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Abstract: In this paper, we prove the existence of multiple solutions for the following sixth-order p(x)-
Kirchho�-type problem

−M

∫
Ω

1
p(x) |∇∆u|

p(x)dx

 ∆3p(x)u = λf (x)|u|q(x)−2u + g(x)|u|r(x)−2u + h(x) in Ω,

u = ∆u = ∆2u = 0, on ∂Ω,

where Ω ⊂ RN is a smooth bounded domain, N > 3, ∆3p(x)u := div
(
∆(|∇∆u|p(x)−2∇∆u)

)
is the p(x)-

triharmonic operator, p, q, r ∈ C(Ω), 1 < p(x) < N
3 for all x ∈ Ω, M(s) = a − bsγ , a, b, γ > 0, λ > 0,

g : Ω × R → R is a nonnegative continuous function while f , h : Ω × R → R are sign-changing continuous
functions in Ω. To the best of our knowledge, this paper is one of the �rst contributions to the study of the
sixth-order p(x)-Kirchho� type problems with sign changing Kirchho� functions.
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1 Introduction

Let Ω ⊂ RN be a smooth bounded domain and N > 3. This paper deals mainly with the following sixth-order
p(x)-Kirchho�-type problem

−M

∫
Ω

1
p(x) |∇∆u|

p(x)dx

 ∆3p(x)u = λf (x)|u|q(x)−2u + g(x)|u|r(x)−2u + h(x) in Ω,

u = ∆u = ∆2u = 0, on ∂Ω,

(1.1)

Mohamed Karim Hamdani, Science and Technology for Defense Laboratory LR19DN01, Military Research Center, Aouina,
Tunisia Military School of Aeronautical Specialities, Sfax, Tunisia, Mathematics Department, University of Sfax, Faculty of Sci-
ence of Sfax, Sfax, Tunisia, E-mail: hamdanikarim42@gmail.com
Nguyen Thanh Chung, Department of Mathematics, Quang Binh University, 312 Ly Thuong Kiet, Dong Hoi, Quang Binh, Viet-
nam, E-mail: ntchung82@yahoo.com
*Corresponding Author: Dus̆an D. Repovš, Faculty of Education and Faculty of Mathematics and Physics, University
of Ljubljana, Ljubljana, Slovenia, Institute of Mathematics, Physics and Mechanics, Ljubljana, Slovenia, E-mail: du-
san.repovs@guest.arnes.si

https://doi.org/10.1515/anona-2020-0172


1118 | M. K. Hamdani et al., New class of sixth-order nonhomogeneous p(x)-Kirchho� problems

where p, q, r ∈ C(Ω), 1 < p(x) < N
3 for all x ∈ Ω, M(s) = a − bsγ , a, b, γ > 0, λ > 0, g : Ω × R → R is

a nonnegative continuous function, f , h : Ω × R → R are assumed to be continuous functions which may
change sign in Ω, and

∆3p(x)u := div
(
∆(|∇∆u|p(x)−2∇∆u)

)
is the p(x)-triharmonic operator which is not homogeneous and is related to the variable exponent Lebesgue
space Lp(x)(Ω) and the variable exponent Sobolev space W1,p(x)(Ω). These facts imply some di�culties. For
example, some classical theories and methods, including the Lagrange multiplier theorem and the theory of
Sobolev spaces cannot be applied.

Such problems are called nonlocal problems because of the presence of the function M, which implies
that the equation contains an integral over Ω, and is no longer pointwise identity. This causes some mathe-
matical di�culties whichmake the study of such a problem particularly interesting.We call (1.1) a sixth order
Kirchho� type equation because it is related to the stationary analog of the equation

ρ ∂
2u
∂t2 −

(
p0
h + E

2L

L∫
0

∣∣∣∣∂u∂x
∣∣∣∣2 dx

)
∂2u
∂x2 = 0, (1.2)

where ρ, p0, h, E, L are constants which represent some physical meanings respectively. Eq. (1.2) extends
the classical D’Alembert wave equation by considering the e�ects of the changes in the length of the strings
during the vibrations.

This kind of nonlocal problem also appears in other �elds, for example in nonlinear elasticity theory and
inmodelling electrorheological �uids [39, 40] and from the study of electromagnetism and elastic mechanics
[25, 43], and raises many di�cult mathematical problems. After this pioneering models, many other applica-
tions of di�erential operators with variable exponents have appeared in a large range of �elds, such as image
restoration and image processing [8, 29]. We refer the reader to [1, 21, 34] for an overview of references on this
subject.

Throughout this paper, unless otherwise stated,we shall always assume that exponent p(x) is continuous
on Ω with

p− := inf
Ω
p(x) ≤ p(x) ≤ p+ := sup

Ω
p(x) < N3

and p*(x) denotes the critical variable exponent related to p(x), de�ned for all x ∈ Ω by the pointwise
relation p*(x) = Np(x)

N − 3p(x) . In the following, we denote by [W3,p(·)
0 (Ω)]′ the dual space of W3,p(·)

0 (Ω) and

q*(x) = p*(x)
p*(x) − 1 the conjugate exponent of p*(x).

