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Abstract: The main goal of this work is to investigate the initial boundary value problem of nonlinear wave
equation with weak and strong damping terms and logarithmic term at three different initial energy levels,
i.e., subcritical energy E(0) < d, critical initial energy E(0) = d and the arbitrary high initial energy E(0) >
0 (w = 0). Firstly, we prove the local existence of weak solution by using contraction mapping principle. And
in the framework of potential well, we show the global existence, energy decay and, unlike the power type
nonlinearity, infinite time blow up of the solution with sub-critical initial energy. Then we parallelly extend
all the conclusions for the subcritical case to the critical case by scaling technique. Besides, a high energy
infinite time blow up result is established.

Keywords: Wave equation; global solution; weak and strong damping terms; energy decay; infinite time blow
up; logarithmic nonlinearity

1 Introduction and main results

In this paper, we study initial boundary value problem of nonlinear wave equation with weak and strong
damping terms and logarithmic source term

Ugt — Au — wAue + pue = ulnjul, (x, t) € Q x (0, o), (1.
ulx,t)=0, xe0Q, t=0, (1.2)
u(x,0) = up(x), ui(x,0) =ui(x), x € Q, (1.3)

where Q Cc R" (n = 1) is a bounded domain with a smooth boundary 0Q,
w20, u>-wl, (1.4)

A1 being the first eigenvalue of the operator —A under homogeneous Dirichlet boundary conditions.
The undamped hyperbolic equation

uge — Au = f(u), (1.5)

was introduced by D’Alembert [1] to model the propagation of waves along vibrating elastic string. By intro-
ducing the potential well, the global existence and finite time blow up of solution to (1.5) with E(0) < d were
proved by Payne and Sattinger in [2], [3] respectively.

The nonlinear wave equation with linear weak damping term was considered by Levine and Serrin [4] in
abstract form

Puye + A(u) + Q(t, ut) = F(u) (1.6)
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and they proved the nonexistence of global solution for the negative initial energy, i.e., E(0) < 0. Later, Pucci
and Serrin [5] extended this results to E(0) < D1, where D, is positive. Vitillaro [6] studied the similar problem
replacing the linear weak damping term by the nonlinear one

Uge — Au + blue|™ %u; = clulPu (1.7)

and derived the conditions of initial data leading to finite time blow up of the solution for E(0) < E;.
For the initial boundary value problem of classical strongly damped wave equation

Ug — Au - Auy = f(u), (1.8)

Webb [7] gave the local existence uniqueness, global existence and the asymptotic behavior of the solution.
For the initial boundary value problem of strongly damped semilinear wave equation

Uy — wAus — Au + p(u) = f, (1.9)

Pata and Squassina [8] proved the existence of the universal attractor, in the presence of a quite general non-
linearity of critical growth. Moreover, they obtained the asymptotic behavior of the solutions in dependence
of the damping coefficient.

For the wave equation with both linear weak and strong damping terms, we can directly go to [9] for the
most recent progress. Gazzola and Squassina [9] proved that the initial boundary value problem of the weak
and strong damping hyperbolic equation

Uyt — AU+ pug — whug = [ufP%u, (1.10)

has a unique local solution, and the global existence and nonexistence results were also proved for E(0) < d.
Also, the finite time blow up of solution with high energy E(0) > d (w = 0, u > 0) was obtained.

The logarithmic nonlinearity is of much interest in physics, since it appears naturally in inflation cos-
mology and super symmetric filed theories, quantum mechanics and nuclear physics [10], [11]. Haraux and
Cazenave[12] proved the existence and uniqueness of solution for the Cauchy problem for the nonlinear
Schrodinger equation

iu[+Au+Vu+ku10g\u\2 =0inRY xR, (1.11)
and for the nonlinear Klein-Gordon equation
ugt — Au = kulog \u|2 inR? xR,. (1.12)

Gorka [13] obtained that the initial boundary value problem of logarithmic Klein-Gordon equation

U — Uxx + U = gulog |u|?, xe0O, telo,T),
u(x, 0) = up(x), ue(x,0)=u1(x), xeO, (1.13)
ulx,t) =0, x €00, tc[0,T),

where O is a finite interval V = [a, b], admits global weak solutions for all (ug, u;) € Hy x L? and € € [0, 1] in
one-dimensional case.
The weak damping with logarithmic wave equation

Upe — Au+ ug +u + |ul*u = uln |uf? (1.14)

was introduced by Hiramatsu [14] to model the dynamics of Q-ball in theoretical physics. Then its initial
boundary value problem was considered by Han in [15]

Uy —Au+u+ug+uPu=ulnju?®, xeQ, telo,T),
u(x,0) = up(x), ux,0)=u1(x), xeQ, (1.15)
u(x,t) =0, xe€oQ, tel0,T)
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and the global existence of weak solutions was proved, for all (uo, u;) € H} x L? in R>. By constructing an
appropriate Lyapunov function, Zhang and Liu [16] obtained the exponential decay estimates of energy with
E(0) < d for all (ug, u1) € H} x L?, I(ug) > 0.

