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Abstract: We study the semiclassical limit to a singularly perturbed nonlinear Klein—-Gordon-Maxwell-Proca
system, with Neumann boundary conditions, on a Riemannian manifold 9t with boundary. We exhibit
examples of manifolds, of arbitrary dimension, on which these systems have a solution which concentrates
at a closed submanifold of the boundary of 91, forming a positive layer, as the singular perturbation param-
eter goes to zero. Our results allow supercritical nonlinearities and apply, in particular, to bounded domains
in RN, Similar results are obtained for the more classical electrostatic Klein-Gordon-Maxwell system with
appropriate boundary conditions.
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1 Introduction

On a compact smooth Riemannian manifold (9%, g) with boundary, we consider the system

—e2Agu+a()u =P + w?(qo - 1)’u on M,

~Agb + Ao = qu’ on 9N, (1.1)
%:O, %:Oornzo on o9,
ov ov

where A, = divy V,, is the Laplace-Beltrami operator (withoutasign), ¢ > 0,q > 0, w € R, & € C?(9) isareal-
valued function which satisfies a(x) > w? on 9, p € (2, 00), and A is given by

1+ qu? if?:?:OOnafm,
- n

2 '—: =

qu if v v = 0on oM.

We are interested in studying the semiclassical limit to this system, i.e., the existence of positive solutions
and their asymptotic profile, as € — 0.
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Solutions to system (1.1) correspond to standing waves of an electrostatic Klein—Gordon—Maxwell
(KGM) system if A(u) = qu?, and of a Klein-Gordon-Maxwell-Proca (KGMP) system with Proca mass 1 if
A(u) = 1 + qu?. For the physical meaning of these systems, we refer to [3, 4, 25].

The seminal paper [3] by Benci and Fortunato attracted the attention of the mathematical community,
and motivated much of the recent activity towards the study of this type of systems. For € = 1, existence and
nonexistence results for subcritical nonlinear terms have been obtained, e.g., in [1, 3, 6, 10, 13-15, 27] for
systems in the entire space R3, or in a bounded domain in R3 with Dirichlet or Neumann boundary condi-
tions. KGMP-systems on a closed (i.e., compact and without boundary) Riemannian manifold of dimension 3
or 4 have been recently investigated in [17, 24, 25] for subcritical or critical nonlinearities.

The existence and asymptotic behavior of semiclassical states in flat domains have been investigated,
e.g., in [11, 12, 31]. In [11], D’Aprile and Wei constructed a family of positive radial solutions (u, v.) to
a KGM-system in a 3-dimensional ball, with Dirichlet boundary conditions, such that i, concentrates around
a sphere which lies in the interior of the ball. For compact manifolds of dimensions 2 and 3, with or with-
out boundary, the existence and multiplicity of positive semiclassical states, such that u; concentrates
at a point, have been exhibited, e.g., in [20, 21, 23], for subcritical nonlinearities. The concentration at
a positive-dimensional submanifold for a KGMP-system on closed manifolds of arbitrary dimension, and for
nonlinearities which include supercritical ones, was recently exhibited in [7].

Our aim is to extend the results in [7, 8] to manifolds with boundary, i.e., we will establish the exis-
tence of positive semiclassical states (u,, ve) to system (1.1), on some compact Riemannian manifolds 9t
with boundary, such that u, concentrates at a positive-dimensional submanifold as € — 0. Our results
apply, in particular, to systems with supercritical nonlinearities in bounded smooth domains Q of R¥ of
any dimension.

The Neumann boundary condition g—s =0 on v seems to be more meaningful from a physical point of
view, as it gives a condition on the electric field on 9. However, if the Proca mass is 0, i.e., if A(u) = qu?,
and we set % = 0, then the second equation in system (1.1) admits the trivial solution v = % and the first
equation reduces to a Schrédinger equation, making the coupling effect unnoticeable. This is why we impose
a Dirichlet boundary condition on v when A(u) = qu?.

The Neumann boundary condition ‘3—;‘ = 0 on u produces an effect of the boundary of 9t on the existence
and concentration of solutions to system (1.1). In fact, the solutions that we obtain form a positive layer which
concentrates around a submanifold of 09t as € — 0.

Asin [7], our approach consists in reducing system (1.1) to a similar system, with the same power nonlin-
earity, on a manifold of lower dimension. Solutions to the new system which concentrate at a point will give
rise to solutions to the original system concentrating at a positive-dimensional submanifold. This approach
was introduced by Ruf and Srikanth in [29] and has been used, for instance, in [9, 28, 30]. We begin by
describing some of the reductions that we will use.

1.1 Reducing the dimension of the system

Let (M, g) be a compact smooth n-dimensional Riemannian manifold with boundary, let f : M — (0, co) be
a C!-function, and let (N, h) be a compact smooth Riemannian manifold without boundary of dimension
k = 1. The warped product M xs2 N is the cartesian product M x N endowed with the Riemannian metric
g := g + f?h. It is a smooth Riemannian manifold of dimension n + k with boundary OM xz N.

For example, if © is a bounded smooth domain in R" whose closure is contained in R"! x (0, co),
f(x1, ..., xn) = xn and Sk is the standard k-sphere, then, up to isometry, the warped product © xs Sk is

0 xp2 §5 = {(y, 2) e RV x RK*L : (y, |2]) € O},

which is a bounded smooth domain in Rk,
Letmy : M xp2 N — M be the projection, & € C2(M)and « := @ o my. A straightforward computation gives
the following result; see, e.g., [16].
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Proposition 1.1. The functions ug, ve : M — R solve the system

—e2 divg(f*vgu) + frau = fruP=t + w?f(qv - 1)*u on M,

—divg(FVgv) + FfAW)Y = gf*u? on M, (1.2)
ou ov
E—O, E—Oorv—O on oM

if and only if the functions ug := Ug o 7Ty, Ve := Ve o Ty : M xp2 N — R solve the system

~e2Agu+au =1+ wi(go-1)%u onMxp N,

_Agu + A(u)u = quz on M Xf2 N, (13)
0 ov
a—tzo, $=Oorn=0 on o(M xg2 N).

We stress that the exponent p is the same in both systems. Since k > 1, we have that 2} , < 27, where 2} is the

critical Sobolev exponent in dimension d, i.e., 2; :=o0ifd=2and 2; = dz—_dz ford > 2.So0,if2; , <p <2},

system (1.2) on M is subcritical, whereas system (1.3) on M xs2 N is critical or supercritical. Moreover, if the
solution u, of (1.2) concentrates at a point xo € M as € — 0, then the function u, := u, o 71y concentrates at
the submanifold 71;/[1 (xo0) = (N, f2(xo)h). Note also that u, and v, are positive if u, and v, are positive.

