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Abstract: This paper deals with the existence of periodic solutions of fractional differential equations with
periodic impulses. The first part of the paper is devoted to the uniqueness, existence and asymptotic stabil-
ity results for periodic solutions of impulsive fractional differential equations with varying lower limits for
standard nonlinear cases as well as for cases of weak nonlinearities, equidistant and periodically shifted
impulses. We also apply our result to an impulsive fractional Lorenz system. The second part extends the
study to periodic impulsive fractional differential equations with fixed lower limit. We show that in general,
there are no solutions with long periodic boundary value conditions for the case of bounded nonlinearities.

Keywords: Fractional differential equations, impulses, periodic solutions, existence result

MSC 2010: 34A08, 34A37, 34C25

1 Introduction

It is well known that fractional differential equations (FDE) have no nonconstant periodic solutions [7]. Then
asymptotically periodic solutions are shown [1, 2, 15]. This paper is devoted to this problem. We first study
impulsive FDE (IFDE) with Caputo derivatives when the lower limits are periodically varying at each impulses.
We show that such kind of IFDE do may possess periodic solutions. We present several particular cases of
IFDE along with nonexistence results. For completeness of the paper, we also discuss IFDE when the lower
limit of the Caputo derivative is fixed, which is introduced in [5, 14]. Then there is also a problem on the
definition of solutions for such kind of IFDE; this is mentioned in [16]. Here we just study periodic boundary
value conditions on finite intervals. For more development, methods, and the current research on impulsive
and functional fractional differential equations, we refer to [12].

The paper is organized as follows: Section 2 is devoted to the study of IFDE with varying lower lim-
its for Caputo derivatives. First, in Section 2.1, we deal with general IFDE to show uniqueness, existence
and asymptotic stability results for periodic solutions. In Section 2.2, we study IFDE with weak nonlinear-
ities leading to the averaging theory for IFDE like in [11]. Section 2.3 is devoted to IFDE with equidistant
and periodically shifted impulses. This specific form allows us to obtain a nonexistence result for periodic
solutions which is applied to an impulsive fractional Lorenz system. Then we obtain Landesman-Lazer-type
existence results for periodic solutions. Section 2.4 continues the investigation of IFDE with equidistant and
periodically shifted impulses, but all are small. The corresponding limiting ODE is derived and, by using
known results from numerical dynamics, the relationship between dynamics of the limiting ODE and origi-
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nal IFDE is studied. For completeness of the paper, Section 3 deals with IFDE with fixed lower limit of Caputo
derivative. We extend some results of Section 2 to that case. Several concrete examples are given in the paper
for illustration of theoretical results. Section 4 briefly outlines further possible ways for studies.

2 FDE with Caputo derivatives with varying lower limits

2.1 Generalimpulses

Let Ng = {0, 1, ..., 0co}. We consider

DY x(t) = fit, x(t)), t € (tr, tisn), k € No,
x(ty) = x(tp) + Me(x(ty)), keN, (2.1)
x(0) = xo,

where q € (0, 1), CD?k,tx(t) is the generalized Caputo fractional derivative with lower limit at t;. We suppose
the following conditions:

(i) f:RxR™ — R™is continuous and T-periodic in ¢.

(ii) There are constants K > 0, Ly > 0 such that

IfCt, x) = fit, I < Klix =yl and  |Ix + Ax(x) =y = AW < Lillx =yl

forany t € R, x,y € R™ and any k € N.
(iii) Thereis N € N such that T = ty.1, tien+1 = tx + T and Agyni1 = Ay for any k € IN.
It is well known [8] that under assumptions (i) and (ii), (2.1) has a unique solution on R,. So we can consider
the Poincaré mapping
P(xo) = x(T7) + An+1 (x(T7)).

Clearly fixed points of P determine T-periodic solutions of (2.1) (see [4, Lemma 2.2]).
Lemma 2.1. Under assumptions (i) and (ii), there holds

IP(x) - P(y)| < Ollx -yl forallx, forally e R™
for® = ]_[1,:]:0 Lis1Eq(K(tier — te)?), where Eg is the Mittag-Leffler function (see [8, p. 40]).

