inequal-
ity (1.6) we obtain

T % (Jtn = ul? = [unl?) = Iy * [ufP  in L¥e(RY).

Using all the above arguments and passing to the limit in (2.2), we conclude the proof. O
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Lemma 2.5. Let a € (0, N) and p € [1, 2¥). Assume (un) is a bounded sequence in L2NP/N+®(RN) that con-

verges almost everywhere to u. Then for any h e L2NP/(N+O(RNY we have
dim [ G unl?) a2k = [ T )l 2uh.
RV RV
Proof. By using h = h* — h™, it is enough to prove our lemma for h > 0. Denote v, = u, — u and observe that
[ e a2k = [ (a5 Qual? = vl )l 2t = lval? v

RN RN

" j o * (ttnl? = Val?)][val?2vih + j e * (ttnl?2ttnh = VP2V h) || Val?

RV RN
+ [ Qo s valP)lval2vih. (2:3)
IRN
Apply Lemma 2.3 with g=p and r = IZV—]K by taking (wn, w) = (un, u) and then (wy,, w) = (u,h'/?, uh'/p),

respectively. We find

[unl? = val? — [ul?,
{ " " strongly in L% (RV).

|un|p_2unh - |Vn|p_2Vnh - |u|p_2uh

Using now the Hardy-Littlewood—Sobolev inequality, we obtain

Iy = (JuplP = |valP) — Iy = |ulP,
o (il 2' ) a2| | 5 strongly in L#& (RY). (2.4)
I = (lupP"unh = [valP~*vnh) - Iq = (lulP~“uh)
Also, by Lemma 2.2 we have
[UnlP2unh — (ulP2uh, |val? — 0, |valP2vph —0  weaklyin L¥a (RY). (2.5)

Combining (2.4)-(2.5), we find

A, J [T+ (unl? = [val)](1unlP 2 uunh = [valP~2vyh) = J(Ia s+ [ulP)lulP2uh,
RN RN

dim [ (e s Qual” = ol val2vah = 0, 2.6)
RN

Jim [ o = (ual?2unh = 1ol 2va)]val” = 0.
RN

By Holder’s inequality and the Hardy-Littlewood—Sobolev inequality, we have

H U * ValP)valP2vyh| < ValBw, IIIanp_lhII% < CIIIVnIP_lhII;J- (2.7)
N+a ® ta
IRN
On the other hand, by Lemma 2.2 we have v:¥® /(@ _ g weakly in LP/®-1D(RV), so
2N(p-1) %
- 2N
ol g = ([ val ™ 105 ) ™ o
IRN

Thus, from (2.7) we have

fim [ G el 2vah 0. 2.8)

RN

Passing to the limit in (2.3), from (2.6) and (2.8) we reach the conclusion. O
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3 Proof of Theorem 1.1

In this section, we discuss the existence of groundstate solutions to (1.1) under the assumption A > 0. For
u, v € X5 (RV), we have

€@, v) = j J (“(")_r)‘((i’);%’i_v(”) dxdy + J Vi)uv - J(Ia « [uP)ufPtv - A J(I,, s« Jul D) ulT .

RN RN RN RN RN

So, for t > 0 we have
(e (tw), tu) = Cul, - 7 jaa o lulP)lulP — At29 j(lﬁ « lul9)lul?.
RN RN

Since p > q > 1, the equation
(&i(tu), tuy =0

has a unique positive solution t = t(u), and the corresponding element tu € N, is called the projection of u
on Nj. The following result presents the main properties of the Nehari manifold N;, which we use in this

paper.

Lemma 3.1. (i) &xlw, is bounded from below by a positive constant.
(ii) Any critical point u of &, is a free critical point.

