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Abstract: In this paper, we prove the existence of multiple solutions for the following sixth-order p(x)-
Kirchhoff-type problem

-M / pi(lx) IV AuPW dx A;(X)u = A "2y + g0)u/™?u+h(x) in Q,
0

u=~Au=Au-=0, on 00,
where @ ¢ RY is a smooth bounded domain, N > 3, A;(X)u = div (A(|VAu|p(")’2VAu)> is the p(x)-

triharmonic operator, p,q,r € C(Q), 1 < p(x) < g forallx € Q, M(s) = a-bs?, a,b,v > 0,1 > 0,
g : O xR > Ris a nonnegative continuous function while f, h : Q x R > R are sign-changing continuous
functions in Q. To the best of our knowledge, this paper is one of the first contributions to the study of the
sixth-order p(x)-Kirchhoff type problems with sign changing Kirchhoff functions.

Keywords: Variable exponents; Kirchhoff type problems; p(x)-triharmonic operator; Sign-changing func-
tions; Concave-convex terms; Ekeland’s variational principle; Multiple solutions
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1 Introduction

Let Q c RY be a smooth bounded domain and N > 3. This paper deals mainly with the following sixth-order
p(x)-Kirchhoff-type problem

1 . i
-M — IVAuPYdx | 42, u = AF0) 92w + g(0)|u™2u+ h(x) in Q,
Q/ A 3 oot = MGl gl (%) o

u=Au=A2u=0, on 00,
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where p,q,r € C(Q), 1 < p(x) < gforallx € Q,M(s) =a-bs",a,b,v>0,1>0,g: QxR > Ris
a nonnegative continuous function, f, h : Q x R - R are assumed to be continuous functions which may
change sign in Q, and

B3 = div (A(VAUPO 2V Aw)

is the p(x)-triharmonic operator which is not homogeneous and is related to the variable exponent Lebesgue
space L™(Q) and the variable exponent Sobolev space W?*(Q). These facts imply some difficulties. For
example, some classical theories and methods, including the Lagrange multiplier theorem and the theory of
Sobolev spaces cannot be applied.

Such problems are called nonlocal problems because of the presence of the function M, which implies
that the equation contains an integral over Q, and is no longer pointwise identity. This causes some mathe-
matical difficulties which make the study of such a problem particularly interesting. We call (1.1) a sixth order
Kirchhoff type equation because it is related to the stationary analog of the equation

2 2
dx) ou_ (1.2)

L
’u (po E
P~ (h TaL /
0
where p, po, h, E, L are constants which represent some physical meanings respectively. Eq. (1.2) extends
the classical D’Alembert wave equation by considering the effects of the changes in the length of the strings
during the vibrations.

This kind of nonlocal problem also appears in other fields, for example in nonlinear elasticity theory and
in modelling electrorheological fluids [39, 40] and from the study of electromagnetism and elastic mechanics
[25, 43], and raises many difficult mathematical problems. After this pioneering models, many other applica-
tions of differential operators with variable exponents have appeared in a large range of fields, such as image
restoration and image processing [8, 29]. We refer the reader to [1, 21, 34] for an overview of references on this
subject.

Throughout this paper, unless otherwise stated, we shall always assume that exponent p(x) is continuous
on Q with

ou

ox ox?

. N
p-:=infp(x) < p(x) < p+ :=supp(x) < =
Q Q 3

and p”(x) denotes the critical variable exponent related to p(x), defined for all x € Q by the pointwise

relation p"(x) = NN%(pX()X) In the following, we denote by [Wg’p (')(.Q)]' the dual space of Wg’p (')(_Q) and
q (x) = *p*i the conjugate exponent of p”(x).
-1

Now, we introduce some conditions for problem (1.1) as follows:

(H): 1<g(x) <p-<ps <(y+1p-<(y+1ps <r(x) < p"(x) for all x € Q, where ~ is a positive constant;
§O) _
(Hy): f e L9O"(Q),0<g e L°OH(Q)and h € Lo (Q) n L=(Q) for all x € ©, with

_ P _ r®
900 = 50— 00" ™ = 5700 - 100
where 77, p are small positive numbers.
(H): f e L®°Y(Q)nL=(Q) and g € L™V(Q) N L=(Q) with
_ P _ r®
9009 = 560 -q00 % 7 P00 - e

Furthermore, there exists non-empty open domain Qg C Q such that g(x) > 0in Q.