Proof. On all intervals (¢, tx+1), k=0, 1, ..., N, equation (2.1) is equivalent to

t
+ 1
x(t) = x(ty) + m J(t—s)q f(s, x(s)) ds. (2.2)

Consider two solutions x and y of (2.1) with x(0) = xg and y(0) = yo, respectively. Then by (2.2), we get

t
Ix(®) =yl < Ix(&g) = yE) + =— I j(l‘— )T If(s, x(s)) - f(s, y(s))ll ds

t
-1
< Ix(tg) =yl + T(q )J(t $)T7 Ix(s) = y(s) ds. (2.3)

Applying a Gronwall fractional inequality [17, Corollary 2] to (2.3), we obtain
Ix(6) = y (Ol < Ix(tp) = yEOIE(K(t = tr)?),  t € (t, tis). (2.4)
Then using (2.4) with (ii), we get

Ix(t,1) = V(DI < Lie1 Eq(R(tier1 = ) Dlx(E) —y(E)l,  k=0,1,...,N,
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which implies

N
IP(x0) = Pyo)ll < [ [ Lis1Eq(K(trs1 - t)Dlxo - yol, (2.5)
k=0

as desired. O
Now we can prove the following result.

Theorem 2.2. Suppose (i)-(iii) are satisfied. If © < 1, then (2.1) has a unique T-periodic solution, which is in
addition asymptotically stable.

Proof. Inequality (2.5) implies that P : R™ — R™ is a contraction, so applying the Banach fixed point theo-
rem yields that P has a unique fixed point xo. Moreover, since

[IP"(x0) = P"(yo)ll < ©"lx0 - yoll

for any yo € R™, we see that the corresponding periodic solution is asymptotically stable. O

2.2 Systems with weak nonlinearities

Now we consider (2.1) with small nonlinearities of the form

Dy, x(t) = ef(t, x(t), t € (tx, trsa), k € No,
x(t7) = x(t;) + eAp(x(ty)), keN, (2.6)
x(0) = xo,

where ¢ is a small parameter. Then (2.6) has a unique solution x(e, t) and the Poincaré mapping is given by
P(g, x0) = x(g, T") + eAn+1(x(g, T7)).

We suppose that
(C1) fand Ay are C2-smooth.
Then P(e, x) is C2-smooth as well. Moreover, we have

x(g, t) = xo + ev(t) + O(g?),

and thus

{ P(e, Xo) = xo + EM(xo) + O(£?), 2.7)

M(xo) = v(T™) + An+1(Xo0)-
Note that v(t) solves

CDq [V(t) f(t,XO), te (tk! tk+1)7 k=05 1)---,N3
v(ty) = v(t) + Me(xo), k=1,2,...,N+1,
v(0) =

so we easily derive
trs1

N
MI) = 3 Melxo) + )Z ](tm—s)q-lﬂs,xwds.
k=1

Consequently, (2.7) gives

N+1 tic+1

Moro) = 3 Bixo) + s r( P Z j(tk+1—s>q-1f(s,xo>ds.

Now we are ready to prove the following result.
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Theorem 2.3. Suppose assumptions (i) and (C1). If there is a simple zero xo € R™ of M, i.e., M(xg) = 0 and
det DM(xo) # O, then (2.6) has a unique T-periodic solution located near xo for any € + 0 small. Moreover,
if Ro(DM(xo)) < O then it is asymptotically stable, and if Ra(DM(xp)) N (0, 0o) + 0, then it is unstable. If
M(xg) # O for any xg € R™, then (2.6) has no T-periodic solution for € # 0 small.