Another type of reduction is obtained from the Hopf maps. For N = 2, 4, 8, 16, we write RV= K x K,
where K is either the real numbers R, the complex numbers C, the quaternions H, or the Cayley numbers O.
The Hopf map by is defined by

h]K . IRZdim]K = KxK—->KxR= IRdim]K+1
bk (2) := (22122, |z11* - |22*)  forz = (z1,22) e Kx K.
This map is horizontally conformal with dilation A(z) = 2|z|. It is also invariant under the action of the units
Sk:={{ eK:|[{=1},ie., hk({z) = hk(z) forall { € Sk, z ¢ Kx K.
Let Q be a bounded smooth domain in R?24m K\ {0} such that (zeQforall { € Sk, z€ Q. Then O :=hk(Q)

is a bounded smooth domain in R4mX+1 \ {0}, The main property of Hopf maps, for our purposes, is that they
locally preserve the Laplace operator up to a factor, i.e.,

A(u i) = A2[(Au) o hk] in Q for every u € C*(0).

Such maps are called harmonic morphisms; see [2]. This property allows us to reduce system (1.1) on 91 := Q
to a system in ©. Assume that a € C%(Q) satisfies a({z) = a(z) forall { € Sk, z € Q. Thenthemap @ : ® —» R
given by a(x) := a(hg! (x)) is well defined and of class €2. Note that A2(hg! (x)) = 4|x| for every x € RUMK+1,
The following proposition is an immediate consequence of these facts.

Proposition 1.2. The functions u, v, : © — R solve the system

—&2Au + wu =— Py w—(qv -1)%u ono,
4|x| 4|x| 4|x|
1 a -
“Av+ —Au)y = L o, 1.4
v+ 4] (u)v 4] u on (1.4)
ou ov
E_O’ E-Oorv—o on o0
if and only if the functions ug := Ug ° h, ve := Ve o bk : Q — R solve the system
—&2Au+a(u =P+ w?(gv - 1)’u onQ,
~Av + A(u)o = qu? onQ, (1.5)
ou ov
5_0’ E—Oorn—o on 0Q.

Note again that, if p € [2] 4 x> 20imx.1)» SYStem (1.4) is subcritical, whereas system (1.5) is critical or super-
critical. And if the functions u, concentrate at a point é; € © as € — 0, then the functions u, concentrate at
the (dim K - 1)-dimensional sphere b]}g(.{o) in Q.

Propositions 1.1 and 1.2 lead us to study the following problem.
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1.2 The main results

Let (M, g) be a smooth compact Riemannian manifold with boundary of dimension n = 2, 3, 4. We consider
the subcritical system

~&2 divg(c(x)Vgu) + a(x)u = b)uP™ + b(x)w*(qv - 1)’u on M,

~divg(c(x)Vgv) + b(xX)A(u)v = b(x)qu? on M, (1.6)
ou ov
5 =0 E—Oorv—O on oM,

where £, >0, w € R, a, b, c € @1(M) are strictly positive functions such that a(x) > w?b(x) on M, and
p €(2,2;). As before, 2 := coif n =2 and 2;, := 2% ifn =3, 4.

Theorem 1.3. Let X ¢ OM be a nonempty Cl-stable critical set for the functionT : OM — R, which is given by
_ c®?a@®) - b)) !
b(§)7>

Then, for € small enough, system (1.6) has a positive solution (u., v.) such that u. concentrates at a point &, € X
as € goes to zero.

I'):

A Cl-stable critical set is defined as follows.

Definition 1.4. Letf ¢ C1(M, R). A subset X of M is called a C!-stable critical set of fif K c {x e M : Vef(x) = 0}
and if, for any p > 0, there exists § > 0 such that every function h € C1(M, R) which satisfies
max x) — h(x Vof(x) — Voh(x <6
distg(x,K)su(lf( ) = h(xX)| + |Vgf(x) = Vgh(x)lg)
has a critical point xo with distg(xo, X) < u. Here distg denotes the geodesic distance associated to the
Riemannian metric g.

Theorem 1.3, together with Propositions 1.1 and 1.2, yields the existence of solutions to the KGMP (or the
KGM) system (1.1), which concentrate at a submanifold for subcritical, critical and supercritical exponents.
The following two results illustrate this fact.

We write the points in R"! x (0, co) as (¥, y») with y € R™ ! and y,, € (0, c0).

Theorem 1.5. Let © be a bounded smooth domain in R" whose closure is contained in R"! x (0, co) for
n=2,3,4 andlet w € Rand & € C2(0) be such that & > w?. Let

M :={(7,2) e R xR : (7, |2]) € O}

and a(y, z) := a(y, |z|). If X is a nonempty C-stable critical set for the functionT : 00 — R defined by
P P __n
(7, yn) = YS[@(F, yn) - @?]77 72,
then, forany q > 0, p € (2, 2;;) and € small enough, system (1.1) has a positive solution (ug, v.) in M such that,
for some point (¢, &,) € K, ue concentrates at the k-dimensional sphere {(&, z) € R™ ! x R : |z| = &,} c o9

ase — 0.

Proof. Set M := 0, a:=fka& and b := fX =: ¢ with f(y, yn) := yn. Theorem 1.3 yields a positive solution
(ug, ve) to system (1.2) such that u. concentrates at a point (é’ ,én) € X as € — 0. The result follows from
Proposition 1.1. O

Theorem 1.6. Let
M:={zeC*:0<r<|z| <R}

and assume that a € C2(9N) satisfies a((z) = a(z) > w? for all { € C with |{] = 1, z € M. If X is a nonempty
Cl-stable critical set for the function T : d(hc(9M)) — R defined by

T(x) := \2Ixl[a(bg () - w?] 722,

lw
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then, for any q > 0, p € (2, 6) and & small enough, system (1.1) has a positive solution (u., v.) in 9 such that
u, concentrates at the circle {{zy : { € C, |{] = 1} c 090, for some z € h&l(JC), ase — 0.

Proof. Set M := hc (M), a(x) := %, b(x) := ﬁ, and c(x) := 1 with a(x) := a(h(‘cl(x)). Theorem 1.3 yields
a positive solution (ug, v.) to system (1.4) such that u, concentrates at a point &, € X as € — 0. The result
follows from Proposition 1.2. O

The rest of the paper is devoted to the proof of Theorem 1.3.

2 Preliminaries

2.1 Reducing system (1.6) to a single equation

In order to overcome the problems given by the competition between u and v, using an idea of Benci and
Fortunato [3], we introduce the map @ : H;(M) - H; (M) which associates to each u ¢ H;(M) the solution
@(u) to the problem

~divg(c(xX)Vg[@(w)]) + b(x)g*u?[@(u)] = b(x)qu? in M, 2.1)
d(u)=0 on oM '
for system (1.6) with Dirichlet boundary conditions, or to the problem
~divg(c(xX)Vg[@(w)]) + b(X)(1 + ¢*u?)[®(w)] = b(x)qu* in M,
A[PW)] (2.2)

=0 on oM

ov

for system (1.6) with Neumann boundary conditions. It follows from standard variational arguments that ®
is well defined in H ;(M ). The proofs of the following two lemmas are contained in [17].