Now, we introduce some conditions for problem (1.1) as follows:

(H1) : 1 < q(x) < p− ≤ p+ < (γ + 1)p− ≤ (γ + 1)p+ < r(x) < p*(x) for all x ∈ Ω, where γ is a positive constant;

(H2) : f ∈ Lq0(·)+η(Ω), 0 ≤ g ∈ Lr0(·)+µ(Ω) and h ∈ L
p*(·)
p*(·)−1 (Ω) ∩ L∞(Ω) for all x ∈ Ω, with

q0(x) =
p*(x)

p*(x) − q(x) , r0(x) =
p*(x)

p*(x) − r(x)
where η, µ are small positive numbers.

(H′2) : f ∈ Lq0(·)(Ω) ∩ L∞(Ω) and g ∈ Lr0(·)(Ω) ∩ L∞(Ω) with

q0(x) =
p*(x)

p*(x) − q(x) , r0(x) =
p*(x)

p*(x) − r(x) .

Furthermore, there exists non-empty open domain Ω0 ⊂ Ω such that g(x) > 0 in Ω0.

In recent years, great attention has been paid to the study of Kirchho� problems. This brought newmath-
ematical di�culties that made the study of Kirchho� type equations particularly interesting. A typical proto-
type for M, due to Kirchho� in 1883, is given by

M(t) = a + bτα−1, a, b ≥ 0, a + b > 0, t ≥ 0, (1.3)
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and {
α ∈ (1, +∞) if b > 0
α = 1, if b = 0,

when M(t) > 0 for all t ≥ 0, Kirchho� problems are said to be nondegenerate and this happens for example
if a > 0 and b ≥ 0 in the model case (1.3). Otherwise, if M(0) = 0 and M(t) > 0 for all t > 0, the Kirchho�
problems are called degenerate and this occurs in the model case (1.3) when a = 0 and b > 0. In particularly,
Chen-Kuo-Wu in [7] studied the following semilinear boundary problem and proved by the Nehari manifold
and �bering maps, the existence of multiple positive solutions

−

a + b ∫
Ω

|∇u|2dx

 ∆u = λf (x)|u|q−2u + g(x)|u|r−2u in Ω,

u = 0, on ∂Ω,

where Ω is a smooth bounded domain inRN , with 1 < q < 2 < p < 2* = 2N
N − 2 and the parameters a, b, λ > 0.

The functions f (x), g(x) ∈ C(Ω) may change sign on Ω.
The study of Kirchho� type equations has already been extended to the case involving the p-Laplacian

operator of the following form
−M

∫
Ω

|∇u|pdx

 ∆pu = λf (x)|u|q−2u + g(x)|u|r−2u + h(x) in Ω,

u = 0, on ∂Ω.

(1.4)

Chen-Huang-Liu [6] studied the nonhomogeneous case of (1.4) (that is h(x) ≠ 0), λ > 0, M(s) = a + bsk,
a, b > 0, k ≥ 0, f (x), g(x) and h(x) are continuous functions which may change sign on Ω. The parameters
p, q, r satisfy 1 < q < p(k + 1) < r < p* = Np

N − p . Using the Mountain pass theorem and Ekeland’s variational
principle, they showed that problem (1.4) has at least two positive solutions when λ is small enough.

For h(x) ≡ 0, Huang-Chen-Xiu [27] studied problem (1.4) where M(s) = a + bsk, 1 < q < p < r < p*,
and proved that the problem has at least one positive solution when r > p(k + 1) and the functions f (x), g(x)
are nonnegative. Motivated by [27], Li-Mei-Zhang [30] considered M(s) = a + bs, 1 < q < p < r ≤ p* and
they proved the existence of multiple nontrivial nonnegative solutions by using the Nehari manifold when
the weight functions f (x), g(x) change their signs (see also [22]).

However, many papers generalized the constant case to include the p(x)-Laplacian operator, e.g., in [9],
using variational methods, we investigated a nonlocal p(x)-Laplacian Dirichlet problem

−M

∫
Ω

1
p(x) |∇u|

p(x)dx

 ∆p(x)u = K(x, u) in Ω,

u = 0 on ∂Ω,

(1.5)

andwe showed via themountain pass theoremcombinedwith the Ekeland variational principle the existence
of at least two distinct, non-trivial weak solutions in the case that

K(x, u) = λ
(
a(x)|u|α(x)−2u + b(x)|u|β(x)−2u

)
,

where λ is a parameter and a(x), b(x), α(x) and β(x) satisfy suitable hypotheses and under some suitable
conditions on M.

Recently, Hamdani et al. in [24] studied (1.5) when M(s) = a − bs and K(x, u) = λ|u|p(x)−2u + g(x, u),
where λ is a real parameter, a, b > 0 are constants and g is a continuous function satis�es the classical (AR)
condition. If 1 < p− < p(x) < p+ < 2p− < q− < q(x) < p*(x) then the authors proved the existence and
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multiplicity results via the Mountain Pass theorem and the Fountain theorem. Also for further studies on this
subject, we refer the reader to [5, 10, 11, 13, 15, 31, 35, 42].

