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1 Introduction

Uniqueness is an important issue to address when one considers the global well-posedness for a system of
differential equations. For systems of partial differential equations like cross diffusion systems, the unique-
ness has remained a challenge for solutions with mild regularity since the comparison/maximum principle
for the cross diffusion systems like SKT is not available. We also note here that in our recent work [10], we
showed a weak maximum principle for non-negativeness of solutions that allowed us to prove the existence
of positive weak solutions of SKT systems directly using finite difference approximations, a priori estimates,
and passage to the limit, which avoid the change of variables (or an entropy function) being used in other
works as in, e.g., [5-7]. Together with our existence result for weak solutions of SKT systems in [10], this
article provides the well-posedness for these systems in space dimension d < 4.

The available uniqueness results for the SKT systems are rather scarce and require high regularity of the
solutions. In [12, Theorem 3.5], Yagi proved a uniqueness result for solutions in

e((0, T1; H*(Q)) n €1((0, T]; L*(Q))

using an abstract theory for parabolic equations in space dimension 2. In [1, 2], Amann proved global exis-
tence and uniqueness results for solutions of general systems of parabolic equations with high regularity in
space in the semigroup settings, W'-P(Q) for p > n, which require Holder a priori estimates when applied to
SKT equations.

In this work, we use the argument of adjoint problems to build specific test functions to show the unique-
ness for solutions in a more general space setting, in L°°(0, T; H*(Q)?) with time derivatives in L*/3(Q7)? for
space dimension d < 4; see Remark 2.1 below. This argument of using adjoint problems has been used to
show uniqueness results for scalar partial differential equations describing flows of gas or fluid in porous
media or the spread of a certain biological population; see, e.g., [3, 4]. It is also systematically used in the
context of linear equations in [9].
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Throughout our work, we denote by Q an open bounded domain in R4, d < 4,and weset Qr = Q x (0, T)
for any T > 0. We aim to show the uniqueness result and then combine this result with our previous global
existence results of weak solutions in [10] to show the global well-posedness for the following SKT system of
diffusion reaction equations (see [11]):

oru - Ap(u) + q(u) = €(u) in Qr,
oyu=00n0Q x(0,T)oru=00n0Qx (0,7, (1.1)
u(x,0) =up(x) >0in Q,

where u = (u, v) and

(u) =
P p2(u,v) (dy + axiu + av)v

q(u) = <q1(u, v)) _ ((blu + clV)u>, (1.2)

pi(u, V)> _ ((dl +anu+ ale)u>

q>(u, v) (bou + cov)v

€1(u) _ aju
)] \ayv)’

Here aj; >0, b; 2 0, ¢c; > 0, a; > 0, d; > O are such that

f(u) =

0 < ajpar < 64a11a2z. (1.3)
It can be shown [13] that condition (1.3) is equivalent to
0<a?, <8ajax; and O0<a?, <8axai, (1.4)

as far as existence and uniqueness of solutions are concerned.

One of the difficulties with the SKT equations is that they are not parabolic equations. Whereas Amann
[1, 2] has proven the existence and uniqueness of regular solutions for general parabolic equations, which
can be applied to SKT equations using L? estimates, we proved in [10] the existence of weak solutions (see
also [7]) to the SKT equations. It is important to validate this concept of weak solutions, to show that the weak
solutions are unique. This is precisely what we are doing in this article in dimension d < 4.

Throughout the article, we often use the following alternate form of (1.1):

ou—V- (P(u)Vu) + q(u) = €(u),

where

(1.5)

P(u) - (pu(u, v) pua(y, V)) ~ (d1 +2ay1u + apv apu ) _

p21(u,v) pa(u,v) av dy + axiu + axv

When condition (1.4) is satisfied and u > 0, v > 0, we can prove that the matrix P(u) is (pointwise) posi-
tive definite and that
PW)E) - &> a(u+v)|&1> +dol&l> forallE e R?, (1.6)

where dy = min(d, d>) and
0 < a < min(a1, a2, dz1, azz, 6o).