Lemma 2.1. Themap ® : Hg(M) — Hg(M) is of class C' and its differential @' (u)[h] = V,,[h] at u € Hg(M) is
the map defined by

— divg(c(0)Vg[Vy[h]]) + bO)q*u?[Vy[h]] = 2b(x)qu(1 - q@(u)h
forallh e H ; (M), in case of Dirichlet boundary conditions, or by
— divg(c(0)Vg[Vulh]]) + b1 + g*u®)[Vy[h]] = 2b(x)qu(1 - g@(u)h,
forallh € H g1 (M), in case of Neumann boundary conditions. Moreover,

1 2
0<du)<= and 0<®' (Wul<=.

q q
Lemma 2.2. The function © : Hy(M) — R given by

0 = 5 | BOO(1 - g dpg
M

is of class C!, and its differential is given by

©'@lh] = [ bGO(L - g uh dyg
M

for any u, h € Hg(M).

Now, we introduce the functionals I, J., G, : H gl,(M ) — R given by

2
Ie(w) 1= Je(w) + 2 Gew), (2:3)
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where

[ oo dug

en

1
Je(u) := e j[ezc(x)lvgul2 +d()u?] dug - e
M

with d(x) := a(x) - w?b(x), and
Ge(u) = gin Jb(x)qb(u)uz dyg.
M
From Lemma 2.2 we deduce that

S6Llp) = — [ BO[2g00 - 2 02]u dig,
M
S0
IL(w)e = ei" j[£2c(x)Vgqugo +a(x)up - b)WHP g - b(x)w?(1 - q®w)*uep dug].
M
Therefore, if u is a critical point of the functional I, we have that

- &2 divg(c(X)Vqu) + d(X)u + w?gb(x)D(u)(2 - q®w)u = b(x)(u* 1, (2.4)

with d(x) := a(x) - w?b(x). In particular, if u + 0, by the maximum principle and regularity arguments we
have that u > 0. Thus, the pair (u, ®(u)) is a positive solution to system (1.6).

This reduces solving system (1.6) to finding a solution u, € H ; (M) to the single equation (2.4).

Some useful estimates involving the function @ are contained in the appendix.

2.2 The approximate solution

We shall obtain a solution u, to equation (2.4) using the Lyapunov—Schmidt reduction method. It will be an
approximation to a function W, ¢, which we introduce next.

If (M, g) is an n-dimensional compact smooth Riemannian manifold with boundary, its boundary oM
is a closed smooth Riemannian manifold of dimension n — 1, possibly not connected. We fix R > 0, smaller
than the injectivity radius of 0M, such that for each point x € M with distg(x, 0M) < R there exists a unique
X € oM for which distg(x, X) = distg(x, 0M), where disty denotes the geodesic distance in (M, g). For ¢ € oM,
we set

Q¢ := {x € M : distg(x, OM) = distg(x,X) < R, X € OM, distg(¢,X) < R}.

We write each point x € Q¢ in Fermi coordinates (y1, ..., yn) at §,i.e., (y1, ..., yn-1) are normal coordinates
for x on oM at the point £, and y,, = distg(x, X) is the geodesic distance from x to oM. We write 1,[)? :D* — Q¢
for the chart whose inverse is given by (lp?)*l(x) :=(¥1,...,¥n), defined on

D* := B} 0)x [0,R), where B} 1(0):={yeR"":|y| <R}

The second fundamental form I1(X, Y) of two vector fields X and Y on oM is the component of Vx Y which
isnormal to oM, where V is the covariant derivative operator in the ambient manifold M. In Fermi coordinates
at q it is given by a matrix (hjj); j-1,...,n-1. One has the well-known formulas

.....

g(y) = 8ij + 2hjjyn + O(ly|?) fori,j=1,...,n-1, (2.5)

g"(y) = bin, (2.6)

Vigly) = 1= (n - DHy, + Oy P), 2.7)

wherey = (y1, ..., yn) are the Fermi coordinates, |g| is the determinant of g = (gj;), g¥ are the coefficients of
the inverse of (g;;), and H = n—il Z?;ll hji; see [5, 18, 19]. Abusing notation, we shall write (h;;); j-1,...,» for the
matrix which coincides with the second fundamental form fori,j=1,...,n-1 and has h;, = h,j = 0 for

i,j=1,...,n.



DE GRUYTER M. Clapp, M. Ghimenti and A. M. Micheletti, KGMP system =—— 565
Set d(x) := a(x) — w?b(x). By assumption, this function is positive on M. Given & € dM, we consider the

unique positive radial solution V = ¢ to the equation
—c(OAV +d(OV = b(&)VPL  inR". (2.8)

By direct computation, one sees that

b($) c(é)

where U is the unique positive radial solution of

Vﬂyh(ﬁ)"%(\]@y),

~AU+U=UP"tinR".
In the following, we set

1= (5g)7" and A= 52,

S0
VW) = v @OU(A®Y).
The restriction V4 (y) := V¢|g: of V¢ to the half-space R := {y, > 0} solves the Neumann problem

—c(O)AV +d(OV = b(&)VP1  inR",
ov
0Yn -

0 on {y, = 0}.
Foré e oM and € > 0, set Vg(y) = Vf(ﬁ). We define the functions W ; € €*°(M) by

VE(@D X)), x € Qg

We g(X) := { (2.9)
0

elsewhere.

Here the function y is a fixed cut-off function of the form x(y, y») := y(I¥)x(yn) for (¥, yn) € D*, where
X : Ry — [0, 1] is a smooth function such that y(s) = 1 forO < s < %,X(s) =0fors>Rand [’ (s)| < %.

Remark 2.3. The following limits hold uniformly with respect to & € oM,
lim ln|W£,§|§,g <ClUlp, p=2,
e—0 &
lim Sin|52vgwe,g|§’g < CIVUI,
where the constant C does not depend on £.

It is well known that the space of solutions to the linearized problem

-Ap+p=(-1)(V)P2p inR},

09
= on =0},
OVn {yn }
is generated by the functions (pi = %—‘;f fori=1,...,n—- 1. The corresponding local functions on the mani-

fold M are given by

i(()2)-1 0y-1
Zi () = {(pg((‘/’s) COM(@P~ ), x€ Qs (2.10)

0 elsewhere,

where @L(y) := ¢'(X) and y is as above.
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2.3 Proof of Theorem 1.3

As before, we set d(x) := a(x) — w?b(x) > 0. We denote by H, the space H;,(M) equipped with the scalar
product

1
U, v)g 1= - J e2c(x)VguVgv + d(x)uv dug
M
and the norm |lulls = (u, u)+'*. Similarly, we write L? for the space Lg (M) endowed with the norm

1 oo \P
[ule,p = g_"<J’|u| dyg) .
M

Foranyp € [2, 2;), the embedding i, : He — L, p is compact and there is a positive constant C, independent
of &, such that |ule,p < Cllulle. The adjoint operator if : Le pr < He, p' := p%l, is defined by

u=il(v) = U, Q)= gin pr dug forall @ € Hg(M)
M
= —£”divg(c(x)Vou) + d(x)u = v.