The problems involving p(x)−biharmonic operators have been widely investigated. For example, via the
Mountain pass theorem, El Amrouss et al. [18] obtained the existence andmultiplicity of solutions for a class
of p(x)−biharmonic equation of the form{

∆2p(x)u = λ|u|
p(x)−2u + f (x, u) in Ω,

u = ∆u = 0 on ∂Ω,
(1.6)

where Ω is a bounded domain in RN , with smooth boundary ∂Ω, λ ≤ 0 and f satis�es the (AR) condition. On
the other hand, similar variationalmethods are also used to study the p(x)-biharmonic operator. For example,
see [2–4, 12, 32, 33, 44] and [14, 23, 26] for a general Kirchho� problems with or without the (AR) condition.
However, in literature the only result involving a sixth-order problem like (1.1) by using variational methods
can be found in [38]. Motivated by the above papers, we consider the problem (1.1) with the new general
nonlocal termM(s) = a−bsγ , a, b, γ > 0 andwith sign-changingweight functionswhich presents interesting
di�culties to discus the existence of multiple solutions.

Before stating our results, we give the de�nition of weak solutions for problem (1.1). For this purpose, we
denote by X the spaceW1,p(·)

0 (Ω) ∩W3,p(·)
0 (Ω) and de�ne the norm ‖.‖X of X by the formula

‖u‖X = ‖u‖1,p(·) + ‖u‖2,p(·) + ‖u‖3,p(·).

It iswell known that if 1 < p− ≤ p+ < ∞ then (X, ‖.‖X) is a separable and re�exiveBanach space.Moreover,
‖u‖X and |∇∆u|p(·) are two equivalent norms on X, see [19, 20, 28].

De�nition 1.1. We say that u ∈ X is a weak solution of problem (1.1) if u satis�esa − b
∫
Ω

|∇∆u|p(x)
p(x) dx

γ∫
Ω

|∇∆u|p(x)−2∇∆u∇∆v dx − λ
∫
Ω

f (x)|u|q(x)−2uv dx

−
∫
Ω

g(x)|u|r(x)−2uv dx −
∫
Ω

h(x)v dx = 0,

for all v ∈ X.

The main results of this paper are the following:

Theorem 1.1. Assume that the conditions (H1) and (H2) hold. Then there exist λ, δ > 0 such that, for each
λ ∈ (0, λ), problem (1.1) admits at least two nontrivial weak solutions in X provided that |h| p*(·)

p*(·)−1
< δ.

Theorem 1.2. Let h(x) ≡ 0 for all x ∈ Ω and assume that the conditions (H1) and (H′2) hold. Then there exists
λ > 0 such that, for each λ ∈ (0, λ), problem (1.1) admits at least two nontrivial weak solutions in X.

The paper is organized as follows. In Section 2, we give the notations and recall some useful lemmas con-
cerning the variable exponent Lebesgue and Sobolev spaces. In Section 3, we give some lemmas which are
important for the proofs of ourmain results. In Section 4, we prove Theorem 1.1 (we omit the proof of Theorem
1.2 since it is very similar).

2 Variable exponent Lebesgue and Sobolev spaces

For the convenience of the reader, we recall in this section some results concerning spaces Lp(·)(Ω) and
W r,p(·)(Ω) which we call generalized Lebesgue-Sobolev spaces. Denote

C+(Ω) =
{
p(x) : p(x) ∈ C(Ω), p(x) > 1, for all x ∈ Ω

}
.
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For any p(x) ∈ C+(Ω), we introduce the variable exponent Lebesgue space

Lp(·)(Ω) =

u(x) : u(x) is a measurable real-valued function such that
∫
Ω

|u(x)|p(x) dx < ∞

 ,

endowed with the so-called Luxemburg norm

‖u‖Lp(·)(Ω) = |u|p(·) = inf

µ > 0;
∫
Ω

∣∣∣∣u(x)µ
∣∣∣∣p(x) dx ≤ 1

 ,

which is a separable and re�exive Banach space. A thorough variational analysis of the problems with vari-
able exponents has been developed in themonograph by Rădulescu and Repovš [37] (we refer the reader also
to [16, 28]).

Proposition 2.1 (see [42]). The space (Lp(·)(Ω), | · |p(·)) is separable, uniformly convex, re�exive and its conju-
gate space is Lp(·)(Ω), | · |q(·) where q(x) is the conjugate function of p(x) i.e

1
p(x) +

1
q(x) = 1, for all x ∈ Ω.

For all u ∈ Lp(·)(Ω) and v ∈ Lq(·)(Ω) the Hölder type inequality∣∣∣∣∣∣
∫
Ω

uvdx

∣∣∣∣∣∣ ≤
(

1
p− +

1
q−

)
|u|p(·)|v|q(·) ≤ 2|u|p(·)|v|q(·)

holds.

The inclusion between Lebesgue spaces also generalizes the classical framework, namely if 0 < |Ω| < ∞
and p1, p2 are variable exponents such that p1 ≤ p2 in Ω, then there exists a continuous embedding
Lp2(·)(Ω) → Lp1(·)(Ω). An important role in manipulating the generalized Lebesgue-Sobolev spaces is played
by the p(·)−modular of the Lp(·)(Ω) space, which is the modular ρp(·) of the space Lp(·)(Ω)

ρp(·)(u) :=
∫
Ω

|u|p(x) dx.