In recent years, great attention has been paid to the study of Kirchhoff problems. This brought new math-
ematical difficulties that made the study of Kirchhoff type equations particularly interesting. A typical proto-
type for M, due to Kirchhoff in 1883, is given by

M) =a+bt*', a,b=20,a+b>0,t>0, (1.3)
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and

ac(l,+00) ifb>0
a=1, ifb=0,

when M(t) > O for all ¢t > 0, Kirchhoff problems are said to be nondegenerate and this happens for example
ifa > 0 and b = 0 in the model case (1.3). Otherwise, if M(0) = 0 and M(t) > O for all ¢ > 0, the Kirchhoff
problems are called degenerate and this occurs in the model case (1.3) when a = 0 and b > 0. In particularly,
Chen-Kuo-Wu in [7] studied the following semilinear boundary problem and proved by the Nehari manifold
and fibering maps, the existence of multiple positive solutions

- a+b/|Vu\2dx Au= A7 ?u+g(¥)|u/u in Q,
)

u=0, on 0Q,

where Q is a smooth bounded domain in RY ,withl<g<2<p«< 2" = Nzivz and the parameters a, b, A > 0.
The functions f(x), g(x) € C(Q) may change sign on Q.
The study of Kirchhoff type equations has already been extended to the case involving the p-Laplacian

operator of the following form

-M /|Vu|pdx Apu = AfO)u|%u+ g()u/2u+h(x) in Q, (14)
) :

u=0, on 0Q.

Chen-Huang-Liu [6] studied the nonhomogeneous case of (1.4) (that is h(x) # 0), A > 0, M(s) = a + bsk,
a,b >0,k =0, f(x), g(x) and h(x) are continuous functions which may change sign on Q. The parameters
p,q,rsatisfyl <qg<plk+1)<r<p = NLi? Using the Mountain pass theorem and Ekeland’s variational
principle, they showed that problem (1.4) has at least two positive solutions when A is small enough.

For h(x) = 0, Huang-Chen-Xiu [27] studied problem (1.4) where M(s) = a + bsk, 1 < g<p<r<p,
and proved that the problem has at least one positive solution when r > p(k + 1) and the functions f(x), g(x)
are nonnegative. Motivated by [27], Li-Mei-Zhang [30] considered M(s) = a+ bs,1 < g < p < r < p" and
they proved the existence of multiple nontrivial nonnegative solutions by using the Nehari manifold when
the weight functions f(x), g(x) change their signs (see also [22]).

However, many papers generalized the constant case to include the p(x)-Laplacian operator, e.g., in [9],

using variational methods, we investigated a nonlocal p(x)-Laplacian Dirichlet problem

-M /Iﬁwuy’(")dx Ap(x)u=K(x,u) in 0,
Q

u=0 on 0Q,

(1.5)

and we showed via the mountain pass theorem combined with the Ekeland variational principle the existence
of at least two distinct, non-trivial weak solutions in the case that

K(x,u) = A(a(X)Ma(x)—zu . b(X)|u|ﬁ(x)—2u),

where A is a parameter and a(x), b(x), a(x) and B(x) satisfy suitable hypotheses and under some suitable
conditions on M.

Recently, Hamdani et al. in [24] studied (1.5) when M(s) = a - bs and K(x, u) = /1|u|p(")'2u + glx,u),
where A is a real parameter, a, b > 0 are constants and g is a continuous function satisfies the classical (AR)
condition. If 1 < p~ < p(x) < p* < 2p~ < ¢~ < q(x) < p"(x) then the authors proved the existence and



1120 — M. K. Hamdani et al., New class of sixth-order nonhomogeneous p(x)-Kirchhoff problems DE GRUYTER

multiplicity results via the Mountain Pass theorem and the Fountain theorem. Also for further studies on this
subject, we refer the reader to [5, 10, 11, 13, 15, 31, 35, 42].

