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Abstract: The Cauchy problem of nonlinear Schrédinger equation with a harmonic potential for describing
the attractive Bose-Einstein condensate under the magnetic trap is considered. We give some sufficient condi-
tions of global existence and finite time blow up of solutions by introducing a family of potential wells. Some
different sharp conditions for global existence, and some invariant sets of solutions are also obtained here.
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1 Introduction

In the present paper we study the Cauchy problem of nonlinear Schrédinger equation with a harmonic po-

tential

{ ip;=-Ap + x>0 - |@Prp, x e R", t >0, )
9(x, 0) = Po(), x € R, '

where p satisfies

n+2

n-2

The equation in (1.1) may model the Bose-Einstein condensate with attractive inter-particle interactions under

the magnetic trap [1,6,10,11].

Fujiwara [7] considered the above nonlinear Schrédinger equation with a general real-valued potential
function V(x) which later studied in [5]. When |D*V(x)| is bounded for all @ > 2, the author of [7] gave
the smoothness of Schrodinger kernel for potentials of quadratic growth. Further Yajima [20] showed that
for super-quadratic potentials, the Schrédinger kernel is nowhere C!. In addition, Oh [16] pointed out that
the quadratic potentials are the highest order potentials for local well-posedness of the equation. Therefore
V(x) = |x|? is the critical potential for the local existence of the Cauchy problem.

On the global existence and finite time blow up of solutions for problem (1.1), there have been some
results. Firstly, Oh [16] and Cazenave [4] established the local existence of solutions of problem (1.1) in the
energy space. Then for 1 < p < 1+ , Zhang [22] proved the global existence of solutions for any initial data
in energy space. For the casep = 1 + %, Zhang [21] gave a sharp condition of global existence of solution
for problem (1.1). For the case p > 1 + %, Cazenave [4], Carles [2, 3] and Tsurumi and Wadati [18] showed
that the solutions of problem (1.1) blows up in a finite time for some initial data, especially for a class of

(A)1+%<p< forn23;1+%<p<ooforn=1,2.
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sufficiently large initial data; but the solutions of problem (1.1) globally exist for other sufficiently small initial
data [2, 3, 18].

Chen and Zhang [5] studied problem (1.1) and gave a sufficient condition of global existence of solutions
in energy space. They proved that if p satisfies (A), po € H(R") and satisfies || @02 < h (| V@ollZ: + |9o]122),
then the solution ¢ of problem (1.1) exists globally and satisfies

2n(p-1)
Vol + gl < -or Pt Epo)

where
HR") = {p € H'®RM | [|x|g| < oo}, 1.2)
n(p-1)-4
np-1)-4 2((n+2)(n-2p) 2p-) _ ___np)4

h /1 — . (n+2)-(n 2)p/1 2((n+2)-(n-2)p) s 1.
w- () 1013 13
E@)=  2(VelZ + 2ol - — [lo|:L (14)

2 =72 L pe1iem '

Q is the ground state solution of equation
~Au+u=[uf tuinR".

In addition, in [17] Shu and Zhang gave a sharp condition for global existence of solution for problem (1.1).
Moreover, in [23] Zhang studied Cauchy problem of following nonlinear Schrédinger equation with harmonic
potential
ip = -349 + 12 x2p - o g, x € R, £>0,

obtained a sharp condition for global existence and finite time blow up of solutions and discussed the insta-
bility of standing wave. These works motivated us to study on this and related problems [24-32].

In this paper we study problem (1.1), where p satisfies (A). By introducing two families of sets W4 and
Vs like [12-14], we not only give some different sufficient conditions for global existence and finite time blow
up of solutions which are completely different from that given in [2-5], [17], [18], [23] but also obtain a lot of
different sharp conditions for global existence of solutions and some invariant sets of solutions for problem

(1.1).

Throughout the present paper, the following notations are used for precise statements: LP(R™) (1 < p < o0)
denotes the usual space of all complex LP-functions on R" with norm ||@|| ;s &) = [|@]lp and [|@|| 2gn) = [|@]|-
H' and H denote H'(R") and H(R") respectively. H(R") and E(¢) are defined by (1.2) and (1.4) respectively.