Proof. To find a T-periodic solution of (2.6), we need to solve P(g, xo) = xo, which by (2.7) is equivalent to
M(xg) + O(g) = 0. (2.8)
If there is a simple zero xo of M, then (2.8) can be solved by the implicit function theorem to get its solution
Xo(€) with xo(0) = xo. Moreover, DP(g, xo(€)) = 1 + eDM(xo) + O(€?). Thus stability and instability results
follow directly by the known arguments (see [10]), so we omit details. O

2.3 Systems with equidistant and periodically shifted impulses

We consider

CDth(t) :f(ty X(t))’ te (kh’ (k + 1)h)’ ke No,
x(kh™) = x(kh™) + Ay, keN, (2.9)
x(0) = xo,

where h > 0Oand g € (0, 1). We consider the norm ||x|| = max;-;

the following conditions:

() f:RxR™ — R™ is continuous, locally Lipschitz in x and T-periodic in ¢, where T = (N + 1)h for some
N eN.

(I) There is a constant M > O such that ||f(t, x)|| < M for any ¢, x € R.

(III) The Ay € R™ satisfy Aygyni1 = Ay for any k € IN.

We are looking for T-periodic solutions of (2.9) on R,. It is well known [8] that under above assumptions,

(2.9) has a unique solution x(xg, t) on R,, which is continuous in xo € R™, t € R, \ {kh | k € N} and left

continuous in t at impulsive points {kh | k € IN}. So we can consider the Poincaré mapping

mlxilforx = (x4, ..., xm) € R™. We suppose

.....

P(xo) = x(xo, T").
Clearly fixed points of P determine T-periodic solutions of (2.9).
Lemma 2.4. Under assumptions (I)—(III), there holds

r(N+1) rN (k+ Dh
P"(xo) = Xo + Z Ak+r( )Z J ((k+ 1)h - )7 f(s, x(x0, 5)) ds (2.10)

and
M(N + 1)h4

g+ D) (2.11)

N
Ix(xo, ) = xoll < ) Akl +
k=1
fort e I and r € N, where P is the rth iteration of P.
Proof. On all intervals (kh, (k + 1)h), k € No, equation (2.9) is equivalent to

t
X(xo, £) = x(kh*) + m j(t—s)q"lf(s,x(xo,s))ds,

which implies

1 (k+1)h

t
1 _
X(x0, £) = Xo + Z Mt Z k{ ((k + DR = )T 1f(s, x(x0, 5)) ds + m J(t—s)q Lf(s, x(x0, 5)) ds
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for t € (nh, (n + 1)h). This implies (2.10) since P"(xg) = x(xo, rT*). Moreover, we have

y (e+Dh
[x(x0, t) = xo| < Z"Akll + = F( ) z J ((k+1)h-s)Ttds

N M(N + 1)h4
= Z Ak PN

for t € I. This implies (2.11). O
Now we can prove the following result.

Theorem 2.5. Suppose assumptions (I)-(I1I). If

|25 Al MRa

2.12
N+1 I'(g+1)’ ( )
then (2.9) has no rT-periodic solution for any r € IN.
Proof. We need to solve P"(xg) = xo, which is equivalent to
r(N+1) p o (eh
=Y Mg > [ e Dh- 9 s, x0xo, ) ds. (2.13)
k=1 I'a) &
kh
This gives
N+1 rN (kt1)h
{XUE D) j ((k+ 1)l - 9171 ts, x(xo, 5))l ds
_ Mr(N+ 1)h‘1
I'lg+1)
This contradicts (2.12). O
Example 2.6. We consider the Lorenz system
fx1,x2, x3) = (a(x2 = x1), Xx1(b = X3) = X2, X1X2 = €X3), (2.14)

which for g = 0.995, a = 10, b = 120, c = %, and without impulses presents a chaotic attractor (see Fig. 1).
The utilized numerical scheme to integrate Lorenz’s system is the predictor-corrector Adams—Bashforth—
Moulton method for FDEs [3].