Proof. (i) By using the continuous embeddings X3,(RY) — L2NP/(N+@)(RN) and X5, (RN) — L2N9/(N+A)(RN)
together with the Hardy-Littlewood—Sobolev inequality, for any u € N, we have

0 = (€4 ), u) = Jull, - j(Ia « )l - A j(I,s )
RN RN

2 2p 2q
> July; - Clulf - Caluliy!.
Therefore, there exists Co > 0 such that
lullxs, > Co >0 forall u € Nj. (3.1)

Using the above fact, we have

E(w) = Er(u) - %wu), u)

- (35 Wity + (52 = 55) [ o s apyap
]RN

> (350 i,

> (% - Ziq)ccz’ >0

(ii) Let £(u) = (Eﬁ(u), u) foru e Xf,(IRN). Now, for u € Ny, from (3.1) we get

(£, u) = 2ul? - 2p jaa « )l - 2gA jap () )
RN RN
- 2(1 - @l - 20~ 0) [ Ta* )P

RN
<-2(g- Dllul,

< -2(q - 1)Co.

Assuming that u € N is a critical point of £;|x, and using the Lagrange multiplier theorem, there exists
p € Rsuch that &} (u) = uL'(u). In particular, (€} (u), u) = u(L'(u), u). As (£'(u), u) < 0, this implies u = 0,
so &j(u) = 0. O
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3.1 Compactness

Define 1 1
I:X5RY) >R, Ju) = Ellull2 T J(Ia * [ulP)ulP.
]RN
Forall ¢ € C(RY), we have
) _ (u) —uy)) (@) - ¢(y) ~ o Py lP-1
@w. ¢ = | e dxdy+ [ Vooue - [ (s lulup-1e

RN RN RN RN

and
(@' (), u) = |IuII)2(; - J(Ia  [ulP)|ulP.
IRN

Also, consider the Nehari manifold associated with J as
Ny = {u € X5RY)\ {0} : (7' (w), u) =0},

and let
o = jnf 360,

Lemma 3.2. Let (un) € Ny be a (PS) sequence of Ea|n;,, that is, (Ea(un)) is bounded and EAINA(un) — 0 strongly
in X;S(]RN ). Then there exists a solution u € X?,(]RN ) of (1.1) such that, by replacing (u,) with a subsequence,
one of the following alternatives holds:

() un — u strongly in X3,(RV).

(ii) up — uweaklyin X?,(]RN), and there exists a positive integer k > 1 and k functionsuy, uz, ..., Uy € X?,(IRN),
which are nontrivial weak solutions to (1.2), and k sequences of points (zn.1), (zn,2)s - - - » (Zn.x) € RN such
that the following conditions hold:

(@) |zl = coand |znj - zn,il = 00 ifi #j,n — oo;
(b) u, - Z]l'(=1 Uj(- +zpj) — uin X5 (RV);
(©  Exlun) = Exw) + X, Jwy).

Proof. Since (uy) is bounded in X?,(]RN ), there exists u € X?,(IRN ) such that, up to a subsequence, we have

un — u weakly in X3, (R"),
u, — u weaklyin L'(RY), 2 <r< 23, (3.2)

U, > u ae.inRY.

By using (3.2) and Lemma 2.5, it follows that Ej‘(u) =0,s0U € X?,(]RN) is a solution of (1.1). Further, if
un — u strongly in X5, (R"), then Lemma 3.2 (i) holds.

Now, assume that (u,) does not converge strongly to u in X?,(IRN ), and set wy 1 = uy — u. Then (wp 1)
converges weakly to zero in X?,(IRN ), and

lunligs = lullgs +lIwn,1lg +o0(1). (3.3)
By Lemma 2.4, we have
I(Ia i PP = j(la i« lulP)lul? + j(la W1 1P) W, 1P + 0(1). (3.4)
RN RN RN
Using (3.3) and (3.4), we get
Ealun) = Ea(u) + J(wp,1) + 0(1). (3.5)

Further, for any h € X;(IRN ), by Lemma 2.5 we have

(@' (wn,1), h) = o(1).
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From Lemma 2.4 we deduce that
0 = (&} (un), un) = (&3 (), u) + (J' (Wn,1), Wn,1) + 0(1) = (J' (Wn,1), Wn,1) + 0(1).

This implies
(3'Wn,1), Wn,1) = 0o(1). (3.6)

We need the following auxiliary result.