Propostion 1.1. [4, 8, 9, 16] Assume that 1 < p < ﬁ—jﬁ forn>3and1 < p <ooforn =1,2,and @q €
H'(R™). Then the problem (1.1) admits a unique solution ¢(t) € C([0, T); H(R")) for some T € [0, o) (Maximal
existence time), and ¢(t) satisfies the following two conservation laws:

eI = ll@oll (1.5)

and
E (p(8)) = E(po) (1.6)

forall t € [0, T). Furthermore, we have the following alternative: T = oo or T < oo and
Lim ||| gy = o°-
Propostion 1.2. [4] Let ¢(t) be a solution of problem (1.1) with ¢¢ € H, and
F(t) = / x| dx.
Then ¢(t) e HforO <t < T and

10y 2,2 2_”(17_1) p+1 <
F (l‘)—8/(|V§0| Ix|” || 2(p+1)\(p| >dX, 0<t<T




0]

(ii)

884 —— Mingyou Zhang and Md Salik Ahmed, Nonlinear Schrédinger equation with a harmonic potential DE GRUYTER

and 5
1
l@l” = 2| V|F2(0), 0=t <T.

Propostion1.3. [19] Let 1 < p < ™2 forn > 3and 1 < p < oo for n = 1, 2. Then the best constant C» > 0 of
the Gagliardo-Nirenberg’s inequality,

_n(p-1 np-1)
IFIZE < CIFITS % IVFll.” 1.7
is given by
n(p-1)-4
_2p+1) (4-(p-D(n-2)\ ~(p-1)
C- = n(p - 1) < n(p _ 1) ”Q”LZ . (18)

2 Preliminaries

In this section we shall give some necessaries lemmas and by using them we introduce two families W and
V. For problem (1.1) with ||@o]| # O we define

lpliz = @l + xleli: = IVel® + o) + x|l
H={pecHIl|ol=lpol}

1 2 1 p+l
J(p) = EHV‘P” p+1||‘P||p+1’

Is(9) = 6|Vo|? - llg|bi1, 6> 0.

From (1.7) we can obtain the following lemma.
Lemma2.1. Let p satisfy (A), ¢ € H. Then ll@llp+1 # 0 and || V|| # 0.

Next we discuss the relations between ||V || and the sign of I5(¢p), which are crucial for obtaining the main
results in this paper.

Lemma 2.2. Let p satisfy (A). Assume that ¢ € H and

B § \7 B pr1-men  n(p-1)
- (5 )+ Mo=llgolrt==5", g - 02D -2

@ IV < r(5), then I5() > .
(i) IfI5(p) < O, then ||V o] > r(6).
(i) IfIs(p) = O, then | V|| = ().

Proof.

Since ¢ € H implies IVo| # 0, from ||Ve| < r(6) we get

n(p-1) n(p-1)
2

b Vel >

IplB:] < CellplP*t

= C:Mo||Ve |||Vl < 8]|Vel?

which gives I5(¢) > 0.
From I5(¢) < 0 we get
8IVel* < llplhii < C-Mo|Vol?IVel?,

which gives |[V| > r(6).
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(iif) From I5(¢) = O we get

8IIVel® = llelpi < C-Mo|[Vol* Ve,

which together with ||[Ve|| # 0 gives || V|| = 1(6).
O

As it is well known that in space H'(R"), Poincaré inequality does not hold, so that one can not use the
important fact that ||Vu|| is equivalent to ||u||f:. In order to overcome this difficulty, we introduce the space
H(R"), so that by (1.5) and (1.7) the norms | V|| and ||@||;: are equivalent in some sense again.

Definition 2.3. For problem (1.1) with ||@o]| # O we define
d(8) = inf J(p), N5 = {9 € HIs(¢) = 0}, 5 > 0.
PENs

In the following Lemma 2.4 we estimate the value of d(6) and give its expression by d(1), which palys an
important role in the proof of the main results of this paper.

