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Abstract: We consider an elliptic variational-hemivariational inequality ? in a reflexive Banach space, gov-
erned by a set of constraints K, a nonlinear operator A, and an element f. We associate to this inequality a
sequence {Pn} of variational-hemivariational inequalities such that, for each n € N, inequality Py is obtained
by perturbing the data K and A and, moreover, it contains an additional term governed by a small parameter
en. The unique solvability of P and, for each n € N, the solvability of its perturbed version P, are guaranteed
by an existence and uniqueness result obtained in literature. Denote by u the solution of Problem P and, for
each n € N, let u, be a solution of Problem P,. The main result of this paper states the strong convergence
of upn — uin X, as n — oo. We show that the main result extends a number of results previously obtained
in the study of Problem P. Finally, we illustrate the use of our abstract results in the study of a mathematical
model which describes the contact of an elastic body with a rigid-deformable foundation and provide the
corresponding mechanical interpretations.

Keywords: variational-hemivariational inequality, penalty operator, Mosco convergence, internal approxi-
mation, Tykhonov well-posedness, contact problem
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1 Introduction

Variational-hemivariational inequalities represent a special class of inequalities which arise in the study of
nonsmooth boundary value problems. They are governed by both convex functions and locally Lipschitz
functions, which could be nonconvex. For this reason, their study requires prerequisites on both convex and
nonsmooth analysis. Variational-hemivariational inequalities have been introduced by Panagiotopoulos [24]
in the context of applications in engineering problems. Later, they have been studied in a large number of
papers, including the books [21, 23]. The mathematical literature concerning variational-hemivariational in-
equalities grew up rapidly in the last decade, motivated by important applications in Physics, Mechanics
and Engineering Sciences. A recent reference is the book [27] which provides the state of the art in the field,
together with relevant applications in Contact Mechanics.

Recently, a considerable effort was done to the study of variational-hemivariational inequalities in the
functional framework that we describe below and we assume everywhere in this paper. Consider a real reflex-
ive Banach space X and denote by (-, -) the duality pairing between X and its dual X . LetKcX,A: X=X,
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@: XxX - R,j: X —» Rand f € X". We assume that j is a locally Lipschitz function and we denote by j°(u; v)
the generalized directional derivative of j at the point u in the direction v. Then, the inequality problem taken
into consideration is the following.

Problem P. Find an element u € K such that
(Au,v—u)+<p(u,v)—<p(u,u)+j0(u;v—u)2(f,v—u) Vv eK. (1.1)

A short survey of some results concerning Problem P is the following. First, its unique solvability was proved
in [19] and, under slightly weaker assumptions, in [27]. The dependence of the solution with respect to the
data, including the set K and the element f, was proved in [34, 37], under different assumptions. These results
have been completed in [34] and [15] by considering an associate optimal control problem and an evolution
inequality problem, respectively. Results on the well-posedness of Problem P in the sense of Tykhonov have
been obtained in [31]. There, given a sequence of positive numbers {€,}, the following perturbation of Prob-
lem P was considered, for each n € N.

Problem P;,. Find an element u, € K such that
(Aun, v - tn) + @(un, V) = @(Un, tun) +°(Un; v - un) + &n|[v-un|x = (f,v-un) VveKk. (12

Note that the solution of Problem P is solution of the perturbed problem P¢,. Nevertheless, the solution of
Problem P¢, could fail to be unique. Denote by un a solution of Problem P, for each n € N. Then, under
appropriate assumptions, it was proved in [31] that the sequence {uy}, called approximating sequence, con-
verges to u in X. This property represents the main ingredient for the well-posedness of Problem P in the
sense of Tykhonov, introduced in the study of variational inequalities in [17, 18] and extended to a particular
class of hemivariational inequalities in [8]. References in the field include [1, 13, 14, 16, 29, 30, 35].

Other convergence results concerning Problem P are related to the penalty method. Given a sequence of
positive numbers {A,} and a penalty operator G : X — X, the classical penalty method consists to replace
Problem P by a sequence of problems {P, } which, for every n € N, can be formulated as follows.

Problem P, . Find an element un € X such that

1 .
(Aun, v —un) + A—(Gun, V= un) + @un, v) — @(un, un) + j°WUn; v - un) = (f, v - un) vveX. (1.3)
n

Note that Problem P, is formally obtained from Problem P by removing the constraint u € K and in-
cluding a penalty term governed by a parameter A, > 0 and an operator G : X — X . Penalty methods have
been used in [6, 7, 26] and [19, 27, 28] as an approximation tool to treat constraints in variational inequalities
and variational-hemivariational inequalities, respectively. In particular, the existence of a unique solution to
Problem P, together with its convergence to the solution of Problem P as A, — 0 was proved in [19, 27]. An
extension of this convergence result was obtained in [33] where the operator G in (1.3) was replaced by an
operator G, : X — X", which depends on n.

Another type of convergence results for the variational-hemivariational inequality (1.1) arise from its nu-
merical analysis and, more precisely, from its numerical approximation. Given a sequence {Ky}, an approxi-
mation of Problem P is stated as follows.

Problem Py . Find an element un € Kn such that
(Aun, v = un) + @(un, v) - @(un, un) +°(un; v—un) 2 (f,v—un) Vv € Kn. (1.4)

Note that in various applications K» = X» N K where X, is a finite-dimensional space constructed with the
finite element method. We refer the reader to [11, 12] for convergence results related to internal numerical ap-
proximations, and [9] for both internal and external numerical approximations of such inequalities. A com-
prehensive reference on the numerical analysis of Problem P can be found in the survey paper [10].

The aim of this paper is threefold. The first one is to construct a sequence of Problems {P,} and to show
that for each n € N, Problem P, has at least a solution u, which convergences to the solution u of Problem
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P, as n — oo, Our main result on this matter is Theorem 2 which states an existence and convergence result.
Our second aim is to show that Theorem 2 can be used to recover various convergence results in the study
of Problems P, P, , Px, described above. To this end, we use the theorem with a particular choice of sets,
operators and parameters. Finally, our third aim is to illustrate the use of our abstract result in the study of a
frictional contact problem and to provide the corresponding mechanical interpretations. The novelty of our
paper arises from the generality of our main result which unifies various convergence results in the study of
Problem P and provides a new and nonstandard mathematical tool in the variational analysis of frictional
contact problems with elastic materials.

The rest of the manuscript is structured as follows. In Section 2 we introduce some preliminary material,
then we recall the existence and uniqueness result obtained in [19, 27]. In Section 3 we state and prove our
main result, Theorem 2. Its proof is based on arguments of compactness, monotonicity, pseudomonotonicity,
lower semicontinuity, combined with the properties of the Clarke subdifferential. In Section 4 we deduce
some consequences of Theorem 2 that we present in a form of relevant particular cases. Finally, in Section 5
we illustrate the use of our abstract results in the analysis of a mathematical model of contact.