Lemma 2.1. If un , u ∈ Lp(·) and p+ < +∞, then the following properties hold:

1. |u|p(·) > 1⇒ |u|
p−
p(·) ≤ ρp(·)(u) ≤ |u|

p+
p(·);

2. |u|p(·) < 1⇒ |u|
p+
p(·) ≤ ρp(·)(u) ≤ |u|

p−
p(·);

3. |u|p(·) < 1 (respectively = 1; > 1)⇐⇒ ρp(·)(u) < 1 (respectively = 1; > 1);
4. |un|p(·) → 0 (respectively→ +∞)⇐⇒ ρp(·)(un) → 0 (respectively→ +∞);
5. lim

n→∞
|un − u|p(·) = 0⇐⇒ lim

n→∞
ρp(·)(un − u) = 0.

The Sobolev space with variable exponentW r,p(·)(Ω) is de�ned as

W r,p(·)(Ω) :=
{
u ∈ Lp(·)(Ω) : Dαu ∈ Lp(·)(Ω), |α| ≤ r

}
,

where Dαu = ∂|α|

∂xα11 ∂x
α2
2 ...∂xαNN u

, with α = (α1, ...αN) is a multi-index and |α| =
N∑
i=1

αi . The spaceW r,p(·)(Ω) is

a re�exive and separable Banach space if 1 < p− ≤ p+ < +∞ and equipped with the norm

‖u‖r,p(·) :=
∑
|α|≤r

|Dαu|p(·).



1122 | M. K. Hamdani et al., New class of sixth-order nonhomogeneous p(x)-Kirchho� problems

Let W r,p(·)
0 (Ω) denote the completion of C∞0 (Ω) in W r,p(·)(Ω). As shown in ([16], Corollary 11.2.4), the

space W r,p(·)
0 (Ω) coincides with the closure in W r,p(·)(Ω) of the set of all W r,p(·)(Ω)-functions with compact

support.

Proposition 2.2 (see [20]). Assume that s ∈ C+(Ω) satis�es s(x) ≤ p*(x) for all x ∈ Ω. Then there is a continu-
ous embedding X ↪→ Ls(·)(Ω). If we replace ≤ with <, then this embedding is compact.

In the light of the variational structure of (1.1), we look for critical points of the associated Euler-Lagrange
functional J : X → R de�ned as

J(u) = a
∫
Ω

|∇∆u|p(x)
p(x) dx − b

γ + 1

∫
Ω

|∇∆u|p(x)
p(x) dx

γ+1

− λ
∫
Ω

f (x)
q(x) |u|

q(x) dx

−
∫
Ω

g(x)
r(x) |u|

r(x) dx −
∫
Ω

h(x)u dx, for all u ∈ X. (2.1)

Note that J is a C1(X,R) functional and

〈J′(u), v〉 =

a − b
∫
Ω

|∇∆u|p(x)
p(x) dx

γ∫
Ω

|∇∆u|p(x)−2∇∆u∇∆v dx − λ
∫
Ω

f (x)|u|q(x)−2uv dx

−
∫
Ω

g(x)|u|r(x)−2uv dx −
∫
Ω

h(x)v dx = 0 (2.2)

for any v ∈ X. Thus, critical points of J are weak solutions of (1.1).

3 Some Lemmas

In order to prove ourmain result - Theorem 1.1 - we need to apply theMountain pass theorem and the Ekeland
variational principle. We �rst prove the following lemmas.

Lemma 3.1. Assume that f satis�es (H1) − (H2). Then there exist λ, δ, ρ, α > 0 such that for λ ∈ (0, λ) and
|h| p*(·)

p*(·)−1
< δ, we have J(u) ≥ α for all u ∈ X with ‖u‖X = ρ. Moreover, there exists e ∈ X with ‖e‖X > ρ, such that

J(e) < 0.

Proof. Step 1. From (H1) and (H2), we can note that f ∈ Lq0(·)+η(Ω), g ∈ Lr0(·)+µ(Ω) imply f ∈ Lq0(·)(Ω),
g ∈ Lr0(·)(Ω). Then by Proposition 2.2, there exist constants C1, C2, C3 > 0 such that∫

Ω

|f (x)||u|q(x) dx ≤ 2|f |q0(·)
∣∣∣|u|q(x)∣∣∣ p*(x·)

q(·)

≤ C1|f |q0(·)max
{
‖u‖q+X , ‖u‖q−X

}
, (3.1)

∫
Ω

|g(x)||u|r(x) dx ≤ 2|g|r0(·)
∣∣∣|u|r(x)∣∣∣ p*(·)

r(·)

≤ C2|g|r0(·)max
{
‖u‖r+X , ‖u‖

r−
X
}

(3.2)

and by Young’s inequality, ∫
Ω

|h(x)||u| dx ≤ 2|h| p*(·)
p*(·)−1
|u|p*(·)
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≤ C3|h| p*(·)
p*(·)−1
‖u‖X

≤ εC3‖u‖p+X + C3Cε|h|
p+
p+−1
p*(·)
p*(·)−1

(3.3)

for all u ∈ X and given ε > 0, Cε is a positive constant depending on ε.
Now, for any u ∈ X with ‖u‖X < 1, from (3.1)-(3.3) we get