Al-Gharabli and Messaoudi [17] proved the global existence and the exponential decay of solutions of the
following plate equation

Upe + A%u+u +ue = kuln |ul, xeQ, t>0,
u(x,t) = $(x, ) = 0, X €00, t>0, (1.16)
u(x, 0) = up(x), ue(x,0) =uq(x), xeq,

forall (ug, u1) € H3(Q)xL?*(Q)and 0 < E(0) < d, I(uo) > 0. Later, Al-Gharabli and Messaoudi [18] considered
a general damping h(u,) instead of a linear u; one considered in [17], where h is a function having a polyno-
mial growth near the origin. They established the global existence and the general decay of solutions for all
(uo, uq) € H3(Q) x L%(Q), 0 < E(0) < d and I(ug) > O.

As shown in the previous works, the dynamical behaviors of solutions are quite different when with pres-
ence of different nonlinearities, i.e., power type and logarithmic type. To be specific, with the presence of
logarithmic term, the finite time blow up of solution don’t occur anymore which means the Nehari manifold
in the initial energy space H} no longer plays a role as a threshold separating global and non-global existence
of solution. And instead in this article the results show that Nehari manifold can be viewed as a threshold
which indicates the decay or infinite time blow up of solutions. In order to investigate and describe the dy-
namical behavior of solution that strongly relied on the initial data, we focus on the logarithmic term in three
initial data levels, i.e., subcritical energy E(0) < d, critical initial energy E(0) = d and the arbitrary high initial
energy E(0) > 0 (w = 0).

The present paper is organized as follows. Section 2 presents some notations and preliminaries. In sec-
tion 3, we state our main results. Section 4 prove the local existence of solution. Section 5 prove the global
existence, asymptotic behavior and infinite time blow up of solution for E(0) < d. In section 6, the global
existence, asymptotic behavior and blowup of solution for E(0) = d is proved. At last, in Section 7, we prove
the infinite time blowup result for E(0) > 0 (w = 0).

2 Notations and primary lemmas

In this section, we present some preliminaries to prove the main results. We denote the inner product and the
norm on H}(Q) by (-, -) and ||V - |, respectively. The symbol || - || will indicate the norm on L?(Q). Moreovet,
we denote by (-, -) the duality pairing between H™1(Q) and H}(Q). For any v, w € H3(Q), we have

(v,w)*=w/Vva+,u/vw
Q

o)
and
1
V||« = (v, v)2.
By (1.4), || - || is an equivalent eccentric module over H}(Q).

First, for problem (1.1)-(1.3) we introduce the energy functional

_1 2 1 2 1 [ 5 1,2
E(f)-QHUtH +§|\Vu\| 2/ ln|u|dx+4||u\| , (2.1)
0

the potential energy functional

“Liour-l [2 Lo
J@w) = S|Ivull* - 5 /u In fuldx + 4 ||u] 2.2)
Q
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and the Nehari functional

Iu) = ||V 2 —/u2 In Ju|dx. 23)
Q
By a direct computation,
J6) = 3160 + 7 [l (04

By I(u) we define the potential well (stable set)
W = {u e Hy(Q) | I(u) > 0} U {0}, (2.5)

the outer space of potential well (unstable set)

V={uecH}Q)|I(u) < 0} (2.6)
and the Nehari manifold
N = {u € Hy(Q)\{0} | I(u) = 0}. @2.7)
The depth of potential well is defined as
d= uigijI(u). (2.8)

On the other hand, as the difference between two types of nonlinearities, assumptions on the power type
nonlinearity don’t work on the logarithmic one. Consequently, introducing the logarithmic Sobolev inequality
and revisiting the corresponding estimates is a necessity to handle logarithmic nonlinear term u In |u|. The
following logarithmic Sobolev inequality was introduced by [20], Chapter 8.14 (also see [19] for a different
proof).

Lemma 2.1. [19, 20] Ifu € H'(R") and a > 0. Then

2/\u(x)|21n <|u(x)|) dx +n(1 +1na)|u|? < a—nz / |Vu(x)|*dx.
R R

[[ull

For u € H}(Q), we can define u(x) = 0 for x € R™\Q. Then u € H*(R™), that is to say, for a general domain
Q, we have following logarithmic Sobolev inequality,

[Jull

2
2/|u(x)|21n (|u(x)\> dx +n(1+1na)|u|? < % / |Vu(x)|*dx, (2.9
o) o)

where u € H}(Q) and a > 0.