2 Preliminaries

We start with some notation and preliminaries and send the reader to [2, 3, 21, 22, 32] for more details on the
material presented below in this section. We use || - ||x and || - ||x- for the norm on the spaces X and X", and
Ox, Oy for the zero element of X and X", respectively. We also use the notation Xy, for the space X" endowed
with the weak* topology. All the limits, upper and lower limits below are considered as n — oo, even if we do
not mention it explicitly. The symbols “—" and “—" denote the weak and the strong convergence in various
spaces which will be specified.

For multivalued and singlevalued operators defined on X we recall the following definitions.

Definition 1. A multivalued operator T: X — 2% is said to be pseudomonotone if:
(a) For every u € X, the set Tu C X" is nonempty, closed and convex.
(b) T is upper semicontinuous (u.s.c.) from each finite dimensional subspace of X into X;,.

(c) For any sequences {un} C X and {un} C X" such that un — u weakly in X, uy, € Tun for alln € N and
lim sup (u;, Un — u) < 0, we have that for every v € X there exists u"(v) € Tu such that

U (v), u-v) < liminf (up, un - v).
Definition 2. A multivalued operator T: X — 2% is said to be generalized pseudomonotone if for any se-

quences {un} C X and {uy} C X" such that un — u weakly in X, uy, € Tun foralln € N, u, — u" in X,, and
lim sup (up, un — u) < 0, we have u” € Tu and

lim (up, un) = (u”, u).
Definition 3. An singlevalued operator A: X — X' is said to be:

(a) monotone, if for allu, v € X, we have (Au — Av,u - v) = 0;
(b) strongly monotone, if there exists m, > 0 such that

(Au-Av,u-v)>my|u-v||} forallu,ve X;

(c) bounded, if A maps bounded sets of X into bounded sets of X";
(d) pseudomonotone, if it is bounded and un — u weakly in X with

limsup (Aup, un—u) <0

imply liminf (Aun, un - v) = (Au,u-v) forallv € X;
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(e) demicontinuous, if un — u in X implies Aun — Au weakly in X".

It is well known that if T: X — 2¥ isa pseudomonotone operator then T is generalized pseudomonotone.
Moreover, it can be proved that if A: X — X" is a pseudomonotone operator in the sense of Definition 3(d)
then its multivalued extension defined as X > u — {Au} € 2% is pseudomonotone in the sense of Definition
1. In addition, the following results hold.

Proposition 1. a) If the operator A: X — X is bounded, demicontinuous and monotone, then A is pseu-
domonotone.
b)IfA, B: X — X are pseudomonotone operators, then the sum A + B: X — X" is pseudomonotone.

For real valued functions defined on X we recall the following definitions.

Definition 4. A functionj: X — R is said to be locally Lipschitz if for every x € X, there exists Ux a neighbor-
hood of x and a constant Ly > 0 such that |j(y) - j(z)| < Lx|ly - z||x for all y, z € Ux. For such functions the
generalized (Clarke) directional derivative of j at the point x € X in the direction v € X is defined by

F°(x;v) = limsup jy+ ) -jy)

y—x, ALO A
The generalized gradient (Clarke subdifferential) of j at x is a subset of the dual space X" given by
() ={¢eX :j°0v)=({,v) VveX}.

The function j is said to be regular (in the sense of Clarke) at the point x € X if for all v € X the one-sided
directional derivative j' (x; v) exists and j°(x; v) = j'(x; v).

We shall use the following properties of the generalized directional derivative and the generalized gradient.

Proposition 2. Assume that j: X — R is a locally Lipschitz function. Then the following hold:

a) For every x € X, the function X 5 v — j°(x;v) € R is positively homogeneous and subadditive, i.e.,
jo0; Av) = Aj°(x; v) forall A = 0, v € X and j°(x; v1 + v3) < j°(x;v1) + j°(x; v2) for all v, v, € X, respectively.

b) For every v € X, we have j°(x; v) = max { (£, v) : & € 9j(x) }.

c) For every x € X, the gradient 0j(x) is a nonempty, convex, and compact subset of Xy, which is bounded
by the Lipschitz constant Lx > 0 of j near x.

We proceed with some miscellaneous definitions and results.

Definition 5. Let {Ky} be a sequence of nonempty subsets of V and Ka nonempty subset of X. We say that the
sequence {Ky} converges to K in the sense of Mosco if the following conditions hold.

(a) For every v € K, there exists a sequence {vn} C X such that vn € Kn foreachn ¢ Nand v, — vinX.
(b) For each sequence {vn} such that vy € Ky foreachn € Nand vy, — vin X, we havev € K.

Below in this paper we shall use the notation Ky M, K for the convergence in the sense of Mosco defined
above.

Proposition 3. Let C be a nonempty closed convex subset of X, C* a nonempty closed convex and bounded
subset of Xy,, ¢ : X — R a proper, convex lower semicontinuous function and let y be arbitrary element of C.
Assume that, for each x € C, there exists X" (x) € C" such that

X", x-y) 2 9y) - ().
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Then, there exists y* € C" such that
' x-y) =0y - k) VxeC.
For the proof of Proposition 3 we refer to [5].

Definition 6. An operator P: X — X' is said to be a penalty operator of the set K C X if P is bounded,
demicontinuous, monotone and K = {x € X | Px = Ox-}.

Note that the penalty operator always exists. Indeed, we recall that any reflexive Banach space X can be
always considered as equivalently renormed strictly convex space and, therefore, the dualitymapJ: X — 2X s
defined by

Jx={x"eX : (X, x)=|x|3 = IX'|} forall xeX

is a single-valued operator. Then, as proved in [4, 36], the following result holds.
Proposition 4. Let K be a nonempty closed and convex subset of X, J: X — X" the duality map, I: X — X the

identity map on X, and 131(: X — K the projection operator on K. Then Px = J(I - 1-"K) : X — X" is a penalty
operator of K.

We end this section with an existence and uniqueness result concerning the variational-hemivariational in-

equality (1.1) and, to this end, we consider the following assumptions on the data.

K is nonempty, closed and convex subset of X. (2.1)

{ A: X — X" is pseudomonotone and 2.2)

strongly monotone with constant m, > 0.

¢@: X xX — Rissuch that
(@) (1, ): X — R is convex and lower semicontinuous,
foralln € X.
(2.3)
(b) there exists a, = 0 such that
o1, v2) = (N1, v1) + 92, v1) — 9(12, v2)

< aglln1 - n2llx v = vallx forallni, na,ve,v2 € X.

j: X — Ris such that
(a) j is locally Lipschitz.

(b) ||€llx s Co +C1 ||v|x forallv € X, & € 9j(v),
with Co, C1 20. (24)

(c) there exists a; > 0 such that

Pz va =vi) +2vasvi - v2) < aj |lvi - va 13
forall v, v, € X.

Qp + & < my. (2.5)

fex'. (2.6)

It can be proved that for a locally Lipschitz function j: X — R, hypothesis (2.4)(c) is equivalent to the
so-called relaxed monotonicity condition see, e.g., [20]. Note also that if j: X — R is a convex function, then
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(2.4)(c) holds with a; = 0, since it reduces to the monotonicity of the (convex) subdifferential. Examples of
functions which satisfy condition (2.4)(c) have been provided in [10, 19, 20], for instance.