J(u) = a
∫
Ω

|∇∆u|p(x)
p(x) dx − b

γ + 1

∫
Ω

|∇∆u|p(x)
p(x) dx

γ+1

− λ
∫
Ω

f (x)
q(x) |u|

q(x) dx

−
∫
Ω

g(x)
r(x) |u|

r(x) dx −
∫
Ω

h(x)udx

≥ a
p+

∫
Ω

|∇∆u|p(x) dx − b
γ + 1

∫
Ω

|∇∆u|p(x)
p(x) dx

γ+1

− λ
q−

∫
Ω

|f (x)||u|q(x) dx

− 1r−

∫
Ω

|g(x)||u|r(x) dx −
∫
Ω

|h(x)||u| dx

≥ a
p+
‖u‖p+X −

b
(p−)γ+1(γ + 1)

‖u‖p−(γ+1)X − λC1q−
|f |q0(·)‖u‖

q−
X −

C2
r−
|g|r0(·)‖u‖

r−
X

−εC3‖u‖p+X − C3Cε|h|
p+
p+−1
p*(·)
p*(·)−1

.

Choosing ε = a
2p+C3

, this leads to

J(u) ≥ a
2p+
‖u‖p+X −

b
(p−)γ+1(γ + 1)

‖u‖p−(γ+1)X − C1|f |q0(·)‖u‖
q−
X − C2|g|r0(·)‖u‖

r−
X

−C3Cε|h|
p+
p+−1
p*(·)
p*(·)−1

= ‖u‖p+X

(
a
2p+

− b
(p−)γ+1(γ + 1)

‖u‖p−(γ+1)−p+X − λC1q−
|f |q0(·)‖u‖

q−−p+
X − C2r−

|g|r0(·)‖u‖
r−−p+
X

)
−C3Cε|h|

p+
p+−1
p*(·)
p*(·)−1

.

Since p+ < p−(γ + 1) ≤ p+(γ + 1) < r−, we can choose ρ > 0 su�ciently small so that the following holds

Cρ =
a
2p+

− b
(p−)γ+1(γ + 1)

ρp−(γ+1)−p+ − C2r−
|g|r0(·)ρ

r−−p+ > 0.

Hence, let us choose λ = Cρq−
2C1|f |q0(·)ρq−−p+

> 0 and δ = 1
2

(
Cρρp+
2C3Cε

) p+
p+−1

> 0. It follows that for each λ ∈ (0, λ)

and |h| p*(·)
p*(·)−1

< δ, we have J(u) ≥ 14Cρρ
p+ = α > 0.

Step 2. Let ϕ0 ∈ C∞0 (Ω0), where Ω0 ⊂
{
x ∈ Ω : g(x) > 0

}
. According to the conditions (H1) and (H2),

for t > 1 large enough we have

J(tϕ0) = a
∫
Ω

|∇∆tϕ0|p(x)

p(x) dx − b
γ + 1

∫
Ω

|∇∆tϕ0|p(x)

p(x) dx

γ+1

− λ
∫
Ω

f (x)
q(x) |tϕ0|q(x) dx

−
∫
Ω

g(x)
r(x) |tϕ0|r(x) dx −

∫
Ω

h(x)tϕ0 dx

≤ atp+
∫
Ω

|∇∆ϕ0|p(x)

p(x) dx − bt
p−(γ+1)

γ + 1

∫
Ω

|∇∆ϕ0|p(x)

p(x) dx

γ+1

+ λt
q+

q−

∫
Ω

|f (x)||ϕ0|q(x) dx
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− t
r−

r−

∫
Ω0

g(x)|ϕ0|r(x) dx − t
∫
Ω

h(x)ϕ0 dx.

Since 1 < q+ < p+ < p−(γ + 1) < r−, we have J(tϕ0) → −∞ as t → ∞. So, for some t0 > 1 large enough, we
deduce that ‖t0ϕ0‖X > ρ and J(t0ϕ0) < 0. Choosing e = t0ϕ0, the proof of Lemma 3.1 is completed.

Lemma 3.2. Assume that f satis�es (H1) − (H2). Then the functional J satis�es the Palais-Smale condition at

level c (popularly called (PS)c condition), where c < γa
γ+1
γ

(γ + 1)b
1
γ

.

Proof. Let {un} be a (PS)c sequence of J such that c < γa
γ+1
γ

(γ + 1)b
1
γ

, that is

J(un) → c, J′(un) → 0 in X*, n → ∞, (3.4)

where X* is the dual space of X.
Step 1. We �rst prove that {un} is bounded in X. Arguing by contradiction, if {un} is unbounded in X, up to
a subsequence, we may assume that ‖un‖X → ∞ as n → ∞. Let θ be a �xed positive constant such that

θ ∈
(
p+, min

{
r−,

(p−)γ+1(γ + 1)
(p+)γ

})
.

