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Abstract: In this paper we consider a degenerate population equation in divergence form depending on time,
on age and on space and we prove a related null controllability result via Carleman estimates.
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1 Introduction

We consider the following population model in divergence form describing the dynamics of a single species:

W e (y e+ ult, @,y = f(6 a0 00

y(t,a, 1) = y(t,a,0) =0 on Qr 4, (1.1)
y(0, a,x) = yo(a, x) inQa,1,

y(t,0,x) = jg‘ B(a, x)y(t, a, x)da inQr.

Here Q := (0, T) x (0, A4) x (0, 1), Qr,4 := (0, T) x (0, A), Q4,1 := (0,A) x (0,1) and Qr,; := (0, T) x (0, 1).
Moreover, y(t, a, x) is the distribution of certain individuals at location x € (0, 1), at time ¢ € (0, T), where
T is fixed, and of age a € (0, A). A is the maximal age of life, while 8 and y are the natural fertility and the
natural death rates, respectively. Thus, the formula | (;4 Byda denotes the distribution of newborn individuals
at time ¢ and location x. In the model y,, is the characteristic function of the control region w C (0, 1); the
function k is the dispersion coefficient and we assume that it depends on the space variable x and degenerates
at the boundary of the state space. We say that the function k is

Definition 1.1. Weakly degenerate (WD) if k ¢ W'1([0, 1]),

k> 0in (0, 1) and k(0) = k(1) = 0,
and there exist My, M, € (0, 1) such that xk’(x) < M1k(x) and (x - 1)k’ (x) < Myk(x) for a.e. x € [0, 1].
or

Definition 1.2. Strongly degenerate (SD) if k ¢ W>>([0, 1]),
k> 0in (0, 1) and k(0) = k(1) = 0,

and there exist M1, M, € [1, 2) such that xk’(x) < M1 k(x) and (x — 1)k’ (x) < My k(x) for a.e. x € [0, 1].
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For example, as k one can consider k(x) = x*(1 - x), a, B > 0. Clearly, we say that k is weakly or strongly
degenerate only at O if Definition 1.1 is satisfied only at 0, i.e. k € W'1([0, 1]), k > 0in (0, 1], k(0) = 0 and,
there exists M1 € (0, 1) or M; € [1, 2) such that xk’(x) < M1k(x) for a.e. x € [0, 1]. Analogously at 1.

In the last centuries, population models have been widely investigated by many authors from many points
of view (see, for example, [5], [9], [14], [20]). From the general theory for the Lotka-McKendrick system, it is
known that the asymptotic behavior of the solution depends on the so called net reproduction rate Ry: if
Ro > 1, the solution is exponentially growing; if Ry < 1, the solution is exponentially decaying; if Ry = 1,
the solution tends to the steady state solution. Clearly, if Ry > 1 and the system represents the distribution
of a damaging insect population or of a pest population, it is very worrying. For example, in 2017 B. Zhong,
C. Lv, W. Qin show that the net reproduction rate for the Tirathaba rufivena (which causes a lot of damages
for the crop, for example, of fruits and flowers) depends on the temperature: it is 10.40 if the temperature is
28°C and it is 4.13 is the temperature is 20°C (see, for example, [25]); in 2011 S. S. Win, R. Muhamad, Z. A.
M. Ahmad, N. A. Adam show that the net reproduction rate for the Nilaparvata lugens (which caused a lot of
damages for the rice crop throughout South and South-East Asia since the early 1970’s) was about 10 (see,
for example, [24]). For this reason, recently great attention is given to null controllability. For example in [21],
where (1.1) models an insect growth, the control corresponds to a removal of individuals by using pesticides.

There are a lot of papers that deal with null controllability for (1.1) when the dispersion coefficient k is
a constant or a strictly positive function (see, for example, [3]). If y is independent of a and k degenerates
at the boundary or at an interior point of the domain we refer, for example, to [2], [15] and to [17], [18], [19]
if u is singular at the same point of k. To our best knowledge, [1] is the first paper where y depends on t, a
and x and the dispersion coefficient k can degenerate. In particular, the authors assume that k degenerates
at the boundary (for example k(x) = x%, being x € (0,1) and @ > 0). Using Carleman estimates for the
adjoint problem, the authors prove null controllability for (1.1) under the condition T = A. However, this
assumption is not realistic when A is too large. To overcome this problem in [10], the authors used Carleman
estimates and a fixed point method via the Leray - Schauder Theorem. However, in [10] the authors consider
a dispersion coefficient that can degenerate only at a point of the boundary and they use the fixed point
technique in which the birth rate f must be in C?(Q) specially in the proof of [10, Proposition 4.2]. In the recent
paper [13], we studied null controllability for (1.1) in non divergence form and with a diffusion coefficient
degenerating at a one point of the boundary domain or in an interior point. Observe that, in the case of a
boundary degeneracy, we cannot derive the null controllability for (1.1) by the one of the problem in non
divergence form or vice versa, see [7]. For this reason here we study the null controllability for (1.1) assuming
that k degenerates at the boundary of the domain and T < A completing [1]. We underline that here, contrary
to[10] and [13], we assume also that k can degenerate at both points of the boundary domain (see Theorem 4.8)
and B is only a continuous function. On the other hand, while in [10] the authors used Carleman estimates,
a generalization of the Leray - Schauder fixed point Theorem and the multi-valued theory, here we use only
Carleman estimates, some results of [13] and a technique based on cut off functions, making the proof slimmer
and easier to read. Moreover, the technique that we use to prove Theorem 4.8 can be applied also to the
problem in non divergence form considered in [13], generalizing [13, Theorem 4.8]. Finally, in the proof of the
last theorem we make precise a calculation of [13, Theorem 4.8] which was not accurate. Observe that in this
paper, as in [13], we do not consider the positivity of the solution, even if it is clearly interesting. This problem
is related to the minimum time issue, i.e. given T cannot be arbitrarily small, but this study is still a work in
progress, see [23] for related results in non degenerate cases.

A final comment on the notation: by ¢ or C we shall denote universal strictly positive constants, which
are allowed to vary from line to line.

2 Well posedness results

On the rates y and f§ we assume:
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Hypothesis 2.1. The functions y and § are such that

.ﬁ S C(QA’l) andB >0in QA,]_,

_ 2.1
epucC(Qandyz=0inQ.

To prove well posedness of (1.1), we introduce, as in [2], the following Hilbert spaces
H,& ={ue L%(0,1) | u absolutely continuous in [0, 1],
Vkuy € L*(0, 1) and u(1) = u(0) = 0}

and
H} := {u € H}0, 1)| kuy € H*(0, 1)}.

We have, as in [2] or [16], that the operator
Aou = (kux)x,  D(Ao) := 3;(0,1)

is self-adjoint, nonpositive and generates a strongly continuous semigroup on the space L(0, 1).

Now, setting Aqu := S—Z, we have that

Au = Aqu - Apu,
for

A
u e DA) - {u € 12(0, A; D(Ay)) : g% € 12(0, A; HL(0, 1)), u(0, x) = /ﬁ(a,x)u(a,x)da} ,
0

generates a strongly continuous semigroup on LZ(QA,l) := L2(0, A; L?(0, 1)) (see also [4]). Moreover, the
operator B(t) defined as
B(t)u := u(t, a, x)u,

for u € D(A), can be seen as a bounded perturbation of A (see, for example, [2]); thus also (A + B(t), D(A))
generates a strongly continuous semigroup.
Setting L(Q) := L*(0, T; L*(Q4,1)), the following well posedness result holds:

Theorem 2.1. Assume that k is weakly or strongly degenerate at O and/or at 1. For all f € L*>(Q) and y, €
L%(Q 4,1), the system (1.1) admits a unique solution

y € U:=C([0, TI; L*(Qa,1))) N L?(0, T; H'(0, A; H{(0, 1)))
and

T A
sup. DG / / IVkyxlIz2(0,1ydadt = Cllyoll72(q, ) *+ ClIf 20> 22
telo,

00

where C is a positive constant independent of k, yo and f.
In addition, if f = 0, theny € C*([0, T; L*(Qa4,1)).

For the existence of the solution and the regularity of it we refer, for example, to [11] and [22]. On the other
hand, we postpone the proof of (2.2) to the Appendix.