Lemma 2.2. Assume that u € H}(Q)\{0}. Then we have
) lim J(Au) = 0 and lim J(Au) = —oo;
A—0 A—+oo

llull

2 2
(ii) There exists a unique A" = A*(u) such that d%](}lu)\,(:y =0, where " = exp (w>;
(iii) J(Au) is increasing on the interval (0, "), decreasing on the interval (A”, +o0) and attains its maximum
unique A" € (0, +o0) such that
>0, 0<A< A%,
IAw¢{=0,1=41",

<0, A" <A< +oo,
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Proof. (i) We get

_)lz , A2 A2
](/\u)—7\|Vu|| —7/11 1n|/lu\dx+?||u|\
Q

R0 A, 22 , A2
- S ivul® =5 [l G A+ 5l
0}

A2 2 2 2 1 2
-5 Ivu? - [ A+ Gl )

0
which tells lim J(Au) = O and lim J(Au) = —oo.
A—=0 A—+o0
(i) A direct computation on (2.10) yields

A gw) = 2w - A/u2 In fuldx - Aln A u]]2
Q

2 (||Vu||2 —/u21n|Au|dx> :

Q

2 2
which means % J(Au)|y_;- = 0, where A" = exp (M—ummm).

([ull?

(iii) The conclusion (iii) directly follows from

10w = 22| vu? —Az/uz In [uldx - 22 1n |A[|[u]]?
Q
dJ(Au)

=A=a

and conclusion (ii).

Lemma2.3. Letu € H}(Q) andr := 2m)ies.

(i) Ifo<|u| <1, thenI(u) = 0;
(i) IfI(u) <O, then ||lu| > r;
(i)  IfI(u) = 0 and |[u|| = O, then ||u| = r.

Proof. (i)  Using the logarithmic Sobolev inequality (2.9), for a > 0, we get

I(w) = |Vul|? —/uzln\u\dx
0

= ||Vul? —/u2 <ln% +1n|\u\|> dx
0

2
_at 2, n+na), o2 2
= (1= 5 ) Ivu « D g 1o .

Q

Taking a = v/2m, we gain

16> ("0 ) .

If O < |ju]| <1, then M > In ||u||, which gives I(u) = 0.

—_ 617

(2.10)

(2.11)

(2.12)

(213)
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(ii) From (2.13) and I(u) < 0, we can see that

n(2 +1n(2m))
(e

2
—lnuun) ull? <0,
which means
lull > @m)ie =r.

(I)  This conclusion is similar to the proof of (ii).

O
Lemma 2.4. The depth of potential well d in (2.8) satisfies
ds %(Zn)%e". (2.14)
Proof. From the definition of d in (2.8) and Lemma 2.3 in (iii) , it follows that u € N. As a result, we obtain
0=1Iu)= (W-lmﬂ) ull?, (2.15)
which implies
ul| = 2m)e?. (2.16)
By virtue of (2.4), I(u) = 0 and (2.16), we obtain
_1 12
J@) = S100) + 2 Jul
1
= 5 lul? (217)
> 1(271)% e",
which gives (2.14). O

Lemma 2.5. Let u be a solution of problem (1.1)-(1.3), then E(t) is a non-increasing function with respect to t.

Proof. Multiplying Eq. (1.1) by u; and integrating it over Q x [s, t), we can obtain
t
E() + / ue(D)|2dr = E(s). (218)
S

Thus, the proof is completed. O
Definition 2.6. Function u = u(x, t) is called a weak solution of problem (1.1)-(1.3) over Q x [0, T], if

u € C([0, T], Ho(@) n €' ([0, T, L*(@) n C*([0, T], H~}(Q)),
us € L2([0, T], H3(Q)) and there holds

(uge®), ) + [ vul®)vndx + w | Vu()vVndx +u [ u(t)ndx
/ / /

=/u(t)ln lu(t)|ndx, vn e HyQ), a.e.t €0, T), (2.19)

o}

where u(x, 0) = ug(x) in H3(Q), u¢(x, 0) = u;(x) in L*(Q).
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3 Main results

In this section, we state our main results about problem (1.1)-(1.3).

Theorem 3.1. Let up(x) € H3(Q), ui(x) € L?(Q) and (1.4) holds. Then there exists a time T > O such that
problem (1.1)-(1.3) admits a unique weak solution u on [0, T] satifying

u € C([0, T], H3(@)) n c([o, T1, L*(Q)) n ¢*([0, T], H1(Q)).

Theorem 3.2. Let ug(x) € H}(Q), u;(x) € L*(Q) and (1.4) holds. Assume that E(0) < d, then when uo(x) € W,
problem (1.1)-(1.3) admits a global weak solution u(t) € L*=(0, +oo; H(Q)) with us(t) € L=(0, +oo; L2(Q)) for
O<t<oo,

Theorem 3.3. Let uo(x) € H3(Q), u;(x) € L?(Q) and (1.4) holds. Assume that E(0) < d, then when uo(x) € W,
there exist two positive constants C and & independent of t such that

0<E()s<Ce, t>0.