The unique solvability of the variational-hemivariational inequality (1.1) is given by the following result.
Theorem 1. Assume (2.1)—(2.6). Then, inequality (1.1) has a unique solution u < K.

For the Proof of Theorem 1 we refer the reader to Theorem 18 in [19] and Remark 13 in [27].

3 An existence and convergence result

In this section we state and prove our main existence and convergence result, Theorem 2. To this end, we
consider a family of subsets {K»} of X, a family of operators {Gn} defined on X with values in X" and two
sequences {An}, {en} C R. Then, for each n € N, we consider the following problem.

Problem ?;. Find u, € K, such that
(Aun, v - un) + i(Gnun, V= un) + @(un, v) — @(un, tn) + j2(Un; v — tn) + €n|[V — tn|lx = (f, v - un) Vv € Kn.
A
n

(EX))]

In the study of Problem P, we assume that for each n € N, the following hold.

K, is a nonempty closed convex subset of X. (3.2
Gn: X — X" is a bounded demicontinuous monotone operator. (3.3)
An > 0. (34)
£n 2 0. (3.5)
K C K. (3.6)
(Gpu,v-u) <0 YueKn, veKk. 3.7

Moreover, we assume that the following conditions are satisfied.

There exists a set K X such that K, 25 Kasn — o. (3.8)

There exists an operator G : X — X" and
a sequence {cn} C R such that
(@) ||Gnu - Gu||x < cn(1 + |Ju|lx) Vu e Kn, neN.
b) chn -0 as n— oo.
(c) Gisabounded demicontinuous monotone operator. (3.9)
(d) (Gu,v-u)<0 Vu ek, veKk.
(e) One of the two conditions below holds.
(i) K=Xandu € X, Gu =0y = u € K.
(i) u €k, (Gu,v-u)=0 forallve K= u € K.

For each u € K there exists cy(u) = 0 such that (310)
3.10

o, v1) - (U, vy) < cp)|lvi —v2llx Vvi, v2 €X.

Ay —0 as n—s oo, (G.11)
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en—0 as n — oo, (3.12)

Our main result in this section is the following.

Theorem 2. Assume (2.2)-(2.6) and (3.2)—(3.5). Then, the following statements hold.
a) Foreachn ¢ N, there exists at least one solution u, € Kp to Problem P,. Moreover, the solution is unique
ifgn = O.

b) If, in addition, (2.1) and (3.6)—(3.12) hold, u is the solution of Problem P and {un} C X is a sequence
such that uy is a solution of Problem Py, for each n € N, then un — uin X.

Proof. a) Let n € N. Assumptions (3.3), (3.4) and Proposition 1a) imply that the operator %Gn X=X
is pseudomonotone. Therefore (2.2) and Proposition 1b) show that the operator An, : X — X defined by
An=A+ iG" is pseudomonotone, too. Moreover, since Gn is monotone and A, > 0, using assumption (2.2),
again, we deduce that A, is strongly monotone with constant m,. We conclude from above that the operator
A, satisfies condition (2.2). On the other hand, recall that the set K, satisfies condition (3.2). It follows from
above that we are in a position to use Theorem 1 with K, and A, instead of K and A, respectively. In this way
we deduce the existence of a unique element u, € K, such that

1 )
<Aurhv—un>+T<Gnunyv—un>+(P(un,V)—§0(un,un)+]0(univ—un)2(ny—un> VveKn. (313)
n

This proves the unique solvability of Problem P, in the case when &, = 0. Next, for €, > 0, it follows that the
solution uy of (3.13) satisfies inequality (3.1), too. This proves the existence of at least one solution to Problem
Pn.

b) Let n € N. We start by considering the auxiliary problem of finding an element u, € K, such that

<Aﬁn,v—ﬁn>+%(Gnﬁn,v—ﬂn)+<p(u,v)—¢(u,ﬂn)+j°(ﬁn;v—ﬁn)2 {fyv—1un) VveKy, (3.14)
n

Note that the variational-hemivariational inequality (3.14) is similar to the variational-hemivariational
inequality (3.13), the difference arising in the fact that in (3.14) the first argument of ¢ is the solution u of
Problem P. The existence of a unique solution to inequality (3.14) follows from Theorem 1, by using the same
arguments as those used in the proof of unique solvability of inequality (3.13). Next, we divide the rest of the
proof into four steps.

i) We claim that there is an element u € K and a subsequence of {iin}, still denoted by {iin}, such that tn — u
inX,asn — oo,

To prove the claim, we establish the boundedness of the sequence {uy} in X. Let n € N and let ug be a

given element in K. We use assumption (3.6) to deduce that

o 1 - _ o _ -
(Aun, un — up) < A—<Gnun, Uo — Un) + (U, uo) — P(u, tn) +j* Un; Uo — tn) + {f, Un — o).
n

Then, by the strong monotonicity of the operator A we obtain

_ _ 1 - _ o _ _
my |[un - uollk < (Auo, Uo — Un) + )T<Gnun, Uo — Un) + (U, u) - P, Un) + j°(n; U — Un) + (f, tn - Uo)-
n
(3.15)

Next, assumptions (3.4) and (3.7) imply that

/\i<Gnan, uo - ar[) < O (3.16)

n

and assumption (3.10) yields
@, ug) — (U, un) < ce(u)||tn - uo||x- (3.17)
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On the other hand, we write

jo(an; Uo — Un) +j0(u0; Un - Uo) _]-O(uo; Un — Ug)

jo(an; Up — Un)

< j2Qn; uo - TUn) + j°(os Tin — o) + |j° (o3 n — o)|s

then we use assumption (2.4)(b) and Proposition 2b) to see that

0 ~ ~ 2 - ~
J- @n; uo — un) < ajflun — uollx + (o + C1lluo||x)|[un - uol|x- (3.18)

And, obviously,
(Aug, uo — un) + (f, un — uo) < ||f — Auo||x-||tn — uo||x. (3.19)

Next, we combine inequalities (3.15)-(3.19) to find that
(ma - aj)||un — uollx < cp(u) + Co + C1l|uollx + |If — Auol|x--

We now use condition (2.5) and the above inequality to deduce that {un} is a bounded sequence in X. There-
fore, by the reflexivity of X, there exists an element u € X and a subsequence of {u}, still denoted by {un},
such that u, — u in X. Recall that u, € Kn for each n ¢ N. Then, assumption (3.8) and Definition 5 imply
that i € K.

ii) Next, we claim that u is the solution to Problem P, i.e., u = u.