3 Carleman estimates

From the general theory, it is known that null controllability for a linear parabolic system is, roughly speaking,
equivalent to the observability for the associated homogeneous adjoint problem (see, for example, [12]). Thus,
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the key point is to prove such an inequality. A usual strategy in showing the observability inequality is to prove
that certain global Carleman estimates hold true for the adjoint operator. Hence, this section is devoted to
obtain global Carleman estimates for the operator which is the adjoint of the given one in both the weakly
and the strongly degenerate cases. In particular, we consider the following adjoint system associated to (1.1):

0z 0z

5t oa” (k(X)zx)x —u(t,a,x)z=f, (t,a,x)€Q,

Z(t’ a, O) = Z(ta a, 1) =0, (t, [1) € QT,A, (3.1)
Z(ta A’ X) = 09 (ts X) S QT,I'

3.0.0.1 Carleman inequalities when the degeneracy is at 0.
In this subsection we will consider the case when k(0) = 0 and we assume that u satisfies (2.1). On the other
hand, on k we make additional assumptions:

Hypothesis 3.1. The function k € €°[0, 1] C1(0, 1] is such that k(0) = 0, k > 0 on (0, 1] and there exists
M; € (0, 2) such that xk’(x) < M1 k(x) for all x € [0, 1]. Moreover, if M; = 1 one has to require that there exists

6 € (0, M1], such that the function x — % is nondecreasing near O.

We remark that the assumption xa’ < M a, with M; < 2, is essential in all our results and it is the same made,

for example, in [2]. It implies that % € L'(0, 1) and, in particular, if K < 1, then % € L'(0, 1). Thus, the case

M; = 2 is excluded. Summing up, we will confine our analysis to the case of % € LY(0, 1). This is, however,

the interesting case from the viewpoint of null controllability. In fact, if ia ¢ LY(0, 1) and y is independent

of a, then (1.1) fails to be null controllable on the whole interval [0, 1], and regional null controllability is the

only property that can be expected, see [8].

Moreover, the assumption “3 6 such that the function x — % is nondecreasing near 0” is just technical

and it is equivalent to the following one: “3 0 such that8a < xa’ near 0”. Clearly, the prototype is k(x) =
x%, a < (0,2).

Now, let us introduce the weight function
o(t, a, x) := 6(t, aA)(p(x) - 2||p1~(0,1))> (3.2
where 0 is as in (4.7) and p(x) := /X %y)dy. Observe that ¢(t, a, x) < 0 for all (t,x) € Q and ¢(t, a, x) —
-0 ast— 0%, T" ora — 0*. The fc())llowing estimate holds:

Theorem 3.1. Assume that Hypothesis 3.1 is satisfied. Then, there exist two strictly positive constants C and
So such that every solution v of (3.1) in

V:= L*(Qr,a; H{ (0, 1)) N H' (0, T; H(0, A; Hi (0, 1)))

satisfies, for all s > s,

T A
2
/ (s@kv,z( + 53@3%%) e?*? dxdadt < C/f2e25¢dxdadt+ s C//E)(t, a) [kv,z(ezsﬂ (t, a, 1)dadst.
Q 00

Clearly the previous Carleman estimate holds for every function v that satisfies (3.1) in (0, T) x (0, A) x (B, C)
as long as (0, 1) is substituted by (B, C) and k satisfies Hypothesis 3.1 in (B, C).
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3.0.0.2 Proof of Theorem 3.1
As a first step assume that y = 0.
In order to prove Theorem 3.1, we define, for s > 0, the function

w(t, a, x) = e ?E%y(¢t, a, x)
where v is the solution of (3.1) in V; observe that, since v € V, w € V. Clearly, one has that w satisfies

(e™w)e + (e7?W)a + (k(e™*w)x)x = f(t, a,x), (¢t,x) € Q,

w(0, a,x) =w(T,a,x) =0, (a,x) € Qa1,

(3.3)
w(t, A, x) =w(t,0,x) =0, (t,x) € Qr,1,
W(ty a, O)ZW(t’ a, 1)201 (t! a) € QT,A'

Defining Lw := w¢ + wq + (kwx)x and Lsw := e5? L(e~?w), the equation of (3.3) can be recast as follows
Lsw=Liw+ Liw = e%¢f,

where

Liw = (kwx)x — s(@¢ + @a)w + 32k¢)2<W,
Lsw := w¢ + wg — 2sk@xwyx — s(k@x)xw.

As usual, we compute the inner product < Lsw, Lw >} () Whose first expression is given in the following
lemma

Lemma 3.1. Assume Hypothesis 3.1. The following identity holds

<Liw,Liw >12) = %/(‘Ptt + (paa)wzdxdadt+s/k(x)(k(x)(px)xxwwxdxdadt
Q Q

—Zsz/k(px(ptxwzdxdadt—ZSz/k(px(pxawzdxdadt
Q Q

{D.T} (34)
+5 /(Zkztpxx + kk' px)widxdadt + s> /(Zk(pxx + K p)kp2w? dxdadt
Q Q

+s/goatw2dxdadt.
Q

[kwxwlddadt + [kwxw ]1dadt— 3 { wz}deda
. xWtlo xWa |, > ' Pa 0 .

Qr,a Qr.a Qan

+ / [—S(px(k(x)wx)2 + szk(x)<pt<pxw2 - 53k2<p,3(w2](1)dadt
Qr,a
+ /[—sk(x)(k(x)(px)xwwx]cl)dadt+sz/ [k(pxq)awz}édadt

Qr,a Qr,a

‘% / [kwﬂﬁdde% / [(s2ke3 - s(pr + pa)) w?], dxat.

Qra Qr,1

{B.T.}

Proof. It results, integrating by parts,

< L;W,L;W >120(Q)= L+ +13+]1,,
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where
I = /(ka)x(W[ - 2sk@xwyx — s(k@x)xw)dxdadt,
L= / (- s@ew + s"koxw) (we — 2skgxwy — s(kpx)xw)dxdadt,
Q
I3 = /((kwx)x —5(@¢ + Pa)W + s*kpiw)waedxdadt
and

I, =-s / @aw(wy — 2sk@pxwx — s(k@x)xw)dxdadt.
By [2, Lemma 3.1], we get

I +1; := % /(ptthdxdadt+s/k(x)(k(x)<px)xxwwxdxdadt
-2s? / k(X)px@uw?dxdadt + s /(2k2<pxx + k(K px)widxdadt

+s3 /(2k(x)(pxx + K 0 )k(x)piw? dxdadt + /[lc(x)wthKZédadt (3.5)
Qr,a
+ / [—s@x(k(xX)wx)? + sk(X)@rpxw? - Pk piw? 1 odadt
Qr,a
/ [-skO)KO) @) wws b dadt.

,A

Next, we compute I3 and I,. Integrating by parts, we have

T 1
—1// kwx dxdt+// kwxwa] dadt
0

0
T 1
% / / [(s2k@? — s(p¢ + pa)) w4 dxdt o)
00
%/‘Puawzdxdadt+%/(Ptawzdxdadt_sz/k(px(pmwzdxdadt.
Q %) 5
On the other hand
= %/fpathdxdadt—sz/k<px¢a,(w2dxdadt
[ "y 37)
—%//[(pawz}zd)(da“Lsz//[k(px(pawz](l)dadt,
00 0 0
Adding (3.5) - (3.7), (3.4) follows immediately. _

As a consequence of the definition of ¢, one has the next estimate:

Lemma 3.2. Assume Hypothesis 3.1. There exist two strictly positive constants C and sq such that, for all s = s,
all solutions w of (3.3) satisfy the following estimate

sC/@kadxdast C/@3—w dxdadt < {D.T.}.
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Proof. The distributed terms of < L{w, Lsw >1»q) take the form

{(D.T.} = g/(@tt+@aa)(p—2|\p||Lw(0’1))W2dxdadt
Q

2
—ZSZ/OGt%wzdxdadt—Zsz/@Ga wldxdadt

k
Q Q
s/@(zk—k'x)w,z(dxdadt+s3/@3(2k k’x)— 2 dxdadt
Q Q

+s/@m(p—2||p||LN(O,1)>W2dxdadt.

Now, observe that there exists ¢ > 0 such that
o' <cO"ifO<u<v
|06;| < c6,|00,4| < c6?,
|Oaa| < O, |0y| < cOF and |O¢q| < cO?.

Hence, proceeding as in the proof of [2, Lemma 3.5], one can deduce

8>3 / (610 + 8aa) (p = 21Ipll=(0.1) ) W dxdadt

—339/637w dxdadt - 53C/ T w?dxdadt

Q Q

2
+Cs/@kw,z(dxdadt+s3C/QB%Wdedadt
, .

+s / Ota (p - 2||p\|Lw(O,1))w2dxdadt.

Now, it results

< Es /93/2b(x)w2dxdadt

Q

st
2

s| [ 0u(p-21pli-.0)
Q

Q

where b(x) = ]0 )

5 /@3/2b(x)w dxdadt < —s /63—w dxdadt,
Q
for s large enough and

2
/@3/2 w?dxdadt| < 75/9k(X)deXdadt+ —s /GBX—W dxdadt.

k(x)

Hence
1

¢ 2 Co [ g3 X
< 4s/@k(x)wxdxdadt+ gs /@ Kx )W 2dxdadt.
0 Q

S / @ttl/)(X)Wdedadl‘
Q
The same estimate holds also for
/ Oaa (p - 2|\p|\Lm(0’1)) dxdadt and / Otq (p - 2\|p\|Lm(0’1)) dxdadet.
Q Q
Using the above estimates in (3.10) the thesis follows immediately for sy large enough.