Then according to the conditions (H1) and (H2), for n large enough, we have

c + 1 + ‖un‖X ≥ J(un) −
1
θ 〈J

′(un), un〉

= a
∫
Ω

(
1
p(x) −

1
θ

)
|∇∆un|p(x) dx −

b
γ + 1

∫
Ω

|∇∆un|p(x)
p(x) dx

γ+1

+bθ

∫
Ω

|∇∆un|p(x)
p(x) dx

γ ∫
Ω

|∇∆un|p(x) dx + λ
∫
Ω

(
1
θ −

1
q(x)

)
f (x)|un|q(x) dx

+
∫
Ω

(
1
θ −

1
r(x)

)
g(x)|un|r(x) dx +

(
1
θ − 1

)∫
Ω

h(x)un dx

≥ a
(

1
p+
− 1
θ

)
‖un‖p+X + b

(
1

θ(p+)γ
− 1
(p−)γ+1(γ + 1)

)
‖un‖p−(γ+1)X

−λC1
(
1
q−
− 1
θ

)
|f |q0(·)‖un‖

q+
X − C3

(
1 − 1

θ

)
|h| p*(·)

p*(·)−1
‖un‖X . (3.5)

From (3.5), it follows that

c + 1 +
[
1 + C3

(
1 − 1

θ

)
|h| p*(·)

p*(·)−1

]
‖un‖X + λC1

(
1
q−
− 1
θ

)
|f |q0(·)‖un‖

q+
X ≥ a

(
1
p+
− 1
θ

)
‖un‖p+X

+b
(

1
θ(p+)γ

− 1
(p−)γ+1(γ + 1)

)
‖un‖p−(γ+1)X ,

which is a contradiction since ‖un‖X → ∞ as n → ∞. So, {un} is bounded in X and the �rst assertion is
proved.

Step 2. Now, we prove that {un} has a convergent subsequence in X. Indeed, by Proposition 2.2, the
embedding X ↪→ Ls(·)(Ω) is compact, where 1 ≤ s(x) < p(x)*. Since X is a re�exive Banach space, passing if
necessary, to a subsequence, there exists u ∈ X such that

un ⇀ u in X, un → u in Ls(·)(Ω), un(x) → u(x), a.e. in Ω. (3.6)
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From (2.2), we �nd that

〈J′(un), un − u〉 =

a − b
∫
Ω

|∇∆un|p(x)
p(x) dx

γ∫
Ω

|∇∆un|p(x)−2∇∆un(∇∆un −∇∆u)dx

− λ
∫
Ω

f (x)|un|q(x)−2un(un − u) dx −
∫
Ω

g(x)|un|r(x)−2un(un − u) dx

−
∫
Ω

h(x)(un − u) dx. (3.7)

Meanwhile, by Hölder’s inequality and (3.6) we estimate∣∣∣∣∣∣
∫
Ω

f (x)|un|q(x)−2un(un − u) dx

∣∣∣∣∣∣ ≤
∫
Ω

|f (x)||un|q(x)−1|un − u| dx

≤ |f |q0(·)+η
∣∣∣|un|q(x)−1∣∣∣ p*(·)

q(·)−1

|un − u|θ(x)

≤ max
{
‖u‖q+−1X , ‖u‖q−−1X

}
|f |q0(·)+η|un − u|θ1(·), (3.8)

where θ1 ∈ C(Ω) such that
1

q0(x) + η
+ q(x) − 1p*(x) + 1

θ1(x)
= 1.

We can easily verify that

θ1(x) :=
p*(x)(p*(x) + ηp*(x) − q(x)η)

ηp*(x)2 + (−2q(x)η + η + 1)p*(x) + q(x)η(q(x) − 1)
< p*(x).

So, thanks to (3.6) we can deduce that

|un − u|θ1(·) → 0 as n → ∞. (3.9)

Combining this and the fact that {un} is bounded in X, we infer from (3.8) and (3.9) that

lim
n→∞

∫
Ω

f (x)|un|p(x)−2un(un − u) dx = 0. (3.10)

Similarly, we obtain

lim
n→∞

∫
Ω

g(x)|un|r(x)−2un(un − u) dx = 0 and lim
n→∞

∫
Ω

h(x)(un − u) dx = 0. (3.11)

By (3.4), we have
〈J′(un), un − u〉 → 0.

So, from (3.10) and (3.11), we can deduce that (3.7) impliesa − b
∫
Ω

|∇∆un|p(x)
p(x) dx

γ∫
Ω

|∇∆un|p(x)−2∇∆un(∇∆un −∇∆u) dx → 0. (3.12)

Since {un} is bounded in X, passing to a subsequence, if necessary, we may assume that when n → ∞ then∫
Ω

|∇∆un|p(x)
p(x) dx → t0 ≥ 0.

If t0 = 0 then {un} converges strongly to u = 0 in X and the proof is �nished. Otherwise, we need to consider
the following two cases:
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Case 1. If t0 ≠
(a
b

) 1
γ then a − b

∫
Ω

|∇∆un|p(x)
p(x) dx

γ

→ 0 is not true and no subsequence of

{a − b

∫
Ω

|∇∆un|p(x)
p(x) dx

γ

→ 0} converges to zero. Therefore, there exists δ > 0 such that∣∣∣∣∣∣a − b
∫
Ω

|∇∆un|p(x)
p(x) dx

γ∣∣∣∣∣∣ > δ > 0 when n is large enough. So, it is clear that

a − b
∫
Ω

|∇∆un|p(x)
p(x) dx

γ

→ 0

 is bounded. (3.13)

Case 2. If t0 =
(a
b

) 1
γ then a − b

∫
Ω

|∇∆un|p(x)
p(x) dx

γ

→ 0.

We de�ne
φ(u) = λ

∫
Ω

f (x)
q(x) |u|

q(x) dx +
∫
Ω

g(x)
r(x) |u|

r(x) dx +
∫
Ω

h(x)u dx, for all u ∈ X.