Note that, for some positive constant C independent of €,
lizWlle < Clvlpr,e forallv e Lgp. (2.11)
Using the adjoint operator, we can rewrite equation (2.4) as
u =i (b(Of(w) + w’b(x)g(u)),

where
fa) == @l gw) = [¢*@*(w) - 2gDW)]u.
Foré{ e oM and € > 0, let

Keg :=Span{Z; ,..., Z '},

& €4
where the Zi g are the functions defined in (2.10). This is an (n — 1)-dimensional subspace of H.. We denote
its orthogonal complement with respect to (-, - )¢ by

I(i{ = {u € Hg M4 <u,Zi’£>€ = 0}

£,

We look for a solution to equation (2.4) of the form W, ¢ + ¢ with ¢ € Kj’ Iz Thus, We ¢ + ¢ solves the
equations

I} (Weg + ¢ - ig [DOOf(We, g + h) + 0’ b(X)g(We,g + ¢)]) = O, (2.12)
e e(Wee + @ — iz [bOX)f(We e + ) + wzb(x)g(Wg,g +¢)]) =0,

where Il ¢ : He — K¢ ¢ and Hj’ I H, — Kj’ g are the orthogonal projections onto K¢ ¢ and KS{ I respectively.
The first step in the proof of Theorem 1.3 is to solve equation (2.12). To this end, we define the linear
operator Le ¢ : K, — K by

Lee(¢) :=TI; (¢ — i [bOOf (We,0)p]). (2.13)

Lemma 3.1 yields the invertibility of L, ;. Then we will use a contraction mapping argument to solve equa-
tion (2.12). In Section 3, we will prove the following result.

Proposition 2.4. There exist €y > 0 and C > 0 such that, for any & € oM and any € € (0, &), there is a unique
¢ = ¢ ¢ which solves equation (2.12). This function satisfies

el < Ce.

Moreover, £ — ¢ ¢ is a C*-map.
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Now, for each ¢ € (0, &9), we introduce the reduced energy I, : OM — R, defined by

Ts(‘f) =L (Wee + ¢£,§'),

where I, is the functional defined in (2.3), whose critical points are the solutions to equation (2.4). It is easy
to verify that &, is a critical point of T if and only if the function u, = We e, + ¢e ¢, is a weak solution to
problem (2.4).

In Section 4, we will compute the asymptotic expansion of the reduced functional I, with respect to the

parameter . We will show that
n p__n
c(§)zd(§)r2":

b(§)2

Cl-uniformly with respect to & € oM as € — 0, where

K := 1.1 JUpdz.
(2 p)]Ri

78({) +0(1)

If K is a nonempty C!-stable critical set for the function T, then, by Definition 1.4, there exists a critical
point & € oM of I such that distg(¢e, X) — Oase — 0.Consequently, u; = We ¢, + ¢¢ ¢, isasolution of (2.4),
and Theorem 1.3 is proved.

3 The finite-dimensional reduction

In this section, we prove Proposition 2.4. Using the linear operator L, ¢ : K‘j £~ KEL ¢ introduced in (2.13),
equation (2.12) can be rewritten as

Lee(@) = Neg(P) + Re,g + Se,e(h),
where
Ne (@) := I (i [DOOGFWe,g + B) — f(We,e) ~ f' (We,0)9)]),
Re g = TIL (i [BOOf(We )] - We ),
Se,e(@) = W’TI, (i [POO(G* O (We g + ) = 2qD(We g + §)(We e + P)]).
We refer to [26, Proposition 3.1], [7, Lemma 4.1] or [22, Lemma 10] for the proof of the following lemma.
Lemma 3.1. There exist € and C > O such that, for any £ € oM and ¢ € (0, &),
ILe,élle > Cligplle  forevery ¢ € KSL’{.
We now estimate the remainder term R, ;.
Lemma 3.2. There exists €y > 0 such that, forany ¢ € oM and € € (0, &9), one has
IRe,£lle = o(e).
Proof. Let G, ¢ be the function such that We ¢ = iz (b(X)G¢ ¢), i.e.,
—&? divg(c(X)VgWe £) + d(X)We,e = b(x)Ge z.

Then, for x € Q¢ and its Fermi coordinates y := (ng)-l(x), setting ¢(y) := c(x), d(y) := d(x) and b(y) := b(x),
we have

- 29 " 0
BO0Ge,£00 = AN VEWXY) - e - [ I8l e (VE YD)
X)Ge,e(00) = dW)VE Xl |g(y)|6y1'[ WIS I 3 - (VEW)]
- G0)VEOX0) - 28705 [er) - (VE )
j i

£ 0 i) | o) -2 (V4
— 5, B0 0 [emn 5 (V)
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= dy)VEyxw) - £ —[c(y) Vi) k) - c(y)—vfw) 3y )
§ i §
-¢ —[c(y W5, 2 )] - e2g) - 1,> ewg,; O iy

g2 g )]ey) —(Vf MXY)).

\/ g(y ay,
Moreover, by (2.8), we have
dVEYXW) - € [c(y) VEQ) Jx)

-d(@vf(y)x(y e2cOAVEWXY) + [dW) - d@IVEYXY) - € —[(c(y) @3- (Vf(y))]x(y)

= (bOWEE)P ™ + [dW) - dDIVE(Y) - € —[(c(y) @) (V"(y))])x(y)
From the definition of R, we obtain

"Rs,<f||£ < ||1; (b(x)f(We,.{)) - We,{"s = ul; (b(x)[f(We,f) - Gs,{])ug-

Using (2.11), we estimate the right-hand side by

j|b(x)wp '~ b(0)Gegl” dug < C j bW |(VEW)P! = Ge 2y dy

M B(0,r)
<C ju&(y) — OV VI dy + C j ld(y) - d@)IP'[VEy)IP dy
D+ B(0,r)

L ce? j|£ [c) - ety Vi ][ ay

vce? [1g7) - 6,,|1’|a [c(y) (V‘f(y))]| dy
p

+C£J

b+ Ig(y)l

|[|g(y)|zg"<y> i |c(y)—<v5(y)>| dy.

By the usual change of variables y = £z, we can easily estimate almost all terms in the previous equation. The
only term needing more attention is

. ) 0 p'
_ 2 1j _ 8P| A _ 5
I = Ce J|g (y) - 8l |ayj[c(y)ayi(vg(y))]| dy.
D+
We have
I, < Ce? I|g’1(sz) ;1P |

]Rn

b 2(V‘f(z))| e"dz +o(e"),

and by (2.5) we get

2+p’+),1—2p’ 2#_1
IRegle =0(e » )=0(7 ") =o(e)
sincep >2andn > 2, soz+">2 O
Lemma 3.3. There exist g > 0 and C > O such that, for any & € OM, € € (0, €0) and r > 0, we have that
[Se,e(P)le < Ce (3.1)

and
[Se,e(p1) = See(@P2)lle < Lellpr — Palle (3.2)
for ¢, p1, 2 € {veHe:|v|e <re}, withé, - 0ase — 0.
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Proof. Let us prove (3.1). From the definition of i* and (2.11) it follows that

||S£,{(¢)||£ < C|®2(We,€ + ¢)(Ws,gf + ¢)|£,p’ + C|(D(W£,{ + ¢)(W£,$ + ¢)|£,p’
< ClO(We ¢ + ¢)(Ws,f + ¢)|£,p’

since 0 < ®(u) < %. Hence, for some t > 2 ifn = 2 or for t = 2} if n = 3, 4, we have that

rt=p'

1 T N T
156.6@)le < Co ([0 + ) (1Werg + 1757) 7
M

1
< o IOWes + Pl W + ot o
< an/p’ [D(We, ¢ + ¢)"Hg1€ v We,e + ¢|s,%
< Ce T O(We g + @)l (1 + Iplle)

by Remark 2.3. Now, for n = 2, by (5.2) we have that

ISe.£(P)lle < CeP~1,

and we can chose t > 2 sufficiently large and j < 2 sufficiently close to 2 to prove the claim. On the other
hand, for n = 3, 4, recalling that t = 2, and using (5.4), we have

ISe.£(P)lle < Ce™" T "5 = Ce2.