/93/2w2dxdadt s

DE GRUYTER

(3.8)

(3.9

(3.10)

dy. As in [2, Lemma 3.5], one can estimate the last two terms in the following way
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The next lemma holds.

Lemma 3.3. Assume Hypothesis 3.1. The boundary terms in (3.4) become

{B.T.} =- /[s@ka)z(]})dadt. (.11)

Qr,a

Proof. Using the definition of ¢, [2, Lemma 3.6], the boundary conditions of w and proceeding as in [13,
Lemma 3.2], the boundary terms of < Liw, Lyw > 12(q) become

T
(B.T.) = / [kwiwa] pdadt - 5 / [paw?] dxda- /[s@kaﬁ]édadt

Qr,a Q4,1 Qr,a

2 21 1 214

+5 /[kq)x(paw | dadt -5 /[kwx]odxdt
Qr,a Q11

+ % /[(szkgof —s(p¢ + goa))wz]gdxdt
Qr1

- / [sOxkw2lbdadt.
Qr,a

As a consequence of Lemmas 3.3 and 3.2, we have

Proposition 3.1. Assume Hypothesis 3.1. There exist two strictly positive constants C and s such that, for all
S 2 S, all solutions w of (3.3) in V satisfy

2
sC/@kw,z(dxdadt+s36/93%w2dxdadt
Q Q

<C /fzezs‘/’ dxdadt + /[s@kwi](t,a, 1)dadt
Q Qr,a

Recalling the definition of w, we have v = e ?w and vx = (wx — sgpxw)e *?. Thus, Theorem 3.1 follows
immediately by Proposition 3.1 when y = 0.

Now, we assume that u # 0.
To complete the proof of Theorem 3.1 we consider the function f = f + uv. Hence, there are two strictly
positive constants C and sg such that, for all s = sg, the following inequality holds

2 —
/ (s@kvi +s3@3x?v2> e’ dxdadt < C / Fexv dxdadt

Q Q
T A (3.12)
+ sC//@(t, a) [kv,z(ezs‘p} (t, a, 1)dadet.
0 0
On the other hand, we have
/ |17 e*? dxdadt < z( / f|*e*? dxdadt + / lu?|v|?e*? dxdadt). (3.13)

Q Q Q
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Now, if M; < 1, applying the Hardy-Poincaré proved in [2, Proposition 2.1] to the function v := e*¢v, we
obtain

/\y|2|v\2e23"’ dxdadt < ||p||i/v2dxdadts c/vz%‘)dxdadts c/k(x)v,%dxdadt
Q

, (3.14)
< C/k(x)ezs"’vf(dxdadﬁCsz/@zezs"’);—(vzdxdadt.
Q
If M; > 1, using the Young’s inequality to the function v := e°*?v, we have
/\y|2|v|2ezs"’ dxdadt < ||y||i,/v2dxdadt
Q
3/4 1/4
K3, X2,
< C/ <X2/3V (?v> dxdadt (3.15)
< K v Zdxdadt + C X—zvzdxdadt
= x2/3 k )
Q
: : 4\1/3 x? 2 y(x)
Now, consider the function y(x) = (k(x)x*)*/>. Clearly, y(x) = k(x) %) ) < Ck(x) and 25" e
Moreover, using Hypothesis 3.1, one has that the function y (;) (%ﬁ) , Where q := %'9 € (1,2),is
nondecreasing near 0. The Hardy-Poincaré inequality (see [2, Proposition 2.1.]) implies
1/3
k2/3 2dxdadt—/)?/—zvzdxdadts C/y(vx)zdxdadts C/k(x)vidxdadt
@ ; (3.16)
< C/k(x)ezs"’v)z(dxdadt+Csz/@zezs‘p);—(vzdxdadt.
Q Q
In any case, by (3.14), (3.15) and (3.16),
2
/\y|2|v\2625"’ dxdadt < C/k(x)ezs"’vf(dxdadﬁCsz/ezezs"’);—(vzdxdadt.
Q Q Q
Using this last inequality in (3.13), it follows
/|f|2 e®? dxdadt < 2 / If| €% dxdadt + C/ k(x)e*?v2dxdadt
Q Q Q
+Csz/62 e X v 2dxdadt
@ (3.17)
<C / F2 e dxdadt + C / Ok()e>?v2 dxdadt
Q Q
+ Csz/@3 ez X T 2dxdadt.
Q

Substituting in (3.12), one can conclude

2 2s
/ (s@kv,z( + 53@3%v2) e*?dxdadt < C(/ |f|2eT“’ dxdadt
Q

T A
+s//8(t a)|kvie 25“’} (t,a, 1)dadt),
00
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for all s large enough.

3.0.0.3 Carleman inequalities when the degeneracy is at 1.
In this subsection we will consider the case when k(1) = 0. Again yu satisfies (2.1) and on k we make the
following assumption:

Hypothesis 3.2. The function k € €°[0, 1] C'[0, 1) is such that k(1) = 0, k > 0 on [0, 1) and there exists

M, € (0, 2) such that (x - 1)k’(x) < M, k(x) for all x € [0, 1]. Moreover, if M, < 1 one has to require that there
k(x)
11-x[°

exists 6 € (0, M>], such that the function x — is nonincreasing near 1.

For Hypothesis 3.2 we can make the same considerations made for Hypothesis 3.1.

As in the previous subsection, let us introduce the weight function

P(t, a,x) := 0(t, a)(p(x) - 2|P||r=(0,1))> (3.18)

X
where 0 is as in (4.7) and p(x) := /%dy. As before, p(t, a, x) < O for all (t,x) € Q and @(t, a,x) —
0
—-oco ast — 0%, T™ or a — 0. The following estimate holds:

Theorem 3.2. Assume that Hypothesis 3.2 is satisfied. Then, there exist two strictly positive constants C and
So such that every solution v of (3.1) in 'V satisfies, for all s = sy,

_1)2 _ _
/ <sk@v§ + 53@30(71)%) e?*? dxdadt < C/fzezs‘/’dxdadt
Q

T A
+sC / /@(t, @)[(1 - 0ve*?] (¢, a, 0)dadt.
00

The previous Carleman estimate holds for every function v that satisfies (3.1) in (0, T) x (0, A) x (B, C) as long
as (0, 1) is substituted by (B, C) and k satisfies Hypothesis 3.2 in (B, C).

The proof of Theorem 3.2 is analogous to one of Theorem 3.1 so we omit it. However, we underline that in
the proof of Theorem 3.1 we use [2, Lemma 3.1] which is proved only if k degenerates at 0; actually we observe
that the proof of [2, Lemma 3.1] does not depend on the degeneracy point; hence, it holds also if k(1) = 0.
Instead, Lemma 3.3, if k(1) = 0, becomes

- /[s@(x - Dkwilidadt = - /[s@kw,z(](t, a,0)dadt;
Qr,a Qr,a

thus, Proposition 3.1 can be rewritten in the following way

12
sC / Okwldxdadt + $>C / o3 W=D 2 dadr

k
Q Q

<C / f?e?? dxdadt + / [sOkw2](t, a, 0)dadt
Q Qr,a
If u = 0, we can proceed as in the proof of Theorem 3.1. However, while in that case we use the Hardy-Poincaré

inequality proved in [2, Proposition 2.1] which holds only if k(0) = 0, in this case we have to use the following
inequality whose proof we postpone to the Appendix.
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Proposition 3.2 (Hardy-Poincaré inequalities). Assume that k : [0, 1] — R, isin C([0, 1]), k(1) =0,k >0
onl0,1)

Case (i):

Hypothesis (HP1): Assume that k is such that there exists 6 < (0, 1) such that the function

k(x)
(1-x)°

Then, there is a constant C > 0 such that for any function w, locally absolutely continuous on [0, 1), continuous
at 1 and satisfying

is nondecreasing in neighbourhood of x = 1.