The problems involving p(x)-biharmonic operators have been widely investigated. For example, via the
Mountain pass theorem, E1 Amrouss et al. [18] obtained the existence and multiplicity of solutions for a class
of p(x)-biharmonic equation of the form

{AIZ,(X)u “AuPY2u+f(x,u) in 0, ”

u=Au=0 on 00,

where Q is a bounded domain in RY , with smooth boundary 90, A < 0 and f satisfies the (AR) condition. On
the other hand, similar variational methods are also used to study the p(x)-biharmonic operator. For example,
see [2-4, 12, 32, 33, 44] and [14, 23, 26] for a general Kirchhoff problems with or without the (AR) condition.
However, in literature the only result involving a sixth-order problem like (1.1) by using variational methods
can be found in [38]. Motivated by the above papers, we consider the problem (1.1) with the new general
nonlocal term M(s) = a-bs”, a, b, v > 0 and with sign-changing weight functions which presents interesting
difficulties to discus the existence of multiple solutions.

Before stating our results, we give the definition of weak solutions for problem (1.1). For this purpose, we
denote by X the space Wé’p O@)n Wg’p ©)(Q) and define the norm I|.llx of X by the formula

lullx = [lully,pe) + Iullz,pe) + lulls,pe)-
Itis well known thatif 1 < p~ < p* < cothen (X, ||| x) is a separable and reflexive Banach space. Moreover,

|ullx and [VAu|,. are two equivalent norms on X, see [19, 20, 28].

Definition 1.1. We say that u € X is a weak solution of problem (1.1) if u satisfies

~

p()

a-b /%dx /|VAu|p(x)—2VAuVAvdx—A/f(x)|u|q(x)—zuvdx
0 0

—/g(x)|u|r(x)_2uvdx—/h(x)vdx=0,
0 Q
forallv € X.

The main results of this paper are the following:

Theorem 1.1. Assume that the conditions (H,) and (H,) hold. Then there exist A, § > O such that, for each
A € (0, A), problem (1.1) admits at least two nontrivial weak solutions in X provided that |h| o <6

p (-1

Theorem 1.2. Let h(x) = O for all x € Q and assume that the conditions (H1) and (H '2) hold. Then there exists
A > 0 such that, for each A € (0, A), problem (1.1) admits at least two nontrivial weak solutions in X.

The paper is organized as follows. In Section 2, we give the notations and recall some useful lemmas con-
cerning the variable exponent Lebesgue and Sobolev spaces. In Section 3, we give some lemmas which are
important for the proofs of our main results. In Section 4, we prove Theorem 1.1 (we omit the proof of Theorem
1.2 since it is very similar).

2 Variable exponent Lebesgue and Sobolev spaces

For the convenience of the reader, we recall in this section some results concerning spaces Lp(')(()) and
WPO)(Q) which we call generalized Lebesgue-Sobolev spaces. Denote

C+(Q) = {p(0): p(x) € C(Q), p(x) > 1, forallx € O}.
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For any p(x) € C+(Q), we introduce the variable exponent Lebesgue space
1P9(Q) = { u(x) : u(x) is a measurable real-valued function such that / |u(x)|”(") dx < oo
Q

endowed with the so-called Luxemburg norm

u(x) p()

dx<13,

||uHLP(')(_Q) = \u|p(.) =inf{ u> 0;/
Q

which is a separable and reflexive Banach space. A thorough variational analysis of the problems with vari-
able exponents has been developed in the monograph by Radulescu and Repovs [37] (we refer the reader also
to [16, 28]).

Proposition 2.1 (see [42]). The space (LP (')(Q), |+ |p() is separable, uniformly convex, reflexive and its conju-
gate space is LP ), | - |q() where q(x) is the conjugate function of p(x) i.e

1 i=1, forallx € Q.