To prove this claim we use assumption (3.8) and consider an element v € K together with a sequence
{va} C X such that vy, € Ky foreveryn € Nand v, — vin X as n — oo. We now use inequality (3.14) with
v = vy and assumptions (2.2), (3.10), (2.4)(b) to see that

1 ~ ~ ~ ~ -
}T<Gnun, Un — Vn) < (AUun — AVn, Vn — Un) + (P(u, Vn) — (p(u, Un)
n

+10(Wtn; Vi — Utn) + (f, Un = Vn) + (AVn, Vn — Un)

< QD(U; Vn) - (P(u, Un) +j0(an; Vn = Un) + (f—AVn, Un — Vn)

< coW)||un ~ vnl|x + (Co + Calltn||x)[[tin = Vallx + |If = AVallx:[[tin = vnllx
< (cp(u) +Co + Cr|unllx + |If = Avallx)l|un = vallx.

Then, due to the convergence v, — v in X, the boundedness of sequence {un} and the boundedness of the
operator A, we deduce that there exists a constant D > 0 which does not depend on n such that

(Gnn, Un — Vo) < AnD.
Passing to the upper limit in above inequality and using assumption (3.11) we have
llm sup <Gnan, an - Vn> <0. (3.20)
On the other hand, we write
<Gﬁn, ﬂn - V> = <Gﬁn, ﬂn - Vr[> + <Gﬁn, Vn — V>
= (Gun — Gnln, Un = Vn) + (Gnln, Un — Vn) + (Gln, Vn = V)
< HGﬂn - Gnﬁnux'”an —Vnllx + <Gnﬂn, Un — Vn) + <Gﬂn, Vn—V)

and, using asumption (3.9)(a) we deduce that

(Gln, Tin — V) (3.21)

< Cr[(l + HanHX)Han - VnHX + <Gnan, an - Vn> + <Gan, Vn — V>.
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We now use hypotheses (3.9)(b), (c), the boundedness of sequence {un} and the convergence v, — vin X to
see that

tim [cn(1+ [Enl)lEn = vallx] =0, (3.22)
lim (G, vn - v) = O. (3.23)

Next, we pass to upper limit in inequality (3.21) and use (3.20), (3.22) and (3.23) to find that
lim sup {Gun, tn - v) < 0. (3.24)

Taking now v = & € K in (3.24) we deduce that lim sup (Gun, un — u) < 0. Recall assumption (3.9)(c) which
guarantees that the operator G : X — X" is pseudomonotone. Hence, using the pseudomonotonicity of G we
deduce that

(Gu, u - v) < liminf (Gun, un - v). (3.25)

We now combine inequalities (3.24) and (3.25) to see that

(Gu,u-v)=0. (3.26)
Recall that this inequality is valid for any v € K.
Assume that condition (3.9)(e)(i) is satisfied. Then, inequality (3.26) implies that (Gu, u - v) < 0 for all
v € X, which yields Gu = Oy and, therefore, u € K. Assume now that condition (3.9)(e)(ii) is satisfied. Then,
by assumptions (3.6) and (3.8) it is easy to see that K C K and, therefore, using (3.26) we obtain that

(Gu,u-v)<0 Vvek.
On the other hand, from the assumption (3.9)(d) we have
(Gu,v-u)=<0 vveKk.

The last two inequalities imply that (Gu, v - u) = 0 for all v € K and, using (3.9) (e)(ii), we infer that u € K.
We conclude from above that, either (3.9)(e)(i) or (3.9)(e)(ii) holds, we have

uck. (3.27)

Let n € N. Then, using (3.6) and inequality (3.14), we find that

(Alin, v - lin) + Aiwnan, Vi) + J°Ging v - in) - (f, v — in) (3.28)
n

>, un) - eu,v) Vvek.

Next, using Proposition 2b) we deduce that for each v € K there exists an element wn(un, v) € 9j(un) such
that jO(lin; v - ttn) = (wn(lin, v), v - Un), and, therefore, inequality (3.28) yields

1

(Aun + 1

Gnun + wn(Un, v) - f,v—1un) 2 o(u, un) - p(u, v) (3.29)

for all v € K. Recall that Proposition 2 c) guarantees the set

1

C* = {Aan + An

Gnun+&n—f ¢ & € 0j(un)} (3.30)
is nonempty closed convex and bounded in Xj,. Then, assumption (2.3)(a) allows us to use Proposition 3
with C = K and C* defined by (3.30), x = vand y = U,. In this way we find that there exists an element
wn(un) € 0j(un) which does not depend on v such that

1

(Aun + 1

Gnun + wn(un) - f,v—1un) 2 (u, un) - p(u,v) vvek.
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Therefore, assumptions (3.4) and (3.7) yield
(Aun + wn(un), un - v) < @, v) — @, un) - {f,v-un) Vvek. (3.31)

We now use the regularity (3.27) to take v = u in (3.31). Then we pass to the upper limit in the resulting
inequality, use the convergence un, — u in X and the lower semicontinuity of ¢ with respect to its second
argument to infer that

lim sup (Aun + wn(Un), un - u) < 0. (3.32)

Due to the assumption (2.4)(b), the boundedness of the sequence {uy,} and the boundedness of the operator
A, guaranteed by assumption (2.2), it follows that the sequence { A, +wn(ttn)} is bounded in X". This implies
that there exists a subsequence of the sequence {Aun + wn(in)}, still denoted by{Aun + wn(un)}, and an
element @ € X" such that

Alin + wn(n) = 0 in X, (3.33)

Moreover, as proved in [19, Lemma 20], we know that the multivalued operator A +9j: X — 2% is generalized
pseudomonotone. Exploiting now Definition 2 and the ingredients {iin} C X, {Alin + én(tin)} € X", tn — u
in X, Aun + wn(n) € Aun + 0j(un), (3.33) and (3.32), we deduce that 8 € Au + 9j(u) and

(Aun + wn(un), un) — (0, u). (3.34)
On the other hand, (3.33) implies that
(Al + Wn(itn), U) — (6, ). (3.35)
We now combine the convergences (3.34) and (3.35) to find that
(Aun + wn(un), un —u) — 0. (3.36)
Note that the inclusion 6 € Au + 0j(u) implies that there exists w(u) € 9j(u) such that
0=Au+w). (3.37)
Consider now an element v € K. We write
(Aun + wn(Uun), un — v) = (Atn + wn(Un), Un - U) + (Atn + wa(un), u - v),
then we use (3.36), (3.34) and (3.37) to see that
lim (Aun + wn(Un), un —v) = (Au+ w@), u - v).
Then, by passing to upper limit in (3.31) and using assumption (2.3)(a) we have
(Au+w@),u-v)<pu,v)-pu,u)-(f,v-u)

or, equivalently,
fyv-u) < {(Au,v-u) + o, v) - o, u) + (w),v-u). (3.38)

On the other hand, the definition of the Clarke subdifferential yields
(w@),v-1u) <j°u;v-n). (3.39)
Then, combining (3.38) and (3.39) we deduce that
(fov-1u) < (A, v-u) + o, v) - o, u) +;°W; v - 0). (3.40)

Finally, we use (3.27) and (3.40) to see that u is a solution to Problem P and, by the uniqueness of the solution
we have that u = u, as claimed.
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iii) We now prove the convergence of the whole sequence {un} to u.