1
w(1) =0, and / KGOW ()2 dx < +o,
0

the following inequality holds

1 1
/ ( 1k_(x)3)2 w?(x)dx < C / k() |w' (x)|2 dx. (3.19)
0 0

If hypothesis (HP1) is replaced by

Hypothesis (HP1)’: Assume that k is such that there exists 0 < (0, 1) such that the function
k(x)

(1-x)°

Then, for any function w, locally absolutely continuous on [0, 1), continuous at 1 and satisfying

X — is nondecreasing in [0, 1) ,

1
w(1) =0, and / KGO W (02 dx < +o,
0

the inequality (3.19) holds with the explicit constant C = ﬁ
Case (ii):
Hypothesis (HP2): Assume that k is such that there exists 6 € (1, 2) such that the function
X — (1kfx)2) g is nonincreasing in a neighbourhood of x = 1,

Then, there is a constant C > 0 such that for any function w, locally absolutely continuous on [0, 1) satisfying

1
w(0) =0, and /k(x)|w’(x)|2 dx < +oo,
0

the inequality (3.19) holds.
If hypothesis (HP2) is replaced by
Hypothesis (HP2)’: Assume that k is such that there exists 6 € (1, 2) such that the function
k(x)
(1-x)?

Then, for any function w, locally absolutely continuous on [0, 1) satisfying

X — is nonincreasing in [0, 1) .

1
w(0) =0, and /k(x)|w/(x)|2 dx < +oo,
0

4

the inequality (3.19) holds with the explicit constant C = a-er
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4 Observability and controllability

In this section we will prove, as a consequence of the Carleman estimates established in Section 3, observ-
ability inequalities for the associated adjoint problem of (1.1). From now on, we assume that the control set
w is such that

w = (a,p) cc(0,1). (4.1)

Moreover, on k and 8 we assume the following assumptions:

Hypothesis 4.1. The function k € €°[0, 1] C}(0, 1) is such that k(0) = 0 = k(1), k > 0 on (0, 1) and there
exist M1, M, € (0, 2) such that xk’(x) < M1k(x) and (x — 1)k’ (x) < M, k(x) for all x € [0, 1]. Moreover, one has
to require that:

1. if My = 1, there exists 8 € (0, M;], such that the function x — % is nondecreasing near 0O;
2. if M, < 1, there exists y € (0, M;], such that the function x — | 1k£x3‘ 5 is nonincreasing near 1.

Hypothesis 4.2. Assume T < A and suppose that there exists @ < T such that
B(a, x) = 0 for all (a, x) € [0, a] x [0, 1]. (4.2)

Observe that Hypothesis 4.2is the biological meaningful one. Indeed, @ is the minimal age in which the female
of the population become fertile, thus it is natural that before a there are no newborns. For other comments
on Hypothesis 4.2 we refer to [13].

Under the previous hypotheses, the following observability inequality holds:

Proposition 4.1. Suppose that Hypotheses 3.1 or 3.2 or 4.1 and 4.2 hold. Then, for every § € (T, A), there
exists a strictly positive constant C = C(8) such that every solution v ¢ U of

% + % + (k(X)vi)x — u(t, a, x)v + Bla, x)v(t,0,x) =0, (t,x,a) € Q,
V(t, a, 0) = V(ty a, 1) = Oy (ty a) € QT,A; (4_3)
V(T,a,x) =vr(a,x) € L*(Qa,1), (a,x) € Qa1
V(t,A) X)=09 (t,X) € QT,l’

satisfies

A1 5 1 T A
//VZ(T—Ez,a,x)dxdasC //v%(a,x)dxda+///v2dxdadt ) (4.4)
00 00 00

Here vy(a, x) is such that vi(A, x) = 0in (0, 1).

Remark 1. 1. If T = a, the observability inequality given in the previous proposition is the corresponding

of [1, Proposition 3.1], where the authors proved it under different assumptions and with T > A.
5 1

2. Moreover, as in [13], observe that in (4.4) the presence of the integral / / v#(a, x)dxda is related to the
0 0

presence of the term B(a, x)v(t, 0, x) in the equation of (4.3). In fact, estimating such a term using the
method of characteristic lines, we obtain the previous integral. Obviously, if vr(a, x) = 0 a.e. in (0, §) x
(0, 1), we obtain the classical observability inequality.

Before proving Proposition 4.1 we will give some results that will be very helpful. As a first step we introduce
the following class of functions

W = {v solution of (4.3) | vr € D(AZ)},
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where D(A?) = {u € D(A) ‘ Au € D(A) } is densely defined in D(A) (see, for example, [6, Lemma 7.2]) and
hence in L?(Qy4,1). Obviously,

W =C'([0, TI; D(A)) € V := L*(Qr,4; Hx(0, 1)) n H' (0, T; H(0, A; Hx(0, 1)) C U.

Proposition 4.2 (Caccioppoli’s inequality). Let w’ and w two open subintervals of (0, 1) such that w' cc
w cc (0,1). Let Y(t, a, x) := O(t, a)¥(x), where O is defined in (4.7) and ¥ € C*(0, 1) is a strictly negative
function. Then, there exist two strictly positive constants C and s, such that, for all s = sy,

T A T A
/ / / vZe*¥dxdadt < C ( / / / vZdxdadt + / fzeZS‘dedadt) , (4.5)
0 0 w 00 Q

w

for every solution v of (3.1).

The proof of the previous proposition is similar to the one given in [13], but we repeat it in the Appendix for
the reader’s convenience.
Moreover, the following non degenerate inequality proved in [13] is crucial:

Theorem 4.1. [see [13, Theorem 3.2]] Let z € Z be the solution of (3.1), where f € L*(Q), k € €*([0,1]) is a
strictly positive function and

2 := L*(Qr,a3 H*(0, 1) N Hy(0, 1)) N H' (0, T; H'(0, 45 Hp(0, 1))).

Then, there exist two strictly positive constants C and s, such that, for any s = sy, z satisfies the estimate

T A
-1
/ (972 + spzd)e?* dxdadt < C / 26 dxdadt - s / / (k2] dad), 4.6)
2 2 00 .
where the functions ¢ and @ are defined as follows
_ ko (x) _ 1
#(t, a, x) = 6(¢, @)™, 6(t, a) AT 0 @)

D(a,t,x) = 6, a)P(), W(x) =W - 2loll-

(t,a,x) € Q,k>0ando(x) :=d fxl ﬁdt, where d = ||k’\|Lw(O,1).

Remark 2. The previous Theorem still holds under the weaker assumption k € W*(0, 1) without any
additional assumption.

On the other hand, if we require k € W'-1(0, 1) then we have to add the following hypothesis: there exist two
functions g € L(0, 1), h € W*°(0, 1) and two strictly positive constants g, bo such that g(x) = go and

k' (x)

2/ k(x)

1
/g(t)dt +ho | + Vk(X)gx) =hH(x) fora.e.xc][0,1].

In this case, i.e. if k € W'1(0, 1), the function ¥ in (4.7) becomes

X 1 X
1

where r and ¢ are suitable strictly positive functions. For other comments on Theorem 4.1 we refer to [13].

ho ¢ - 4.8
70 t] © (4.8)

With the aid of Theorems 3.1, 3.2, 4.1 and Proposition 4.2, we can now show w-local Carleman estimates for
3.1).
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Theorem 4.2. Assume Hypothesis 3.1. Then, there exist two strictly positive constants C and s such that every
solution v of (3.1) in V satisfies, for all s = s,

T A
2
/ <s@kv,2( +s3@3%v2> e’ dxdadt < C (/fzdxdadm///vzdxdadt) .
Q Q 0 0 w
Proof. Let us consider a smooth function ¢ : [0, 1] — R such that

0<&(x)<1, forallxc]lo,1],
&) =1, x € [0, 2a +p)/3],
é(x) =0, x € [(a+2p)/3,1].

We define w(t, a, x) := E(x)v(t, a, x) where v € V satisfies (3.1). Then w satisfies
{wt + Wq + (kwx)x — pw = &f + (k&xv)x + &xkvx =1 h, (t,a,x) € Q,

w(t, a,0) =w(t,a,1) =0, (t,a) € Qr 4.

2a+p

o,

Thus, applying Theorem 3.1 and Proposition 4.2,
2
(s@kv% +s°6° X?vz) e?5? dxdadt
2a+p

/T/A
0 0
A 3
2
- // (s@kw§+5393%w2> e?*? dxdadt
0

, ,
sOkwy + 53@3%w2) e**?dxdadt < C/ h?e?s? dxdadt (4.9)

0
< /(
< 2 2s 2 ZS
c(a f ? dxdadt + / / / dxdadt + / / / "’dxdadt)

0 w 0 w

<C / F2629 dxdadt + / / / vzdxdadt>,
Q 0 0 w

where o' := (2a3+p, a+32p)

Now, consider z = nv, where p = 1 - ¢ and take & € (0, a). Then z satisfies

(4.10)

z¢ + Za + (kzx)x — uz = nf + (knxv)x + nxkvx =t h, (¢, a,x) € Qra x (@, 1) =: Q,
z(t,a,a) = z(t,a,1) = 0, (t,a) € Qra.