@ )

Forallu € I*Y(Q) and v € L1Y(Q) the Hélder type inequality

1 1
/uvdx < (—_ + —_> |u|p(,)|v|q(,) < 2\u\p(,)|v|q(,)
J P~ q

holds.

The inclusion between Lebesgue spaces also generalizes the classical framework, namely if 0 < |Q| < oo
and p;, p, are variable exponents such that p; < p, in Q, then there exists a continuous embedding
1729(Q) > 17Y(Q). An important role in manipulating the generalized Lebesgue-Sobolev spaces is played
by the p(-)-modular of the L? (')(Q) space, which is the modular p,,,) of the space P (')(_Q)

Ppey (W) := / luP® dx.
Q

Lemma2.1. Ifup,u c 1Y and P+ < +oo, then the following properties hold:

p- p+ .
Culpy > 1= |u|§(.) < ppy() < |u|g('),
ulpey < 1= ulbty < ppy @) < Juff s
. |uly() < 1 (respectively = 15> 1) <= p,,,(u) < 1 (respectively = 1;> 1);
- [un|pcy = O (respectively > +o0) <= p,)(un) > O (respectively - +oo);

rlll_glo [un = uly) = 0 = %i_;lolopp(.)(un -u)=0.

G WN =

The Sobolev space with variable exponent W"? 0)(Q) is defined as
woPO@) = {u e 170Q) : D € 1PV(Q), |al <1},

N

a
Py axgz T with a = (ay, ...ay) is a multi-index and |a| = Z a;. The space W"PY(Q) is
i-1

a reflexive and separable Banach space if 1 < p_ < p. < +o0 and equipped with the norm

HuHr,p(-) = Z |Dau‘17(')'

la|sr

where D%u =
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Let Wg* ©)(Q) denote the completion of C5°(Q) in W"PY(Q). As shown in ([16], Corollary 11.2.4), the
space Wg* Q) coincides with the closure in W"?(Q) of the set of all W"’*)(Q)-functions with compact
support.

Proposition 2.2 (see [20]). Assume that s € C.(Q) satisfies s(x) < p"(x) for all x € Q. Then there is a continu-
ous embedding X <> LY. If we replace < with <, then this embedding is compact.

In the light of the variational structure of (1.1), we look for critical points of the associated Euler-Lagrange
functional J : X - R defined as

~y+1
|V Au[PY b |V AuP™ /f(x) a0
_ dx - d A BX a0 g
Jw=a | =6 571 pt) g
) o) )
—/%M’(X) dx—/h(x)u dx, forallu € X. (PAY)
0 0

Note that J is a C*(X, R) functional and

Y
p(x)
a-b | [ VAT 40
p(x)
Q

—/g(x)|u|r(x)_2uvdx—/h(x)vdx=0 (2.2)
Q 0

J@,v) =

/\VAu\p(x)’ZVAuVAvdx—)l/f(x)|u\‘1(x)’2uvdx
Q )

for any v € X. Thus, critical points of J are weak solutions of (1.1).

3 Some Lemmas

In order to prove our main result - Theorem 1.1 - we need to apply the Mountain pass theorem and the Ekeland
variational principle. We first prove the following lemmas.

Lemma 3.1. Assume that f satisfies (H;) — (H,). Then there exist A, 8, p, « > 0 such that for A € (0, ) and
|h| - <8, wehaveJ(u) = a forallu € X with ||u||x = p. Moreover, there exists e € X with ||e||x > p, such that

x

P

O]
J(e) <

1
0.