Lemma 3.3. Define
6= limsup( sup J |wn,1|%>.

Then 6 > 0.

Proof. Assume by contradiction § = 0. By Lemma 2.1, we deduce that wy,,; — 0 strongly in L>NP/(N+®) (RN),
Then by the Hardy-Littlewood—-Sobolev inequality we get

j(la « Wt P)Waal? = 0(1).
IRN

Using this fact together with (3.6), we get w1 — O strongly in X?,(IRN ). This is a contradiction. Hence,
6>0. O

Now, we return to the proof of Lemma 3.2. Since § > 0, we may find z, 1 € RY such that

)
|Wn,1|% >3- (3.7)

Bl(zn,l)

Consider the sequence (Wp,1(- + zn,1)). Then there exists u; € X?,(IRN ) such that, up to a subsequence, we
have

Wna(-+2n1) — u;  weakly in X?,(IRN),
2Np.
Wn,1(+ +2n,1) > U1 strongly in L (RV),

Wni(-+2n1) » up  ae. inRY,

Next, passing to the limit in (3.7), we get
wpy O

[ug| ¥ > Pk
B1(0)
therefore u; # 0. Since (wy,1) converges weakly to zero in X?,(IRN ), it follows that (zy,1) is unbounded. Thus,
passing to a subsequence, we may assume that |z, 1| — co. By (3.6), we deduce that J'(u;) = 0, so u; is
a nontrivial solution of (1.2).
Further, define

Wn,2(X) = Wn,1(X) = U1 (X = zn,1).
Similarly to before, we have

Iwn, 1117 = lugl® + [wn2ll* + o(1).

Then, using Lemma 2.4, we deduce that

jaa o Wt [P) W 1P = I(Ia w )y P + j(la o W2 )W l? + 0(1).
RN RN RN
Hence,
I(Wn,1) = d(u1) + J(wn,2) + o(1).

So, by (3.5) one can get
Exlun) = Ex(w) + J(ur) + J(wn,2) + 0(1).
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Using the above techniques, we also obtain
(9" (Wn,2), h) = 0(1) forany h € X},(R")
and
(0" (Wn,2), Wn,2) = 0(1).

Now, if (wp,,) converges strongly to zero, then we finish the proof by taking k = 1 in the statement of
Lemma 3.2. If w,,; — O weakly and not strongly in X} (IRN ), then we iterate the process. In k steps one
could find a set of sequences (zy,j) C RN, 1 <j < k, with

|znjl > 00 and |zp,i—2znjl — 00 asn — oo, i #j,
and k nontrivial solutions uq, us, ..., ux € X3 (]RN ) of (1.2) such that, denoting
Wi,j(X) i= Wpjo1(X) —uj_1(x = zpj-1), 2<j<k,
we have
Wn,j(X +zpj) — u; weakly in X3, (RY)

and
k

Ealun) = Ea(w) + Y. J(uj) + (W ) + 0(1).
j=1

As Ex(up) is bounded and J(u;) = my, we can iterate the process only a finite number of times, which con-
cludes our proof. O
Corollary 3.4. For c € (0, my), any (PS). sequence of €| is relatively compact.

Proof. Assume (uy) is a (PS). sequence of €,|x;,. From Lemma 3.2 we have J(u;) > my, and hence it follows
that, up to a subsequence, u, — u strongly in X,(R") and u is a solution of (1.1). O

In order to finish the proof of Theorem 1.1 we need the following result.
Lemma 3.5. m, < my.

Proof. Let Q € X§ (IRN ) be a groundstate solution of (1.2); we know that such a groundstate exists, and for
this we refer the reader to [5]. Denote by tQ the projection of Q on N, thatis, t = t(Q) > 0 is the unique real
number such that tQ € N,. Set

A(Q) = J(Ia «|QP)IQlP, B(Q) =4 j(lﬁ «1QP)Qf.
RN RY
As Q € Ng and tQ € Ny, we get
lal? = A

and
21Ql* = t*P A(Q) + *1B(Q).