Theorem 3.4. Let ug(x) € H3(Q), u1(x) € L?(Q) and (1.4) holds. Assume that E(0) < d, then when uy(x) € V,
the existence time of solution to problem (1.1)-(1.3) is infinite and

lim [u(t)||® = +oo.
t—r+oo

Theorem 3.5. Let up(x) € H3(Q), u1(x) € L*(Q) and (1.4) holds. Assume that E(0) = d, then when uo(x) € W,
problem (1.1)-(1.3) admits a global weak solution u(t) € L>(0, +oo; HY(Q)) with uy € L>(0, +oo; L*(Q)) for
O<t<oo.

Theorem 3.6. Let uo(x) € H}(Q), uy(x) € L*(Q) and (1.4) holds. Assume that E(0) = d, then when up(x) € W,
there exist two positive constants C and & independent of t such that

0<E() < Cee™®, t20.

Theorem 3.7. Let uo(x) € H(Q), uy(x) € L*(Q) and (1.4) holds. Assume that E(0) = d, then when uo(x) € V,
the existence time of solution to problem (1.1)-(1.3) is infinite and

lim [u(t)||® = +oo.
t—+oo

Theorem 3.8. Let up(x) € H3(Q), u;(x) € L*(Q). Assume that w = 0, p > 0 and uo(x), u;(x) satisfy that

() :lluol® > 4E(0) > 0,
an (o), u1(x)) >0,
(Il :up(x) eV,

then the existence time of solution to problem (1.1)-(1.3) is infinite and
lim [[u(f)]|? = +oo.
t—>+o0

Remark 3.9. When E(0) < d, we derive the global well-posedness and the decay of solution provided ug(x) €
W. However when E(0) > 0 and ug(x) € W, it is still open that whether global solution exists.
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4 Local existence

For a fixed T > 0, consider the space
3¢ = c([o, T1, H5 (@) n €*([0, T], L*(Q)),
endowed with the norm

[ull3e = max (|Vu()|® + [[ue6)]*). (4.1)
telo,T]

4.1 Proof of Theorem 3.1.

To establish the uniqueness and existence of local solution to problem (1.1)-(1.3), we first prove the following
lemma.

Lemma 4.1. Forany T > 0 and u € X, there exists a unique
v e ([0, T], Hs(@)) n €' ([0, T1, L*(@)) n €*([0, T], H () (4.2)
such that v¢ € L*([0, T], H}(Q)) solves the linear problem

Vit —Av - wAve+ uve=ulnfu|, xe€Q,tel0,T7),
v(x,0) = up(x), v¢(x,0) = u1(x), xe€Q, (4.3)
vix,t) =0, x€oQ,tel0,T),

where uo(x) and u4(x) are defined in (1.3).

Proof. (4.3) is an inhomogenous linear problem for v, carrying a good energy structure. Therefore it suffices
to show that the forcing term is L2, so that one can apply a standard Galerkin method to extract a solution.
So we estimate [, (uln |u|)?dx. First by a direct calculation and sobolev inequality, we have

/(uln\u\)zdx= / (uln|ul)® dx + / (uln |u))* dx

Q0 {x€Q;|u(x)|<1} {xeQ;lu(x)|>1}

2
<e?|Q]+ (";2 U dx (4.4)

{xeiut)>1}

) n-2 2 2n
<e ||+ cr? || Vu|| -2,

2

where c- is the best constant of the Sobolev embedding H}(Q) < L5 (Q). Next we claim the uniqueness.
Arguing by contradiction, we suppose that there exist two solutions v and w such that (4.3) hold. Then by
subtracting the obtained two equations and testing with v; — w;, we can derive

t
IVV(0) - YW (OI + vel®) - we(®)]2 + 2 / Ive(r) - we(D)|2d = 0,
0

which directly says w = v. So we complete the proof. O

Take (uo(x), uy (x)) satisfying (1.4), set R? = 2(||Vuo||? + ||ju1||*) and consider

Ur ={u € H :ulx,0) = ug(x), us(x,0) = us(x), ||lullsc <R}, VT >O0. (4.5)
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Again Lemma 4.1 simplifies that for V u € Uy, there exists v = @(u) such that v is the unique solution to
problem (4.3). Next we prove that for a suitable T > 0, @ is a contractive map satisfying @®(U7) C Ug.
First we can conclude that

t
IVv(O)]|* + [v()])> + 2/ |ve(r)||2dT
0

t
=\|Vu0||2 + HulHZ +2/ / u(t) In ju(1)|ve(r)dxdr. (4.6)
0 0

where v = @(u) is the corresponding solution, to problem (4.3) for fixed u € Ur.
Similar to the arguments of (4.6), we can derive that

t
2 u(t) In ju(t)|ve(r)dxdr (4.7)
/]

t
s/(||u(‘r) In [u(7)[||? + ||vp(T)||*)dT.
0
Hence, (4.7) becomes
t t
2//u(r)ln|u(r)|vt(r)dxdrscTR(r%) +2/|\f/h(r)||3dr, (4.8)
0 0 0

forall t € (0, T]. Combining (4.6) with (4.7) and taking the maximum over [0, T] gives
VI3 < %RZ + cTR® 3. (4.9)