Proof. Step 1. From (H,) and (H,), we can note that f € L9O*(Q), g € LY*(Q) imply f ¢ L?V(Q),
gel’ °0)(Q). Then by Proposition 2.2, there exist constants C;, C,, C3 > 0 such that

IN

21fl oty [l

/ 1F0OI 9% dx
Q

q()
< Cilflgo max {ul§, ulf }, G1)
(x) ()
[ Il dx = 2gly 1) ,,
:O ()
< Cz‘glro(,) maX{Hu\|§{, HuH;ﬂ;} (32)

and by Young’s inequality,

/|h(x)||u|dx < 2[h| o Ul
p*()-1
Q
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IN

C3|h| o [lullx

prO-1

eCslulf + Csce\h\ (3.3)

IN

17()
P O-1

for all u € X and given € > 0, C; is a positive constant depending on &.
Now, for any u € X with |jul|x < 1, from (3.1)-(3.3) we get

~y+1
|V Au[P® b /m\uv"*) /f(X) 4
u = a dx - dx -A | —==|u dx
Jw) Q/ p(x) y+1 J p(x) ) q(X)||

—/ 800 gy — /h(x)udx

r(x)

Q

® ~y+1
a [ b |[VAuP¥ A )
> L[ 1vauP® ax - / dx ——/ O||u|T™ dx

o [ 1wau /8 2 [ e

0 (0]

1 r(x)
e 18CAl[u|™ dx = [ [h()||u] dx

Q Q
a b AC

2 E\Iulli*—mnuuﬁw“ P ol = S2iglylully
—eCs]ull§ - C3Ca|h| R
p (-1
Choosing € = Zpil sy’ this leads to

b

e kT = Culflglullf - Calglollullx

J@ > Sl -

2p.

CCn
P O-1

L[ a b -p, AC X _—p.

- (5 - o = A ol - el )
P+
-C5Ce|h|": )
PTO-1

Since p* < p—(y+1) < p+(y + 1) < -, we can choose p > 0 sufficiently small so that the following holds

_a b pewe_ G rp.
Cp - 2p+ (p_)’y-#l(,y + l)p r_ |g‘r0()p > 0.
P+
3 Coq- 1 [ CppPs\ T -
Hence, let us choose A= ——22~ > 0andé== < P > 0. It follows that for each A € (0, A
2C1lflgyp® " 2\265C ©,)

and |h| ,+, <&, wehaveJ(u) 2 leplh —a>0.

P O-1

Step 2. Let ¢po € Cg’(Qo), where Qg C {x c0: gx)> 0}. According to the conditions (H;) and (H>),
for t > 1 large enough we have

y+1
p(x) p(x)
a/ [VAtgoP™ b (/ |VAtpo| dx) _2 f(x)|t¢ 190 gx

Jtgo) = ) oW 71 () J a0
/ r(()’(‘))w 0 gx - / h(x)tpo dx
Q

y+1

p(x) p-(y+1) p(x) q:
atp*/ VAol dx - bt /lVA¢o| dx +%/\f(x)l|¢o\q(x) dx
0

IN

px) y+1 px)
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—tr%/g(x)|¢0|r(x) dx—t/h(x)¢0 dx.
Qo o

Since 1 < g+ < p+ < p-(y+ 1) < r-, we have J(t¢pg) > —oc as t > oo. So, for some t, > 1 large enough, we
deduce that ||to¢ol||x > p and J(to¢o) < 0. Choosing e = tg¢hg, the proof of Lemma 3.1 is completed. O

Lemma 3.2. Assume that f satisfies (H1) — (H,). Then the functional ] satisfies the Palais-Smale condition at
P
ya v

level ¢ (popularly called (PS)¢ condition), where ¢ < ————.
(v +1)b~

y+1

na - -, thatis

Proof. Let {un} be a (PS). sequence of J such that ¢ <
(v+ l)b?