In every case, ||S¢,:(¢)le < Ce, and we have proved (3.1).
Let us prove (3.2). From (2.11), since 0 < ®(u) < %, it follows that

[Se,£(P1) = Se,e(P2)lle
< ClO*(We,g + P1)(We g + 1) - D> (We g + 2)(We e + P1)le,pr
+ ClO(We g + p1)(We g + 1) - D(We g + P2)(We g + P1)le,pr
< ClO(We,g + 1) (We g + 1) - P(We g + P2)(We g + P1)le pr
= Cl[@(We,g + P1) = O(We g + §2)|We g, i + CIO(We g + o) (1 = P2)lepr =: 1 + L.

In the light of Remark 2.3, for some 6 € (0, 1) we have that

!

B = S 10 W 001+ (- 0092001 - 92 Weg + 41
M
Cl (1w i 2oy F
< (10 Weg+ 081+ (1-0092)@1 - @2)l)) " ( [1We + 11777
M M

C " '
= IO (Weg + 01+ (1= 0)p2)(1 - o)l e+ [Weg + pal?

I—p’

< Cs‘#llCD'(We,{ +0¢1 + (1-0)$2)(P1 - ¢2)"Z,§'

Here, as before, t > 2 forn = 2 and ¢ = 2;; for n = 3, 4. Notice that, since p’ < 2, we have

12*
P o
2* _pl

By direct computation, one sees that [Jully: < e=2/2)y|. forn = 2, 3, 4. Thus, in case n = 2, from Lemma 5.2
we obtain that

_2
I < Ce T (&P + Pl + Ipalle)pr — dolle < CePTlipr — palle
and, choosing t sufficiently large, we conclude that I < £¢|/¢p1 — ¢z | with £, — 0. For n = 3, 4, again by
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Lemma 5.2, we have
Li<Ce7(+e2 Z(lplle + Il )e T 1 - Palle
<C(e?+e7 (||¢1I|g + 201 — Palle,

and since [|¢1|¢ + @2 < Ce, we have again that I; < €:|¢p1 — ¢z with £, — 0. To estimate I, we proceed
in a similar way, obtaining

' C ! '
g- J|®(Wg,§ + ) b1 — pol?

M

—p’

(i@ We+dol) <J|¢1—¢2|”’ )

< Ce T ID(We g+ I 11— ol -

For n = 2, we have by (5.2) that

L < Ce teP (L + I2lle)ldpr — Palle < CeP Tt - palle
and, since t may be chosen arbitrarily large, we have eh-2/t . 0.Forn =3, 4, again by (5.2) we conclude that

L < Ce X (1 + | Palle)lp1 - palle < Ce2lip1 — Palle,
so I, < &¢llp1 — palle with £, — 0. Collecting the estimates for I; and I, we get (3.2). O
Sketch of the proof of Proposition 2.4. Since, by Lemma 3.1, L, ¢ is invertible, the map

Tei:Kpe = Kog Teg(d) = L (Neo(@) + Reg + See())

is well defined. As
I1Te,e(@)lle < CINe,e(P)lle + 1Se,e(P)lle + IRe & lle)
and
ITe,e(h1) = Te,e(P2)lle < ClINg,e(dh1) — Nee(Pa)lle + CliSe,z (1) — Se,e(P2)lle,
we deduce from Lemmas 3.2 and 3.3 that T, ¢ is a contraction in the ball centered at 0 with radius Ce in KL oy

for a suitable constant C. Then T, ¢ has a unique fixed point. The proof that the map & — ¢. ¢ isa Cl-map
uses the implicit function theorem. This part of the proof is standard. O

4 The reduced energy

In this section, we obtain the expansion of the functional Tg(é,’) with respect to €. Recall the notation intro-
duced in Section 2.2.

Lemma 4.1. The expression

2
78({) = IE(WE,S + ¢£,£) = Ie(Ws,{) +o0(1) = ]a(Wa,f) + %Ge(ws,f) +0(1)

holds true C°-uniformly with respect to & as € goes to zero. Moreover, setting &(z) := exp;(E) forz e Bﬁ‘l(O), we
have that

0~ __
(o)., (2

- (a—zhmwg,g@)) L +“’72(a%cg(wg,@)) |, +o(0)

@O-uniformly with respect to & as € goes to zero, foreveryh=1,...,n- 1.
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Proof. Asin [7, Lemma 5.1], we obtain the estimates
Je(We sz) + @eez) — Je(We g3) = 0(1),
0
UsWege + e = TeWege)| (55 Weso ) |,y | = 0D-

To complete the proof we need the following estimates:

GE(WE,S + ¢£,.{) - GE(WE,.{) =o0(1), (4.1)
! 12 a
(GeWeg + de.e) = GeWe ) (55 Wesm) || = 00, (4.2)
2 0
(]é(Ws,f(E) + e ez) + %Gé(Ws,g@ + ¢£,¢’(E)))[a_2h¢s,f(2)] =o(1). (4.3)

The proof of (4.1), (4.2) and (4.3) is technical and it is postponed to the appendix. With these estimates, one
can prove the claim following the argument of [7, Lemma 5.1]. O

Lemma 4.2. The estimate
n D n

1 1\c(®2d(é)r272

]g(Wg’f):(_ _)w

- I UP dz + O(¢)
2 p

2
b(é)r2 R
holds true C*-uniformly with respect to & € OM.