Clearly the equation satisfied by z is not degenerate, thus applying Theorem 4.1 and Proposition 4.2, one has
/(s3¢>3z2 +s¢pz2)e*Pdxdadt < C/ h*e**?dxdadt

Q

<C / £262® dxdadt + / / / 02 +v2)e™®dxdadt

0 w’

<C ( / F2e% dxdadt + / / / vzdxdadt) .
Q 0 0 w
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Hence

T A 1 T A 1
/ / / (P> + spv2)e? P dxdadt - / / / (S3B32 + spz2)e? P dxdadt
0O 0 a+2p 0O 0 a+2p

3 3

T A
<C ( / 26 dxdadt + / / / vzdxdadt) :
Q 0 0 w

for a strictly positive constant C. Proceeding, for example, as in [16] one can prove the existence of ¢ > 0, such
that, for all (¢, a, x) € [0, T] x [0, A] x [a, 1], we have

2s® x? 2 25®
s 50 < ge™?.

e?? < ce”5?, We (4.11)
Thus, for a strictly positive constant C,
T A 1 5
/// (s@kv§+s3@3%v2> e**?dxdadt
0 0 a+32/7
T A 1
<C // /(s3¢3v2+s¢v§)ezsq)dxdadt (4.12)
0 0 a2
T A
<C ( / 2e*®dxdadt + / / / vzdxdadt) .
Q 0 0 w

Now, consider & € (a, Qa + p)/3), p € ((a + 2p)/3, p) and a smooth function 7 : [0, 1] — R such that

0<t(x)<1, forallxe][0,1],

T(x) =1, x € [Qa+p)/3,(a+2p)/3],

7(x) = 0, x € [0,a]u [p, 1],
and define {(t, a, x) := T(X)v(t, a, x). Clearly, { satisfies (4.10) with h := 7f + (kTxV)x + Txkvx. Observe that
in this case Tx, Txx Z 0in @ := (5(, 2a3+ p) U (a +32p s /3). As before, by Theorem 4.1, Proposition 4.2 and
(4.11), we have

T 4% ,
/// (s@kv§+s363);<vz> e**?dxdadt
00

2a+p

W)

a+2p

T A5
<C / / / (39> + spvD)e?*Pdxdadt
° 0 @)
T A P
=C / / / (29> + spie”Pdxdadt
0 0 2w
T A
<C (/fzezs‘pdxdadt+///vzdxdadt
Q 0 0 w
Adding (4.9), (4.12) and (4.13), the thesis follows. O

Proceeding as before one can prove
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Theorem 4.3. Assume Hypothesis 3.2. Then, there exist two strictly positive constants C and sq such that every
solution v of (3.1) in V satisfies, for all s = s,

T A
2
/ (s@kv§+5383%v2> 2% dxdadt < C / Fdxdadt + / / / Vdxdadt
0 00

Q w

Remark 3. Observe that the results of Theorems 4.2 and 4.3 still hold true if we substitute the domain (0, T) x
(0, A) with a general domain (Ty, T,) x (y, A), provided that u and S satisfy the required assumptions. In this
case, in place of the function O defined in (4.7), we have to consider the weight function

1

6 @) = G it — o=

(4.14)

Using the previous local Carleman estimates one can prove the next observability inequalities.

Theorem 4.4. Assume Hypotheses 3.1 or 3.2 and 4.2 with T > a. Then, for every § ¢ (0, A), there exists a
strictly positive constant C = C(8) such that every solution v of (4.3) in V satisfies

A1
//VZ(T—a,a,x)dxdasC
0 0 0 0

1 T A
+C //vz(a x)dxda+///v dxdadt
0 00 w

Moreover, if vr(a, x) = 0 for all (a, x) € (0, @) x (0, 1), one has

5

—

1
/vz(t, a, x)dxdadt
0

T 61

//v (T-a,a,x)dxda < C /// v3(t, a, x)dxdadt+///v dxdadt

00w

Proof. As in [13] and using the method of characteristic lines, one can prove the following implicit formula
for v solution of (4.3):
S(T-tvp(T+a-t,-), (4.15)

ift>T+aand

Wt a,) - {(T Ove(T +a—t,-)+ [ S(s - a)B(s, V(s + t - a,0,)ds, I'=a

(4.16)
f S(s - a)B(s, )v(s+t-a,0,-)ds, I'=Tyur,

otherwise. Here (S(t))s0 is the semigroup generated by the operator Ay — uld for all u € D(Ag) (Id is the
identity operator), Iy r:=A-a+t- T and

I := min{(z, FA,T}' (417)
In particular, it results
v(t,0,:):=S(T-tve(T-t,-), (4.18)
ift>T-a.

Proceeding as in [13, Theorem 4.4], with suitable changes, one has that there exists a positive constant C such

that:
-4

/ VvA(T, a, x)dxda < C / / V3(t, a, x)dxdadt. (4.19)
Qaa T-2Qan
However, here we make all the calculations in order to make precise some steps in [13, Theorem 4.4], where

there is a misprint. Indeed in (4.19) the integration is made on [T a . T- } in place of E %} as in [13].
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The integration on [%, 34—71 is correct if T = a as in the next Corollary or in [13, Corollary 4.1].

Indeed, define, for ¢ > 0, the function w = eS'v, where v solves (4.3). Then w satisfies

%—Vtv a%v + (KOOwx = (e, a, %) + §)w = —Bla, Iw(t, 0, ), (t,x,a) € Q,
W(t, a, O) = W(ty a, 1) = 01 (ty a) € éT,Ay (4.20)
W(T’ a, X) = eCTVT(ay X)’ (ay X) € QA,]_;
W(t’A’X)=0’ (t,X) € éT,ly

where Q := (T, T) x Qa,1, QT,A := (T, T)x (0, A) and QTJ := (T, T) x (0, 1). Multiplying the equation of (4.20)
by -w and integrating by parts on Q; := (T, t) x (0, A) x (0, 1), it results

. t 1
1 2 e""T 2 /5 1 2
- = | w(t, a,x)dxda + S5 |V (T, a, x)dxda + 3 w(t, 0, x)dxdt
F 0

2
Qa1 Qa1
+g/w2(r,a,x)dxdadr < /ﬁw(T,O,x)wdxdadT (4.21)
Q¢ Q¢
1
||ﬁ|\Lm(Q)f/w dxdadr+eA||ﬁ\|Lm(Q)// (1,0, x)dxdt,
Q¢
. 1 1Bl (q)
for € > 0. Choosing e = ———— and ¢ = ————=, we have
ST 2Bl T e

/vZ(T,a,x)dxdasC/wz(t,a,x)dxdasC/vz(t,a,x)dxda.

Q4,1 Q4,1 Q4,1
. . a a
Then, integrating over | T — > T - Z] , we have (4.19).
Now, take § € (0, A). By (4.19), we have
T-% /5 a4\ 1
/ V(T, a, x)dxda < C / ( / . / ) / V3 (¢, a, x)dxdadt. %.22)
Q4,1 T_% 0 8 0

~

a
4

A1
Consider the term / / Vv2(t, a, x)dxdadt. If Hypothesis 3.1 holds, proceeding as in [2, Lemma 3.2], one
5§ 0

1 1 1
2
/vzdxs C (/ kv)z(dx+/);<v2dx) , (4.23)
0

0 0

T-

[NTE

has

for a strictly positive constant C. Hence,

A1 T-
//vz(t a, x)dxdadt < C /
5 0 )

T-

~

a
4

a
4

1
/(:)kv,z(ezs‘bdxdadt
0

%\:b

- :

T-
+C/

T-

NI

a
4

X? v2e*?dxdadt,

%

O\H

(ST
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where 0 is defined in (4.14) with T; := T-a, T, := T, y = O and @ is the function associated to 6 according
to (3.2). Analogously, if Hypothesis 3.2 holds, then we obtain
2

A 1
/ / Okv2e?? dxdadt
5 0

T

Sl

T-

_a
4

A1 T
//vz(t,a,x)dxdadtsC/
5 0 a

T-2

_a
4

— 7

T-

NI

3(1 X) 2 ZS(inXdadt

O\H

[NTE

where § is the function associated to @ according to (3.18). Thus, by Theorem 4.2 or 4.3 applied to Q :=
(T-a,T)x(0,A)x(0,1) and Remark 3,

r-

A1 T A
///vz(t,a,x)dxdadtsC /fzdxdadt+///v2dxdadt ,
5 0 Q 0 0 w

1-¢

where, in this case, f(t, a, x) := -B(a, x)v(t, 0, x). Thus
T2

T A
/ /vz(t a, x)dxdadt < C||ﬁ|\LN(Q) /vz(t,O,X)dxdadt+/// v2dxdadt | , (4.24)
Q 0 0w

T-246 0

ag
2

for a strictly positive constant C. By (4.18), (4.24) and proceeding as in [13], we have