Choosing T sufficiently small, we get ||v||5¢ < R, which shows that ®(U7) C Ur.
Now taking w; and w» in Uy, subtracting the two equations (4.3) for v; = @(wq) and v, = ®@(w,), and
setting v = v1 — v, we obtain for all € H(Q) and a.e. t € [0, T]

vee(®), ) + | Vv(OVndx +w | Vv(t)Vndx +pu | ve(t)ndx
/ / /

=/ (w1 () In [w1(8)] - wa () In |w,(8)]) ndx

o}

= / EOw1(t) - wa(O)ndx, (4.10)
0

where
0 <&(t) < (In|wi(®) + wa ()] + V(w1 () + wo(6)) In w1 (t) + wa(8)].

Therefore, taking n = v¢ in (4.10) and arguing as above, gives
_4n_
|@(w1) - D(w)|5¢ = [[VII5c < CRTD T||wy - wal[5e < 8[| wa - wa |3

for some 6 < 1 as long as T is sufficiently small. So by the Contraction Mapping Principle, we can conclude
that problem (1.1)-(1.3) admits a unique solution.

5 Sub-critical initial energy

5.1 Global existence for E(0) < d.

We first prove the invariant set W under the flow of problem (1.1)-(1.3).
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Lemma 5.1. (Invariant set W when E(0) < d) Let ug(x) € H3(Q) and u1(x) € L*(Q).IfE(0) < d and up(x) € W,
then we have

ult) e w (5.1)
and

|u||® < 4d forall t € [0, T). (5.2)

Proof. Let u(t) be the weak solution of problem (1.1)-(1.3) with E(0) < d, ug(x) € W and T be the maximum
existence time of u(t). From Lemma 2.5 we have

E(t)<E(Q) < dforallte[0,T), (5.3)
namely,
§WAOW+IWGD=EU)<them,D. (5.4)
Arguing by contradiction, we suppose that there exists the first ty € (0, T) such that I(u(to)) = 0 and I(u(t)) >
Ofor0O<t<ty,i.e.,

va%m2=/ﬁaaﬂnmu@mx (5.5)
Q
From the definition of N, then we have u(tg) € N, which implies that J(u(to)) > d. From (2.8) and the definition
of E(t), it holds that

1
E(to) = 5 [|ue(to)]* +J(u(to)) = d,
which contradicts (5.3). Then u(t) € W for all t € [0, T), which together with (5.4) and (2.17) gives

d> E(t) = 2 u(O]* + 1)

= IOl + 1)+ 7 )
1
4
Thus, the proof of Lemma 5.1 is completed. O

2
2 2 lull”

Now let us turn to prove the existence of global solution to problem (1.1)-(1.3) with E(0) < d.
Proof of Theorem 3.2
From Lemma 5.1 it implies u(t) € W for any t € [0, T). By (2.18), we get

1 1 1
§||ut\|2 + jHVuH2 + Z|\u||2 < E(0) +/u2 In |u|dx, (5.6)
Q
which together with the Logarithmic Sobolev inequality leads to
2
a n(l+Ilna)+1
e+ (1= 52 ) 19« RO g < 0y P . 67)

Here and in the sequel we denote by C; > 0,i = 1, 2, 3 as constants. Choosing 0 < a < /27 that

a2

1- or >0,
we get
l[uell® + 19| + [|ul|* < Co(1 + [[ul® In|u] ). (5.8)
Recalling Lemma 5.1, we have
|ul|® < 4d.

Hence, from inequality (5.8) it follows that
[uell® + [[Vul® + [[u]) < Cs,

where C3 > Oisaconstantindependent of t. Therefore similar as the proof of Lemma 4.1 we know that problem
(1.1)-(1.3) admits a global weak solution. O
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5.2 Asymptotic behavior for E(0) < d.

Next, we can now prove the asymptotic behavior of the solution to problem (1.1)-(1.3), which relies on the
construction of a Lyapunov functional by performing a suitable modification of the energy.

Proof of Theorem 3.3

First, we define

L(t) := E(t) + s/utudx+ %HVqu, (5.9)
Q

where € > 0 will be chosen later. From Lemma 5.1 and (2.1)-(2.3) it implies that
0 < E(t), Vt=0. (5.10)

It is easy to see that L(t) and E(t) are equivalent in the sense that there exist two positive constants 8; > 0
and f3, > 0 depending on ¢ such that

B1E(t) < L(t) < BoE(t) for t = 0. (5.11)

Taking the derivative of L(t) with respect to time yields

dL(t)
dt

= - 0| Vue||? - pluel|? + el|ue|* - €] Vul|?
+ e/u2 In |u|dx - eu / usudx, (5.12)
Q o)
together with Eq.(1.1). Now, we estimate the last term on the right hand side of (5.12) as follows. By using

Young’s inequality, we obtain,

/utudx < 4—16|\ut\|2 +8||ul®, 6>0. (513)
Q

Substituting (5.13) into (5.12) with (2.1) gives that

dL(t)