Then
〈φ′(u), v〉 = λ

∫
Ω

f (x)|u|q(x)−2uv dx +
∫
Ω

g(x)|u|r(x)−2uv dx +
∫
Ω

h(x)v dx, for all v ∈ X.

It follows that

〈φ′(un) − φ′(u), v〉 = λ
∫
Ω

f (x)(|un|q(x)−2un − |u|q(x)−2u)v dx +
∫
Ω

g(x)(|un|r(x)−2un − |u|r(x)−2u)v dx.

To complete the argument we need the following lemma.

Lemma 3.3. Let un , u ∈ X be such that (3.6) holds. Then passing to a subsequence if necessary, the following
properties hold:

(i) lim
n→∞

∫
Ω

f (x)(|un|q(x)−2un − |u|q(x)−2u)v dx = 0;

(ii) lim
n→∞

∫
Ω

g(x)(|un|r(x)−2un − |u|r(x)−2u)v dx = 0;

(iii) 〈φ′(un) − φ′(u), v〉 → 0, v ∈ X.

Proof. Let θ2 ∈ C(Ω) be such that θ2(x) <
q(x) − 1
q(x) p*(x). From (3.6), we deduce that un → u in Lθ2(·)(Ω) which

implies that ∣∣∣|un|q(x)−2un − |u|q(x)−2u∣∣∣ θ2(·)
q(·)−1

→ 0 as n → ∞.

Now, we de�ne

q0(x) =
p*(x)

p*(x) − q(x) , l1(x) =
θ2(x)
q(x) − 1 , l2(x) =

p*(x)θ2(x)
q(x)θ2(x) − p*(x)q(x) + p*(x)

,

where
l2(x) < p*(x), and 1

q0(x)
+ 1
l1(x)

+ 1
l2(x)

= 1.

So, thanks to Hölder’s inequality we can deduce that∣∣∣∣∣∣
∫
Ω

(
f (x)|un|q(x)−2un − f (x)|u|q(x)−2u

)
v dx

∣∣∣∣∣∣ ≤
∫
Ω

|f (x)|
∣∣∣|un|q(x)−2un − |u|q(x)−2u∣∣∣|v| dx
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≤ |f |q0(·)
∣∣∣|un|p(x)−2un − |u|p(x)−2u∣∣∣

l1(·)
|v|l2(·)

≤ C4
∣∣∣|un|p(x)−2un − |u|p(x)−2u∣∣∣

l1(·)
‖v‖X

→ 0.

By a slight modi�cation of the proof above, we can also prove assertion (ii), so we omit the details.
Finally, assertion (iii) follows by combining parts (i) and (ii). Consequently, ‖φ′(un) − φ′(u)‖X* → 0 and
φ′(un) → φ′(u).
We can now complete the proof of Case 2. By Lemma 3.3 and since

〈J′(u), v〉 =

a − b
∫
Ω

|∇∆u|p(x)
p(x) dx

γ∫
Ω

|∇∆u|p(x)−2∇∆u∇∆v dx − 〈φ′(u), v〉, 〈J′(u), v〉 → 0

and

a − b

∫
Ω

|∇∆u|p(x)
p(x) dx

γ

→ 0,

we can deduce that φ′(un) → 0 (n → ∞), i.e.,

〈φ′(u), v〉 = λ
∫
Ω

f (x)|u|q(x)−2uv dx +
∫
Ω

g(x)|u|r(x)−2uv dx +
∫
Ω

h(x)v dx, for all v ∈ X,

and therefore
λf (x)|u(x)|q(x)−2u(x) + g(x)|u(x)|r(x)−2u(x) + h(x) = 0 for a.e. x ∈ Ω.

By the fundamental lemma of the variational method (see [41]) it follows that u = 0. Thus

φ(un) = λ
∫
Ω

f (x)
q(x) |un|

q(x) dx +
∫
Ω

g(x)
r(x) |un|

r(x) dx +
∫
Ω

h(x)un dx

→ λ
∫
Ω

f (x)
q(x) |u|

q(x) dx +
∫
Ω

g(x)
r(x) |u|

r(x) dx +
∫
Ω

h(x)u dx = 0.

Hence, we can deduce that

J(un) = a
∫
Ω

|∇∆u|p(x)
p(x) dx − b

γ + 1

∫
Ω

|∇∆u|p(x)
p(x) dx

γ+1

− λ
∫
Ω

f (x)
q(x) |u|

q(x) dx

−
∫
Ω

g(x)
r(x) |u|

r(x) dx −
∫
Ω

h(x)u dx → γa
γ+1
γ

(γ + 1)b
1
γ

.

This is a contradiction since J(un) → c < γa
γ+1
γ

(γ + 1)b
1
γ

, hence

a − b

∫
Ω

|∇∆un|p(x)
p(x) dx

γ

→ 0

is not true and similarly to Case 1, we have thata − b
∫
Ω

|∇∆un|p(x)
p(x) dx

γ

→ 0

 is bounded.

So, it follows from the two cases above that∫
Ω

|∇∆un|p(x)−2∇∆un(∇∆un −∇∆u) dx → 0.
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Applying (S+) mapping theory (see [14] for r = 3), we can now deduce that ‖un‖X → ‖u‖X as n → ∞, which
means that J satis�es the (PS)c condition. This completes the proof.