Lemma 2.4. Let p satisfy (A). Then
(i) d(5) = a(8)r*(8) fora(8) = 5 - ;21,0 < 8 < B3;
(i) d(8) = 6777 EX1204(1), 0 < § < 231,

Prd@Y. Forany ¢ € Ng, 0 < 6 < 231 we have | V| > r(6) and

_ 1 2 1 p+1

(16 ;1
- (5o IV + o lse)

a(®)|vVe|? = a(6)r*(s),

which gives d(8) > a(8)r*(8) for 0 < 6 < 231,
(ii) (a) From the definition of d(1) it follows that for any € > 0 there exists a ¢ € N7 such that

d(1) < J(p) < d(1) + €.
For 6 > 0, define A = A(6) by

8V |17 = lp" 1571, 9" () = A% p(Ax).

Then
n(p-1-4

8IVel? =277 llo|211.

Hence for each 6 > 0 there exists a unique

_ (balp)\ ™
/\(5)—(b(¢)> ’

where
a(p) = [Vel?, b() = [lp|E1.
Since ¢ € N; implies a(¢p) = b(p) we get
A(8) = 677 ,
Note that [|@*| = ||@|| = ||@ol|, VA > 0, we have pA(6) € N;. From the definition of d(6) we get

d(6) < ]((PA) = %Aza((p) 1 e

p+1/1 ’ b(¢)

= 3T alp) - 1 87T b(p) 1)

4 1 6
= §no-D (E—p+l>a((p)_
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From (2.1) and

1
J(p) = Salp) - o 1b(<p) = 2(p " 1)a(qo)
it follows that
(1 & Z(p + 1)
d(6) < 67D (5 p+1> J(p)
(1 & 2(p + 1) p+1
< §1D (5 p+1) »1 (d1)+€),0<6< 5
From the arbitrariness of € we obtain
d(8) < 577 41%2661(1) 0<s< 221, 22)
(b) Let & > 0. From the definition of d(8) it follows that for any € > O there exists a ¢ € Ng such that
d(6) < J(p) < d(6) +&.
Define A = A(6) by
IveM1% = o121
Then
IVel* =2 ey
a(<p)>nwi)—~
A= = .
<b(<p)
Since ¢ € Ng implies that §a(p) = b(¢p) we get
1 ﬁ
w-(2)
From (p}l € N1 and the definition of d(1) we have
Mol ae) - 1"
d(1) <J(¢") = 5A%alp) p+1/1
1 /1\ w07 1 /1) s
=5 (5) a(ep) - pTl <g> b(¢)
1 v L (2.3)
= (5) ( a(p) - —— bl 5b(<p))
4
) (5) 3+ 0@
From (2.3) and
6
@)= Sa) - ybi) - (3= 50 ) ale)
it follows that
1) 70 1 /1 6\
- 1 n(p-1)-4 p _ 1
d(6)_(6) 2(p+1)(2 p+1> J(p)
1\ p-1 (1§ \ p+1
<(5> 2(p+1)(§ p+1> (d8)+¢€),0<6< 5
and

s (1 ) 2(p+1) p+1
d(6)+£>5<p)4<2 p+1) D), 0525 2.4)



)
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From (2.4) and the arbitrariness of € we get

A(6) > 577 1%25(1(1) 0<s< il (2.5)
From(2.2) and (2.5) we obtain (ii) of this lemma.
O
Corollary 2.5. Let p satisfy (A). Then
(i) lims_od(8) =0, limy_ . d(6) = 0
2
(i) d(6)is continuouson 0 < § < 2%
p+1 and takes the maximum d(a) at § = a = 2&*1)

(iii) d(8) is increasingon 0 < § < a, decreasingon a < § <

n(p-1)°
Proof. Conclusions (i) and (ii) follow from (ii) in Lemma 2.4 immediately.
Conclusion (iii) follows from (ii) in Lemma 2.4 and

2n _6-n(p-1)
a1 a4

d'(8) = A(a - 6)8%, A
Definition 2.6. For problem (1.1) with ||@g|| # O we define