Here we refer the readers to a proof of (1.6) in our recent article [10].
We consider later on the mappings

Pru=Ww,v)—»p=P@1,p2), Q:u=Wv)—4q=(q1,q>)

and we observe that DP Do
P(u) = ﬁ(“)’ Qu) = ﬁ(“)’ (1.7)

and
Vp(u) = P(u)vu.
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We see that the explicit form of P(u) is given in (1.5) and the one of Q(u) is

Q) - <2b1u+c1v cu )

byv bou + 2cv

Note that (1.6) implies that, for u, v > 0, P(u) is invertible (as a 2 x 2 matrix), and that, pointwise (i.e. for
a.e.x € Q),

71 -
IP@ e < do+au+v)’

Our work is organized as follows: We show our main result in Section 2, where the uniqueness for weak
solutions to the SKT system is derived using solutions of adjoint problems. Since the proof of the unique-
ness relies on the existence of solutions to the adjoint problem, we show the existence for these problems
in Section 2.1, together with the a priori estimates in dimension d < 4. We finally show in Section 3 that the
newly derived uniqueness result in Section 2 together with our existence result in [10] leads to the global
well-posedness for the SKT systems in space dimension d < 4.

2 Uniqueness result for SKT systems

As mentioned earlier, our uniqueness result is proven using an argument of an adjoint problem; see, e.g., [4],
see also [9] in the context of linear parabolic problems. The existence of solutions of our adjoint problem will
be granted if the solution u of (1.1) enjoys the following regularity properties:

uel®0, T; H(Q)?) and omu e L3(Qr)2.

Remark 2.1. Although this was not explicitly stated in [10], the solutions that we constructed in dimension
d < 4 belong to L*(0, T; H'(Q)?) with o;u € L*(0, T; L?(Q)?); see Appendix A.3.

Introducing a test function ¢ which satisfies (2.2) below and the same boundary condition as u, we multi-
ply (1.1) by ¢, integrate, integrate by parts, and obtain the variational weak form of (1.1):

(0eu, @) - (p(u), A@) + (q(u), @) = (£(w), @),
Hbu=00n0Qx(0,T)oru=00n0Qx(0,7T), (2.1)

u(x,0) =upin Q

for all test functions ¢ such that

J[ @ < L2(0, T; HX(Q)?) n L®(0, T; HY(Q)?) and 0¢p € L5 (Qr)?, 2

0y = 0 or ¢ = 0 on 0Q (¢ satisfies the same boundary condition as u).

Note that the boundary terms disappear because p(u) satisfies the same boundary condition as u. To show
that the solutions of (1.1) are unique, we introduce the difference of two solutions uy, u, of (2.1), 1 = u; — uy,
and we will eventually show that it = 0 fora.e.x € Q and ¢ > 0.

We first observe that @ satisfies

(o1, @) - (p(u1) - p(uz), A@) +{q(u1) - q(uy), @) = (€(u1) - £(uz), @),
0,i=00n0Q x(0,T)oria=00n0Q x (0, T), (2.3)
u(x,0)=0in Q
for any test function ¢ that satisfies (2.2).
Using the notations P(x), Q(x) introduced earlier in (1.7) and the relations (A.1), (A.2) from Lemma A.1,
we find
(a, @) - (a, @) — (P10, Ap) + (Q(a)a, @) = (&), @),

where 1 = (u; +uy)/2.
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Thus
(@, @) — (1, @,) - (@, P@)" Ap) + (i, Q)" ) = (£(1), ). (2.4)
We notice that @t € L*°(0, T; H}(Q)?) because uy, u; € L*°(0, T; H1(Q)?).
We now consider the test function ¢ to be a solution of the following backward adjoint problem:

-0t - P(@) A + Q) ¢ = @ in Qr,
oy =00r¢e =00n0Qx (0, 7), (2.5)
@(T) = x(x)in Q,

where y(x) = (Y*(x), x¥(x)) € HY(Q)?.
Before showing the uniqueness result of solutions of (1.1) using the test function ¢ as a solution of (2.5),
we first show the existence of @ = (¢¥, ¢") € L?(0, T; H>(Q)?) with 0,;¢p € L*/3(Qr) in the following section.

2.1 Existence of solutions for the adjoint systems

In this section, we continue to assume that d < 4, and we show the existence of a solution ¢ of (2.5) satis-
fying (2.2) by building approximate systems where the classical existence theory can be applied to show the
existence of approximate solutions. We suppose throughout this section that the functions @ > 0 in the first
equation in (2.5) satisfies

@ e L®(0, T; H(Q)?).

We observe that the diffusive matrix P(i1) in (2.5) may not be uniformly parabolic! unless @t € L®(Qr)2.
Thus we can not directly apply the classical results for parabolic equations to show the existence of ¢; see,
e.g., [8, Theorem 5.1]. We therefore use an approximation approach as in [4].