Take N = 1 and ¢y = kh, k € Ng. Let

={(x1,x2,x3) € R? : =50 < x1 < 50, =100 < x, < 100, 50 < x3 < 200},
which embeds Lorenz’s attractor. To apply Theorem 2.5, we need to find
M = max||f(x)|
xeC
= maexmax{la(xz = x1)|, Ix1(b = x3) = xal, Ix1x2 — cx3|} = 533.333.
X€

Let Ak = (Akl; Akz, Ak3). For A11 = A21 = Al, A12 = O, Azz = Az, and A31 = A32 = 53, condition (212) has the
form

Mh?
Pl i} > g £ 219767

for h = 0.004. Note that T = (N + 1)h = 0.008. Summarizing, we obtain the following proposition.

maX{IAll,
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Figure 1: Chaotic attractor of (2.14).

Proposition 2.7. Consider (2.9) for N = 1, h = 0.004, q = 0.995 and with (2.14) for a = 10, b = 120 and
c=8.Let Ayy = DAyy = Ay, A1y =0, Ay = Ay, and A3y = A3, = As. If either |Ay] > 2.19767 or |Ay| > 4.39535
or |As| > 2.19767, then our system has no 0.008r periodic solution in C for any r € N.

Now we present existence results. Let f(t, x) = (f1(t, X), ..., fm(t, X)), A = (A1, - . ., Agm) and set

Ri= (X1, oo vy Xicls Xigds o o s Xm) € RT7L
foranyi=1,..., m. Now we are ready to prove the following result.
Theorem 2.8. Suppose (I)-(III) and, in addition, there are constants fi eR,i=1,...,m,such that either

liminffi(¢, x) 2 fisfls 1}3 sup fi(t, ) (C1)
uniformly with respecttot € I and X; € R™ ' foralli=1, ..., m, or

limsup fi(t, ) < f; <1 < Iiminffi(t, %) (c2)
uniformly with respecttot € I and X; e R™" ' foralli=1,...,m.If

X

N © EE 1)(ﬂ,fi) (2.15)

foralli=1,...,m,then(2.9) has a T-periodic solution.

Proof. We need to solve (2.13). For simplicity, we set

LN (k+1)h
Fixo) = s go ;i ((k+ 1)h - )7 1(s, x(xo, 5)) ds.

So we need to solve
N+1

- Z Ay = F(x). (2.16)
k=1
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Let F(xo) = (F1(X0), - - . , Fm(X0)). By (2.11), there holds limy,,+co Xi(X0, t) = oo uniformly with respect to
t € I and Xo; € R™ 1, where xo = (Xo1, . . . , Xom) and x(xo, t) = (x1(Xo, 1), . .., Xm(Xo, t)). So by the first pos-
sibility (C1), for any € > 0, there is m, > 0 such that

fi(s, x(xo, S)) >fi —¢ forall xo; > mg,

fi(s, x(xo0,8)) < fL+¢& forall xo; < —m,

uniformly with respect to s € I and Xxo; € R™ ! foralli =1, ..., m. This implies
oy (fi - )N + D
i -&)(N +
Fi(x0) = =— I (k+1)h-s)01(fl —g)ds = ~+————— "
77 Tg) kzo s T(g+1)
kh
for any xo; > m and Xo; € R™1, |Xoill < me, while
(fl + &)(N + 1)h4
F.
i(xo0) < T(g+1)
for any xo; < —mg, Xoi € R™ 1, ||Xoi| < me, and for all i = 1, ..., m. Further, let us take G : R™ — R™ and
H:[0,1] x R™ — R™ given by
(fl —&)(N + 1)h? (fL + €)(N + 1)h4
G' = 5 -_— ; — 5
i(xo0) IT(q+ m, (Xoi + meg) IT(q+ Dm, (xoi — meg)

H(/l, X()) = (1 - A)F(Xo) + AG(X())

Note that H(O, xo) = F(xo) and H(1, xo) = G(xp). It is easy to check that by fixing € > 0 sufficiently small,

(2.15) implies
N+1

Hi(A, x0) #+ - Z Ai (2.17)
k=1
for any xo; = +mg, Xoi € R™1, | X0l < me. Similarly, we verify that (2.17) holds also in the second possibil-

ity (C2). Consequently, we derive
N+1

Hi(A, xo0) # = Y A
k=1

forany A € [0, 1] and xg € 0Q for Q = {xg € R™ | ||xo| < m,}, where 0Q is the border of Q. This gives