2(p+1)
n(p-1)°

W = {p € H|I(p) > 0, J(p) < d},
V={p e H|Ip)<0,J(p) <d},
W5 = {g € H|I5(p) > 0,](p) < d(8)}, 0< 6 <

() =Ia(p), d=d(a), a=

p+1
2 b

p+1
2

Vs = {9 € H|I;(¢) < 0,](p) < d(8)}, 0< 5 <

Remark 2.7. Lemma 2.4 shows that the depth d of the potential well W defined by Definition 2.6 depends on
llpoll and d — +eo as ||@o|| — 0. This property of d is completely different from the depth of other known
potential wells defined for other nonlinear evolution equations. In addition, W or any Wg do not include

@ =0.

3 Invariant sets and vacuum isolating of solutions

In this section we discuss the invariant sets and vacuum isolating of solutions for problem (1.1). First we
consider the case 0 < E(¢o) < d, and the case E(¢o) = d will be considered later.

Theorem 3.1. Let p satisfy (A), o € H. Assume that 0 < e < d, 6; < §, are two roots of equation d(5) = e.
Then

(i) All solutions of problem (1.1) with E(¢po) = e belong to W for 6 € [61, 621, provided I(¢pg) > O.

(ii) All solutions of problem (1.1) with E(po) = e belong to Vg for 6 € [81, 82], provided I(¢py) < 0.

Proof.

Let o(t) € C ([0, T); H ) be any solution of problem (1.1) with E(¢o) = e and I(¢o) > 0, T be the existence time
of ¢(t). Firstly we prove ¢ € W for § € [61, 6>]. From

2 xigoll? +1(p0) = Epo) = e < d(8), 6 < (61, 6] (1)



(ii)

(i)
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we get J(@o) < d(6) for § € [61, 85]. On the other hand, I(¢o) > O implies ||po] # 0. Hence from (3.1) we
can get I5(¢po) > O for § € [81, 8,]. Otherwise there exists a § € [81, 8] such that I5(¢o) = 0 which together
with [|@o|| # O gives J(po) = d(6). This contradicts (3.1). Next we prove that @(t) € W for 6 € [81, 65],
t € (0, T). Arguing by contradiction, we suppose that there exists a ty € (0, T) such that ¢(ty) € 0Wj for
some 6 € [61, 8,], i.e. Is(p(to)) = 0 or J(¢(ty)) = d(6). From (1.6) we get

IxIgl? +1(9) = Ego) < d), 6 € [61, 62], t € (0, . (32

Hence J(@(to)) = d(6) is impossible. If I5(¢(ty)) = 0, then by ||@(to)|| = ||@ol| # O we get J(¢(to)) = d(6) which
contradicts (3.2).
Let p(t) € C ([0, T); EI) be any solution of problem (1.1) with E(¢po) = e, I(¢o) < O, T be the existence time of
(). From I(go) < 0 and (3.1) we can get ¢o € Vg for 6 € [61, 62]. The remainder of this proof is similar to
that in part (i).

O

From (3.2) it follows that if 0 < E(pg) = e < d, §; < 6, are two roots of equation d(§) = e, then for any
6 € [61, 821, ¢ € Ngisimpossible. Therefore for the set of all solutions of problem (1.1) with O < E(¢o) = e < d
there exists a vacuum region

Ue=Nps, = |J No={peH|Is(p)=0,8,<5<6}
6166,

such that ¢(t) ¢ Ue for any solution ¢(t) of problem (1.1) with 0 < E(pg) = e < d.
Now we consider the invariant sets of solutions of problem (1.1) with E(¢pg) = d.

Theorem 3.2. Let p satisfy (A), o € H. Then
(i) All solutions of problem (1.1) with E(gg) = d belong to W, provided I(pg) > O.
(ii) All solutions of problem (1.1) with E(¢po) = d belong to V, provided I(¢,) < O.