-b\n

T-
/ /vz(t,a,x)dxdadts C||ﬂ|\im(Q) /vT(a x)dxda+/// v2dxdadt | , (4.25)
%

T- 00w

for a strictly positive constant C. By (4.22) and (4.25), it results

T 6 1
/vz(T,a,x)dxdasC///vz(t, a, x)dxdadt
Q.A,1 0 0 O

T A
+C /v%(a,x)dxda+///v2dxdadt
Qa1 0 0 w

(4.26)

O

Corollary 4.1. Assume a = T, Hypotheses 3.1 or 3.2 and 4.2. Then, for every 6 € (0, A), there exists a strictly
positive constant C = C(8) such that every solution v of (4.3) in V satisfies

A1 T 6 1
//vz(O,a,x)dxdasC///vzta x)dxdadt
0 0 00 0
a 1 T A
+C(//v (a, x)dxda+///v2dxdadt).
00 00 w

Moreover, if vr(a, x) = 0 for all (a, x) € (0, @) x (0, 1), one has

A1l

T 61 T A
// v2(0, a, x)dxda < C (// V2(t, a, x)dxdadt +/// vzdxdadt) .
00 0 00

00w
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Actually, proceeding as in [13] with suitable changes, we can improve the previous results in the following
way:

Theorem 4.5. Assume Hypotheses 3.1 or 3.2 and 4.2. Then, for every § € (T, A), there exists a strictly positive
constant C = C(6) such that every solution v of (4.3) in V satisfies

A1 5§ 1 T A
//VZ(T—&,a,x)dxdasC //VZT(a,x)dxda+///vzdxdadt
0 0 0 0 00 w

By Theorem 4.5 and using a density argument, one can deduce Proposition 4.1. As a consequence one can
prove, as in [13], the following null controllability results:

Theorem 4.6. Assume Hypotheses 3.1 or 3.2 or 4.1 and 4.2. Then, given T > O and yy € LZ(QA,l), for every
8 e (T, A), there exists a control f5 € L?(Q) such that the solution ys € U of

0 0 .z
a—J; + % - (k(X)yx)x + u(t, a, x)y = fs(t, x, Axo  inQ,
y(t,a,1) = y(t,a,0) =0 on Qr.4, 4.27)
y(T’ aax)=y0(a’x) in QA,l’
y(t,0,%) = [} Bla, )y(t, a, x)da inQr,1,
satisfies
ys(T,a,x) =0 a.e. (a,x) e (6,A)x(0,1).
Moreover, there exists C = C(6) > O such that
Ifsllz2c) = Cllyollzz(qa.)- (4.28)

Here, we recall, Q = (T, T) x (0, A) x (0, 1), Q4 = (T, T) x (0, A) and Q1,1 = (T, T) x (0, 1).

Observe that if T = a, Theorem 4.6 is exactly the null controllability result that we expect. Indeed, in this
case (4.27) coincide with (1.1). On the other hand, if T > a, the null controllability for (1.1) is given in the next
theorem and it is based on the previous result:

Theorem 4.7. Assume Hypotheses 3.1 or 3.2 and 4.2. Then, given T € (0, A) and yo € L*(Qq,1), for every
6 e (T, A), there exists a control f5 € L?(Q) such that the solution yg of (1.1) satisfies

ys(T,a,x) =0 a.e.(a,x)c(6,A)x(0,1).
Moreover, there exists C = C(6) > O such that
Ifsllz2cq) < CllYollz2(q,.)- (4.29)

Proof. The proofis similar to the one of [13, Theorem 4.8]. However, here we make all the calculations in order
to make precise some steps in [13, Theorem 4.8], where there is a misprint and a term was missing.
As a first step, set T:=T-ae(,T ). By Theorem 2.1, there exists a unique solution u of

ou ou

5t 3a" (k(X)ux)x + u(t, a, x)u =0 in (0, T) x (0, A) x (0, 1),
u(t,a,1) =u(t,a,0)=0 on (0, T) x (0, A), (4.30)
u(0, a, x) = yo(a, x) in (0, A) x (0, 1),

u(t,0,x) = [ Bla, Vu(t, a, x)da in (0, T) x (0, 1).
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Set yo(a, x) := u(T, a, x); clearly j, € LZ(QA,l). Now, consider

aw ow s
TR — (k(xX)wx)x +y(t a, x)w = h(t, x, a)Yw in Q~,

w(t,a,1) =w(t,a,0) = on Qr 4, 4.31)
w(T, a, x) = yo(a, x) in Qa,1,

w(t, 0, x) = f: Bla, x)w(t, a, x)da in QTJ.

Again, by Theorem 2.1, there exists a unique solution wg of (4.31) and, by the previous Theorem, there exists
a control hs € L?(Q) such that

wg(T, a,x) =0a.e.(a,x) € (6,A)x(0,1)
and

1hsll 2@y < ClYollr2ca

for a positive constant C.
Now, define ys and f5 by

u, inlo, 7], 0, in]o,T],
Vs i= o and fj5:= L
wg, in [T, T] hs, in [T, T].

Then y; satisfies (1.1) and f5 € L%(Q) is such that
ys(T,a,x) =0a.e.(a,x) € (6,A)x(0,1).

Indeed y4(T, a, x) = ws(T, a, x) = 0 a.e. (a, x) € (6, A) x (0, 1).
Now, we prove (4.29). As a first step, as in [13], we multiply the equation of (4.30) by u. Then, integrating
over Q4,1, we obtain:

A1

A1
%%//uzdxda+f/ u’(t, A, x)dx+//kuxdxda+//yu dxda
00

0
1

= %/uz(t,o,x)dx.

0

Hence, using the fact that u(t, 0, x) = fOA Bla, x)u(t, a, x)da, we have

2

;iO/AO/luz xda < 7/ (/ﬁ a, x)u(t, a, x)da) go/Ao/luzdxda.

Setting F(t) := || u(t)Hiz(QA‘l) and multiplying the previous inequality by e~ it results
it (¢ “F0) <o
Integrating over (0, t), for all ¢t € [0, T], we obtain
A1 A1 A1
//uz(t, a, x)dxda < eCT//uz(O,a,x)dxda = eCT//y%(a,x)dxda.
00 00 00

In particular,

A1 A1
//uz(T,a,x)dxdaseCT//y(z)(a,x)dxda.
00 00
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Thus,
T A1
fslt@=- [ [ [ Hidxdades Clyoli,
roeo (4.32)
A1 A1
= C//uz(T,a,x)dxdas C//y(z)(a,x)dxda,
0 0 0 0
for a strictly positive constant C. Hence, (4.29) follows. O

As a consequence of the previous theorem, we obtain the null controllability property if the coefficient k
degenerates at O and at 1 at the same time.

Theorem 4.8. Assume Hypotheses 4.1 and 4.2. Then, given T € (0,A) and yo € L?(Qy.1), for every § ¢
(T, A), there exists a control f5 € L2(Q) such that the solution yg of (1.1) satisfies

ys(T,a,x) =0 a.e. (a,x) e (6,A)x(0,1).
Moreover, there exists C = C(6) > O such that

Ifsllz2c@) = Cllyollz2(q,.)- (4.33)

Proof. Fixyo € L*(Q,,1) and consider the two problems

O+ O (ko it @, 0y = (6@, 0k (0, T)x(0,4)x (0, ),

Py) y(t,a,B) =y(t,a,0)=0 on Qr 4, ] (4.34)
(0, a, x) = yo(a, x) in (0, A) x (0, f3),
y(t,0,%) = [2 Bla, Vy(t, a, x)da in (0, T) x (0, B),

and 3 5

a% + % - (k)yx)x + p(t, a, Xy = f(t, a, xw  in (0, T) x (0, A) x (@, 1),

P) y(t,a,1) =y(t,a,a) =0 on Qr 4, (4.35)
y(0, a, x) = yo(a, x) in (0, A) x (a, 1),
y(t,0,x) = f: Bla, x)y(t, a, x)da in (0, T) x (a, 1),

where & € (0, a) and B € (B, 1). Thus, by Theorem 4.7, there exist two controls hy 5 and h, s such that the
solutions u; 5 and u, s of (P1) and (P,), associated to h; s and h;, s, respectively, satisfy

uy 5(T,a,x)=0 ae.(a,x) e (6,A)x (0, B),

and
u 5(T,a,x)=0 ae.(a,x) e (6,A)x(a,1).