N+1 N+1
deg(F, 0,-) Ak) = deg(G, 0,-) Ak),
k=1 k=1

where deg is the Brouwer topological degree. On the other hand, a linear equation G(xg) = - Zf:f Ay has the
only solution X, which by (2.15) is located in Q. Moreover, the linearization DG(Xo) is a nonsingular matrix,
so deg(G, Q, — ley:ll Ay) = £1, and thus deg(F, Q, — 21’21:11 Ay) = £1 # 0. Summarizing, we see that (2.16) has
a solution in Q, and so (2.13) is solvable. O

Following the proof of Theorem 2.8, we have a modified result.

Theorem 2.9. Suppose (I)-(III) and, in addition, there are constants fi €R,i=1,...,mand a permutation
o:{1,...,m}—{1,..., m}such that

either lim inf o (¢, x) > 90 5 70 5 lim sup fo)(t, %)
: | oli) _ coti) .Xl_.m (C3)
or limsup foi (¢, x) < fy, 7 < fo < lg(m 10r(1)ffg(i)(t, X)
X;—00 i
uniformly withrespecttot € Iandx; € R™ X foralli = 1, ..., m.If (2.15) holds foralli = 1, ..., m, then (2.9)

has a T-periodic solution.
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Clearly, either (C1) or (C2) implies (C3). Of course, assumptions (2.12) and (2.15) are complementary since
(fL, fH < (M, M)
foralli=1,..., m. Now we consider concrete examples.

Example 2.10. Consider a system

m
fi(t, x) = Aj tanh x; + B; cos t cOS X; sin( Z xk)

k=1
forA; >B; >0andalli=1,...,m. Then we take
fi—Ai—Bi, fi--Ai+B, M= max {Ai+Bj), T=2m h=-—2
* ! “ - ! v i=1,...,m ’ ’ N+1
Hence, assumption (2.12) has the form
122 A , Maki-y,... miA; + Bith?
N+1 I'(g+1) ’
and assumption (2.15) has the form
Y Ak hd
— - _A. BA’ A _ B
N+1 el"(q+1)( B A 0
foralli=1,..., m, respectively. Consequently, Theorem 2.8 can be applied.
2.4 Systems with small equidistant and shifted impulses
We consider
DY x(t) = f(x(t)), t € (kh, (k + 1)h), k € No,
x(kh*) = x(kh™) + AhY, ke N, (2.18)
x(0) = xo,

whereh >0, € (0,1),A € R™, and f : R™ — R™ is Lipschitz. Under above assumptions [8], equation (2.18)
has a unique solution x(xo, t) on R,, which is continuous in xo € R™, t € R, \ {kh | k € N} and left continu-
ous in t at impulsive points {kh | k € IN}. So we can consider the Poincaré mapping

Pp(x0) = x(xo, h*).

On all intervals (kh, (k + 1)h), k € Ny, equation (2.18) is equivalent to

t
x(xo, t) = x(kh*) + b j(t - 5)  f(x(xo, s)) ds

I'(g)
kh
. t—kh
_ + - _ _ <\q-1 +
= x(kh") + s J (t - kh - )4 f(x(x(kh"), 5)) ds. (2.19)
Hence
x((k + 1)h*) = Py(x(kh™)) (2.20)
and
. h
Pr(xo) = x(xg, h™) = xo + AR? + Tq) J(h - 5)4  f(x(xo, 5)) ds. (2.21)

0
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Inserting
x(xo, t) = xo + hly(xo, t), tel0,h],

into (2.19), we get

t

(0, )= i | (=57 o + hy(xo, 9) ds
0
1 1
= g 0 Ty j(t =9)7(flxo + h7y(xo, 5)) - f(xo)) ds

0

1
= mf(xo) +0(h?)

since

t

0
hi L —t
< max ||y(xop, t
¢ [ ) ]”)’( 0 )" loc

L
< h29 max Jly(xo, £) =,
te[0,h] q

where Ljo is a local Lipschitz constant of f. Then

ha
x(xo, t) = X0 + mf(Xo) +0(h*?), tel0,h],

and (2.21) gives

_ q
Pr(xo) = xo + AR9 + r(qh+ 1)f(x0) +0(h%9).
Hence (2.20) becomes
x((k + 1)h™) = x(kh*) + hq(A + F(q1+ 1)f(x(kh’f))) + O(h%9).