PrdaY. Let o(t) € C ([0, T);I:I) be any solution of problem (1.1) with E(¢o) = d and I(@o) > O, T be the
existence time of ¢(t). Firstly I(¢o) > O gives ||@o|| # 0 and |||x|¢@o|| # 0. Hence from

1 1
J(@0) = E(@o) - 5 Xigo|* = d = 5 [IxIgol” < d

we get @9 € W. Next we prove that ¢(t) € W for t € (0, T). Arguing by contradiction, we assume that there
exists a to € (0, T) such that ¢(to) € oW, i.e. I(p(to)) = 0 or J(¢(to)) = d. From [|¢(to)|| = ||@oll # O we get
[|x|@(to)|| # 0. Hence from

J(p(to) = Elgo) - ][ Xigp(to)]? = d - ][ xig(to)] < d

we see that J(¢(tp)) = d is impossible. If I(¢(ty)) = O, then again we have J(¢(tp)) = d which contradicts

J(p(o)) < d.
The proof is similar to that of part (i) of this lemma.

Next we discuss the invariant sets of solutions for problem (1.1) with E(¢gg) < O.

Theorem 3.3. Let p satisfy (A), po € H. Assume that E(¢o) < 0 or E(¢o) = O, [|@ol| # 0. Then all solutions of
problem (1.1) belong to V for 6 € (0, 1%1)

Proof. Let ¢(t) be any solution of problem (1.1) with E(¢@q) < 0 or E(@o) = 0, ||@o|| # 0. Since E(po) < 0 implies
ll@oll # 0. Hence for two cases we always have ||@(t)|| = ||@o| # O and ||[Ve(t)|| # O for O < t < T. Thus from

1 6 2 1 _ B 1 2
(3525 1901 + o 16(0) - J9) = Elgo) - Sl
p+1

0<6< )

,0<t<T,




(i)

(ii)
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we can get I5(¢p) < 0 and J(¢p) < 0 < d(6) for 6 (0, #), t € (0, T), which gives ¢(t) € Vs for 6 € (0, #),
telo,T). O

4 global existence and finite time blow up of solutions

In this section we shall prove the global existence and finite time blow up of solutions and give some sharp
conditions for global existence and finite time blow up of solutions for problem (1.1) which are completely
different from those given in [2-5], [17, 18, 23].

Theorem 4.1. Let p satisfy (A), po € H. Assume that ||@q|| = 0 or E(po) < d, I(po) > 0. Then problem (1.1)
admits a unique global solution ¢(t) € C ([0, o0); fI) such that
@ 1lo(0)] = lgoll = 0 for 0 = t < oo if |go]| = O.
or
(i) @(t) € Wfor0 <t < ooif E(po) < d, I(po) > O.

Proof. Firstly from Proposition 1.1 it follows that problem (1.1) admits a unique local solution ¢(t) €
C ([0, T); H) satisfying (1.5), (1.6). Next we prove T = +oo.

If ||@o]| = O, then by (1.5) we have ||@(t)|| = ||@o|| = 0, 0 < t < T, which gives |||x|@(t)|| = 0 and ||[Ve(t)|| = O,
i.e. [[@(t)||g = 0 for 0 < t < T. Hence by Proposition 1.1 we get T = +oo.

If E(po) < d, I(po) > 0, then

np-1)-4

2 1
zn(p — 1) vaDOH + pill((PO) > 0.

1
E(po) = 5 llIx|gol* + ¥

Consequently, from Theorem 3.1 and Theorem 3.2 we have ¢(t) € W for O < t < T. Thus, from
1 2 nlp-1)-4 , 1
Sl + TR DVl + o 1)
1
~>IIXlpI? +J(p) = E(po), 0=t < T,

we get
2n(p - 1)

2 2
Iixlgl + Vgl < 2=

E(po), 0<t<T

and
Iixigl + 901 + gl < LD Bpa) + ol 0= < T,

which gives T = +oo.

Since I(¢@o) > 0 gives E(gg) > 0, the following corollary is the improvement of Theorem 4.1.