Jun)=>c, Jwn)>0inX, n- oo, (3.4)

where X" is the dual space of X.
Step 1. We first prove that {un} is bounded in X. Arguing by contradiction, if {u,} is unbounded in X, up to
a subsequence, we may assume that ||un||x > oo as n > oo. Let 6 be a fixed positive constant such that

0 c <p+,min {r_ (IW})

Then according to the conditions (H,) and (H>), for n large enough, we have

Jun) = 5 an), n)

c+1+|lun|x

v

y+1
11 b |V Aun [P
= a = 2 ) VAU P™ dx - n dx
/(p(x) 0)‘ " 1\ W
b \ VAun |p(x) / p(x) / 1 q(x)
g o0 |[VAun [P dx + A ) FO) | un| ™ dx

Q

- (g - %) g(0lunl® dx + (5 _ 1> [ hoous ax
Q Q

1 1 ) 1 1 (1)
a( =5 ) 1l b (omys = oy sy ) el
1 1 1
161 (=5 ) Vool =€ (1= ) 11 gl 65)

P O-1

v

From (3.5), it follows that

1 1 . 1 1 )
c+1+ {1+C3 (1—5) |h|;ﬁ;§)1] lun|lx + ACq <q ) |f|q0()|\un”q >a <p+ 5) ||un||§

1 1 ( +1)
b <9(p+)7 - (p_)yﬂ(,y + 1)) Huan vy

which is a contradiction since ||un|[x > o0 as n > oo. So, {un} is bounded in X and the first assertion is
proved.

Step 2. Now, we prove that {u,} has a convergent subsequence in X. Indeed, by Proposition 2.2, the
embedding X < Ls(')(_Q) is compact, where 1 < s(x) < p(x)". Since X is a reflexive Banach space, passing if
necessary, to a subsequence, there exists u € X such that

Un — uinX, un > uin L5O(Q), un(x) > ux), a.e.in Q. (3.6)
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From (2.2), we find that

5
, ~ _ ~ |VAun|p(x)
(J (un), un u) |:a b (O 7}9()() dX)

/ |V Aun PO 2V Aun(VAun - VAu)dx
Q

- /\/f(x)|un|q(x)_2un(un—u)dx—/g(x)\un|r(")_2un(un—u)dx
0 )

- /h(x)(un - u)dx. 3.7)
0

Meanwhile, by Holder’s inequality and (3.6) we estimate

N

/ F00 |72t - ) dx
0]

= /|f(x)|\un|q(">*1|u,,-u|dx
Q

< [Flgoeyen|[un 77 . Tun — tlgeg
q()-1
< max { lu) %72, ||u|\§1(1} Flgo(nlttn = Ula, s (3.8)
where 8; € C(Q) such that
1 gx)-1 1
+ = + =1.
go)+n  p') 01
We can easily verify that
* * + * _ .
0.00) := p ()" () +np () - g0In) <p' o).

np* (07 + (-2q00n + n + p*(x) + g0In(g(x) - 1)
So, thanks to (3.6) we can deduce that

|un — ulg,) > 0asn > oo, (39)

Combining this and the fact that {un} is bounded in X, we infer from (3.8) and (3.9) that

3i_)m /f(x)|un|p(")"2un(un -u)dx =0. (3.10)
Q

Similarly, we obtain

1i_>m /g(x)\un|r(x)_2un(un -u)dx =0and 1i_>m / h(x)(un —u)dx = 0. (3.11)
n—>oo n—>oco
Q Q

By (3.4), we have
(J (un), un —u) > 0.

So, from (3.10) and (3.11), we can deduce that (3.7) implies

¥

p(0)

{a -b (/ % dx) ] /|VAun|p(X)"2VAun(VAun - VAu)dx - 0. (3.12)
0 0

Since {un} is bounded in X, passing to a subsequence, if necessary, we may assume that when n - oo then

p(x)
/ [VAun| dx >ty = 0.

p(x)
Q

If ¢, = 0 then {un} converges strongly to u = 0 in X and the proof is finished. Otherwise, we need to consider
the following two cases:
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|V Aup |PX

Casel.If to # (%)T’ thena-»b ( 200
Q

.
dx) - 0 is not true and no subsequence of

p(x)

p(x)
a-b / VAun "
J p(x)

|V Auy, [PXO .
{a-b ~—————dx | - 0} converges to zero. Therefore, there exists § > 0 such that
) > § > 0 when n is large enough. So, it is clear that

¥
p()
{a -b (/ % dx) -> 0} is bounded. (3.13)
Q

ol
p(x)
Case2.Iftg = (E) thena-b (/%dx) - 0.