We note that (2.19) implies
Ix(xo0, t) — x(kh*)| = O(h?)

for t € [kh, (k + 1)h]. We see that (2.22) is leading to its approximation

+y _ + A 1 +
2((k+ Dh*) = z(kh*) + h1(A + rg ek »),

which is the Euler numerical approximation of

o 1
zZ({t) =40+ T@+D) 1)f(Z(t))-

DE GRUYTER

t
|U<t ~ ) (f(xo + Ry (X0, 5)) - f(X0)) dsﬂ < j(t — )% Lf(xo + hly(xo, 5)) - flxo)| ds
0

(2.22)

(2.23)

(2.24)

Using (2.23) and the known results about the Euler approximation method [6], we arrive at the following

result.

Theorem 2.11. Let z(t) be a solution of (2.24) with z(0) = xg on [0, T]. Then the solution x(xg, t) of (2.18)

exists on [0, T] and satisfies
x(xo, t) = z(th?™t) + O(h?)

for t € [0, Th'~9]. If z(t) is a stable (hyperbolic) periodic solution of (2.24), then there is a stable (hyperbolic)
invariant curve of Poincaré mapping Py, of (2.18) in a O(h?) neighborhood of z(t). Of course, h is sufficiently

small.
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Now we extend (2.18) for periodic impulses of the form

CDth(t) :f(X(t)), te (kh! (k + 1)h)! ke No,
x(kh*) = x(kh™) + Akh4, ke N, (2.25)
x(0) = xo,

where the Ay € R™ satisfy Ay n+1 = Ax for any k € N and some N € N. So we can consider the Poincaré
mapping
Pn(x0) = x(x0, (N + 1)h™),

which has a form
Py =Pnyipe---oPip (2.26)

for
Py, n(xo0) = Axh? + x(xo, h).

We already know

_ _ q
Pin(xo) = Agh? + x(xo, h) = xo + Ach? + h—f(xo) + 0(h%9).
’ I'(g+1)
Then (2.26) implies
N+1
= (N+1)h By
— q e an q
Pu(x0) =xo+h k; A+ NP f(xo) + O(h?9).

On the other hand, the ODE )
YL A L1

N+1 I'(g+1)

Z'(t) = f(z(1)) (2.27)

has the Euler numerical approximation

N+1 3
Zicy B 1 f(XO))

q
Xo+h ( N+1 T(g+1)

with the step size h9, and its N + 1 iteration has a form

N+1
_ (N+1)ht R
q W4+ D q
Xo+h k; Ar + Tq+ 1) f(xo) + O(h9),

the same one as of Pj. Hence instead of (2.24) we have (2.27), and Theorem 2.11 is directly extended to
(2.25) with (2.27).

3 FDE with Caputo derivatives with fixed lower limits

Let T = (N +1)hfora N € Nand h > 0. We consider

“DIx() = f(t, (1)), telo,TI,
x(kh*) = x(kh™) + Ay, ke{l,...,N}, 3.1)
x(0) = xo,

where g € (0, 1), CDgx(t) is the generalized Caputo fractional derivative with lower limit at 0. We suppose the
following conditions

(ci) f:[0,T]xR™ — R™ is continuous and locally Lipschitz in x uniformly for ¢ € [0, T].

(cii) There is a constant M > O such that |f(t, x)| < K forany ¢ € [0, T] and x € R™.