Proof. Fory e D*, setting ¢(y) := c(x), d(y) := d(x) and b(y) := b(x) with x := lpg(y) € Q¢, we have

2 [ & s AVEYXW) AVEWXW)) 1
c(Weg) = — ij 2d
JeWeg) = o= D[ c(y) i,]_E:lg ) i 3, lgy)I2 dy

1 -~ 1 = 1
¢ 5er | AVEDXDP B0 dy - 5 [ BOXVEO R Is01! db.
D+ D+

Using the change of variables y = £, from the expansions (2.5), (2.6) and (2.7) we immediately obtain
1 £ £00))2 1 £(onp
Je(Wee) = 5 J c(OIVVE (I + d(E)(Vo({)” d] — ? J b(§)(V- (D)) d¢ + O(e).
R" R"

From the definitions of V¢ and U we get

_P_

c(&id@ri11 1
JeWe, = O v v 07) - 5 | o7 ac] o
b(é)r2 R R
n P __n
2 -2 2
- (% _1)% I UP d¢ + 0(e)
A T
€%-uniformly with respect to & € M. For the sake of readability, the C!-convergence is postponed to the
appendix, where a proof is given in full detail. O

Lemma 4.3. The expression

n p n

1 1\c(d)z2d(é)r272

I.(We ) = (5 - E)% J UP dz + o(1)
bO

holds true C!-uniformly with respect to & € OM.

Proof. In Lemma 4.2 we proved that

_P_

1 1\c(did@r2?
]s(Ws,£) = (E —5)% J UPdz+ 0(8).
]RY[
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It is enough to show now that G¢(W¢,¢) = 0(1) holds true C'-uniformly with respect to & € OM. For the
@C-convergence, by Remark 2.3 and since [D(We,¢)lle < Ce, we have that

C
GeWe, 9l < | [ @We W2 ¢
M

C
< E|®(Ws,{)|2,g|ws,£|zz;,g
< C|®(Ws,f)|s,2|Ws,f|§,4
< ClP(We,o)lle < Ce.

For the C'-convergence, we estimate

d C o 2
G_EhGg(Ws,£@))lz:0| = |en oz J(D(W&f(?))ws,f(i)lfzo d”gl
M
C 0
< le_" I CD(Wg,{(E))ZWs,c’(h)(a_ZIWs’f@) |§=0 dyg‘

M

+

C 0

P J Wgz,f(h)(D’(We,f(E))[a—EhWs,.{(E) |z=0] dllg|
M

=: I1 + Iz.

Now, by Remark 2.3 and since
|2 Weioll, =0(2).

we have

C 0
I < g_n|®(Wa,§(2))|3,glwe,£(2)|3,g a_EhW‘s,f(EﬂE:OL’g

2
e3n
< Cs—n||(D(Ws,£(2))||H§1,|We,£(z)|s,3

! [P(We,g)lp2 -

|aizh We &z lz-0 ||£

n_

<Ce s

From Lemma 5.1, choosing 3 < B < 2if n = 2, we get I; < CeP=2/3-1 = 0(1), and for n = 3, 4 we get

n+2 _n

[ <CeT 5 1 =¢8 =0(1).

2n

s <t<2,we obtain

Using Remark 2.3 and choosing
I < 8—n|We,§(z)|2t,g|(D (Ws,{(E))[a_Eth,é’(E)|E=O]'t,’g

et ) 0
< Cg_n|We,f(i)|s,zt||q3’(Wa,§(z))[a—EhWg,.,r(z)|2=o]

Hy

n
< Cet™

0
(D’(Wg,f(i))[a_zhWe,{(E)|E=O] e

Finally, using Lemma 5.2 and noting that ull; < Ce"=2/2 |y, forn = 2and 3 - 2 < B < 2 we have
22,8 9 = B+i-3 _
I <Cet™7¢ |l o W8,£(z)|z:0‘|s < CeP i = 0(1),

while for n = 3, 4 we get

2

n_ n-2 n_n
I, <Cetete™2 72 = 0(1)

a;;hWe,g(z) |E=0||£ <Ce

since t < 2. O
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5 Appendix

We collect a series of technical results that were used previously.

5.1 Key estimates for the function ®

Lemma5.1. Fore >0,& e oM and ¢ € Hgl(M), we have the following estimates:
Forn=2and1 < f < 2, we have

IP(We,g + 9y < Ca(eP +plly,), (5.1)

IP(We, g + @)l < CreP (1 +19l12), (5.2)
and for n = 3, 4 we have

IOWe g + @)l < Cile™™ +1gl), (53)

IDWe g + @)l < Cre™s (1 + Il (5.4)

where the constant Cy does not depend on €, & and .
Proof. To simplify the notation we set v := ®(W, ¢ + ¢). By (2.1) or (2.2) we have

||v||f{é < Cj c(x)|ng|2 + b(x)qZ(Wg,g + go)2v2
M

- Cq [ BOOWe g + @2V
M

<o [#) (s o)

M M

< ClIvIg: | Weg + ol

2¢!
Lg

< CIIVIIH;(II We,.{lli?, + ||<P||i§t,),
where t = 2 forn = 3, 4 and t > 2 for n = 2. We recall (see Remark 2.3) that
1
1111(1) €—n|W8,5|g < C|UI7  uniformly with respect to & € OM.
£—

Thus, we have
Vg < Ci(e? +1@l5, ) < Ci(e” + IIqJIIi,;). (5.5)

Notice that for n = 2, since t > 2, we have that 1 < % < 2, while for n = 3, 4 we have t’ = %, which proves
(5.1) and (5.3). In the light of (5.5), we also obtain that

Vilg: < Ci(e? + |§0|§t1,g) <Crer (1 + |<P|§tr,g) < Cie? (1 +llgl),
which proves the other two inequalities (5.2) and (5.4). O

Lemma5.2. Fore >0, e oM and h, k € Hé(M), we have the following estimates:
Forn=2andf € (0, 2), we have

1®" (Wee + )1l < Cllklg: (e + Ikllgy),

and for n = 3, 4 we have
O (We,¢ + l)hlllg: < CIIhIIHLE,{(e2 + kllg2),

where the constant C does not depend on €, &, h and k.
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Proof. From Lemma 2.1 we obtain

D" (We,g + k)[h]IIf{; =2q J bO)(Weg + K)(1 = qQO(We,g + k)h®' (We,¢ + k) [h]

M
e j OO W + K@ (Wt + K)[h])?
M
< CJ We e h| D' (We e + K)[R]] + j|k||h||cb’(ws,¢ + LAl
M M

We call the last two integrals I; and I, respectively, and we estimate each of them separately. We have, by
Remark 2.3, that

I < Kl IRl 19 (We g + KR < Ikl Il 19 g
and

=2
t

< 10 (Wog + AN Wl | Wesgl, s < "7 10" iy Tl

wheret =2 forn=3,4andt>2forn=2. O

5.2 Change of coordinates along oM

For £ € oM, we consider the chart l[)? : D* — Qg, introduced in Section 2.2, whose inverse (lp?)*l(x) =y
expresses a point x € Q¢ ¢ M in Fermi coordinates y = (y1, ..., y,) around ¢&.
Forz e Bg‘l (0)and x € Q¢ N Qexp ((3) We consider the change of coordinates map

ez, x) =@° )= @°

— a = —
exps (2) eXPg(E)) 11:[’5()’) =E&(z,y). (5.6)

Since yy = distg(x, OM), writing y = (y, yn) withy € R™ ! and y, € [0, 00), we have that
EE, Y, Yn) = (XDey, ) €XPe(7), Y)- (5.7)