We define ¢
pu)=A f((x))| 1909 gx +/g€x3| ul'™ dx+/h(x)udx forall u € X.
)
Then
(@' (W), v) =A/f(x)\u|q(x)_2uvdx+/g(x)|u|r(x)_2uvdx+/h(x)vdx, forallv € X.
) ) )
It follows that
(@' (un) - @' (u), v) = A/f(x)(IUnlq(x)_zun - w72y dx + /g(X)(|un\r(X)_2un — |u™2u)y dx.

Q

To complete the argument we need the following lemma.

Lemma 3.3. Let un, u € X be such that (3.6) holds. Then passing to a subsequence if necessary, the following
properties hold:

@) li_>m /f(x)(|un|q(")"2un - \u\q(x)_zu)v dx = 0;
n—>oo

(ii) li_>m / g(x)(|un\'(")"2un - \u\r(")"zu)v dx = 0;
n—>oo

0
(iii) ((p'(un) - (p'(u), v)>0, veX.

Proof. Let 6, € C(Q) be such that 8,(x) < q(qg ) 1 p"(x). From (3.6), we deduce that u, > u in 12C )(Q) which
implies that
|| 9920y — T2y b > 0asn > eo.
q()-1
Now, we define
p (%) 6 (x) P (0)6,(x)
X) = — -, = N l X) = * * ’
0= oy-gw "W g-1 YT 1060 - r e r e
where 1 1 1
L(x) <p"(x), and + + =1.

go(x) L) LK)

So, thanks to Holder’s inequality we can deduce that

/ (f(x)\unlq(")"zun —f(x)|u\q(")‘2u)vdx

0

< /\f(x)|]|un|q(”)‘2un—|u|‘1(X)'2u v| dx

Q
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IN

Flanto| [P 2un = P 2u| vl

IN

Iviix

Caljunl?2un P2

-> 0.

By a slight modification of the proof above, we can also prove assertion (ii), so we omit the details.

Finally, assertion (iii) follows by combining parts (i) and (ii). Consequently, || (un) - @ (u)|x- > 0 and
(p'(un) > (p,(u). O
We can now complete the proof of Case 2. By Lemma 3.3 and since

<
(x)
J W, v) = {a -b ( [vAu™ dx) ] /|VAu|p(X)"2VAuVAv dx - (@' (w),v), J(),v)>0
) )

p(x)
Yy
p(x)
a_b( (v dx) So,
Q

we can deduce that q)'(un) >0 (n->o),ie.,

and

((p'(u),v) =A/f(x)\u|q(x)"2uvdx+/g(x)|u|'(x)_2uvdx+/h(x)vdx, forallv e X,
0

and therefore
Af(x)|u(x)\q(x)‘2u(x) + g(x)|u(x)\’(x)"2u(x) +h(x)=0fora.e. x € Q.

By the fundamental lemma of the variational method (see [41]) it follows that u = 0. Thus

o(un) = ,\/f(x |un |99 dx + /%\un|r(x)dx+/h(x)un dx

Q

/f(x)| |q(x) g(X)|u|r(x) dx+/h(x)u dx = 0.
Hence, we can deduce that

~y+1
p(x) p(x)
Jn) = a [ NVAUTZ g D VAU 4y —A/f(xf)lulq(")dx
q(x)
Q Q Q

p(x) y+1 px)

-
/g(X)|u|r(x) dx - /h(x)udx% nar

A ( ) ('y+1)b%

~+1

ha- —, hence
(fy +1)b~

,
p(x)
p| [ VAT g ) 50
) p(x)

is not true and similarly to Case 1, we have that

~
p(x)
{a -b (/ % dx) > O} is bounded.
Q

So, it follows from the two cases above that

This is a contradiction since J(un) = ¢ <

/ IV Aun PX72Y Aun(VAun — VAu) dx > 0.
0]
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Applying (S+) mapping theory (see [14] for r = 3), we can now deduce that ||un||xy > ||u|lx as n > oo, which