Corollary 4.2. If in Theorem 4.1 the assumption “E(@qg) < d, I(pg) > 0” is replaced by “O < E(po) < d,
Is,(¢o) > 0”7, where §; < §; are two roots of equation d(6) = E(¢o), then problem (1.1) admits a unique global

solution ¢(t) € C ([O, oo);f{) and ¢(t) € Wy for 6 € [61,6,],0<t < oo,

Proof. From Theorem 4.1 and Theorem 3.1 it follows that it is enough to prove I(¢g) > 0. In fact, if it is false,
then there exists a § € [a, §5] such that I 5(¢o) = 0and J(¢po) = d(8), which contradicts (3.1). O

Corollary 4.3. Let p satisfy (A), ¢o € H, a < §p < ’%1. Assume that E(pg) < d(8o) and I5,(¢o) > 0. Then
problem (1.1) admits a unique global solution ¢(t) € C ([O, o0); fI) and ¢(t) € W, forO <t < oo,
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Proof. First we have E(po) < d(6o) < d(a) = d and

1 6

1
g - 3 lixal’ + (3 - 22

1
) 1900lP + T o) > 0.

If 61 < 6, are two roots of equation d(§) = E(¢po), then we have §, > ;. Hence I (¢o) > O gives I, (¢o) > 0.
So by Corollary 4.2, problem (1.1) admits a unique global solution ¢(t) € C ([O, oo); H ) and ¢(t) € Wy for
6 € [61, 6,]. Since &g € (a, 6,] C [61, 62] we obtain @(t) € W4, for 0 < t < oo, O
In the following theorem we give two results on global existence of solutions for problem (1.1) regarding

IVeoll-

Theorem 4.4. If in Corollary 4.2 the assumption “Is,(¢po) > 0” is replaced by “||V@o|| < r(6,)”, then problem
(1.1) admits a unique global solution ¢(t) € C ([O, 00); fI) satisfying

E(¢po)
a(61)’

where r(8) and a(6) are defined in Lemma 2.2 and Lemma 2.4 respectively.

IVell* < [1x|@|1* < 2E(@o), O < t < oo, (4.1)

Proof. Firstly E(go) > O gives ||@o|| # O and (by Lemma 2.1) || Vo] # 0. Furthermore from 0 < ||[V¢o|| < r(62)
we get I5,(@o) > 0. Hence from Corollary 4.2 it follows that problem (1.1) admits a unique global solution

pt)ecC ([O, oo);ﬁ) and ¢(t) € W4 for 6 € (61, 62), 0 < t < oo, Finally in

1 1
SIxigl” + al®) Vol + 5 1s(p) = Elgo)

p+
letting 6 = 61 we obtain (4.1). O

Theorem 4.5. Let p satisfy (A), po € H. Assume that E(po) = d, |V@oll < r(a). Then problem (1.1) admits a
unique global solution ¢(t) € C ([0, oo);ﬁ) satisfying

2n(p - 1)

2 - -
o1y =ad gl <2d, 05t <o, 42)

IVl <
Proof. Firstly by E(gpo) = d > 0 we have ||@g]| # 0. Hence by Lemma 2.2 we get I(¢g) > 0. From Theorem 4.1 it
follows that problem (1.1) admits a unique global solution ¢(t) € C ([O, 0); fI) and ¢(t) € Wfor0 < t < oo,
Inequality (4.2) follows from

1
p+1

np-1)-4

2
-1 VeIt

1
§H|X|‘PH2+ I(p) = E(po) =d, 0=t < oo,

Next we discuss the finite time blow of solution for problem (1.1).

Theorem 4.6. Let p satisfy (A), po € H. Assume that E(¢o) < d and I(¢o) < 0. Then the solution of problem
(1.1) blows up in finite time.

Proof. First Proposition 1.1 gives the existence of unique local solution ¢ € C ([0, T);H ), where T is the
existence time of ¢. Let us prove T < oo. Arguing by contradiction, suppose T = oc. Let

FO - [ 1xPlppar.

Then by Proposition 1.2 we have

F'(6) = 8/ <|V<p|2 - x|l - ;g; 3 |<p|’”1) dx

<8 [ (1voP - 52 Diprt ) ax - Srute)

(4.3)




(i)
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In order to finish this proof we consider the following two cases:

0 < E(po) < d.