A careful analysis of the proof in step ii) reveals that every subsequence of {u,} which converges weakly
in X has the same weak limit u. Moreover, we recall that the sequence {uy} is bounded in X. Therefore, using
a standard argument we deduce that the whole sequence {u,} converges weakly in X to u, as n — oo. This
shows that all the statements in step ii) are valid for the whole sequence {u,}. In particular, (3.36) combined
with equality u = u shows that

(Aun + wn(Un), un — u) — 0. (3.41)

Let n € Nand let w(u) € 0j(u). We have
<w(u), Up — u) < ]-O(u; Un — u), <wn(ﬁn), u- ﬁn) < fo(ﬁn§ U - Un),

which imply that
(@), un = u) + (@n(Un), u = Un) < O3 Un = w) + j* (Un; u - Un).

We now use assumption (2.4)(c) to see that
[ - ull < (@), U~ Un) + (@n(Hin), Un - u). (3.42)
On the other hand, assumption (2.2) yields
my||tin — u||% < (Alin — Au, Un - u). (3.43)
We now add the inequalities (3.42) and (3.43) to deduce that
(M4 - ))||tin - ull§ < (Atin + Wn(Un), tn - u) + (Au+ @), U - Un).
Next, we use the convergences (3.41), u, — u in X as well as the smallness assumption (2.5) to find that
|un - ullx — 0, (3.44)
which show that u, — uin X as n — oo, as claimed.

iv) In the final step of the proof we prove that un, — uin X, as n — oo.

Let n € N. We test with v = u, in (3.1) and v = u, in (3.14), then we add the resulting inequalities to see
that

<AuH - Aan, Un — an>

1, ~ - _ _

< A—<Gnun — GnUn, Un — Un) + @(Un, Un) — @(Un, un) + U, un) - e(u, un)
n

+j0(un;ﬁn - Upn) +jo(an; Un — Un) + €n||an — Un||x.

Next, using assumptions (3.3), (2.3)(b), (2.4)(c), we deduce that

(Aun - Atin, un — un) < ag||un = ul|x|[tn - un||x

+a;|un - unH)Z( + &n|[Un - un||x
and, therefore, the strong monotonicity of the opeator A yields
(my — a;)|[un — unl|x < ap||un - ullx + &n. (3.45)

We now write
Apllun — ullx < apl|un — Unl|x + g |lun - ul|x

and substitute this inequality in (3.45) to deduce that

(ma — ap — ay)|[un — un|x < ap||un - ullx + &n.
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Then, using the smallness assumption (2.5) we obtain that

it = nllx € —— i~ g+ —— .
mA—oqp—(xj mA—aq,—a,-
This inequality, the convergence (3.44) and assumption (3.12) imply that
[ttn — unllx — O. (3.46)

Finally, writing ||un — u||x < ||un — un||x + ||un — u||x and using the convergences (3.44), (3.46) we deduce that
un — u in X which concludes the proof. O

4 Relevant particular cases

In this section we present some relevant particular cases in which Theorem 2 can be applied. In particular, we
show that using a convenient choice of sets, operators and parameters, Problem P, reduces successively to
Problems P;,, P,, Pk, described in the Introduction. Then, we use Theorem 2 to recover various convergence
results previously obtained in the study of these problems. Everywhere in this section we assume that (2.2)-
(2.6) hold and we denote by u the solution of Problem P obtained in Theorem 1. We start by considering the
following assumptions.

K is a nonempty closed convex subset of X. (4.1)
K C K. “.2)
Kn C K foreachn e N. (4.3)
Kn 2L K as n — oo. (4.4)
Kn 2K as n — oo. (4.5)
G:X — X isa penalty operator for K. (4.6)
fn€ X foreachn e N. (4.7)
fo—fin X (4.8)

We are now in a position to introduce some relevant consequences of Theorem 2.
a) A first penalty method. Our first particular case is when K, = X and G, = G for each n € N, G being a

penalty operator of K. In this case Theorem 2 leads to the following result.

Corollary 1. Assume (2.1)-(2.6), (3.4), (3.5), (3.10)—(3.12) and (4.6). Then, the following statements hold.
a) Foreach n € N, there exists un € X such that

1
(Aun,v - un) + )T<Gu"’ v —un) + @un, v) — @(un, un) (4.9)
n

+7%(un; v — un) + x|V - un|lx = (f, v — un) Vv eX.
Moreover, the solution is unique if en = 0
b) If {un} C X is a sequence such that uy is a solution of (4.9), for eachn € N, then un, — uin X.
Proof. Since K, = X it follows that conditions (3.2), (3.6), (3.8) are satisfied with K = X. Moreover, since Gn = G

and (4.6) holds, it follows that conditions (3.3), (3.7), (3.9) hold, too, with K=Xandcy =0. Corollary 1is now
a direct consequence of Theorem 2. O
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Note that in the case when &, = 0 inequality (4.9) reduces to inequality (1.3), used in the classical penalty
method for variational-hemivariational inequalities. Therefore, Corollary 1 provides the unique solvability of
Problem P, , for each n € N, and the convergence of the sequence of solutions to the solution of Problem P.
This result was obtained in [19], in the particular case when ¢(u, v) = ¢(u) and extented in [25] in the case
when ¢ depends on both u and v.

b) A second penalty method. Our second particular case is when K, = K where K is a given set which
satisfies condition (4.1) and G, = G for each n € N, G being a penalty operator of K. In this case Theorem 2
leads to the following result.

Corollary 2. Assume (2.1)-(2.6), (3.4), (3.5), (3.9)(e)(ii), (3.10)-(3.12), (4.1), (4.2) and (4.6). Then, the fol-
lowing statements hold.
a) Foreach n € N, there exists un € K such that

1
(Aun, v —un) + A—(Gun, vV —un) + @(un, v) - o(un, un) (4.10)
n

+7%un; v —un) + en||V-tnlx = (f,v-un)  VveK.
Moreover, the solution is unique if en = O.
b) If {un} C X is a sequence such that uy is a solution of (4.10), for each n € N, then un — u in X.
Proof. Since K, = K and (4.1), (4.2) hold, it follows that conditions (3.2), (3.6), (3.8) are satisfied. Moreover,

since G, = G and (3.9)(e)(ii), (4.6) hold, it follows that conditions (3.3), (3.7), (3.9) are satisfied with ¢, = O
Corollary 1 is now a direct consequence of Theorem 2. |

Note that in the case when €, = 0 inequality (4.10) reduces to inequality

un € K, <Aun,v—un>+%<6un,v—un) (4.17)
n

+ @Qun, v) = @Qun, un) +n; v —un) 2 (f,v-un)  VveKk.

A brief comparison between inequalities (1.1) and (4.11) shows that (4.11) is obtained from (1.1) by replacing
the set K with the set K and the operator A with the operator A + % G, in which A, is a penalty parameter.
For this reason we refer to (4.11) as a penalty problem of (1.1). Corollary 2 establishes the link between the
solutions of these problems and, at the best of our knowledge, it represents a new result. Roughly speaking,
it shows that, in the limit when n — oo, a partial relaxation of the set of constraints can be compensated by
a perturbation of the nonlinear operator which governs Problem P.

c) A continuous dependence result. Our third particular case is when K, M, K, Gn vanishes and f is re-
placed by fr. In this case Theorem 2 leads to the following result.