From the above equalities one can easily deduce that ¢ < 1. Therefore, we have

my < Ex(tQ) = —t2||Q||2 tz”A(Q) qtz"B(Q)

t2 2

-(5- _)uouz Leiar - ra)
2q

:tz(%——)||Q||2+f2p(%_i)"0”2

<(3 -3 N0 + (52 -5, o

<(3 -3 1P = 3@ = my,

as desired. O
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Further, using the Ekeland variational principle, for any n > 1 there exists (u,) € N, such that
1
Exlup) s my + - foralln > 1,
1
Ealun) < Ex(v) + H"V_ uy| forallve Ny, n>1.

Now, one can easily deduce that (u,) € Ny is a (PS)m, sequence for £, on N,. Further, using Lemma 3.5 and
Corollary 3.4, we obtain that, up to a subsequence, (u,) converges strongly to some u € Xﬁ,(]RN ) which is
a groundstate of &,.

4 Proof of Theorem 1.2

In this section, we discuss the existence of a least energy sign-changing solution of (1.1).

Lemma 4.1. Assume p > q > 2 and A € R. Then for any u € X?,(]RN) and u* + 0 there exists a unique pair
(1o, B9) € (0, ) x (0, 00) such that Tou™ + Ogu~ € M,. Furthermore, if u € M, then for all T, 8 > 0 we have
Ex(u) = Ex(tut + Ou™).

Proof. We shall follow an idea developed in [26]. Denote

a = 1 by =1
a; = j(la « PP, by = jaﬁ « D1,
RN RN
as = j(la « )PP, bs = j(Iﬂ o D),
RN RN
ay = j(Ia PP, by = juﬁ w1,
RN RN
+ - - +
A J J urou”(y) + u” (u*(y) dx dy.
|X_y|N+2S
RN RN

Let us define the function @ : [0, o) x [0, c0) — R by

(1, 0) = 8A(T$ ut + 0% u)
1 01 q
TP p TP

= Tal + Tbl —Azbz -A

q q
T 0w T 6 77037
4= 5oy = o—a3 -

1 1
—TwOWA.
2p 2p 2p ay —Tw O

q
or
2_qu -A 24

Note that @ is strictly concave. Therefore, ® has at most one maximum point. Also

Tli_{go d(1,0) =-0c0 forallf>0 and elilgo O(1,0) = —0o forallT >0, (4.1)
and it is easy to check that

lTi{% g;f(r, 6)=0c0 forallf>0 and g{rol %%(T, 6) =00 forallT>0. (4.2)

Hence, (4.1) and (4.2) rule out the possibility of achieving a maximum at the boundary. Therefore, ®@ has
exactly one maximum point (7, 8p) € (0, co0) x (0, c0). O

Lemma 4.2. The energy level c) > 0 is achieved by some v € M.
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Proof. Let (u,) ¢ M, be a minimizing sequence for c,. Note that

EA(un) = EA(un) — %(8;%), Un)

(5= 5 Mkl + (52 = 55 ) | G D

2 2q 2p
RN
1 1 5
> (5~ 34 Il
> Callunl »

where C; > 0 is a positive constant. Therefore, for some constant C, > 0 we have
||un||)2@ < C2éx(up) < M,

which implies that (u,) is bounded in X?,(]RN ). So, (u;;) and (u;) are also bounded in X?,(IRN ), and, by passing
to a subsequence, there exists u*, u~ € HS(RV) such that

up —u* and u, —u~  weaklyin X},(R").
Since p, g > 2 satisfy (1.4) and (1.5), we deduce that the embeddings X3,(RY) — L*NP/(N+®)(RN) and
X3, (RN) — L2Na/(N+B)(RN) are compact. Thus,
ui - u* stronglyin L (RY) OL%(IRN). (4.3)

Moreover, by the Hardy-Littlewood—-Sobolev inequality, we estimate
CUlupl? oy + Il oy ) < Iluillffsv = J(Ia * [unP)|up P + 1Al J(Ip * [un|9)|uy |7
L N+a LN+B B B
< Clgl? s, + izl o0, )
L N+a L N+a