In this case from Theorem 3.1 we have ¢ € Vs for §; < § < §, and O < ¢t < oo, where §; < §, are two roots of
equation d(68) = E(¢po). Clearly we have §, > a > 1. Hence we have I5(¢) < 0 and | V|| > r(6) fora < 6 < 65,
0 <t<oo And Iy, (@) <0, Vol 2 r(§;) for O < t < eo. Thus from (4.3) we get

F'(t) < §1,1(<p) = % ((a - 8)|Vel® + Iaz(fp))

8
< (@-8)|Vo|* < (a-8)r’(82) = -C(82) < O,

o Q

F'(t) < -C(6,)t + F'(0), 0 <t < oo,

Hence there exists a to > 0 such that F'(t) < F/(tg) < 0 for tg < t < eo and
F(t) < F'(to)(t - to) + F(to), to < t < co. (4.4)

Since I(¢@o) < 0 implies F(0) > O from (4.4) it follows that there exists a T; > O such that F(t) > 0forO<t < T
and

tlinTll F(t) =0,
which together with
ol = gl < 21 VolFH ()
gives

lim sup |[Ve|| = +co.
t*}Tl

This contradicts T = +oo.

E(po) <0.

Since I(¢o) < 0 implies ||@o|| # O, from Theorem 3.3 we have ¢ € Vg for0 < § < 1%1, 0 < t < oo, If in the proof
of part (i) 6, is replaced by ’%1, then we also obtain T < oo.

Finally from Proposition 1.1 we get

li = +oo0,
tl_ff} ol =+
Theorem 4.6 is proved. O

Remark 4.7. The proof of Theorem 4.6 strongly depends on the fact that ¢(t) € V4 for some § > a, where ¢(t)
is the solution of problem (1.1) with E(po) < d, I(po) < 0. Therefore the introducing of Vj is crucial for the
proof of Theorem 4.6.

Corollary 4.8. Let p satisfy (A), ¢po € Hand a < § < ’%1. Assume that E(@g) < d(6) and I5(¢o) < 0. Then
solution of problem (1.1) blows up in finite time.

Proof. On the one hand, from E(po) < d(6) and Corollary 2.5 we get E(¢o) < d. On the other hand, from
I5(¢po) < 0 we get I(¢o) < 0. So by Theorem 4.6 solution of problem (1.1) blows up in finite time. O

Corollary 4.9. Let p satisfy (A), ¢o € H. Assume that E(¢o) < 0 or E(pg) = 0, ¢o # 0. Then solution of
problem (1.1) blows up in finite time.

Proof. This corollary follows from Theorem 3.3 and Theorem 4.6. O

Next we discuss the blow up of solutions for problem (1.1) with E(¢o) = d.

Theorem 4.10. Let p satisfy (A), po € H. Assume that E(po) = d, I(go) < 0 and F'(0) < 0. Then solution of
problem (1.1) blows up in finite time.
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Proof. Let ¢(t) be any solution of problem (1.1) with E(¢) = d, I(¢o) < 0 and F'(0) < 0. Let us prove T < oo,
Arguing by contradiction, again suppose T = +co. From Theorem 3.2 we have ¢(t) € V for 0 < t < oo. Hence
we get

F'(f) < %I((p) <0, 0t<oo.
From this and F’(0) < 0 it follows that for any ¢, > 0 we have F'(t() < 0 and
F(t) < F'(to)(t - to) + F(ty), to < t < oo.

Hence there existsa T; > O such that F(¢) > 0forO <t < T; and

lim F(¢) = 0.
t— T1
The remainder of this proof is same as the proof of Theorem 4.6. O

From Theorem 4.1 and Theorem 4.6 we can obtain a sharp condition for global existence of solutions for
problem (1.1) with E(gg) < d as follows:

Theorem 4.11. Let p satisfy (A), o € H. Assume that E(po) < d. Then when I(¢o) > 0, solution of problem
(1.1) exists globally; and when I(@g) < 0, solution of problem (1.1) blows up in finite time.

From Corollary 4.3 and Corollary 4.8 we can obtain a serious of sharp conditions for global existence and
finite time blow up of solution for problem (1.1) in the following theorem.