Corollary 3. Assume (2.1)-(2.6), (3.2), (3.6), (3.10), (4.4), (4.7) and (4.8). Then, for each n € N, there exists
a unique element un € Ky such that

(Aun, v = un) + @(un, v) - @(un, un) (4.12)
+jo(lln§V—un)2<fn,V—un> VVGKn.

Moreover, up, — uin X.

Proof. The existence of a unique solution to inequality (4.12) is a direct consequence of Theorem 1. Let n € N.
Then, using (4.12) it is easy to see that

(Aun, v - un) + @(un, v) - @(un, un)

+0un; v = tn) + (f —frsv—un) > (f,v—un) Vv e Kn.
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and, denoting e, = ||f — fu||x*, it follows that
(Aun, v —un) + @(un, v) - @(un, un) (4.13)
+j°(un;v—un)+£n|\v—un|\x2(f,v—un> Vv e Ky.

On the other hand, since (4.4) holds it follows that condition (3.8) is satisfied with K = K. Moreover, since Gn
vanishes, it follows that conditions (3.3), (3.7), (3.9) hold, with Gv = Ox- forall v € X and ¢, = 0. In addition,
assumption (4.8) implies that (3.12) holds, too. We are now in a position to use Theorem 2 b) with A, = n, for
instance, to deduce the convergence u, — u in X, which concludes the proof. O

Note that Corollary 3 represents a continuous dependence result of the solution to Problem P with respect
to the set K and the element f. Similar convergence results have been obtained in [34, 37], under different
assumptions on functions and operators.

d) A Tykhonov well-posedness result. Our fourth particular case is when K, = K and Gy, vanishes. In this
case Theorem 2 leads to the following result in the study of Problem P¢, described in the Introduction.

Corollary 4. Assume (2.1)-(2.6), (3.5), (3.10) and (3.12). Then, the following statements hold.
a) Foreach n € N, there exists an element u, € K such that (1.2) holds.

b) If {un} C X is a sequence such that uy is a solution of Problem Py, for each n € N, then un, — uin X.

The proof of Corollary 4 is based on arguments similar to those presented above and, therefore, we skip it. We
restrict ourselves to note that an elementary proof can be used to obtain the convergence result in Corollary
4, without assumption (3.10). The details can be found in [31]. Finally, using the definitions in [29, 31] we
remark that Theorem 1 combined with Corollary 4 provides the well-posedness of Problem P in the sense of
Tykhonov.

e) An existence, uniqueness and convergence result. We end this section with an existence, uniqueness
and convergence result which completes our analysis of Problem P and has some interest in its own. To this
end we assume in what follows that (2.1), (3.2) and (4.1) hold. Let J: X — X" be the duality map, I: X — X
the identity map on X, Px: X — K the projection operator on K, P;: X — K the projection operator on K
and, for each n € Nlet Pk, : X — Kp be the projection operator on Kn. Consider the operators P, P, Py, G,
Gn, both defined on X with values in X”, given by equalities

P=JU-Pg), P=JU-Pg), Pn=JU-Pg,), (4.14)
G=P+P, Gn=P+Py. (4.15)
We use these notation to state and prove the following result.

Corollary 5. Assume (2.1)-(2.6), (3.2), (3.4), (3.6), (3.10), (3.11) and (4.1), (4.3) and (4.5). Then, for each
n € N, there exists a unique element un € Ky, such that

(Aun, v —un) + )T<G"u"’ V= un) + @(Uun, v) — @(Un, un) (4.16)
n

+7%un;v—un) = (f,v-un)  VveKn.

Moreover, un — uin X.

Proof. Recall that Proposition 4 guarantees that P, P and Py, are penalty operators of K, Kand Ky, respectively.
This implies that these operators are bounded demicontinuous and monotone. Therefore, so are the operators
G and Gy, defined by (4.15). This shows that conditions (3.3) and (3.9)(c) are satisfied. The existence of a unique
solution of inequality (4.16) results from Theorem 2 with €, = 0.
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Assume now that u € Ky, v € K and recall assumption (3.6) which states that K C K. This implies that
Pv = 0y, Pyv = Ox- and, therefore, (4.15) yields
(Gnu,v—-u) = (Pu,v-u) + (Pau,v-u)

= (Pu-Pv,v-u)+ (Pau - Prv,v—u).

We now use the monotonicity of the operators P and P to see that (Gnu,v — u) < O which implies that
condition (3.7) is satisfied. A similar argument based on assumption (4.2), guaranteed by (3.6) and (4.3), shows
that condition (3.9)(d) holds, too.

Let n € Nand u € Ky. Then it follows that Py u = u and, since (4.3) guarantees that K, C I~<, we deduce
that Pzu = u, too. We now use (4.15) and (4.14) to see that

Gntt - Gu = Pqu - Pu = J(u - Py, u) - J(u - Pzu) = J(0x) - J(0x) = Ox-.

It follows from here that condition (3.9)(a) holds with ¢, = 0. This implies that condition (3.9)(b) is satisfied,
too.
Assume now that u € K is such that

(Gu,v-u)=0 vveK. (4.17)
Then, since K ¢ K, C K we have that Pv = Pv = Ox- for all v € K and, therefore, (4.15) yields
(Gu,v-u) = (Pu—-Pv,v—-u)+(Pu—-Pv,v-u) vveK. (4.18)
We now combine (4.17) and (4.18) to deduce that
(Pu-Pv,v-u)+(Pu-Pv,v-u)=0 VveK. (4.19)
On the other hand, using the monotonicity of the operators P and P we have
(Pu-Pv,v-u) <0, (Pu-Pv,v-u)<0 vveK. (4.20)
We now use (4.19), (4.20) and the elementary implication
a<0, b<0, a+b=0 = a=b=0 (4.21)
to deduce that
(Pu-Pv,v-u)=0 Vv eK,
which implies that
(Pu,u-vy=0 Vv eK.

We now take v = Pxu in the previous equality and use the definition (4.14) of the operator P and the properties
of the duality mapping J to see that

{Ju - Pgu), u - Pgu) = |ju- PKu||§ =0.

This implies that u € K and, therefore, condition (3.9)(e) holds.

We conclude from above that conditions (3.7), (3.9) are satisfied, the later with ¢, = 0. Moreover, we recall
assumption (4.5), which implies (3.8). Therefore, we are in a position to apply Theorem 2 with £, = 0 in order
to conclude the proof. O
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5 A frictional contact problem

In this section we apply our abstract results in Section 3 in the study of a frictional contact problem with nor-
mal compliance and unilateral constraint. To this end we consider a bounded domain Q C R? (d = 2, 3) with
smooth boundary I composed of three sets I't, I', and I's with the mutually disjoint relatively open sets I';,
I'; and I', such that meas (I'1) > 0. We use boldface letters for vectors and tensors, such as the outward unit
normal on I', denoted by v. A typical point in R is denoted by x = (x;). The indices i, j run between 1 and
d and the index that follows a comma indicates a partial derivative with respect to the corresponding com-
ponent of the spatial variable x. Moreover, the indices v and 1 represent normal components and tangential
parts of vectors and tensors. We denote by S? the space of second order symmetric tensors on R?. The zero
element, the canonical inner product and the Euclidean norm on R? and S¢ will be denoted by 0, “ - ” and
Il - ||, respectively. Then, the classical formulation of the contact problem we consider in this section is the
following.