The existence of a solution ¢ of (2.5) is obtained in three steps:

« Define approximations ¢, of ¢, which are solutions of the approximate systems (2.7) below.
«  Derive a priori estimates for the functions ¢,.

o Pass to the limit as € — 0 to show the existence of ¢, a solution of (2.5).

We start now with the first step of building approximate solutions ¢,.

2.1.1 Approximate adjoint systems
We know that @ = (u; +u,)/2 > 0and @ € L*°(0, T; H'(Q)?) (see Theorem A.2). We build approximations i,
of @, as a sequence in L*®(Qr)?, that converges to @ in L*(Qr)?. We can define such i, as follows:

ﬁs = es(ﬁ);

where 0, is a smooth function with derivative bounded by a constant independent of £, which we assume to

be 1, such that
0.(0) = {

We easily see that u, € L°(Qr)2. Furthermore, we have @1y — @ a.e. and |iig|;4 < |i@1|;4 < co, and we obtain by
the Lebesgue dominated convergence that i, converges to @ in L#(Qr)?2. Finally, we easily see the following
by straightforward calculations:

[=11
IN

for

[=11

[=11
vV

for

oM =
MmN M=

I0cll oo, 73H1 (Q)2) < KNl Leoco, T3H1(Q)2) 5 (2.6)

where k depends on the maximum value of 6., which is independent of .

1 A matrix P(*) is uniformly parabolic if x1|&|> < (P(%)&) - & < k2 |&]? forall ¢ € R24 and some k1, k> > 0; see the definition in,
e.g., [8].
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We then let @, = (9%, p?) satisfy the following approximate system:
~01p. — P(e) A, + Q1) ' p, = @p in Qr,
oy, =0o0r@,=00n0Qx(0,7),
@.(T) = x(x)in Q.
We know that @i, € L®(Qr)?, which yields P(i1;) € L®(Qr)*. This in turn implies that
(P(E:)) - § < x(e)l§1%,

— 501

2.7)

where k(¢) is a constant depending on &. This bound from above of P(ii;) and its bound from below in (1.6)
give the uniform parabolic condition for the approximate system (2.5). The existence of a smooth function ¢,
is hence given by the classical theory of the equations of parabolic type; see, e.g., [8, Theorem 5.1]. We now

bound the approximate solutions ¢, independently of €.

Lemma 2.2. Assume that d < 4 and @ € L*®(0, T; H'(Q)?). We then have the following a priori bounds inde-

pendent of € for the solution ¢, of (2.7):

sup @ lm@y < kXl ()2,
te(0,T]

T
J (1 + it + 7e)| A, |* dt < kX |la 02
0

and

10l 4, < KIXI-
Here, in this lemma, k depends on |[ul| (0, ;H1(0)2) and on the coefficients but is independent of .
Proof of Lemma 2.2. Multiplying (2.7) by ¢, we find

1d - i
- EEVPHZ - <P(us)TA(pey (pg> + (Q(ua)T(pa’ (pa‘) = |‘p8|2'

Multiplying (2.7) by ~A¢,, we also find, after integration by parts,

1d . s
= 52V + (P A, Ap,) - Q@) ., M) = Ve 2.
Adding equations (2.9) and (2.10) and regrouping the terms, we find
1d

_Eaﬂtpslz + |V(p£|2) + <P(ﬁ£)TA(ps’ A‘ps>
= ((P(a;) + Q) @,, Ap,) - (Q) ., @) + |, |* + Ve, |
We bound the first two terms on the right-hand side of (2.11) as follows:

(2.8a)

(2.8h)

(2.80)

(2.9)

(2.10)

(2.11)

o We first bound the easier term (Q(ii,) T(p e» @) using the Holder inequality for three functions with pow-

ers (2, 4, 4), the Sobolev embedding from H! to L* in dimension d < 4, and (2.6):

T - 2 . 2 . 2
[(Qe) @, @.)| < colticl2|@,l7, < cilliclml@ s < xi(lTllzeoo, r;am )@ -

Here k1 (J[@t]|L (0, ;1)) is @ constant which depends on ||z, ;1) but not on &.

e We now bound the term ((P(ii¢) + Q(ﬁg)T)(pE, A@,) using Holder’s inequality for three functions with
powers (4, 4, 2), the previously used Sobolev embedding from H' to L* which assumes d < 4, the Young

inequality, and (2.6):
[{(Pae) + Q(ite) )., Ap,)| < coliie|ra|@, |14 |Agp, |12
< clltelll@ e 1A, L2
< cilgllreo,T;E) QN E AP, |12
. d
< K2 (il 0,150 I + 571017

where dy = min(d1, d») and k([ (o, 1;H1)) is independent of €.
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Using these two bounds in (2.11), we find

1d

_- - |2
2 dt

_ - d
(19:” +1Vp,1%) + (P@e) A, A, ) < K(IBlLo(0,1:tn) ) (1] + Ve I) + 70|A(p£|%2’

where x(|[@t]| o, 1;71)) is @ constant which depends on [ (o, ;1) but is independent of .
Thanks to the positivity of P(x) in (1.5), we have, using (1.6),

1d d L -
5 1P+ V@) + (T + alite + 7o) ) QP < k(oo i) (19 + 1V ep ).