Moreover, there exists C > 0 such that

T A B
///hi&dxdadtsCl\yo\lfz(m‘o
000

1

T A1
///h%,adXdadtSC||y0HIZa2(QA,1)'
00

a

and

Denote with u; and h; (respectively u, and h;) the trivial extensions of u; 5 and h; s (respectively u, 5 and
h; s) to [B, 1] (respectively [0, a]), so that all functions are defined in the interval [0, 1]. Clearly, they depends
always on § and

HhiHLZ(Q) < CHyOHLZ(QA,l)’ i= 1, 2. (436)
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Now, let u3 be the solution of

., "% — (k0Oyx + plt, a, )y =0 in (0, T) x (0, A) x (0, 1),

ot

y(t,a, 1) = y(t,a,0) =0 on Qr 4, %.37)
y(0, a, x) = yo(a, x) in (0, A) x (0, 1),

y(t,0,x) = f: Bla, x)y(t, a, x)da in (0, T) x (0, 1),

and consider the three smooth cut off functions &, 1, ¢ : [0, 1] — R defined as

0<é(x)<1, forallxe]l0,1],
(x) =1, x € [0, a +p)/3],
‘{(X) = O’ X e [(a + ZP)/3: 1]1

0sn(x)<1, forallxel0,1],
nx) =0, x € [0, 2a +p)/3],
nx =1, x € [(a+2p)/3, 1]

and ¢ := 1 - & - 1. Finally, take
y(t, a, x) = éuy + nuy + F(t)pus,
T-t

where F(t) :=
It is easy to verify that y(t, a,0) = y(t,a, 1) = 0, y(0, a, x) = yo(a, x) (since F(0) = 1) and y(t, 0, x) =
A
Jo Bla, x)y(t, a, x)da. Moreover,

y(T,a,x)=0 a.e.(a,x) € (6,A4)x(0,1)
and y satisfies the equation of (1.1) with
1
fs = §hixw + nhaoxw — Fus - F(t)kep'us x - F(t)(kep'u3)x
- k&'uy x - (kE'ur)x - kn'uz x - (kn'uy)x.

Obviously, the support of f; is contained in w and, since k € C(w), the terms (k' us3)x, (k&' u1)x and (kn'uy)x
are L?(0, 1) (recall that ¢/(x) = &’(x) = n’(x) = O for all x € (0, 1) \ w); thus f5 € L?(Q) as required. As in [19],
estimate (4.33) follows by the definition of f5, (4.36) and (2.2) for u;, i =1, 2, 3. O

Observe that the previous result can be proved also for the problem in non divergence form considered in [13].

A Appendix

A.1 Proof of (2.2):

Multiplying the equation of (1.1) by y and integrating over (0, A) x (0, 1), we obtain

1 A1

1
1d 1 " [
28y Ol * 3 / y(t, A, )dx - 3 / y(e.0,xdx+ [ [lyidida
0 0 0 0

A 1
——//yy dxda+//fydxda
00

0
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Hence, using the initial condition y(t, 0, x) = f: Bla, x)y(t, a, x)da, the assumptions on B and u and the
inequality of Jensen, one has

1 A1
1d 1
2dt“)’(t)HLZ(QAI)JrE/yz(t,A,X)dX+//ky,2(dxda
0 00
A1 A1 (AD)
g//yz(t,a,x)dxda+%//fzdxda,
00 00
where C is a positive constant. Since fol y2(t, A, x)dx and f(;l fol ky2dxda are positive, we deduce
d
Y Ollo, ) < ClyOlag, ) + B2, -
Setting F(t) := [[y(t)||7(q, ,) and multiplying the previous inequality by e ¢!, one has
d, _ _
€ FW) < e If Ol 22(q, - (A2)
Integrating (A.2) over (0, t), forall t € [0, T] it follows
t
e CtR(t) < F(0) + / e T, dT-
0
Hence, forall t € [0, T],
T
F(f) < T (F(O) . / ||f(r)|%z<oA.1>dT>
0
and
S8 1Y, < € (Yol gy + E@dr) - (A3)
Therefore, by (A.1), it follows
A1 c A1
2dt||y(t)||L2(QA1)+//kJ/ded E//y (t, a, x)dxda+—//f dxda.
00 0 0
Integrating over (0, T), we have
T A1 c T A 1
1 1
SV, + / / / kdxdadt < L yolg, )+ 5 / / / y2(t, a, x)dxdadt
00 0 00 0
T A 1
%///mem
00 0
Hence, by (A.3),
T A
| Wavelindade < Iyol, )+ € [ 1Y, e+ IflEa
oo o (A4)

< C (Ivoli g, * If IE20d7)

and (2.2) follows by (A.3) and (A.4).
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A.2 Proof of Proposition 3.2:

We consider case (i), Hypothesis (HP1). Fix 8 € (6, 1) arbitrarily for the moment. Since w(1) = 0, we have

1

1 1
[ a8 wwax- [ 9 ( [a-pwma-y 2 ay) ax

(1
0 0

This implies

1 1
k(%) B 4
0/(1_X)2W () dx —/(1 )2 / V') dy/(l y) dy)
Hence, we have
/ k(x) 1] k(x) A
KX 2 - X B Bl )
[ @i g [ ([0 wora) e

By the Theorem of Fubini, it follows

1 1 y
k(x) 1 , k(x)
. _Xx)2 w?(x) dx < i-p /(1 -y lw (y)IZ( ﬁ dx) dy. (A.5)
0 o J

Now, divide the right hand side of (A.5) into three parts, i.e.

1

y
Ja-yPwor( [ X9 ax) dy - Les me e,
0

0
where y
k(x)
Le= [ a-y/wo)P( I x) dy,
[a-smwor([
1 1-¢ k( )
Me= [ Q-yPWOP( | g dx) dy.
At
and

1 y

- — B k(x)
Ne [a-PWOI( [ o dx) dy.
1-€

1-¢

Thanks to our hypothesis, there exists € > 0 such that the function

(1k_(x)2) 7 is nondecreasing on [1 - ¢, 1);
thus, for N¢, we have
/ [k
_ B 2 X
Ne /(1 Y w'(y)] ( aA_0iF dx) dy
1-€ 1-€

1 y (A.6)
sl / (1 - PO () k() ( / (1—x)9ﬁ1dx> dy < (ﬂ 5 / k)W () 2dy.
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For M¢, we have

1 1-€
k), 1052 / ~(1+p)
M, < k[@a-ypZd 1- dx)d

€<[05,111Pe1 ; (=) k(y)|w 2 ( (1-x) X> Y
—€

0B
ﬁk(l 6) [0 1 e]

Proceeding in a similar way, we obtain

—€

1
<C [ k()W (x))? dx.
/

Using (A.6), (A.7) and (A.8) in (A.5), we obtain

k(x)
(1-x)?

(0]

1
w?(x)dx < C /k(x)|w/(x)|2 dx,
0

p k / (1 - kW )2 < C / KGOIW (0|2 dx.

DE GRUYTER

(A7)

(A.8)

(A9)

where the constant C depends on a, €, 6 and . If one assumes that Hypothesis (HP1)’ holds, that is

k(x)
(1-x)°

X — is nondecreasing on [0, 1),

then, one can take € = 1 in the above computations, so that Le = M = 0. Using then (A.6) in (A.5), with € = 1,

one obtains
1

1
/ k(x) W) dx < m/k(@\w/(xnz dx.
0

0

We then remark that this last estimate is optimal for 8 = 0+

! , which gives the desired result.

We now consider case (ii), Hypothesis (HP2). Fix 8 € (1, 6) arbitrarily for the moment. As before

1

so that . .
/ (ffxi)zwz(x)dxs o ( / (- w ) dy /(1 D dy) dx.
It follows that O X )
Gl mdrs gty [ A (fa-p W ay) ax
: : :

Applying the Theorem of Fubini, we have

1 1 1
[ 2w ax A= WOP( [ s dx) dy.

0 0 y

As before, we rewrite

0/1(1 —y)ﬁ|w'(y)2(/1 % dx) dy =Ic+Je+Ke,

y

1
/%WZ(X) dx = (1](()() /(1 y)B/ZW/(y)(l y) ﬁ/Zdy> dX;
0 0

(A.10)
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where
1-¢€ 1-¢€ k( )
X
= -y o / o ) dy,
0 y
1-¢ ]( )
_ _ l} 12 KX
Je- [G-yPwmP ( oy )
0 1-€
and

Ke = / 1 -y W) / a k(x))Hﬁ dy.

Thanks to our hypothesis, there exists € > 0 such that the function

k(x)
(1-x)°

thus K¢ can be estimated in the following way:

Ke - /1 @~y ( [ dx) dy
1-€

X — is nonincreasing on [1 - €, 1),

(1-x)1*B
y
1 ) 1 ) 1
< VAW ()2 Y 0B gy o 10512
_1/6(1 WO 5 s y/(l 0 dx_(e_ml/e KOOI (P d.