Problem Q. Find a displacement field u: Q — RY, a stress field o: Q — S and an interface function &,: I's —
R such that

o =TJe(u) in Q, (5.1)
Dive +f,=0 in Q, (5.2)
u=0 on Iy, (5.3)

ov=f, on Iy, (5.4)

uy <k, ov+& <0,
(uy - K)oy + &) =0, on I3, (5.5)
‘fv S ajv(uv)

loc| < Fywy), -0 = Fb(uv)ﬁ if ur #0  on Is. (5.6)
Problem Q describes the equilibrium of an elastic body acted upon by body forces and surface tractions, in
frictional contact with a foundation made of a rigid body covered by a layer made of elastic material, say
asperities. It was already considered in [27] and, therefore we skip the mechanical assumptions which lead to
this model. We restrict ourselves to the following short description of the equations and boundary conditions.
First, equation (5.1) represents the elastic constitutive law in which ¥ is the elasticity operator, assumed to
be nonlinear, and &(u) represents the linearized strain tensor. Equation (5.2) is the equilibrium equation in
which f, denotes the density of body forces. Conditions (5.3) and (5.4) are the displacement and traction
conditions, respectively, in which f, represents the density of surface tractions. Condition (5.5) is the contact
conditions in which k = 0 is a given bound and 0jy is the Clarke subdifferential of a given function j,. Finally,
(5.5) represents a version of the Coulomb’s law of dry friction in which F; denotes the friction bound.
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In the study of Problem Q we consider the following assumptions on the data.

F: 0 xS% — $4is such that

(a) there exists Ly > 0 such that
| F(x, £1) - F(x, &) < Ly||&1 - &
forall €1, &; ¢ s4, a.e.x€Q,

(b) there exists m4 > 0 such that
(Fx, £1) - Fx, £2)) - (£1 - £3) > my || &1 - &5
forall £1,&, € §¢, a.e. x € Q,

(¢) F(-, €) is measurable on Q forall £ € S¢,
(d) F(x,0) =0 fora.e.x € Q.
jv: I's xR — Ris such that

(@) jv(-, r) is measurable on I'; for all r € R and there
exists @ € L*(I'3) such that j, (-, e(-)) € L1(I'3),

(b) jv(x, -) is locally Lipschitz on R for a.e. x € I's,

(©) |0jv(x, 1) < Co + €1 |r| fora.e. x € '3,
for all r € R with ¢g, ¢ 20,

(@) jo0x, 1312 = 11) +jO(x, 12311 = 12) < @, |11 = 12|
fora.e.x € I3, forall rq, r; € Rwith q;, 2 0,

(e) either jy(x, -) or —jy(x, -) is regular on R for a.e. x € I's.

Fp: I's xR — Ris such that
(a) there exists Lp, > O such that
|Fp(x,11) = Fy(x, 12)| < L, |11 — 12|
forall r{,r, € R, a.e.x e I3,
(b) Fy,(-, r) is measurable on I's for all r € R,
() Fy(x,r)=0 forallr <0, Fy(x,r) 20 forallr >0,
a.e.x €I3.

(Lp, +aj,) IylI* < mg.

fo e LX(Q)%, f, e LX(Iy)".
k=0.
Next, we use the space V defined by
V={ve H(@Q:v=0 ae.only},

which is real Hilbert space with the canonical inner product

(v, u)y = / e(u) - e(v) dx,

Q

and the associated norm || - ||y. Here and below, for every v € VV we use the notation

1
e(v) = (g5(v)), &)= 5 (Uij+uj), w=v-v, vi=v-v.

DE GRUYTER

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)



DE GRUYTER Dong-ling Cai et al., Convergence Results for Elliptic Variational-Hemivariational Inequalities = 19

We also use V" for the dual of V, (-, -) for the duality pairing between V and V" and ||y|| for the norm of the
trace operator y: V — L2(I';)%. We denote by K the set of admissible displacement fields defined by
K={veV :vw<kaeonls} (5.14)

and, finally, we introduce the following notation.

A: V> V*,<Au,v) = /?s(u) -e(v)§, (5.15)

Q
0: VxV R, v) - /Fb(uv) |vell dr, (5.16)

I3
ji Vo R,jV) = / ju(w) dr, (5.17)

I3
feVvi,f,vi= [ fo-vdx+ [ f,-vdl (5.18)
[ ]

for all u, v € V. It can be proved that the function j is locally Lipschitz. Therefore, as usual, we shall use the
notation j°(u; v) for the generalized directional derivative of j at u in the direction v.

The variational formulation of Problem Q, obtained by a standard procedure, is as follows.

Problem QV. Find a displacement field u € K such that
<Au,v—u>+go(u,v)—go(u,u)+j°(u;v—u)z f,v-u) Vv eKk. (5.19)

Next, for each n € N we consider the following contact problem.

Problem Q,. Find a displacement field un: Q — RY, a stress field 6n: Q — S? and an interface function
&nv: I's — Rsuch that

on = Fe(uyn) in Q, (5.20)
Diven +fy, =0 in Q, (5.21)
up,=0 on Iy, (5.22)
onv=f,, on I, (5.23)

Uny < kn,  Onv + ipv(unv - gn) + fnv <0,
(uny — kn)(ony + %pv(unv -gn)+é&w) =0, on I3, (5.24)
fnv S ajv(unv)

|Gne ]| < Fy(um),  ~Onr = Fb(unv)HZ—::H if Unr 20 on 3. (5.25)
The difference between Problems Q, and Q is twofold. First, in Problem Q, the densities of body forces f,,
and surface tractions f, as well as the bound k have been replaced by their perturbation f,, f,, and kx,
respectively. Second, the boundary contact condition (5.5) has been replaced by the contact boundary condi-
tion (5.24) in which A, > 0 is a deformability coefficient, py is a normal compliance function and gy is a given
gap. This condition still models the contact with a rigid foundation covered by a layer of deformable mate-
rial. Nevertheless, the thickness of this material changed (since k was replaced by k) as well as its elastic
response (since the additional term i pv(uny — gn) was introduced in this condition).
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In the study of Problem Q, we consider the following assumptions.
pv: I's xR — R, is such that

(a) there exists Ly, > 0 such that

Ipv(x, 1) = pv(x, 12)| < Lp,|r1 — 17
forallri, r, € R, a.e.x e I3,

(5.26)
(b) (pv(x, 1) = pv(x,12)) (r1 —12) 2 0
forallry, r, € R, a.e.x I3,
(c) pv(-, r) is measurable on I'5 forall r € R,
(d) pv(x,r) =0 ifand only if r <0, a.e. x € I's.
fon € LX(Q)%, fon € LA™ (5.27)
fon = F in L*@Q% fo—f, in L)% (5.28)
kn=>gn=>k, An > 0. (5.29)
ke R, kn— %, gn—k, An—0O. (5.30)
Moreover, we introduce the notation
Kn={veV:vy<kyaeonls}, (5.31)
Gn: V- V*, <Gnu, V> = /pv(Uv - gn)Vv dF, (5.32)
I3
foeV’, (frV) = /f0n . vdx+/f2,,-vdF (5.33)
Q I
forallu,ve V.
The variational formulation of Problem Qy is as follows.
Problem QY. Find a displacement field u, € Kn such that
1
(Aun, v —un) + — (Gnlin, vV — Un) + @(Un, v) - @(un, un) (5.34)

An
+7%un; v -tn) = (F, V-tn) VVEKn.