Remark 3.1. The (PS)c condition is not satis�ed for c > γa
γ+1
γ

(γ + 1)b
1
γ

.

Indeed,

J(u) = a
∫
Ω

|∇∆u|p(x)
p(x) dx − b

γ + 1

∫
Ω

|∇∆u|p(x)
p(x) dx

γ+1

− λ
∫
Ω

f (x)
q(x) |u|

q(x) dx

−
∫
Ω

g(x)
r(x) |u|

r(x) dx −
∫
Ω

h(x)u dx

≤ a
∫
Ω

|∇∆u|p(x)
p(x) dx − b

γ + 1

∫
Ω

|∇∆u|p(x)
p(x) dx

γ+1

≤ γa
γ+1
γ

(γ + 1)b
1
γ

,

So, if {un} is a (PS)c sequence of J, then we have c ≤ γa
γ+1
γ

(γ + 1)b
1
γ

, which is a contradiction.

4 Proof of Theorem 1.1

In view of Lemmas 3.1, 3.2 and the Mountain pass theorem in [41], there exists a weak solution u1 of problem
(1.1) with c = J(u1) > 0. We will show that there exists a second weak solution u2 ≠ u1 by using the Ekeland
variational principle. First, let us choose ψ0 ∈ C∞0 (Ω) such that

∫
Ω

h(x)ψ0dx > 0. Now, for all t ∈ (0, 1) small

enough, we have

J(tψ0) = a
∫
Ω

|∇∆tψ0|p(x)

p(x) dx − b
γ + 1

∫
Ω

|∇∆tψ0|p(x)

p(x) dx

γ+1

− λ
∫
Ω

f (x)
q(x) |tψ0|q(x) dx

−
∫
Ω

g(x)
r(x) |tψ0|r(x) dx −

∫
Ω

h(x)tψ0 dx

≤ atp−
∫
Ω

|∇∆ϕ0|p(x)

p(x) dx − bt
p+(γ+1)

γ + 1

∫
Ω

|∇∆ϕ0|p(x)

p(x) dx

γ+1

+ λt
q−

q−

∫
Ω

|f (x)||ϕ0|q(x) dx

+ t
r−

r−

∫
Ω0

g(x)|ϕ0|r(x) dx − t
∫
Ω

h(x)ϕ0 dx < 0 (4.1)

since
atp−

∫
Ω

|∇∆ϕ0|p(x)

p(x) dx + λt
q−

q−

∫
Ω

|f (x)||ϕ0|q(x) dx − t
∫
Ω

h(x)ϕ0 dx < 0, 1 < q− < p−

and

tr−
r−

∫
Ω0

g(x)|ϕ0|r(x) dx −
btp+(γ+1)
γ + 1

∫
Ω

|∇∆ϕ0|p(x)

p(x) dx

γ+1

< 0, p+(γ + 1) < r−

for all t ∈ (0, 1) small enough.
By Lemma 3.1, it follows that on the boundary of the ball centered at the origin and of radius ρ in X,

denoted by Bρ(0), we have
inf

u∈∂Bρ(0)
J(u) > 0.
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On the other hand, again by Lemma 3.1, the functional J is bounded from below on Bρ(0). Moreover, by
(3.4), there exists ψ0 ∈ X such that J(tψ0) < 0 for all t > 0 small enough. It follows that

−∞ < c = inf
u∈Bρ(0)

J(u) < 0.

Let us choose ε > 0 such that 0 < ε < inf
u∈∂Bρ(0)

J(u) − inf
u∈Bρ(0)

J(u). Applying Ekeland’s variational principle

[17] to the functional J : Bρ(0) → R, it follows that there exists uε ∈ Bρ(0) such that

J(uε) < inf
u∈Bρ(0)

J(u) + ε,

J(uε) < J(u) + ε‖u − uε‖X , u ≠ uε ,

so we have J(uε) < inf
u∈∂Bρ(0)

J(u) and thus, uε ∈ Bρ(0).

Now, we de�ne the functional I : Bρ(0) → R by I(u) = J(u) + ε‖u − uε‖X. It is clear that uε is a minimum
point of I and thus

I(uε + τv) − I(uε)
t ≥ 0

for all τ > 0 small enough and all v ∈ Bρ(0). The above information shows that

J(uε + τv) − J(uε)
τ + ε‖v‖X ≥ 0.

Letting τ → 0+, we deduce that 〈
J′(uε), v

〉
+ ε‖v‖X ≥ 0,

which leads to ‖J′(uε)‖X* ≤ ε. Therefore, there exists a sequence {un} ⊂ Bρ(0) such that

J(un) → c = inf
u∈Bρ(0)

J(u) < 0 and J′(un) → 0 in X* as n → ∞. (4.2)

By Lemma 3.2, the sequence {un} converges strongly to some u2 as n → ∞. Moreover, since J ∈ C1(X,R),
by (4.2) it follows that J′(u2) = 0. Thus, u2 is a nontrivial weak solution of problem (1.1) with negative energy
J(u2) = c < 0.

Finally, we point out the fact that u1 ≠ u2 since J(u1) = c > 0 > c = J(u2). The proof of Theorem 1.1 is now
complete.

Remark 4.1. The proof of Theorem 1.2 is very similar.
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