This implies

d - -
—E(|(p£|2 + V1) + a(l + it + 7)|A@,|* < k(I + Ve, |?), (2.12)

where again k = (|| (0, T;H1))-

Recall that ¢p(T) = x € H'(Q)2. Multiplying (2.12) by e*! and integrating over [t, T] for t € [0, T], we infer
(2.8a) and (2.8h).

Now, to derive the bound independent of ¢ for 0;¢p,, we write using the first equation in (2.7):

”a[‘pg”L% = llP(ﬁE)TA‘pg - Q(ﬁS)T‘pg + (pgllL% . (2'13)

We bound the most challenging norm term ||P(ﬁ£)TA(p£|| 143 on the right-hand side of (2.13). We consider
a function z € L*(Q7)? and write

. 1
I P(ite) A,z dx dt < (glivzi a;|Q|% +2 jnax aij(luclzs + IvellL)) (1A@g e + 1A@glz2 )zl La.
i : J=1,

Observing that ||ugllzs < lullzs < llullzeo(o, 7;51), @ similar bound for ||v¢| 14, and using (2.8b), we find the follow-
ing bound for any z € L*(Q7):

j P(i,) A,z dx dt < k(Jullp+)|A@,lzllps < k([ulleoo,7,0m) IXN1ZIL5,
Qr

where x depends on |[ull;~ (o, 1;51) @and on the coefficients d;, a;; but is independent of €. This gives the a priori
bound (2.8¢). O

2.1.2 Passage to the limit for the solutions of the approximate systems

We now pass to the limit as € — 0 in the approximate adjoint system (2.7). From the a priori estimates
(2.8a)—(2.8c) we have that there exists a subsequence of ¢, still denoted by ¢, such thatas ¢ — 0,

@, — @in L®(0, T; H' (Q)?) weak-star,
A, — A@ in L?(Qr)* weakly, (2.14)
3¢, — 3¢ in L3 (Qr)* weakly.

We then pass to the limit term by term in (2.7), where the most challenging product term P(ii;)A¢p, is treated
as follows: for any z € L*(Qr)?, we write

I (P(@,) A, — P(p) M)z dx dt
Qr
- J A, (P(it;) - P(@)z dx dt + J (A, - Ap)P(i)z dx dt .
Qr Qr
T! TZ
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«  We first deal with the easier term T2. We easily see that T> — 0 as € — 0 thanks to (2.14) and the facts
that P(1) € L*(Q7)* and z € L*(Q7)?, which gives P(i1)z € L2(Q7)?.

o ForT},ase — 0,weknow that@, — @in L*(Qr)? strongly, which gives P(@t;) — P(@1) in L*(Q7)* strongly.
Thus (P(@i;) - P(1))z converges to 0 in L?(Qr)? strongly. Since Ag, is bounded in L?(Qr)? (thanks
to (2.8b)), we conclude that T} — 0as & — 0.

We hence have P(ii;)A¢@, — P(@1)A¢ weakly in L*/3(Qr)? as € — 0. We thus conclude that ¢ is a weak solu-

tion of (2.5) as below.

Proposition 2.3. Under the assumptions that d < 4 and @ € L*(0, T; H'(Q)?), the adjoint system (2.5) admits
a solution ¢ in L°(0, T; H(Q)) n L*(0, T; H*(Q)?) such that 0, € L*3(Qr)?.

We now resume the work of showing the uniqueness of the solution u of (1.1).