Our main resut in this section is the following existence, uniqueness and convergence result.

Theorem 3. Assume (5.7)-(5.12), (5.26)-(5.30). Then, the following statements hold.

a) There exists a unique solution u € K to Problem QV. Moreover, for each n € N, there exists a unique
solution un € Ky to Problem QY.

b) The solution uy of Problem Q,‘{ converges to the solution u of Problem QV ie,un —uinV,asn — oo.

Proof. a) The unique solvability of Problem QY corresponds to Theorem 109 in [27] and, for this reason, we
do not provide its proof. We restrict ourselves to mention that it represents a direct consequence of Theorem
1. The unique solvability of Problem QY follows from Theorem 2 a). Indeed, Problem Q) is a special case of
Problem Py in which &, = 0.
b) Let n € N. We use inequality (5.34) to see that

1
(Attn, v —tn) + 7~ (Gnlin, V = tn) + @(ttn, V) = @(ttn, un) (5.35)
n

+70ns v —tn) + (f ~FroV—tn) = (f,V—Un) VVeEKn.
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and, using the notation &, = ||f, — f||y~, we deduce that uy is a solution of the following inequality problem.

Problem Q). Find a displacement u, € Ky such that

1
(Aun, v - up) + . (Gnn, v — un) + @(Un, v) - ¢(un, un) (5.36)
n

+°(un; v - up) +en|lv-un|y 2 {f,v-un) VveKny.

Our aim in what follows is to use Theorem 2 b) in the particular case when problems P and P, are given by
problems Q" and QY. respectively. To this end, we need to check, point by point, the validity of the conditions
in this theorem. Note that part of the conditions are obviously satisfied such as conditions (3.2), (3.4)-(3.6),
for instance, and part of them have been verified in the proof of the first part of this theorem. The details can
be found in [27, Ch. 8], as already mentioned. Therefore, in order to avoid repetition we focus in what follows
on the conditions (3.7), (3.8), (3.9), (3.10) and, to this end, we introduce the following additional notations.

K={veV:vs<kaeonls}, (5.37)
G: V-V, (Gu, v) = /pv(uv — vy dr (5.38)
I3

forallu,ve V.
Let n € Nand let u € K, v € K. We write

pv(uv — gn)(vv — wy) = pv(uv — gn)(vy — k) + pv(uy — gn)(k - uv)
and, using the properties of the function p, combined with inequalities k, = gn = k we deduce that
pv(uy-gn)vy-uy) <0 a.e.onls.
This implies that (Gn u,v- u) < 0 and, therefore condition (3.7) is satisfied.

Assume now that k > 0. Then, using the definitions (5.31) and (5.37) we deduce that K, = "Tk" K which

implies that Ky MOk Indeed, if v € K and Vn = Xy, then the sequence {vy} satisfies condition (a) in
Definition 5. Note also that condition (b) in Definition 5 follows from a standard measure theory argument.
If k = O we arrive to the same conclusions, by using the sequence {vy} defined by v, = v for all n € N. This
implies that, in any case, condition (3.8) is satisfied.

We now check the validity of condition (3.9) for the operators (5.32) and (5.38). Let u, v ¢ V. Using
(5.26)(a), inequality gn = k and the properties of the trace operator we have

[(Gnu - Gu, v)| < / |(pv(uv - gn) — pv(uv — K))vy| dl’
I3

<Lp,(gn-k) / [vv|dT < Lo(gn - K)||V|lv
I3

where L is a positive constant. This proves that ||Gnu - Gu||y~ < Lo(gn — k) and, therefore, condition (3.9)(a)
holds with
cn = Lo(gn - k). (5.39)

Using now the convergence gn — k in (5.30) we find that (3.9)(b) holds, too. Next, condition (3.9)(c) follows
from standard arguments, based on the properties of the function p, and the trace operator.
Consider now two elements u € K and v € K. We write

pv(uy — K (vy —wy) = pv(uy - I)(vy - k) + py(uy — )k — uy),
then we use (5.26) and inequality k>k, guaranteed by assumptions (5.29) and (5.30), to deduce that

pv(uy - K)vy —uy) <0 a.e.onl3.
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This implies that (Gu, v — u) < 0 and, therefore condition (3.9)(d) is satisfied.
Assume now that (Gu, v - u) = 0. Then,

/ Doty — vy — K)dT + / oty — )k w) dI" = 0. (540)
I3 I3

On the other hand, note that the properties of the function p, imply that
pv(uy - Ky - k) <0, pv(uy - Kk -uy) <0 a.e. on I'3

and, therefore,

/pv(uv -k -k)dr <0, /pv(uv -k)(k-u,)drl <0. (5.41)
I3 I3

We now use (5.40), (5.41) and implication (4.21) to see that

/pv(uv -kK(k-uy)drlr =0.
I3

Therefore, since the integrand is negative, we deduce that
pv(uy - Kuy =0 a.e.on TI3.

This equality combined with assumption (5.26)(d) implies that uy < k a.e. on I's. Thus, u € K and, therefore,
condition (3.9)(e) is satisfied.
Finally, let u, v{, v, € V. We use definition (5.16) and assumption (5.9) to see that

o, vi) - o, vy) < /Fb(uV) [Vir = Vel dI < Lg, |y | *ullv|lvi - v2llv,
I3

which shows that condition (3.10) holds with cy(u) = L, |[y||*||ul|v-

It follows from above that we are in a position to use Theorem 2. In this way we obtain that if {un} is a
sequence of elements of V such that u, is a solution of Problem 5,‘{ , foreach n € N, then u, — uin V. Recall
now that for each n € N the solution u, of Problem QY is a solution of Problem 5,‘{ . It follows from here that
un — u in V which concludes the proof. a

In addition to the mathematical interest in the convergence result in Theorem 3 b), it is important from
the mechanical point of view, since it establishes the link between the solutions of two different contact
models. It also shows that the weak solution of the elastic frictional contact problem Q depends continuously
on the densities of body forces and surface tractions and the thickness of the deformable layer.
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