Lemma 5.3. The derivatives of € at (0, &) are given by

o0&k &k
—(0,8 =——=(0,0)=-6 orh=1,...,n-1,k=1,...,n,
ayh( 3 6yh( ) nk f
028 028,
0,¢& = 0,0)=0 forh=1,...,n-1,j,k=1,...,n.
a’l}'aYh( 9 aniayh( ) f J
Proof. This follows from [26, Lemma 6.4] by using the expression (5.7). O

Forz ¢ Bl’é‘l(O), we set §(z) := exp;(z) € oM. The function W, «z), defined in (2.9), can now be written as
We 400 = y(E@)Ue(VAE@)$25) ™ 00 () ()
= 1@ U(VABEE, 0 X(EE, X),
where A(Z) := A(expsz(E)) and y(2) := y(expg(E)). Thus, we have
0 0 __ 1 =
35 Wea -0 = (35 7@-0 U (£ VAOE(0, 0 y(£(0, )
- 1 [ 0 _
+7OU(; VAOE, ) =X (EE X)lz=0

P —
+ P(O)x(E(0, x))gU(% A()E(z, x)) ]EZO .
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If x := !,b?(ey), & := £(0), then £(0, x) = €y, and we have
52 Wesl0 = (52 7@lzw0JU(VAO ey + HOU(VAO)) 5K (e)2-E4E. 0, (Do
+ FOX(ey) @j—i(@y)a%ek(z, Y2 (eN)lzmo

ou/ [- o [~ _
+ VO 5 (VAOY) = VA@)

where %( -) denotes the derivative of the function f with respect to its k-th variable.

o Vi (5.8)

5.3 The pending proofs in Section 4

Conclusion of the proof of Lemma 4.1. To finish the proof of this lemma we need to prove (4.1), (4.2) and (4.3).
Proof of (4.1). For some 0 € [0, 1], we have

Ge(We,g + Pee) — Ge(Weg) = in bOO[O(We,g + e,e)(We g + de,)* = P(We,e)(We,6)?]
€ M
1

-]

M

bOOD (We g + 0e,6) (e el (We,6)?

+ gi" j bX)D(We,s + Pe,e)[26pe,e Wes + ¢§5]
M

Since || ¢lle < Ceand 0 < D(u) < 1 from Remark 2.3 we obtain

C C
|G£(Ws,£ + ¢s,{) - Gs(Ws,g")l < £_n|cD’(Ws,{ + 94’8,{)[¢s,{]|2,g|®s,€|i,g + £_n|¢s,{|2,g(|ws,{|2,g + |¢s,£|2,g)

n/2
< C'€

p 1D (We,g + 0e,) e, el | D, el7 + CIDglle (IWe e + 1D le)

g2

gn/Z

<

1D (W, ¢ + 0¢e,)[@eellg: + Ce(1 +&).
Using Lemma 5.2, we conclude that
[Ge(We e + Pe.e) — Ge(We g)| < C(£3’§ +¢€) < Ce.

Proof of (4.2). Recall that &(z) := expg(z) for Z € By '(0). Since 0 < ®(u) < %, for some 6 € [0, 1] we have

|

C 0
< '8_" J’[q)(Wg,.f + ¢g,f) - CD(Wg’f)] Wg,g(a—zhwg,f(g))

|[GLWeg + be) — GL(We,o)] [(%Wa@)

i

M
C 0
| (002 Wes + 9o - a2 W I We s (2 Werk) ||
M
c , d
| J[CD(We,f +Peg) — g (Weg + ¢s,£)]¢e,f(a—2th,s@) |E=0l
M

C 0
< IS_” I[‘D(Wg,f + (l)g,{) - q)(Wg’{)]Wg"f(a—Eth’f(E))
M

»

+

c 0
o J O(We,¢ + ¢s,f)¢€’f(a_ghw‘9’5®) |E:0l
M
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<

C (., d
E_"zl ' (We g + 0be.0)( @ Wes (55 Wes) ||

+

C o
o [ @ W+ 000 e ) (55 Weso)
M

C 0
o j Q(Wf’5)¢5’f(a_2h Ws,f(E))
M

z=o|

+

-
= 11 +Iz +13.

From (5.8) and a straightforward computation we derive that

([ o) o2

Rn

d
|(a—§hWe,£<E>) -

Now, recalling that [|¢, ¢zl < Ce and that [lully; < Cem=2/2|y||;, from Remark 2.3 and Lemma 5.2 we get
that

1

I< ci;( AT ¢s,f)(¢s,f)|3)%<£ln [w2e) (155 Wes) |E=0'3>%
M M

M
< Ce 3O (Weg + de,) (e, )l
< Ce 3t 2
S
< Ce 37 te = 0(1).
The term I, can be estimated in the same way, while for I5 we have

2n 1 1
£3 301 3701 0
s ¢ ( Jloweor) (5 [108) (5 [|(55 Weso)

M M M
< Ce™3 | D(Weg)llg: -

|3)%
z=0

Now, if n = 2, by (5.1) we have I3 < Cef/3 = o(1), choosing 8 wisely. If n = 3, 4, by (5.2) we get
I <Ce 5 = cet™l,
This proves (4.2).
Proof of (4.3). Following the proof of [7, Lemma 5.1, step 2], we just have to prove that
|Gt (Weg2) + Be,62)[ZL ]| = 0(1),

Since 0 < ®(u) < 1,

C 1
P J O(We5z) + Pe.s@) We,i2) + Pe.t2)Z, gz
M

|GL (W, z) + ¢s,f(z))[2i,f<2>]| =

+

1
p J DX (We 5 + Pe,62) We 2) + Pe,62) 0 ez)
M

=: Iz,.

c 1
< lg—n J O(We i) + Pe.s@) We i) + Pe.t2)Z, gz
M

By (2.10) it can be proved easily that ||Zi © le = O(1). So we have

. ir1 51
Iose b ([loWeg+ 0P ) (5 [Wes+ 9es) (5 [12 )

M M M
<€ HOWe g+ Gl (We gl e + e gle)IZ, o lle

<5 DWe g + Pl

1
3
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Now, if n = 2, by (5.2) we have that
I; < ceP3 = o(1),

and if n = 3, 4 by (5.2) we have that

n2
2

Wiz

n
I <ce =cestl, O

Conclusion of the proof of Lemma 4.2. To finish the proof of this lemma we need to prove the C!-convergence.
We do this for the first partial derivative. We set &(2) := exp,(z) for z € Bl’{fl (0). Then we have

0 0
a—zlls(Ws,g(z))b:o = ]Q(Ws,f(z))[a—gl We,{(E)]

z=0

g2 )
= on J C(X)nge,é'@vga—}l We ¢z dpglz-o0
M

1 0
ten J d(x) Wesa 57, Wes dpglz-o

M
1 )
" s_”J blx )Wfslm 0z, We e duglz-o
M
=11 + 1, + 1.