2.2 Uniqueness result for the SKT system

We recall that uy, u; are two solutions of (2.1), and we have written @ = u; - u,; we will eventually show that
u=0fora.e.x € Qandt > 0. We also recall that &1 satisfies (2.3).
Using the existence result of the adjoint problem in Theorem 2.3, we have a solution

@ =(¢", ¢") € L*(0, T; H(Q)?)

of (2.5) with 0,¢ € L*3(Qr).
We henceforth infer from (2.4) and (2.5) that

(W, @) + (U, @) = (£(0), @). (2.15)
We look at the first component in (2.15):
(ur(t) = uz(0), ") = (a1 — D{ua () - ua(0), 9*).
Multiplying the equation by e~(@~Dt and integrating over the time interval [0, T], we find
(ui(T) -~ ua(D), x*) = 0.

This is true for any y* € H'(Q), and we thus find u;(T) = u»(T) for a.e. X € Q. The argument is also valid for
any other time t < T which gives u1(t) = u,(t) a.e. Similarly, we have v, (t) = v (t) a.e.
We have thus shown the following result.

Theorem 2.4 (Uniqueness). In space dimension d < 4, the SKT system (1.1) admits at most one weak solution
u > 0 such that
uel®0,T; H(Q)?) and o e L3(Qr)>

3 Global well-posedness for the SKT system

In this section, we assume that d < 4 and show that our uniqueness result in Section 2 yields the global
well-posedness for solutions of the SKT system (1.1) with the following initial datum conditions:

o € L2(Q)? and Vp(uo) € L2(Q)*. (3.1)

Remark 3.1. Thanks to the existence result in our prior work [10], whose main result is stated as Theo-
rem A.2, we see that for all T > 0, under the assumptions that the space dimension d < 4 and the initial data
satisfies (3.1), the SKT system (1.1) possesses solutions u € L®(0, T; H'(Q)?2) with 9,u € L*/3(Q7)*/3 as con-
sequences of (A.3c) and (A.4a). Theorem 2.4 thus applies and gives the uniqueness of such a solution u
of (1.1). We then conclude that the solution u exists globally and uniquely.
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Our main result in this section is as follows.

Theorem 3.2. Supposethatd < 4, that ug satisfies (3.1), and that the coefficients satisfy (1.4). System (1.1) pos-
sesses a unique global solution u € L*®(0, co; H'(Q)?) with o;u € L?(Q x (0, 00))2. Furthermore, the mapping
ug — uis continuous from L1(Q) into L?(Q) endowed with the norm |*|,

*x,V
I*m/=sup< a
vert VIl

Here g = max(2d/(6 — d), 4d/(d + 2)).

To show the continuous dependance on the initial data, we suppose that u; and u, are two solutions with
initial data u; (0), u,(0) satisfying (3.1). We proceed as in Section 2 by denoting @t = u; — uy, @ = (u; +u,)/2,
and recall from (2.4) that

@, @) - (0, @,) - (1, P@" Ag) + (0, Q)" @) = (£(w), ), (3.2)
where ¢ solves the following adjoint problem:
-0t - P(@) A + Q@) @ = £() in Q; = Q x (0, 7),
oy =0o0r ¢ =00n09Q x (0, 1), (3.3)
@(1) =xinQ,

for y(x) = (\*(x), x"(x)) e H 1(Q)? (arbitrary) with appropriate compatible boundary conditions.
The existence of a solution that satisfies the following a priori estimates was proven in Lemma 2.2.

Lemma 3.3 (A priori estimates). Assume that d < 4 and @ = (&1, V) € L*®(0, T; H'(Q)?). We then have the fol-
lowing a priori bounds independent of T € [0, T] for the solutions ¢ of (3.3):

sup @l )y < klxla )2, (3.4a)
te[0,T]

T

J(l +fl+]7)|A(p|2 dt < K”X”Hl(Q)Z' (34]3)

0
Here, x depends on |[Ql]| L~ (0, ;11 (0)2), T, and on the coefficients but is independent of T.

We now continue to show the continuous dependance of u on the data. We find from equations (3.2) and (3.3)
that
(a, @) = 0.
Thus
(a(), x) = (a(0), @(0)),
where we have used @(7) = ).
We now use the first equation in (3.3) and find

(@), p = (80, x + j[P(ﬁ)TA«p - Qg + E(p)] dt)
0

T
=(a(0), ) + <ﬁ(0), j[P(ﬁ)TA¢ - Q@) + &(¢p)] dt> (3.5)
0
We next bound the typical terms on the right-hand side of (3.5):
o We first bound a typical term (i1(0), tA@") in (@(0), PT(ﬁ)A(p) as follows:
(@(0), uhgp") = (u(0), &z @>Ag")
TR e i
elLdw2 €La2 €
< [2(O)], ga 11" 5y 12 A"

- ~13 ~ 1 u
< Clu(o)lLdl’sz|u|Loo(0’T;Hl)|uzA¢ |L2'
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Thus, by (3.4b), we find
T 1 T 1 1
_ ~ _ -~ 5 ~ 1 1 _ -5 5
(a0), [ @A de) < claO)], g 181551 187 APIL: < CTHO, gy 1805 pp Wl 3:6)
0 0

«  We now bound the term (@(0), IOT Q(1)@ dt) by bounding its typical term jOT (@(0), 2 p¥) dt:
Y|

= ~2 u ~ ~12 = ~12 u
(u(0), £ ¢" ) < 1u(0)l 24, |u|Ld2% 34 < claO) 2a 107w o, 7,y 19" I1e>0,7;01)-
L el@z k=

Therefore, by (3.4a), we find

T
(u(), j Q@) dt ) < CTIRO), 2o 16170 i (.7)
0
«  We finally bound
T T
(u00), je«p) t ) < cla (o) [upl dt < cTHa(0) Iy} (3.8)
0 0

We therefore infer from (3.5)-(3.8) that

@), x) < (@O), X) + k([ 0, popgry + LK + 18120 o, 7oggny XN )1 BO) o

where x = k(T) is independent of T and g = max(2d/(6 — d), 4d/(d + 2)).
Taking the supremum over y with [ x|l = [xlla ()2 < 1, we conclude that

sup (Ui (1) —ux(7), X) < [u1(0) —uz(0)| + xlug (0) — uz(0)|ra(q)2,
xeH:|xl<1

where x = (T, lug + uz|lzeo(0, 1:51))-

A Appendices

A.1 Atechnical lemma

Lemma A.1. Suppose that p, q are as in (1.2) and P, Q are as in (1.7). We then have
p(uy) - p(uy) = P(@u (A1)

and
q(up) - q(uz) = Q(u, (A.2)

whereti = (U + wy)/2 and i = u; — u,.

Proof. We write

1
d DP
p(u;) - p(uz) = p(uz + @) - p(uy) = j 2By + 1) dt = j oy + ) adt
0

0
1
B J’ di +2ay1(uy + t) + app(vy + tv) aip(uy + tin) adt
B a» (vy + tv) da + az 1 (Uz + t1) + 2a22 (V2 + V)
0
_ <d1+a11(u1+uz)+a12(V1 +V2)/2 aiz(u +uz)/2 )
az(vi +va)/2 da + ax (U +uz)/2 + az(vy +v2)

=P)- 0.

We thus proved (A.1) and we can derive (A.2) in the same fashion. O
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A.2 Existence result for SKT systems

In [10, Theorem 3.1], we proved the following existence result for the SKT system (1.1).

Theorem A.2 (Existence of solutions for the SKT).
(i) We assume that d < 4, that conditions (1.4) hold, and that wy is given, uy € L2(Q)?, ug > 0. Then equa-
tion (1.1) possesses a solution u > 0 such that, for every T > 0,

ue L®(0, T; L2(Q)) n L?(0, T; HY(Q)?), (A.3a)
(Vu + Vv)(IVul + |Vv]) € L*(0, T; LA(Q)), (A.3b)
u e L*0, T; L*(Q)), (A.3¢)

with the norms in these spaces bounded by a constant depending on T, on the coefficients, and on the norms
in L2(Q) of ug and vy.
(ii) If, in addition, Vp(up) € L*>(Q)*, then the solution u also satisfies

Vp(w) € L0, T; L2(Q)Y), (1 + [ul + [v)Z (10eul +10ev]) € L2(0, T; L2(Q)), (A.4a)
Ap(u) € L*(0, T; L*(Q)%), (A.4b)

with the norms in these spaces bounded by a constant depending on the norms of uy and Vp(uo) in L? (and
on T and the coefficients).

A.3 Additional regularity of weak solutions

Although this was not explicitly stated in [10], the solutions that we constructed in dimension d < 4 belong

to LS (H') with o,uin L7 (L?):

« From (A.3a) and (A.4a) we have u, Vp(u) € L%°(0, T; L2(Q)?). To show that Vu € L°°(0, T; L2(Q)?), we
note that (1.6) implies, for u, v > 0, that P(u) is invertible (as a 2 x 2 matrix), and that, pointwise (i.e. for
a.e.xeQ)

_1 -
IP@™ e < do+au+v)’

We thus find Vu € L*®(0, T; L?(Q)?) which says that u € L*®(0, T; H1(Q)?).
o From (A.4a) we have d;u € L2(Q7)2.
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