We are looking for solutions of (3.1) satisfying x(0) = x(T). Following [16], by a solution of (3.1) we mean
a function x(t) which is continuous in xo € R™, t € [0, T] \ {kh | k=1, ..., N} and left continuous in t at
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impulsive points kh, and satisfying

k t

1

x()=x0+ Y Aj+ —— | (t - )T f(s, x(s))ds, te€ (tk, tis1l- (3.2)
° Zl r(q)! !

It is known that under above assumptions, (3.2) has a unique solution x(xo, t) on [0, T]
Now we can prove the following result.

Theorem 3.1. Suppose assumptions (ci)—(cii). If

|2 Al | Mne

(N+D? ~T(q+ 1) G-3)
then (3.1) has no solution satisfying x(0) = x(T). Note that T = (N + 1)h for some N € N.
Proof. We need to solve
N 1 T
X(0) =X(T) = X0 + Y 8 + o [(T = 9)7 fis. x(5)) ds,
o [(q) :
which is equivalent to
N 1 (N+1)h
Y b= | @ DR- 9T s, xxo, 5) ds.
&7 T
0
This gives
N (N+1)h
1
1Y 8 < [ @ Dh- 9T (s xtxo, 1 ds
e I'(q)
0
M(N +1)%h1
I'(g+1)
This contradicts (3.3). O
Remark 3.2. Note that (3.3) is equivalent to
N
A M
| Xk=1 Akl S . (3.4)
T4 I'(g+1)
Now we suppose that
(ciii) Agsp = Ax forall k € N and some p € N.
Then we have the following corollary.
Corollary 3.3. Suppose assumptions (ci)—(ciii). Then there hold the following assertions:
@ If )
A q
NZk:l kll > Mh , (3.5)
(p+ 1) I'(g+1)
then (3.1) has no solution satisfying x(0) = x(T) with T = (rp + 1)h for any r € N.
(i) If
p
> Ak#0, (3.6)
k=1
then there is no solution of (3.1) satisfying x(0) = x(T) with T = (rp + 1)h for any r € N such that
_ M 1)ah4
r>1</ p(p+)h . (3.7)
[Xiees BifT (g + 1)
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Proof. We need to verify (3.3) for N = rp. First, we note that

[P DV R ) >y

(N+17  (rp+1)7 ~ (p+1) (3:8)
since r > 1. Assuming (3.5), we have that (3.8) implies (3.3). This proves (i). Next, assuming (3.6) and (3.7),
we obtain that (3.8) implies (3.3). This proves (ii). O
Of course, (ii) implies (i). Next, supposing h > 0 as a small variable, we consider
Dax(t) = fix(t)), t € (kh, (k+ 1)h), k € No,
x(kh*) = x(kh™) + AxhY, ke N, (3.9)
X(O) = X0,
where g € (0, 1), f: R™ — R™ satisfies (ci), (cii) and the Ay € R™ satisfy
(civ) Agsp = Ay forall k € N and some p € N.
Then condition (3.5) becomes
D
(p+1)7 “T(g+1)’
condition (3.6) becomes
p -
Z A #0,
k=1
and (3.7) becomes
- q
r> ! (</ pM(_erl) . (3.10)
[X5e1 AifTg + 1)

Summarizing, we have the following result.

Corollary 3.4. Under assumptions (ci), (cii) and (civ), there is no solution of (3.9) satisfying x(0) = x(T) for any
T = (rp + 1)h with r € N satisfying (3.10).

Corollary 3.4 states that under assumptions (ci), (cii) and (civ), (3.9) has no "periodic" solutions with large
periods.

Example 3.5. We consider system (2.14) fora = 10, b = 120 and ¢ = %. Motivated by [9, Theorem 2], for the
sphere

8 ={(x1,x2,x3) € R® : x2 + x3 + (x3 —a - b)* < R?}

with
(a+b)c
R=—"—=134.263,
Va(c-1)
we find

M= matsx||f(x)|| = m%xmax{la(xz = x|, Ix1(b = x3) — x2|, Ix1X2 — cx3|} = 8077.26.
XES X€EO)