Next, we estimate each term. Set x := 1/)?(y) and &(y) := C(l/)g(y)) = c(x). By (5.8), we have

g2 )
L = p J C(X)VgWs,f(E)Vg(a— e {(z)) dglz—o
M

e j WIse gy )y - [y(O)Ug( A0)€0, ) )X, y)]
R}

a(; 5% TOU(VA@EE k€@ ] | dy

- [ eeolecteniislien o [0 (VA0 0, 20 e 0.20)

&
<3¢ 55 1OU(ADEE N )] |, ac

Using the definition (5.6) of &, we obtain

1 = [ ee0iOlsg(e0ttelien| (57 U(VAOK) o + U(NAOKF) gxed)]

R}
a( = [reu(Vamie. coee )] |, do+ o)

- | etcoroectenitlien| (57 v(VA©F) Jep + (o)) 5

R}

3G —X(ED)]

pi [ 52 1@oU (VA0 + HOU(VAO0) S 0020 Er el

onep YO 2U S (VA00) e vl

&

+ y(O)x(eog—g(@()a—zl Vam |, ck] ag + 0(e)

=:D1+Dy + D3+ Dy + 0(g),
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where 2L I ( ) denotes the derivative of the function f with respect to its k-th variable. Expanding ¢(&(), by the
exponentlal decay of U and its derivative, and by (2.5), (2.6) and (2.7), we get

D1 = 310) [ @018y + 0teld)| 5 (V( VA e+ Otelg)]

R
52 7@l 57 (V0400 ey + 016?147 g
- %aT<y(z>>2|z_oc<0> j|V¢( u(ya)))[ ¢+ o).
Similarly, D, = O(g). Also, we have

D4 = 70) [ @081+ 0| 57 (U(VA©0)0) e + 0(e?1g)]

IRE
[x(eo = (Va0) 2 Ak o6 ] a¢
- 20705 AG)zo ja(( (VA05)) 5z [ 5 (VA©1)] ¢ + 0.
Now, an elementary computation yields
0 — 0
%T21|V‘U(@()|z - a_(,.(U(\/_ ))a( 07 ( (\/E())
- %(U(@c))%[;’—g( @0 \am)

Hence,
D, = %E(O))"/Z(O) J a%(|v;U(\/ﬁc)‘2) ‘E:O d¢ + 0(e).
R!
We conclude that
Dy +Dy = %&(0) J a% 'y(z)V(U W{)] ) |5=o d¢ + 0(e)
R}

=590 [ g5 (7@l |, -+ 0,
R

The term D5 is more delicate since the factor 1 forces us to expand all factors up to the second order. In

.....

D3 = 7(0) A(O)j% €O|g5(80|2g5(8()[ -(u (M{))x(smow )]

R}

<0 e (VA00) 22 w00 dc

- Oij
= POVAO) [[Z52 + 2c0)hyga - 20)(n - 183G + 85 S 0)4]
J

1](

* %(U(\/ﬁ()) [ (M() 0z (z, l/}g(f())'z_ ] d¢ + 0(e).
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By Lemma 5.3, we have

o €42, PYEDl50 = -6+ O(E(1)

0 /0 .,
57 (55, 64 Y3ED)lz-0 ) = 0T,

g
Moreover, since U is radial,
<2 (Vaox) - v'faop . 5.9)
_( U’(\/A(O)()) B ( VAOU"(©) U’(O)( (5.10)
o6 14 RIG TEN A '

where U' = 9%, U = "ZU and r = |{]. Thus, we get

Ds = (0)A©) j[ﬁ 2804 - 2O)n - 1OyHG + By 3501
\/A<o 0, )
e (T(k)alkdu 0ce)

=7 (0),4(0)“ ”8() + 28(0)hi G — E(0)(n — DEH + 8y s((om]

R}

U'(\A(0){)\2 U'(VA(0)S) / VAOU" () U'())
% 51 + ( - ) i6i¢1d{ + O(e).
Now, by symmetry considerations, fori = 1, ..., n — 1, any term containing {; to an odd power vanishes, and,

since hijn = hypj = 0, we get that

Ds = 7(0)A0) 5 (0 J 5 ’(@0)2“’6”

041

l

J_ c( AQU"Q) U

I

i U'(\A(0){)\2
——yz(O)A(O)y(O) j(T) 6

\/Mq (@U”(o U©

1¢12 I

)66861d¢ + 0e)

)6i6i63 dg + 0e)

Notice that, by (5.9) and (5.10), we have

%aidvc”(\/@()r :A(O)(—U'(\/l?())za L i A<0>C)< VAOU'© v

g 142 IE )("m’

SO

= PO j selveu(Vao0)[ ¢ ag
_ ~2(0) J 0 }V(U(\/R()'

- _E(O)_ jwvf(oﬁ ac =~ c<£<z>)|z_o— j|vvf(0|2dc+ 0(e).

R} R’
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Consequently, we obtain
1 0 _ >
L= | S5 le@@vV@QPR |, dg+ 06
R}
For the second term, setting Zi(y) = d(l/)?(y)) = d(x), we obtain in an analogous way
- 1 ~ 0 _ - =
I = J d(e)Ige @)1 HOU(VAOK Jx(e) - [1OU(VADEE, e (€@, 20| |, ¢
RY
= [ atedisetedn (VAR e

2
[a_ 7@ lz-0U( VA (e + FOX(E) Vi ov 52 (VA0) s-e42 peg

&

70 5 (VAOK) 2 \A@ |_, G+ 10U(VA©)) 2 [EE. 0] o |8

=: Bl +Bz +B3 +B4.

Expanding d(g{), by the exponential decay of U and its derivative, and by (2.7) and the definition of &, we get

B1 - [ 40)7(0)52-7@l-0U*(VA©)) d¢ + 06e

R}
_ 1. 0 o\ 2( /7
- 34027 @ls-o | UX(VAO)) dg
IRYI
As before, we obtain that B, = O(¢) and

51 [ a0y o002 (00) 2 e, 65+ o
R}
= % j a(O)f’z(O)aizl(U(\/ﬁ())z |E:0 d(+ 0(8)

R!
Thus,
B+ Bs = 540 [ = (F@u(Va@s)) |, do+oe)

IRH
- —d(a j (VED ()2 |50 dC + O(e).
IR+

Again, we have to pay particular attention to the term containing % as a factor. From (2.7) and Lemma 5.3 we
get

B, = 72(0)\/A(0) j “tegtenn u(VAOF) 55 (VAR )00+ 0662151 ¢ + 060

o
=700 [ (2 + 2 0))u(A01) 28 (VA©)) dt + 0t
R

and, by (5.9),

e 0§
)U'Nﬁc)
<]

(1d{+ O(e)

- 70)a0) J—d ©u(\A©)

5 (2 d +0(e)

+
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due

and

Ina

to the symmetry. So,

B, - —72(0)§—g<0> | %%[U(\/@c)]za d¢ + 0(e)
R}

- yz(O)é’—i(O)ﬂi u2(VA©)) d¢ + 0te)

d®lzo j (VED(0)? dg

R

_10
T 207

1 0 _ 7
L=3 J 35, [4E@N(VFP )} [ dC + OCe).

R

similar way we proceed for I35, completing the proof. O
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