-2

112 +2 + +19-2
< CUN I oy + Mt o YN 17, + etz 23 )-
L N+a LN+B L N+a LN+B
Since uj # 0, we can deduce
-2 -2
gl o, +lugl®y, > C>0 foralln>1. (4.4)
LN+a LN+B

Hence, by (4.3) and (4.4) it follows that u® # 0. Further, using (4.3) and the Hardy-Littlewood—Sobolev
inequality, we have

j(Ia « PP — j(Ia o PP,

RN RN
j(la « Pl — jua « PP,
RN RN
juﬁ o E| DT — jaﬂ o (T ]9,
RN RN
j(lﬁ « D] - juﬁ o |19
RN RN

By Lemma 4.1, there exists a unique pair (7g, 89) such that Tou* + 8pu~ € M,. By the weakly lower semi-
continuity of the norm | - || X3, We deduce that

cr < Ex(Tou™ +0pu”) < H,Fli,‘.}f Ex(tou™ + Bou™)

< limsup Ex(tou™ + Ogu™)

n—oo
< lim Ex(un)
n—oo
=Cx.

Letting now v = Tou* + Opu~ € M,, we finish the proof. O
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Lemma 4.3. v = Tou™ + Oou~ € M, is a critical point of & : X?,(]RN) — R, that is,
&j(v)=o0.
Proof. Assume by contradiction that v is not a critical point of &,. Then there exists ¢ € C2°(RN) such that
(E4v), @) = -2.
Since &, is continuous and differentiable, there exists r > 0 small such that
(Eh(Tut +0u” +ev), ) < -1 if(T-T0)>+(0-6p)* <r’and0<e<r (4.5)

Let D be the open disc in R? of radius r > O centered at (1o, 6p). We define a continuous function i : D — [0, 1]
as
. 2
(T, 6) = 1 if(r-19)% +(0-60)% < {?,
0 if(r-T1o)2+(6-60)% 2%

Further, we define a continuousmap S : D — X?,(]RN ) as
S(t,0) =tu* +0u” +ry(r,0)v forall(r,0) e D
and L : D — R? as
L(t,0) = ((EA(S(T, 0)), S(t, 0)*), (EA(S(T, 0)), S(t,0)7)) forall(r,6) € D.

Since the mapping u — u* is continuous in X5, (RY), it follows that L is continuous. If (7 — 70)? + (6 — 6p)> =12,
that is, if we are on the boundary of D, then 1 = 0 by definition. Then S(z, 0) = Tu* + Ou~ and, using
Lemma 4.1, we get

L(t, 0) = ((E}(ru* + 6u), (tu* + Ou™)*), (€} (tu* + 6u”), (tu* + 6u™)")) #0 onaD.

Therefore, the Brouwer degree is well defined and deg(L, int(D), (0, 0)) = 1. Then there exists (11, 61) € int(D)
such that L(t4, 61) = (0, 0). Thus, S(11, 81) € M, and, using the definition of c,, we get

EA(S(T1, 01)) = ca. (4.6)

Using equation (4.5), we deduce that

4

EA(S(T1,61) = Ex(T1u™ + O1u7) + i

Ex(Trut + 01u” + rty(tq, 01)V) dt

= S/\(Tlu+ + 9111_) + (83(T1u+ + 9111_ + I’t!l)(Tl, 91)17), I’l,b(T1, 91)l7> dt
0
= S/\(Tlu+ + 9111_) - I’ll)(Tl, 91)

|
f

If (11, 61) = (10, 60), then (71, 61) = 1 by definition and we deduce that
EAS(T1,01)) < EA(TauT +01u ) —r<cp—-r<cy.
If (11, 61) # (10, Bp), then, using Lemma 4.1, we have
Ex(tiut +01u”) < Ex(tout + Oou™) =y

This yields
EA(S(T1, 01)) < Ea(Tru’ + 61u7) <y,

which is a contradiction to equation (4.6). O
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