S == MeE(©) - 0] Vu|* + (ﬁ rE-p+ %) e |2

2 46
+ (% + ey&) ull? + & (% - 1) V|2 (5.14)

+E (1— %) /u21n|u|dx,VM> 0.
o)

By logarithmic Sobolev inequality, we have

dL(t) . B 2 Me _ 24 2
gt <~ MEE() - ]| Vue|® + (—2 te-pt s |
Me M n 2
+ <—4 +eub +¢ (1 - 7) (ln|\ul| - 5(1 +lna))> [[ull
M a? 2
+& (1 ) ) (?‘[ - 1) Vull”. G.15)

Recalling (2.1), (2.4) and E(¢t) < E(0) < d, we get
In ||u||® < In(4J(u)) < In4d. (5.16)

Now, choosing M < 2, and £ small enough such that

Me F7]
(7+£_F+R) <O0.
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Then inequality (5.15) becomes

dL(t) < (@ +eUb + % <1 - %) (1n(4d) -n(1+1n a))) llull?

dt ~\ 4
M a? 2
- MeE(t) + ¢ <1 - ?) (ﬁ - 1) (IVul|©. (5.17)
Since 0 < M < 2 and J(u) < E(0) < d, by taking
e% <a’ < 2m,

where a = In(4d) + Igfi‘f - n, and taking 6 > 0 small enough such that

L 1<0 (5.18)
and
Me £ M
7t EUS + 5 (1 - 7) (In(4d) - n(1 +1na)) <0, (5.19)
then we have
dfz(tt) < - MeE(D), Vt > 0. (5.20)

Further, by virtue of (5.11), let & = %, (5.20) becomes

d(Li(tt) < ZL(¢), Vt > 0, (5.21)
namely,
L s Ce™¥, vt >0, (5.22)
which together with (5.11) shows
0< E(f) < Ce™™, vt >0. (5.23)
This completes the proof. O

5.3 Blow-up for E(0) < d.

To prove the blow-up results for problem (1.1)-(1.3) with E(0) < d, we first give the invariant set V. Similar to
Lemma 5.1, we also have the following lemma.

Lemma 5.2. (Invariant set V when E(0) < d) Let uo(x) € H3(Q) and u;(x) € L*(Q). IFE(0) < d and up(x) € V,
then we have

ul) e v (5.24)
and

|ul|? > 4d forall t € [0, T). (5.25)

Now we turn to show that the blow up in infinite time for problem (1.1)-(1.3) with E(0) < d.
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Proof of Theorem 3.4

Let u(x, t) be a weak solution of problem (1.1)-(1.3) with E(0) < d, I(ug) < 0. Arguing by contradiction, we
suppose that the solution u is global. Then for any T > O we may consider the auxiliary function G : [0, T] —
R; defined by

t
G(O) o= [ull? + / lu@]3dr + (T - Ouol2. (5.26)
0

Since G(t) > 0 is positive over [0, T] and continuous, there exists a p > 0 (independent of the choice of T)
such that

G(t) = p forallt € [0, T]. (5.27)
Furthermore,
G'(t) = Z/uutdx+ lull? = |luoll?
0
" tn
= 2/ uudx + 2 /(u(r)ut(r))*dr (5.28)
0 0
and
G"(t) = 2(uge, u) + 2|\ut\|2 +2(u, us)« fora.e. t € [0, T]. (5.29)

Testing Eq. (1.1) with u and plugging the result into (5.29) we obtain

G'(t)=2 <||u,|2 - ||Vu|2+/uzlnu|dx) fora.e.t e [0, T]. (5.30)
Q

Therefore, we get

G(OG"(t) - (G'(1)*

=2G(t) (Ilutl2 ~[IVul® +/u21n|u|dX)

Q

t
+4 (n(t)—(G(t)—(T— Bluol%) (Ilutll2 +/|ut(T)|3dT)> .
0

where

t t
n(o = (Iull2 + IIM(T)Ilde) (Iutl2 + Iut(T)Ing)
/ /
] 2
- uugdx + [ (u(r), u,(T))*dr) .
[ ]

Q

By Schwarz inequality, we can get

2
2 2
el ? = ( / uutdx) :

0}
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¢ ¢ ¢ 2
lu(D)|2dt | |lue(r)|2dT = ( (u(), ut(T))*dT)
[ o] /

and

t
/uutdx/(u(r),ut(r))*dr
Q 0

t t
<lu ( / |u(r)||%dr) | ( / ||u(r)||%dr)
0 0

1 1
2 2

DE GRUYTER

These three inequalities entail 7j(t) = O forany t € [0, T]. As a consequence, we reach the following differential

inequality
G(G"(t) - (G' (1)) = G(t)é(t) for ace. t € [0, T],

where & : [0, T] — R is the map defined by
t
E() = =2|ue||® - 2I(u) - 4/ l|ue(7)||?dr.
0
From Lemma 2.5, Lemma 5.2, (2.4) and E(0) < d, we know

t
§(0) = 4J(u(D) - 4E(0) - 21(u(0) - 4 / [ue(0)|# dr
0

t
-l - 4B -4 [ uo]Edr
0
> ||u||® - 4E(0)
> ||lu||® - 4d > 0.
Since E(0) < d, there exists § > 0 (independent of T) such that
&)= 6forall t=0.
Hence, by (5.27) and (5.34), it follows that

GG (t) - (G'()* 2 p6 >0 forae. t € [0, T),

which means G(t)G”(t) - (G'(t))? > 0. On the other hand, by directly calculation, we can see that

"G
(ng) - 5
and
(n Gy’ - GOE"O-(EWOF

G2(1)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

By (5.36), we know that (In G(t))’ is increasing with respect to t, using this fact, integrating (5.35) from tg to t,

we have
t

(n G(0) = (n G(to)) + /

to

GG (1) - (G' (1))

62 dr
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and

In |G(t)| - In |G(to)|

t
_ / (In G(1))dr
to

¢
.
_/ 0™
to

G'(to)
G(to)

>

(t - tO)’

where O < t( < t. Then

G() > Glto) exp (Gl o) (¢ to)).

t,
G(to)

Since G(0) = 0 and G’(0) > 0, we can take tq sufficiently small such that G'(ty) > 0 and G(t) > 0. Then for
sufficiently large ¢,

2 G'(t) / ( G'(t) ) 2t
ul|-=G'(t) > G(t) = G'(t)ex t-t > Ce”,
Il = G602 G 60 = G Oexp ( g5~ t0)
i.e.,
lim G(t) = +oo.
t—+oo
This shows that the weak solution u to problem (1.1)-(1.3) blows up at +oo. O

6 Critical initial energy

Lemma 6.1. If E(0) = d, then there exists a ty € (0, T) such that

to
/ |uc||#dT > 0. (6.1)
0

Proof. Arguing by contradiction we suppose that fot |uc||2dt = 0 for 0 < t < T, which gives |lu¢|| = 0 for
0 <t < T.Sowe can get u(t) = uo(x), which contradicts the assumption of Lemma 6.1. O

6.1 Global existence for critical initial energy.

Lemma 6.2. Let uo(x) € HA(Q) and ui(x) € L*(Q). If E(0) = d and uo(x) € W, then we have

u(t) e w. (6.2)

Proof. We prove that u(t) € W for 0 < t < T. Arguing by contradiction we suppose that there exists a ty €
(0, T) such that I(u(to)) = 0 and ||u(to)|| # 0, which says J(u(to) = d. Hence, by

to
S Iueto)|? + Juteo) + [ ueldr - EO) - .
0

we get [, ||ur|?dt = 0 and ||ue||> = 0 for O < t < to, which implies % = 0 and u(x, t) = uo(x) for x € 2,0 <
t < to. Thus we can conclude I(u(ty)) = I(ug) > 0, which contradicts I(u(ty)) = O. O
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Now we turn to prove the existence of global solution to problem (1.1)-(1.3) with E(0) = d.

Proof of Theorem 3.5

First Theorem 3.1 gives the existence of the local solution. From Lemma 6.1 we can get (6.1). By (2.18) and
E(0) = d we obtain

t
Elto) = d - / e |2dt < d.
0

Moreover, from Lemma 6.2 it follows u(tg) € W. Let v(t) = u(t+to) and t = 0, then v(t) is a solution of problem
(1.1)-(1.3), which combining Theorem 3.2 says that T = +oo. O

6.2 Asymptotic behavior for E(0) = d.

Next, we can now prove the asymptotic behavior of the solution to problem (1.1)-(1.3) with E(0) = d.

Proof of Theorem 3.6

From Theorem 3.5 it implies that there exists a to > 0 such that E(tg) < d, I(u(to)) > 0 or ||u(to)| = O,
which together with Theorem 3.3 says,

0<E(t) < Ce st ¢5¢,
and
0<E()<Cee™, t>to,

where Cx = Ce™$t, O

6.3 Infinite time blow up for the critical initial energy.

Lemma 6.3. Let up(x) € HA(Q) and u;(x) € L*(Q). IfE(0) = d and uy(x) € V, then we have

u(t) e V. (6.3)

Proof. Arguing by contradiction, we suppose that there exists a ty € (0, T) such that
I(u) <0, 0<t<ty

and
I(u(to)) = 0,

which together with (2.8) gives J(u(ty)) = d. The remainder of this proof is similar to the proof of Lemma 6.2.
O

Now we turn to show that the blow up in infinite time of the solution to problem (1.1)-(1.3) with E(0) = d.
Proof of Theorem 3.7
First Theorem 3.1 gives the existence of the local solution. By the similar arguments as those in the proof
of Theorem 3.5, together with Lemma 6.1 and Lemma 6.3. we can set E(to) < d and I(u(ty)) < 0. The remainder
of the proof is the same as Theorem 3.4. O

7 Infinite time blow up for E(0) > 0 (w = 0)

We first prove the following lemmas to obtain that the unstable set V is invariant with respect to t under the
flow of problem (1.1)-(1.3) with E(0) > 0, w = 0 and pu = 0.
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Lemma 7.1. Let§ € R, T > 0 and let h be a Lipschitzian function over [0, T). Assume that h(0) = 0, b’ (£)+6h(t) >
Oa.e. t € (0, T). Then h(t) > 0, vt € (0, T).

Proof. Differentiating e®‘h(t) gives

st
e dht(t) _ 8ePth(t) + ePH () = e (' (£) + Sh(D) > O, (71)
combining with h(0) = 0, we know e h(t) > e®h(0) = 0. In other words, h(t) > 0 for all t € (0, T). O

Lemma 7.2. Let uo(x) € H3(Q), u1(x) € L*(Q), w = 0, u = 0 and (ug, uy) = O, then the map {t — ||u(t)||?} is
strictly increasing as long as u(t) € V, where u(t) is the solution of problem (1.1)-(1.3).

Proof. Let
H() := |u|?, (7.2)

then we have
H'(t) = 2(u, up)

and
H () = 2(ug, u) + 2|Jug .

Notice that, for any t € (0, T) we have

d
(et w) = 3, ue) = [ (73)
And multiplying Eq. (1.1) by u yields
(Uge, u) + || Vul|* + pu(ue, u) = (uln |ul, ). (74)
Substituting (7.3) into (7.4) gives
d
2 (ud+ B = jud? - 1), (75)
which shows
d? d
g Il g llull® = 2l - 21Gw). (76)

From u(t) € V, (7.6) implies
H'(t)+H'(t)>0,te[0, 7).

Obviously, from Lemma 7.1 and H’(0) = (uo(x), u1(x)) = 0. We conclude that the map {t — |[u(t)||?} is strictly
increasing forall t € (0, T). O

In the following, we show the invariance of the unstable set V under the flow of problem (1.1)-(1.3) with E(0) >
0.

Lemma 7.3. (Invariant set V when E(0) > 0) Let up(x) € H§(Q), u1(x) € L?(Q) and u be a weak solution of
problem (1.1)-(1.3) with the maximum existence time interval [0, T), T < +oo. Assume that E(0) > 0, w = 0 and
the initial data satisfy

l[uol|® > 4E(0), (77)

then the solution u(t) of problem (1.1)-(1.3) with E(0) > 0 belongs to V, provided that uy(x) € V.
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Proof. We prove u(t) € V for t € [0, T). Arguing by contradiction, we suppose that ty € (0, T) is the first time
such that

I(u(to)) =0 (7.8)
and
I(u(t) < 0fort € [0, tg).

Hence from Lemma 7.2 it follows that the map

{t~ Iuo)}

is strictly increasing on the interval [0, t,), which together with (7.2) gives that
H(6) = [u(®)]* > [|uol|* > 4E(0), V¢ € (0, to). (79)

Moreover, from the continuity of u(t) in t, we obtain

l[u(to)||* > 4E(0). (7.10)

Recalling (2.1) and (2.18), we have
t
E(0) =E() + / Jur|Pdr
0

1, 2.1 2 1 1,
~ e« 31vui? =3 [ uln juldxs 3l
Q

t
+,u/|\ur\|2dr (712)
0
¢
Loz L Loz 2
-3l 3160+ g1l +p [ el
0
which together with (7.8), 4 = 0 shows that

to
E(0) E(to) + / lur|2dr
0

1 1 1
>3 [uelto)]” + 51(ulto)) + 7 [[uto))? (712)
1 1
=5 lueto)|I” + 5 luto)|?
1
zZ||u(t0)||2.
Obviously (7.12) contradicts (7.10). So the proof is completed. O

In the end we present the infinite time blow up result of the solution to problem (1.1)-(1.3) with E(0) > O.
Proof of Theorem 3.8

Recalling the auxiliary function G(t) in (5.26), similarly as the proof of Theorem 3.4, we have

G'(HG(t) - (G'(1)°

t
>G(t) (G”(t)—4 <||u,|2 +/||u,(r)||%dr>)
0 (713)
t
>G(t) (—2|ut||2—21(u)—4/|uT(r)|%dT>
0
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and .
0 = =2l - 2100 -4 [ Jur(0) . (714)
0
From (7.11) and (2.1)-(2.3), we can deduce (7.14) to
&(t) = ||u||* - 4E(0). (715)
At this point, (77) and (7.15) indicate that
&) >0 >0. (7.16)

Therefore by (7.13)-(7.16) and (5.27), we have

GG (t) - (G'())? > po >0, tel0,T).

This tells us that
lim G(t) = +oo.
t—+oo
The remainder of the proof is similar to that of Theorem 3.4. O
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