Theorem 4.12. Let p satisfy (A), po € H,a < § < %. Assume that E(po) < d(6). Then when I5(¢po) > O, the
solution of problem (1.1) exists globally; and when I5(po) < 0, solution of problem (1.1) blows up in finite time.

From Theorem 4.1 and Theorem 4.10 we can obtain the following sharp condition for global existence of
solution for problem (1.1) with E(¢po) = d.

Theorem 4.13. Let p satisfy (A), po € H. Assume that E(po) = d, F'(0) < 0. Then when I(@o) > 0, the solution
of problem (1.1) exists globally; and when I(¢,) < 0, solution of problem (1.1) blows up in finite time.

Note that from Lemma 2.4 we have

d=d(a)= %rz(a) =dp.

From this we get the following sharp condition that only depends on ||V ¢q]||.

Corollary 4.14. Let p satisfy (A), o € H. Assume that E(pg) < do. Then when ||[V@o]|| < r(a), solution of
problem (1.1) exists globally. When ||V ¢@o|| = r(a), solution of problem (1.1) blows up in finite time.

Proof. If |[V@ol| < r(a), then O < ||V@ol| < r(a)or [|[Veol|| = 0, i.e. I(po) > 0 or ||[V@o|| = 0. Then Theorem 4.1
gives the existence of unique global solution ¢(t) € C ([O, 0); ﬁ) If |V ol = r(a), then by

1 , nlp-1)-4 2 1
5 lixl@ol +m||v¢’o|\ +m1(§00)

~Ego) < do - "LV 4P @)

we get I(go) < 0. Hence from Theorem 4.6 it follows that solution of problem (1.1) blows up in finite time. [

Corollary 4.15. Let p satisfy (A), ¢o € H. Assume that E(¢o) > 0 and

n(p-1)-4

np-1) +1-me0 ( 2n(p - 1) ‘ -1
b Dol (Y Bew) T <ot “5)
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Then when -1

np-1 _

2p+1) H‘Poup+ <Gt (4.6)
the solution of problem (1.1) exists globally. And when

n(p 1) pr1-1eD -1)-4 1

2(p ) llpoll 2 7 >Cx, @.7)

solution of problem (1.1) blows up in finite time.

Proof. This corollary follows from Corollary 4.14 and the fact that (4.5), (4.6) and (4.7) are equivalent to E(¢g) <
do, ||[V@oll < r(a) and |[V@o|| = r(a) respectively. O

From E(¢pg) < % (Il1x]9o 1> + Vo HZ) for ¢ # 0 and Corollary 4.15 we can obtain the following corollary.

Corollary 4.16. Let p satisfy (A), ¢y € H. Assume that E(¢po) > 0 and

n(p-1)-4
np-1) p+1-1-D np-1) 2 2 * -1
S leoll” ( oo 4 (1Kol + 1Vgol) o “.8)
then solution of problem (1.1) exists globally.
Proof. One can see that (4.8) gives both (4.5) and (4.6), which proves this corollary. O

Finally we give another series of sharp conditions for globally existence and finite time blow up of solution
for problem (1.1) as follows:

Corollary 4.17. Let p satisfy (A), po € H,a < 6 < %. Assume that E(p) < a(8)r?(8), where r(8) and a(6) are
defined in Lemma 2.2 and Lemma 2.4. Then when ||[V¢o|| < 1(6) the solution of problem (1.1) exists globally;
and when ||V @q|| = r(8) the solution of problem (1.1) blows up in finite time.

Prdaf. If [[Veo|| < r(8), then we have 0 < ||[V@ol| < r(8) or |[V¢o|l = 0, which gives I5(po) > 0 or ||@o]| = O
Hence by Theorem 4.12 and Theorem 4.1 the solution of problem (1.1) exists globally.
If |V ol = r(6), then from |||x|¢@o| > 0 and

1 1
3XI90l* + al®)I Vool + S=715(90) = Elpo) < a(®)r’(6),
we get I5(po) < 0. Again by Theorem 4.12 solution of problem (1.1) blows up in finite time.

O
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