For J¢, we can proceed in a similar way, obtaining

Je - / (@ o / G ax)dy < e L e)k / k)W O dy

1nf

For I, we have

1-€

1-€
- — B 2k()’) k(x)
Ie / -y oI ( [ - o g ) ay

1-€ 1-€

SUP|o,1-¢] K / N2 B B / 12
s———=—7_ [ k(Mw I @Q-y)PePdy<C | k(x)w(x)| dx.

Binfg . ok J NI ()| y y J | |

Using (A.11), (A.12) and (A.13) in (A.10), we obtain

1
k(x)

(1-x)2
0

1
w?(x)dx < C /k(x)|w’(x)\2 dx,
0

—_ 1127

(A.11)

(A12)

(A.13)

(A.14)

where the constant C depends on a, €, 6 and . If one assumes that hypothesis (HP2)’ holds, that is

k(x)

X — 1=

is noninreasing on [0, 1),

then, one can take € = 1 in the above computations, so that J¢ = I = 0. Using then (2.1) in (A.10), withe = 1

one obtains
1

k(x)
J a2 T _w (x)dx_m/k(xﬂw (x)| dx.

We then remark that this last estimate is optimal for § = E, which gives the desired result.

2
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A.3 Proof of Proposition 4.2:

Let us consider a smooth function & : [0, 1] — R such that

0<é(x) <1, forallxe[0,1],
&) =1, xeaw',
¢é(x) =0, xe(0,1)\w.

Then, integrating by parts one has

T A1
0 ZO/‘?t (0/ 0/(§es‘/’)2v2dxda> dt

- / 259(Ee )V + 2(£6™)v(=va - (kve)x + pv + f) dxdadt
Q

= 25/ ¢t(£e5¢)2v2dxdadt+23/ gba(€esw)2vzdxdadt+2/ (fzeZS‘/’) kvvxdxdadt
X
Q Q Q

+2 / (&2e*Yk)vidxdadt + 2 / &E2e*¥uv?dxdadt + 2 / E2e*¥ fydxdadt.
Q Q Q

Hence, using Young’s inequality

2
2 / 26>V i02dxdadt - 25 / pe (§)" vidxdadt - 2s / Ya(Ee2 V2 dxdadt
Q Q Q

—2/( 2ezslp) kvvx dxdadt—z/{zezswyvzdxdadt
X
Q Q
-2 / E2e*¥ fydxdadt

Q

<-2s / Ye(ée)?v?dxdadt - 2s / Pa(ée)? v dxdadt
Q Q

2 ,25¢ 2
+ / <\@(£;7S¢)XV> dxdadt + / &2 kvidxdadt.
Q Q

+(2||y\|L.x.(Q)+1)/fzvzdxdadt+/fzezs’/’fzdxdadt.
Q Q

Thus,

T A
inf{k}///ezsd’v%dxdadt
wl

0

0 w

T A
} + 2|l pq) * 1) ///vzdxdadt
0 0 w

< ( sup { ‘4k (é’es'/’ ))2( - 25(ip¢ + Pa)(&e™)?

wx(0,T)

+ / 2e*¥dxdadt.
Q

Acknowledgments: The author is a member of the Gruppo Nazionale per ’Analisi Matematica, la Probabilita
e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM) and she is supported



DE GRUYTER Genni Fragnelli, Null controllability for a degenerate population model = 1129

by the FFABR “Fondo per il finanziamento delle attivita base di ricerca” 2017, by the INdAM- GNAMPA Project
2019 “Controllabilita di PDE in modelli fisici e in scienze della vita" and by PRIN 201722019 Qualitative and
quantitative aspects of nonlinear PDEs.

References

[1] B.Ainseba, Y. Echarroudi, L. Maniar Null controllability of population dynamics with degenerate diffusion, Differential
Integral Equations (2013), 1397-1410.

[2] F. Alabau-Boussouira, P. Cannarsa, G Fragnelli, Carleman estimates for degenerate parabolic operators with applications
to null controllability, J. Evol. Equ. 6 (2006), 161-204.

[3] S. Anita, Analysis and control of age-dependent population dynamics, Mathematical Modelling: Theory and Applications 11
(2000), Kluwer Academic Publishers, Dordrecht.

[4] V.Barbu, M. lannelli, M. Martcheva, On the controllability of the Lotka-McKendrick model of population dynamics, J. Math.
Anal. Appl. 253 (2001), 142—165.

[5] R.Borges, A. Calsina, S. Cuadrado, O. Diekmann, Delay equation formulation of a cyclin-structured cell population model,
J. Evol. Equ. 14 (2014), 841-862.

[6] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer Science+Business Media, LLC
2011.

[71 P.Cannarsa, G. Fragnelli, D. Rocchetti, Controllability results for a class of one-dimensional degenerate parabolic prob-
lems in nondivergence form, J. Evol. Equ. 8 (2008), 583-616.

[8] P.Cannarsa, P. Martinez, J. Vancostenoble, Persistent regional controllability for a class of degenerate parabolic equa-
tions, Commun. Pure Appl. Anal. 3 (2004), 607-635.

[9] O.Diekmann, Ph. Getto, Boundedness, global existence and continuous dependence for nonlinear dynamical systems
describing physiologically structured populations, J. Differential Equations 215 (2005), 268-319.

[10] Y. Echarroudi, L. Maniar, Null controllability of a model in population dynamics, Electron. J. Differential Equations 2014
(2014), 1-20.

[11] K.). Engel, R. Nagel, One-Parameter Semigroups for Linear Evolution Equations, Springer-Verlag, New York, Berlin, Heidel-
berg, 1999.

[12] E.Fernandez-Cara, S. Guerrero, Global Carleman inequalities for parabolic systems and applications to controllability,
SIAM J. Control Optim. 45, 1395-1446.s

[13] G. Fragnelli, Carleman estimates and null controllability for a degenerate population model, Journal de Mathématiques
Pures et Appliqués 115 (2018), 74—126.

[14] G. Fragnelli, P. Martinez, . Vancostenoble, Qualitative properties of a population dynamics system describing pregnancy,
Math. Models Methods Appl. Sci. 15 (2005), 507-554.

[15] G. Fragnelli, D. Mugnai, Carleman estimates and observability inequalities for parabolic equations with interior degener-
acy, Advances in Nonlinear Analysis 2 (2013), 339-378.

[16] G. Fragnelli, D. Mugnai, Carleman estimates, observability inequalities and null controllability for interior degenerate non
smooth parabolic equations, Mem. Amer. Math. Soc. 242 (2016), v+84 pp. Corrigendum, to appear.

[17] G. Fragnelli, D. Mugnai, Carleman estimates for singular parabolic equations with interior degeneracy and non smooth
coefficients, Adv. Nonlinear Anal. 6 (2017), 61-84.

[18] G. Fragnelli, D. Mugnai, Controllability of strongly degenerate parabolic problems with strongly singular potentials, Elec-
tron. J. Qual. Theory Differ. Equ. 50 (2018), 1-11.

[19] G. Fragnelli, D. Mugnai, Controllability of degenerate and singular parabolic problems: the double strong case with Neu-
mann boundary conditions, Opuscula Math. 39 (2019), 207—225.

[20] G. Fragnelli, L. Tonetto, A population equation with diffusion, J. Math. Anal. Appl. 289 (2004), 90-99.

[21] Y. He, B. Ainseba, Exact null controllability of the Lobesia botrana model with diffusion, J. Math. Anal. Appl. 409 (2014),
530-543.

[22] ).L. Lions, E. Magenes, Non-homogeneous boundary value problems and applications. Vol. |. Translated from the French
by P. Kenneth. Die Grundlehren der mathematischen Wissenschaften, Band 181. Springer-Verlag, New York-Heidelberg
(1972).

[23] D. Maity, M. Tucsnak and E. Zuazua, Controllability and positivity constraints in population dynamics with age structuring
and diffusion, Journal de Mathématiques Pures et Appliqués. In press, 10.1016/j.matpur.2018.12.006.

[24] S.S.Win, R. Muhamad, Z. A. M. Ahmad, N. A. Adam, Population Fluctuations of Brown Plant Hopper Nilaparvata lugens
Stal. and White Backed Plant Hopper Sogatella furcifera Horvath on Rica, Jounal of Entomology 8 (2011), 183-190.

[25] B.Zhong, C. Lv and W. Qin, Effect of Temperature on the Population Growth of Tirathaba rufivena (Lepidoptera: Pyralidae)
on Areca catechu (Arecaceae), Florida Entomologist 100 (2017), 578-582.



	Null controllability for a degenerate population model in divergence form via Carleman estimates
	1 Introduction
	2 Well posedness results
	3 Carleman estimates
	4 Observability and controllability
	A Appendix
	A.1 Proof of (??):
	A.2 Proof of Proposition ??:
	A.3 Proof of Proposition ??:



