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Abstract: Consider the following coupled elliptic system of equations
(~A)u;= Wi+ + ufn)%u,- in R",

where0<s<2,p>1,m=1,u=(u)"; and u; : R" — R. The qualitative behavior of solutions of the above
system has been studied from various perspectives in the literature including the free boundary problems
and the classification of solutions. For the case of local scalar equation, that is when m = 1 and s = 1, Gidas
and Spruck in [26] and later Caffarelli, Gidas and Spruck in [6] provided the classification of solutions for
Sobolev sub-critical and critical exponents. More recently, for the case of local system of equations that is
when m > 1 and s = 1 a similar classification result is given by Druet, Hebey and Vétois in [17] and references
therein. In this paper, we derive monotonicity formulae for entire solutions of the above local, when s = 1, 2,
and nonlocal, when 0 < s < 1and 1 < s < 2, system. These monotonicity formulae are of great interests
due to the fact that a counterpart of the celebrated monotonicity formula of Alt-Caffarelli-Friedman [1] seems
to be challenging to derive for system of equations. Then, we apply these formulae to give a classification of
finite Morse index solutions. In the end, we provide an open problem in regards to monotonicity formulae for
Lane-Emden systems.

Keywords: Coupled elliptic systems, monotonicity formulae, homogeneous solutions, stable solutions, frac-
tional Laplacian operator

MSC: 35]60, 35]50, 35B35, 35B45

1 Introduction

1.1 Background

Our objective in this paper is to establish monotonicity formulae for solutions of the following coupled elliptic
system of equations

(-A)°u; = [ufPtu; in R" 1.1
and classify finite Morse index solutions when0 < s <2, p>1,m=1,u = (u,‘)lf':’1 and y; : R"™ — R. Note
that when m = 1 the above is known as the Lane-Emden equation. An important feature of system (1.1) is the
variational structure of the coupled equations of the form

-Au=VH(u) in R" 1.2)

Note that (1.1) is a particular case of (4.33) for H(u) = ;:%1 |u|P*1. Due to this variational structure, qualitative
behaviour of solutions of system (4.33) has been studied extensively in the context of elliptic partial differen-
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tial equations from both pure and applied mathematics perspectives. Let us mention that Andersson et al. in
[4] considered system (1.1), up to a negative sign, when p = 0 and s = 1 which reads
Ui

Aui:m

X{lul>0}- (1.3)

This is closely related to minimizers of the energy

/ (Zm: V| + 2|u|> dx, (14)

i=1

and they studied the regularity of free boundaries. To prove regularity results in [4], they established a mono-
tonicity formula that is inspired by the one given by Weiss in [44, 45]. We also refer interested readers to
[3, 7] for regularity results on cooperative systems and to the book of Petrosyan, Shahgholian and Uraltseva
in [36] for more information. It should be remarked that as a particular case, one can consider the case of two
components, thatis m = 2, and p = 3 namely

(-A®u = W?+v?u in R", 15)
(=A¥v = (W?+v3)v in R". '
Note that the above system is a special case of the nonlinear Schrédinger system that is
(-A»u = (uiu?® +Bv*)u in R?, 16)
(<4Yv = (upu®+Bv?)v in R", )

where 1, Us, B are constants. We would like to mention that most of the results in the paper are valid for
(1.6) as well. We refer interested readers to [34, 41, 42] and references therein for more information regarding
classification of solutions of system (1.6) for various parameters u,, u, and .

1.2 Tools and methodology (Historical development)

Semilinear elliptic equations (with almost four decades of history) are probably the most widely and intensely
studied equations in PDE. The simplest equation in this class is expressed as

Au = f(u), (1.7)

and exhibits as many possible features, as the right hand side nonlinearity f(u) may do. This equation has also
been studied from so many different perspectives, that any attempt to try to list them here would probably
fail. There are however two different types of questions, of interest to the current authors, that seem to be
interconnected and developed in parallel, but almost separately:

i) Analysis of the singular set: {x : Vu = 0}.
ii) Stability and Liouville’s type questions.
One can actually add a third less studied, and probably more complicated problem to the above, which
is:
iii) Structure of the blow-up set: {x : |u(x)| = oo}.

In studying the above problems, experts have (in many cases) developed parallel tools and ideas to han-
dle technical passages of the analysis of questions in each cases. Two of these tools, also utilized in this paper,
are Monotonicity functional, and Blow-up/down Analysis.

The particular monotonicity functional used here combines the energy functional along with a balanced
term (see below for explicit form). The use of monotonicity functional (in the way we present here) can be
traced back! to the work of Fleming in [25] for area minimizing currents which has subsequently been proved

1 It is worth mentioning that a different type of almost monotonicity functional was used by Arne Beurling in his thesis: A.
Beurling, Etudes sur un probleme de majoration, thesis, (Uppsala), 1933. The monotonicity functional of A. Beurling states
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by Allard in [2] for stationary rectifiable n—varifolds, that was later developed further by others. The mono-
tonicity functional that we shall use in this paper originates in the study of harmonic maps by Price in [37]
and Schoen and Uhlenbeck in [40], see also [39]. And in connection to free boundary problems, it was first
used by Ou [5], and developed later by Weiss in [45] and others in various forms. In the context of semilinear
heat equations, a similar monotonicity formula is given by Giga and Kohn in [28] and for the corresponding
elliptic equation by Pacard [35].

The second main tool, blow-up/down analysis, has its origin in local regularity theory and the so-called
linearization technique (also called harmonic blow-up). To study local structure of level surfaces of a solution
to the above semilinear problem, one considers scaled version of the problem and classifies the limit manifold
of such scalings. The limit manifold naturally carries information of the local behavior of the solutions and
hence one can then with some devices link back this behavior to the local problem and deduce the expected
properties. It is now that the role of monotonicity functional become crucial and indispensable in that one
can use the fact that when blowing up a solution, the monotonicity functional, call it E(r, u), being monotone
will have a limit. At the same time this functional has a nice scaling properties E(rs, u) = E(s, u,) forr,s > 0
and u; a correctly scaled version of u. Hence one obtains

E(0*, u) = lim E(rs, u) = lim E(s, uy) = E(s, ugp), (1.8)
r—0 r—0

so that E(s, ug) is constant. Now a strong version of the monotonicity functional asserts that the only time E is
constant is when the function ug is homogeneous, where the order of homogeneity is dictated by E. Since the
same can be done by blowing-down, we will have that ug, u-. are homogeneous of same order. Next if one can
prove that the homogenous solutions are unique we must then have uy = u. and hence E(0", u) = E(eo, u),
and we arrive at E(r, u) = constant. Therefore u is itself homogeneous, and already classified.

In the regularity theory of level surfaces the classification of homogeneous global solutions is one of the
key elements of the theory, and many time a very hard nut to crack, in higher dimensions; in two dimensions
homogenous solutions can be computed directly. In the stability theory and Liouville type problems this part
is based on computations of eigenvalues of the corresponding Laplace-Beltrami on the sphere, as also done in
this paper. As shown here below (and in many preceding papers by experts in this area) the only homogenous
solutions in the appropriate space are the trivial solutions. In particular, the energy functional becomes zero
and hence E(r, u) = 0. From here one deduces that u = 0 is the only solution satisfying the given condition.

It is worthwhile remarking the fundamental feature of these problems, that in some cases depend on
the dimension and order of homogeneity are directly a consequence of the eigenvalues of Laplace-Beltrami,
where in the case of index-theory results in the computation of eigenvalues for nonlinear Laplace-Beltrami,
that in turn implies that non-trivial solutions do not exists in certain range of values. These ideas have their
origin in the regularity theory of minimal surfaces, that boils down to proving minimal cones do not exists in
dimensions less than eight.

1.3 Problem setting

Our main technique is to derive monotonicity formulae for solutions of (1.1) for various values of parameter
0 < s < 2. To provide such monotonicity formulae we consider various cases.
Case s = 1. Consider the following functional for every A > 0 and xo € R"

m

. -ne224 1 2 1 p+l 1 e 2

B o) =AM <2Z_ Vil - g ) g AT [ a9)
Bj(xo) =1 9B (x0)

then the following monotonicity formula holds for classical solutions of (1.1).

that for a jordan curve y, the product of the harmonic measures for both sides of the curve can be controlled as follows:
w1(By(2) Ny) - w2(Br(2) Ny) < Ar?, where z € y, and w1, w, denote the harmonic measures on each side of the curve.
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Theorem 1.1. Suppose that u is a solution of (1.1) for s = 1. Then, E, is a nondecreasing function of A and in
fact
dE1 _ j-ne1e22 . ou; 2y ?
i A p1 Z ¥ + pi— i7 ) (1.10)
3B (xo)

where % is polar derivative.

Note that for the case of single equations, that is when m = 1, similar monotonicity formulae are given by
Pacard in [35] and Weiss in [44, 45]. For the case of systems that is when m > 1, very recently, Andersson,
Shahgholian, Uraltseva and Weiss in [4] provided a monotonicity formula for solutions of system (1.1) when
p = 0and applied it to study free boundary problems. Let us mention that very similar monotonicity formulae
appear in the field of harmonic maps that is

-Au = |Vu|2u, (1.11)

where u : R" — S™1, see Evans in [18, 19] and reference therein.
Case s = 2. For every A > 0 and xo € R" define

m
Ey(u,A, xo) = A4Fn / (;Z|Au,~2—p11|u|p+l> (1.12)

Bj(x0) i=1

4 p+3 1+-8--n 2
p—l(p—l n)/\ P / |u|

9B, (xo0)

__ 4 p+3_ d $-.4+2-n 2
p—l(p—l n)ﬁ ApT / u|

B3 (xo)

Then the following monotonicity formula holds for the fourth order Lane-Emden system.

Theorem 1.2. Suppose thatn=5,p > % and u is a solution of (1.1) when s = 2. For any A > 0 and xo € R"

dEz(ur /17 XO) %*—2—?’1 = 4 -1 . aul 2
——g 2 CAp-1 Z Iflr uit > (1.13)
B(xo) =1

where E, is defined by (1.12) and C is independent from A.

Note also that the above monotonicity formula is provided by Davila, Dupaigne, Wang and Wei in [15] for the
case of single equations that is when m = 1. For the case of fractional Laplacian, we provide monotonicity
formulae for the extension problems. Assume that u; € C2°(R"), ¢ > s > 0 and

[u; (y)|

Wdy < OO, (1.14)
Rn
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for each 1 < i < m. The fractional Laplacian of u; when 0 < s < 1 denoted by

(-AFuix) = p.v. / %dy, (115)
Rn

is well-defined for every x € R". Here p.v. stands for the principle value. It is by now standard that the

fractional Laplacian can be seen as a Dirichlet-to-Neumann operator for a degenerate but local diffusion

operator in the higher-dimensional half-space R™*!, see Caffarelli and Silvestre in [8]. In other words, for u; €

C2°NLY(R", (1+]y|™*?%)dy) when o > sand 0 < s < 1, thereexists v = (v;)1, such thatv; € C2(RF*1)NC(R?H),

y20,v; € C(R™1) and

V- Bvy) =0 in R,
Vi = U on R}, (1.16)
— lim y* %0y v; = ks |v[P Ly on oR"*!,
y—0
for the following constant ks,
I'(1-s)
Ks := 22T1_,(s). (1.17)

For the case of 1 < s < 2, there are various definitions for the fractional operator (-A)%, see [9, 12, 24, 47].
From the Fourier transform one can define the fractional Laplacian by

AP = ¢ (), (1.18)

or inductively by (-4)° = (-A)*"*o(-A). Note that Yang in [47] gave a counterpart of the extension problem by
Caffarelli and Silvestre in [8] for the fractional Laplacian (-A)°, where s is any positive, noninteger num-
ber. In other words, he showed that the higher order fractional Laplacian operator can also be regarded
as the Dirichlet-to-Neumann map for an extension function satisfying a higher order elliptic equation in
the upper half space with one extra spatial dimension. More precisely, there exists an extension function
v; € WH2(R™1, y?) such that

Ajvi = 0in R,
limy_0y?dyv; = 0 in R, (1.19)
limy_,o yPoyApv; = CnslvP~lv; in R",

where b := 3 - 2s and A, v; := y~? div(y? Vv;). We refer interested readers to Case and Chang [9] and Chang
and Gonzales [12] as well. We are now ready to provide monotonicity formulae for various parameters s > 0.
Case 0 < s < 1.Let v = (v;)"; be a solution of the extension problem (1.16). Now define the energy functional
forany A > 0 and xo € OR"*! as

m
L Zs(€+1)_n 1 1-2s 2 Ks p+1
Es(v,A,xg) = A »p1 5 / y Z\Vvi| dx dy - b1 [v|P™ dx (1.20)
R™1NB, i=1 OR™1NB,
EX IR I R C1-2sy,2
Al do.
+A pri y “Iv[" do
6B,\QR2+1

We are now ready to provide a monotonicity formula for solutions of (1.16) when 0 < s < 1.

Theorem 1.3. Suppose that0 < s < 1. Letv = (v;)["; where eachv; € C*(R?**)N C(R™*') be a solution of (1.16)
such that y*259yv; € C(R™*1). Then, Es is a nondecreasing function of A. Furthermore,

dEs_ 204 _pyq 1-2s - aVi 25 v ?
a = AT / y ; §+p—17 do, (1.21)

B(xo,A)NRN*1

where Es provided in (1.20).
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Case 1 < s < 2. Suppose that v = (v;)"; is a solution of the extension problem (1.19). Similarly, now define
the energy functional for any A > 0 and xo € OR?"! as

m
o ZSQ—n 1 3-2s 2 Cn,s p+1
Evdxo) = AE| [ Sy - T v 1.2
m1MBy(xo) =1 OR™1NB,(xo0)

__ S p+2s-1 -342s+45 —n 3-2s,,2

P ==t L Y2

RI*1M9B, (x0)

_ S (p+2s-1 \ d |, ' 3-2s|, 2

p—1< p-1 n)d/l A? v

R™1M0B, (x0)
2

13d |,44253n 325 2s 1 oV,

+§r a /\p 1 y Z IﬁA Vi + y
Rf*’lﬁaB/\(Xo) i=1
m 2

1 pHl_ _ i

+§di/1 PE =t / )3 ZSZ <|VV1|2— % >
R1+119B) (xo) =1
m 2
+%A25%—n—1 Y3 (in'z _ % ) )
Rf”maB}[(Xo) i=1

Considering the above energy functional, we now provide a monotonicity formula for solutions of (1.19) when
1<s<2.

Theorem 1.4. Assume thatn > 2s and p > 23; Let v = (v})I; be a solution of (1.19) then E(v, A, xo) is a

nondecreasing function of A > 0. In addition,

dEs(v, A, xo) A 125-2-n 3-2s = 2s 1 ov; g
— e C(n, s, p) A» % Z p—1r vit ) (1.23)
RI1M0B, (x0) =1

where Ej is given by (1.22) and C(n, s, p) is independent from A.

We also refer interested readers to Davila, Dupaigne and Wei in [14] and to Wei and the first author in [24] for
a similar monotonicity formula for the case of scalar equations and 0 < s < 1and 1 < s < 2, respectively.
Before we state our main results let us present some backgrounds regarding classification of solutions of (1.1)
in the absence of stability. We provide such classifications for scalar equations and systems separately.

Remark 1.1. Note that monotonicity formulae provided as Theorems 1.1-1.4 hold for the following system with
a slightly more general right-hand side,

(-A)u; = |ufPt (@jui +Piu;) in R", (1.24)
where a; and B; are positive constants for 1 <i < m.
Suppose that m = 1 when (1.1) turns into a single equation. We first consider the local operator cases meaning

s =1ands = 2. Suppose that s = 1 and the parameter p is in the subcritical case thatiswhen 1 < p < pgs(n, 1)
where

oo ifn<2,

pS(n’ 1) = 2 .
me ifn> 2.

(1.25)

For this case, there is a very well-known classification result of Gidas and Spruck in [26] stating that the only
nonnegative solution of the Lane-Emden equation (1.1) with s = 1 is the trivial solution. For the critical case,
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that is when p = ps(n, 1), Caffarelli, Gidas and Spruck in [6] that there is a unique (up to translation and
rescaling) positive solution for the Lane-Emden equation. For the fourth order Lane-Emden equation, that is
when s = 2, Wei and Xu in [43] provided a similar classification result for the subcritical 1 < p < ps(n, 2) and
the critical cases p = ps(n, 2) when

) ifn<4,

n,2):= .
ps(n,2) {;’;2 ifn> 4,

(1.26)

see also [33]. Note that for the fractional Laplacian operator O < s < 1, such a classification result is given by
Li [32] and Chen-Li-Ou [11] where the critical exponent is

oo ifn < 2s,
ps(n, s) = n+2s ifn> 2s.

n-2s

(1.27)

For the case of system of equations, that is when m > 2, Druet, Hebey and Vétois in [17] provided a clas-
sification result for solutions of (1.1) where s = 1 via the moving sphere method. Suppose that p = ;’—f%
and u = (u;)*; is a nonnegative classical solution of (1.1) where s = 1. Then they proved that there exist

X0 € R",A> 0, A € 8™ 1 such that

1 B2
u(x) = A. (1.28)
(AZ + 7n(n1_2) Ix - x0|2>

We also refer interested readers to [16, 29, 30] where the authors studied various counterparts of system (1.1).
Note that the following singular function

(% - S0 + 55)
FGEI(E - =)
solves (1.1) in R™ \ {0} for a supercritical parameter p that is p > ps(n, s). Before we state our main results, let
us define the notion of stable solutions.

us(x) = A|)(|"szs1 for A € R™ with |A[P~! =22 (1.29)

Definition 1.1. We say a solution u of (1.1) is stable outside a compact set if there exists Ro > O such that
m m m
S [ e+ o-0Y" [ uugigs Y 18 . (1.30)
i=1 i,j=1 i=1
forany ¢ = (¢p;)I"; where ¢; € CZ(R" \ Bg,) for 1 <i <m.

Here is our main result.

Theorem 1.5. Suppose O < s < 2 and n > 2s. Let u be a solution of (1.1) that is stable outside a compact set.
Then either for 1 < p < ps(n, s) or for p > ps(n, s) and
I - MG + 55 | ()
TF(EME - 22) - T2
each component u; must be identically zero. For the case of Sobolev critical exponent, that is when p = ps(n, s),
a solution u has finite energy that is

(1.31)

1 2
Hquﬂ(Rn) = HuHHS(Rn) < oo, (1.32)

In this case, if in addition u is stable, then each component u; must be identically zero.

As a direct consequence, the above theorem implies that the only nonnegative solution for system (1.5) when
s = 1is the trivial solution for dimensions n < 12 and n # 4. Here, is how this article is structured. For the rest
of this article, we provide a proof for Theorem 1.5 considering various cases for parameter s > 0. In Section 2,
we consider the case s = 1 that is when the operator in (1.1) is the local Laplacian operator. In Section 3, we
let s = 2 that refers to the bi-Laplacian operator. Lastly, in Section 4, we consider nonlocal cases 0 < s < 1
and 1 < s < 2. For these non-integer parameters, the operator in (1.1) is a fractional Laplacian operator. For
all cases 0 < s < 2, we apply blow-down analysis arguments and monotonicity formulae.
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2 Local Case: Laplacian operator

In this section we assume that s = 1. Therefore system (1.1) turns into the following form
-Au; = [ulP"tu; in R™. 1)

Note that this is a particular case of system (4.33). For a general nonlinearity H : R™ — R such that VH > 0,
it is proved in [22] that bounded stable solutions of (4.33) are constant when n < 4. For radial solutions, this
is known to hold in more dimensions that is when n < 9 without any sign assumptions on the nonlinearity,
see [21]. In addition it is known that at least for the case of radial solutions the dimension n = 9 is the optimal
dimension. For the rest of this section we prove the following classification of finite Morse index solutions of
(2.0).

Theorem 2.1. Suppose that u = (u;)!", is a finite Morse index solution of (2.1) when m > 1 and n > 3. Let
1<p <3 and }*5 < p < pc(n) where

oo ifn < 10,
cln)= 2 . 2.2
peln) { (gl Byl fn > 11. @.2)
Then each u; must be identically zero. For the Sobolev critical exponent p = %ﬁ a solution u has finite energy
that is
m

/Iu\”+1 = Z/IVui\z < oo, 2.3)

Rn i=1gn

In this case, if in addition u is stable, then each component u; must be identically zero.

Note that for the case of scalar equations, that is when m = 1, the above theorem is given by Farina in [20].
He used a Moser iteration type argument for the proof. We refer interested reader to Crandall and Rabinowitz
in [13] for a similar approach. To prove the above theorem, we apply a blow-down analysis argument as well
as the monotonicity formula given as Theorem 1.1. We now derive a few elliptic estimates.

Lemma 2.1. Suppose that u is a stable solution of (1.1). Then, forany R > 1

m
/|u|1”+1 < CRV2 and Z/|Vul-|2 < CR™ 251, 2.4)

Bg i=1 Bg
where C is a positive constant that is independent from R.
Proof. Test the stability inequality on ¢; = u;{z where { : C°(R") — Rand ( = 1onBgand {3 = 0

on R™ \ Byg with [|{g||z=(8,.\8,) < CR™'. Now multiply both sides of (1.1) with u;{3 and integrate by parts.
Equating the inequalities that one gets from this and from stability finishes the proof. O

Applying the Holder’s inequality, we get the following L? estimate.

Corollary 2.1. Suppose that u is a stable solution of (1.1). Then, forany R > 1

/|u|2 < CR" 71, (2.5)
Br

where C is a positive constant that is independent from R.

In this part, we present a classification of stable homogeneous solutions. This is a key point in our proof of
Theorem 2.1.
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Theorem 2.2. Suppose that u = (u;)1%, for u; = re 1;(0) is a stable solution of (1.1). Then, each ; is identi-
cally zero provided Z%% < p < pc(n) where p.(n) is given by (2.2).

Proof. We omit the proof here, since a similar argument will be provided in the proof of Theorem 3.2 for the
fourth order case.
O

Proof of Theorem 2.1. The proof is based on a blow-down analysis and it relies on the monotonicity formula
provided as Theorem 1.1. We omit the details, since similar arguments will be provided for the poof of Theorem
3.1. For the case of Sobolev critical exponent, one can conclude the result via applying the Pohozaev indentity.

m|
3 Local Case: Bi-Laplacian Operator
In this section, we consider the following fourth order system
A?u; = ufP'y; in R™. (3.)

This section is devoted to the proof of the following theorem.

Theorem 3.1. Suppose that u = (u;){, is a finite Morse index solution of (3.1) when m = 1 and n = 5. Let

1<p< ™% and ™% < p < pc(n) where

) oo l'f}’l <12,
Pe(n) = pio-/nivhnv/ntsnis2 ifns13, (.2

n-6-v/n2+4-nv/n2—-8n+32

Then, each u; must be identically zero. For the Sobolev critical exponent p = Z—fjﬁ, a solution u has finite energy

that is "
/\u\l’” = Z/Mui\z < oo, (3.3)
R)’l

i=1 n

In this case, if in addition u is stable, then each component u; must be identically zero.
In order to prove the above theorem, we are required to establish some a priori estimates on solutions.

Lemma 3.1. Suppose that u = (u;)"; be a smooth stable solution of (3.1) and set w = (w;)I*; where w; = Au;.
Then the following estimate holds,

/ (w* + [u?¢? < € / u? (19481181 + 48P + A1V ) + lullw] V4P, (3.4)
RH Rn

for a test function ¢ : CZ°(R™) — R.

Proof. Test the stability inequality on u;{ where ¢ is a test function then multiply both sides of the i’" equation
of (1.1) with u;¢%. Equating these completes the proof. O

Applying an appropriate test function yields the following estimate.
Corollary 3.1. Under the same assumptions as in (3.1), there exists a constant C such that

/|w\2+|u|P+1scR“' / luj® + CR™? / |u||w, (3.5)

Br(x) Bor(0)\Bx(x) Bor(0)\Bx(x)
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and therefore
/ (w|? + |uP*t < CR™45. (3.6)

Br(x)

Proof. Set the test function { € C(R") in (3.1) where 0 < {3 < 1 being the following test function

{1, ifjx<R,
¢R(x) = { 0, if|x|> 2R,

satisfying ||V{z||c < R"! and ||A{z||c < R2
O

We now provide classification of stable homogeneous solutions. Note first that the following Hardy-Rellich
inequality with the best constant holds. Suppose that h : C2(R") — R then

n2 2

/\Ah| dx > M de 3.7)
Rn

This inequality implies that the singular solution given by (1.29) is stable if and only if

n?(n - 4)?

plAP T =pa(a+2)(n-a-2)(n-a-4) < T

(3.8)

where a := % and A given in (1.29).

Theorem 3.2. Suppose that u = (uy)?; for u; = T Y;(0) is a stable solution of (3.1). Then, each P; = 0
provided ﬁ—j < p < pc(n) where pc(n) given by (3.2).

Proof. 1t is straightforward to see that i = (1;)", satisfies

AG; — adgp; + B; = [P oy, (3.9
for
a:=(g+2)(n-4-q)+q(n-2-q) and B:=q(g+2)(n-4-q)(n-2-gq), (3.10)
where g := 3*;. Multiplying both sides of (3.9) with i); and integrating over 8"™*, we conclude
m
S [ [ earvwi]+p [l - [ e, G
i=1 gn-1 gn-1 8§n-1

We now test the stability inequality (1.30) on ¢ = (¢p;)7, for ¢; := ' Yi(0)ne(r). Here, ne is a standard
cut-off function ne € CL(R:) at the origin and at infinity that is ¢ = 1 for € < r < € and 17¢ = O for either
r<ef2orr>2/e. Applying similar ideas provided in [24], we get

/ P < / [\AW nln - ‘”ww} nn 47 / P, 612)

115,,1

Combining (3.11) and (3.12) we get

-0 [ [awt s (pa- ") ] (o O Y0 6
g

Note the coefficients p- 1, pa - M and pB - % are positive when % < p < pc(n) where pc(n) is given
by (3.2). O
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Proof of Theorem 3.1. The proof of the Sobolev critical case relies on applying the Pohozaev identity and we
omit it here. We now provide a sketch of the proof when p > ”*4 in a few steps.
Step 1. limy—. E(u, r, 0) < oo. Note that the energy E(u, r, 0) is nondecreasmg in r, as given in Theorem 4.14.

Therefore,
2r 2r t+r

E(u,r,0)<r? / E(u, t,0)dt < 1> / / E(u, A, 0)dAdt. (3.14)
r r t

Applying estimates g1ven in Corollary 3.1 imply that the right-hand side of (3.14) is bounded.

Step 2. Define u/‘(x) AP u;(Ax)foreach1 <i<m where u = (u;)I, is a stable solution of (1.1). Then u —u5°
where uf* € WH2(R") n LYY H(R™) and u™ = (u°)", is a stable solution of (1.1). Set wh(x) := A>T l+2w {(Ax).
From Corollary 3.1, we have

/ WA+ APt < o (3.15)
B,(x)

A, u;* foreach 1 < i < mweaklyin WloC 2(RM)NLPTH(R™). From

loc
compactness embeddings and applying 1nterpolat10n we arrive at ul — uin L?O [(R")forany g € [1,p+1).
Note also that u* is a stable solution, since u” is a stable solution and we can send A to infinity.
Step 3. u*™ is a homogeneous solution. This is a direct consequence of the monotonicity formula and the

following fact

From elliptic estimates, up to a subsequence, u;

lim [E*, R, 0) - Eu*, 1, 0)] = 0. (3.16)
—>00
The left-hand side of (3.16) is bounded from below by
2
A A Iy ou} 840
Ew",R,0)-EWw",r,0) = C(n, p)z / |x| arl x| dx (3.17)
i= 1BR\B
ou\?, s
= C(n, p)z / ( |x|- <+ a; ) x| 7T " dx. (3.18)
=1B\B,
This implies that for each 1 < i < m, we have
u(x) = |x|’ﬁ ui” (%) . (3.19)

This completes the proof of this step.
Step 4. limy o0 E(u, r 0) = 0. Since each u;° is a homogenous function, Theorem 3.2 implies that u® = 0.

Therefore, lim,_, . u} # = O strongly in LZ(BL,) foreachi=1,.--, mthatis
lim /|u§1|2 =0 and lim /|u?wf\| =0. (3.20)
A—oc0 A—oco
B, By

Applying Corollary 3.1, we conclude

lim / WA + Pt = o. (3.21)
—>00

On the other hand, there exists ry > 0 such that
lim |[u][ 2205, = O- (3.22)
1—ro0

This implies that
lim E(u, A;rg,0) = 11m EWN, 1o, 0). (3.23)

i—yo0

The fact that E is nondecreasing, that is given as a monotonicity formula in Theorem 1.2, completes the proof.
O
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4 Nonlocal Case: Lower and higher order fractional Laplacian

In this section, we consider system (1.1) with the fractional Laplacian operator (-4)° where s € (0, 2) fors # 1
and we establish Theorem 1.5. We first note that the following Hardy inequality holds for n > 2s

[ g tRRdg > ans [ htax, @)
]Rn Rn
for any h € CZ(R") where the optimal constant is given by
1-'( n+2s\2
2
An,s =2 SF(H—TZS)Z . (4.2)

Note that A,, = "Z('l‘igl‘)z meaning (4.1) recovers (3.7) for s = 2. For more information interested readers are
encouraged to see [29] by Herbst (and also [46]). We now provide a classification result for homogeneous
solutions. Note that for the case of scalar equations, that is when m = 1, this classification was given in [24].
Note also that the proof is valid regardless of magnitude of the parameter s.

Theorem 4.1. Suppose u; = r’z%l/) i(0) is a stable solution of (1.1) for s € (0,2) and s # 1. Then, each V;

vanishes identically, provided p > ”*25 and
I(3 200G+ 55 | T(Y,
b 25 L 1n—2s n—425 2° (4'3)
IEICEE - 5 T(EE)
Proof. Since u = (u;)*, is a solution of (1.1), each y; satisfies
_2ps — 1 9 1
K H oo - [P - £ )y|L{LS” Yil9) 4y (44)
25
= Ix\’%[/ Yi6) - ’l"(e)mzs " dtdo
(2+1-2t<0,0>) 2
_2s
+ / p1 (l/)(e) - l/)'(0-?”25 n-1 dtdO‘],
(t2+1-2t<6,0>) 2
where we have used the change of variable |y| = ¢|x|. Simplifying the above, for each i, we obtain
Vi(0)An,s + / K 2 (< 8, 0>)%i(6) - il0))do = PP (O)yi(0), (4.5)
Snf‘l
where
_ 2
Aps = / / 1-er _—t"'dodt, (4.6)
(t2+1-2t<6,0>) 7
and
IS tn—l—%
K (<0,0>):= — @.7)
b1 (t2+1 2t<0,0>) 2
Multiplying (4.5) with 1; and integrating we get
/ 1Y]?(0)An,s + / K 25 (< 6,0 >)[p(6) - Y(0)|*dbdo = / [WIPH(6)d6. (4.8)
=
n-1 §n-1 §n-1

We now test the stability inequality (1.30) for ¢;(x) = e Yi(@ne(r)and u; = y i 1;(6) with the same n¢(r)
as the one given in the proof of Theorem 3.2. Applying similar ideas provided in [24], we conclude

o [P+ [ Kup(<0.00p0) - w0l dozp [ 19, 49)
n-1 Snfl

Sn-1
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when

2s
Apys = / / " dodt. (4.10)
b (t2+1- 2t<6 0>)"E

Combining (4.9) and (4.8), we end up with

(ns=pAns) [ WP+ [ (e - PK 2 )(< 0,0 9)p(0) - Y} dor 0. (1)
§n-1 §n-1

The fact that Ky is decreasing in @ implies K »- nas < K 25 forp > ”*25 . Therefore, K »- n2s pK 2 < 0. On the other

hand the assumption of the theorem 1mp11es that An s — PAns < O Therefore, each Y; Vamshes identically.
This completes the proof.
O

4.1 Lower Order Fractional Laplacian Operator

In this part, we show that Theorem 1.5 holds when O < s < 1. To do so we provide the following estimate first.

Lemma 4.1. Suppose that p # 125, Let u be a solution of (1.1) that is stable outside a ball By, and v satisfies

n-2s

(1.16). Then there exists a constant C > 0 such that
/yl—ZS‘ ‘ < CR™?- 255 , (4.12)
Br

forany R > 3R,.

Lemma 4.2. Let u be a solution of (1.1) that is stable outside a ball Bg, and v satisfies (1.16). Then there exists
a positive constant C such that

m
/ Pty / =257y, 2 < CR™ 2571 (4.13)
BrNoRI+ =1 ppRrt

Proof of Theorem 1.5 when 0 < s < 1. We omit the proof here since arguments are very similar to the ones
which will be provided for the case of 1 < s < 2.
O

4.2 Higher Order Fractional Laplacian Operator

As the last past of this section, we shall restrict ourselves to the case 1 < s < 2. Let us start with the following
integral estimate on stable solutions.

Lemma 4.3. Let u be a solution of (1.1) that is stable outside a ball B, and v satisfies (1.19). Then there exists
a positive constant C such that

IN

m
[t ey [yawint = ¢ [y (dun 14V« (90 V) @10

i=1
aRTl Rf*l ]Rf*l

m
Y / ye Vil Apvil V2. 415)
ileTl
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Proof. Here is a sketch of the proof. Multiply the i equation of (1.19) with ybuiq2 where 7 is a test function
to get

m
Cos [ WP =Y [ Y apvidyin. (4.16)
aRE*l i=1 Rf*l
Note also that for each i these identities hold for a test function n
Apvidy(vin®) = |Ap(vin)? Vi |Apn|* + 2vidpvi|Vn|® - 4]V v; - V|? - 4vidyn Vv -V, (407)
Ap(vin) = nAyvi+vidyn +2Vv; - Vn. (4.18)

Applying these identifies together with (4.16) one can see that

m m
Cus [ WP = S [P +2 [ yrvidgionp (4.19)
ORM*1 i=1R3+1 i=1R2+1
m
Y [yrvve vt e [y st « 290 vag.
ilef+l R2+1
Testing the stability inequality (1.30) on ¢); = u;n and applying (4.19) one can finish the proof. O

One can set 17 to be the standard test function to get the following estimate.

Corollary 4.1. With the same assumption as Lemma 4.3. Then there exists a positive constant C such that

m .
/ Pty / y2|Apvi|? < CR™* / yPIv2. (4.20)

BrNORM+1 =1 g AR+ BgAR™1

Here we provide more decay estimates of solutions. These lemmata are main tools in our proof of Theorem
1.5. We omit the proofs here and we refer interested readers to see the proof of Lemma 4.5-4.6 in [24] where
similar arguments are applied.

n+2s

Lemma 4.4. Suppose that p # 125, Let u be a solution of (1.1) that is stable outside a ball By, and v satisfies
(1.19). Then there exists a constant C > O such that

/ Y|V < CR™255 (4.21)

Br
forany R > 3R,.

Lemma 4.5. Let u be a solution of (1.1) that is stable outside a ball B, and v satisfies (1.19). Then there exists
a positive constant C such that

m
/ [v[P*! + Z / Y2 1A, vif? < CR™ 2571, (4.22)

BrNORN+1 =1 gp AR+

Proof of Theorem 1.5 when 1 < s < 2. The proof of the case p = ps(n, s) is based on the Pohozaev identity
provided in [24, 38], and we omit it here. The proof is based on the monotonicity formula that is Theorem 1.4
and a blow-down analysis.

Step 1. The energy is bounded, that is lim,_, ., E(v, 0, A) < . This is a direct consequence of the monotonicity
formula and Lemma 4.4 and Lemma 4.5. Similar to the proof of Theorem 3.1 we have

22 t+A
E(v, A, 0) < 1> / / E(v,y, 0)dydt. (4.23)
At
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Lemma 4.5 and Lemma 4.4 imply that the right-hand side of (4.23) is bounded.
Step 2. The sequence v? converges weakly in H, (R", y>~2dxdy) to a function v§> where each v{* is homoge-
neous for 1 < i < m and therefore they are zero. Note that the convergence part is a direct consequence of the

elliptic estimates. We now show that each v{* is homogeneous. From the boundedness of the energy we have

Jim [E(v, RyAy, 0) = E(v, RiAy, 0)] = 0. (4.24)
—>00
From this and applying the scaling invariance of the energy and also the monotonicity formula we get
m Ak 2
= limi 3-25 5 4+25-2-n 2S 1A aV
0 11}{21;le y el <p IVt 6r dydx (4.25)
=1 (By, \Bg, )NRI
m oo 2
3-25 45 425-2-n 2S 1 avi
> Z y rp-1 (p —1 rovy o+ S > dydx, (4.26)

=1 (Bg, \Bg, MR

since we have the weak convergence of (v?k) tov®in H 110 (R, y3=25dydx). Therefore,

(e o}
2s 7’71 oo | avi

51’ Vit -Oae in RIH, (4.27)

foreach1 <i<m.
Step 3. lim,_, ., E(v, A, 0) = 0. Note that the monotonicity formula implies that

s(p+1
E(v,A,0) sA‘1/E(t)dt < sup [+ CATm 1Y / v|?, (4.28)
n,24]
B2 \By
where
IV, A) = 104, 1) =5 Z / y3’23|Abv?|2dxdy—p'iS1 VAP dx. (4.29)
=lgming, OR™1NB,

Note that lim A — ooI(v, A) = 0. On the other hand, from the fact that u* is a homogenous solution we have

lim u} =0, (4.30)
A—o0
strongly in L?(B,). Therefore,
lim [ [u!?=o0. (4.31)
A—oo
By

This implies that lim,_,., E(v, A, 0) = 0 and completes the proof.
O
We end this section with the following open problem in regards to monotonicity formulae for the Lane-
Eden system.

Open Problem 1. Consider the Lane-Emden system for any parameters s > 0and 1< q<p

{ A)Su = VP l'n R", (4.32)
(-A)¥v = ufin R".

Proving a monotonicity formula for the above system, similar to the ones given in Theorem 1.1-1.4, seems more
challenging to derive. Note that for the case of 1 < ¢ = p and 1 = q < p such monotonicity formulae are known,
see the introduction. Needless to mention that the Lane-Emden system (4.32) is not a gradient system, meaning
that it is not of the following form

(-AYu=vVH@u) in R". (4.33)

where u : R" — R™,

Lastly, let us mention that in [23] we apply monotonicity formulae derived in this article to prove regularity
of free boundaries and partial regularity of weak solutions for certain coupled elliptic systems.
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