means that J satisfies the (PS). condition. This completes the proof. O
3+
Remark 3.1. The (PS). condition is not satisfied for ¢ > na - -
(v+1)b~
Indeed,
(9] () "
|VAuPX b /\VAu\’“‘ /f(x) q00
u = a dx - dx -A u dx
Jw I Rl VA g™
Q Q
- / 40) u|"™ dx - /h(x)u dx
(%)
y+1 41
|V AP b |V Au P Na
< dx - dx < 10
) p v+1 p(x) (v +1)b7
el
So, if {un} is a (PS). sequence of ], then we have c < ( na ; , Which is a contradiction.
v+1 b 2l

4 Proof of Theorem 1.1

In view of Lemmas 3.1, 3.2 and the Mountain pass theorem in [41], there exists a weak solution u; of problem
(1.1) with € = J(uy) > 0. We will show that there exists a second weak solution u, # u; by using the Ekeland

variational principle. First, let us choose ¥y € Cg (Q) such that / h(x)podx > 0. Now, forall t € (0, 1) small

enough, we have

~y+1
(x) (x)
J(to) o [IVAWOI™Z 4y b ( o d") A / P ol ax
Q

J p(x) y+1 p(x) q(x)

/ r(()’:))mp 0 gx - / h()tpo dx

IN

~y+1
p(x) p.(y+1) p(x) -
at?- |VA¢0| dx - bt ( |VA¢0| dX) At /|f(x)|‘¢0|q(X) dx
Q

J p(x) y+1 p(x)
+= [ igol® dx-t [ heogodx <0 (41)
Qo 0]
since 00
e ,
at [ VA0 gy A / 00l ol dx — ¢ / h(Ogodx <0, 1<q-<p-
Q
and

y+1
t’— ") btP+(’Y+1) |Vﬂ¢o‘p(x)
g0iol"® dx— 20 / B ax| <o, pGen<r
R 0

for all t € (0, 1) small enough.
By Lemma 3.1, it follows that on the boundary of the ball centered at the origin and of radius p in X,
denoted by B,(0), we have

inf  J(u) > 0.
u€9B,(0)
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On the other hand, again by Lemma 3.1, the functional J is bounded from below on B,(0). Moreover, by
(3.4), there exists g € X such that J(tio) < 0 for all ¢t > O small enough. It follows that

—co<c= inf J(u)<O.
u€B,(0)

Letus choose e > Osuchthat0 < e < inf J(u)- inf J(u). Applying Ekeland’s variational principle
u€0B,(0) ueB,(0)
[17] to the functional J : B,(0) - R, it follows that there exists us € B,(0) such that

J(ug) < inf J(u) +e,
u€B,(0)

J(ue) < J() + el|lu - uellx, U # ue,
sowe have J(ue) < inf J(u) and thus, us € By(0).
u€9B,(0)

Now, we define the functional I : B,(0) - R by I(u) = J(u) + &||lu — u¢| x. It is clear that u. is a minimum

point of I and thus

Hue + 7v) - Iue) | 0
— 2

for all 7 > 0 small enough and all v € B,(0). The above information shows that

J(ue + 7v) - J(ue)

+€|lv||x = 0.
- Ivilx

Letting T > 0, we deduce that
(Jwe),v) +elvix =0,

which leads to ||J (u¢)||x- < €. Therefore, there exists a sequence {un} C B, (0) such that

Jun) > c= inf J(u)<0andJ (un)>0inX asn - oo. (4.2)
ueB,(0)

By Lemma 3.2, the sequence {un} converges strongly to some u; as n - co. Moreovet, since ] € C 1(X ,R),
by (4.2) it follows that J "(u3) = 0. Thus, u, is a nontrivial weak solution of problem (1.1) with negative energy
J(wz) = c<o0.

Finally, we point out the fact that u; # u; since J(uy) =¢ > 0 > ¢ = J(u;). The proof of Theorem 1.1 is now
complete. O

Remark 4.1. The proof of Theorem 1.2 is very similar.
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