By Corollary 3.3, for x1, A, applied at 3kh, for x», A, applied at kh, and for x3, A; applied at 2kh, now

condition (35) has the form
max{|A | 3|A | |A |} > (p + 1)2 =132.214
1 ’ 2 ’ 3 r( 1) .

for h = 0.004 and g = 0.995.
For the cuboid from Example 2.6,

€ = {(x1,x2,x3) € R® : =50 < x1 < 50, —100 < x; < 100, 50 < x3 < 200},
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we have
M = max|f(x)|| = 533.333.
xeC
Now condition (3.5) has the form

= 8.72997

A Aol IA q
max{|A], 31421, 131} > (p + 1) Tiq+1)

again for h = 0.004 and g = 0.995.

Finally, for the completeness of the paper, we present the following existence result, whose proof is similar
to Theorem 2.9, so we omit it.

Theorem 3.6. Suppose (ci), (cii) and (C3). If

N
_1 Ngi 1
_ k=18

T T+ 1)(fi,fi) (3.11)

holds foralli =1, ..., m, then (3.9) has a solution satisfying x(0) = x(T).

Again, assumptions (3.4) and (3.11) are complementary. More related achievements are given in [16] and the
references therein.

4 Conclusions

In this paper, fractional differential equations with periodic impulses are investigated. We establish new
criteria for the uniqueness, existence and asymptotic stability of periodic solutions for impulsive fractional
differential equations with either varying or fixed lower limits.

To conclude this paper, we roughly outline a possible further progress on this topic. Firstly, one can
consider a nonhomogeneous linear case

“Dy, x(t) = Ax(t) + (b), t e (te, tisr), k=0,1,..., N,
x(tp) = M+ Bp)x(ty) + Ay, k=1,2,...,N+1, (4.1)
x(0) = xo,

where A, By : R™ — R™ are matrices, Ay € R, I : R™ — R™ is the unit matrix, and then consider a semilinear
case

CD?k’tX(t) = AX(t) +f(t’ X(t))’ te (tka tk+1)’ k= 0) 1a D) Na
x(ty) = M+ Brx(ty) + Ar(x(ty)), k=1,2,...,N+1, (4.2)
x(0) = xo

for achieving more specific results similar to the ones for impulsive ODEs [11] in the finite-dimensional
case. Of course, we can extend (4.1) and (4.2) to an infinite-dimensional space, that is, we consider the
associated impulsive fractional evolution equation by setting A as a generator of a Co-semigroup on an
infinite-dimensional Banach space, and then using the theory of semigroups with nonlinear functional anal-
ysis. In addition, the investigation of the existence of almost periodic solutions for (4.1) and (4.2) may be
more interesting.

Secondly, one can also extend our recent results in [13] to consider linear and semilinear differential
equations with periodic noninstantaneous impulses as follows:

X,(t)ZAX(t), te(Sk, tk+1]’ k=0’ 1’2’~-'s
x(tf) = M+ Bp)x(ty) + Bix(ty), k=1,2,...,
x(t) = (L + Bi)x(t,) + Bix(t), te(tk,skl, k=1,2,...,

x(sp) = x(sp), k=1,2,...,

(4.3)
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and
x'(t) = Ax(t) + f(t, x(1)), t € (sk,tisal, k=0,1,2,...,
x(t]) = T+ Bp)x(t)) + Bex(ty), k=1,2,...,
x(t) = (L+ Bi)x(t;) + Bix(ty), te(tk,skl, k=1,2,...,

x(sy) = x(s))s k=1,2,...,

(4.4)

respectively, where t; acts as an impulsive point and s acts as a junction point satisfying the condi-
tions tp = Sg < t; < Sy <ty <-++ <ty < Sk < tgy1--+, ty — oo and periodicity conditions ty.y4+1 = tx + T and
Sk+N+1 = Sk + T. In addition, one can study the associated fractional order and infinite-dimensional cases
for (4.3) and (4.4). The issues on the existence and stability of almost periodic solutions would be another
interesting branch.

Finally, one can consider controllability and iterative learning control for the above equations with
impulsive periodic controls arising from some real problems in engineering.
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