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The work analyses the significance of fringing capacitance in modelling effectively the amplitude of the ultrasonic waves generated by silicon
nitride membrane-based micromachined ultrasonic transducer (MUT). The amplitude of the ultrasonic waves is proportional to the
displacement of the biased membrane under the influence of a sinusoidal signal. Fringing capacitance is significant as for operating the
transducer in the medical imaging regime of frequency range 1–10 MHz, the dimension of the electrodes of the MUT capacitor becomes
comparable with the separation between them. The device is modelled first without the fringing effect and then Palmer, Landau’s and
Younes Ataiiyan’s approaches are considered for evaluating the fringing capacitance. The device is finite element method analysed by
PZFLEX 3D simulator. The membrane displacement is evaluated with variation in device structural parameters of membrane radius and
thickness, electrode separation and bias voltage for an extensive range of values. Fractional percentage error of the above analytical
approaches is evaluated with respect to the PZFLEX which are regarded as closest to reality. Substantial decrease in the error is observed
on modelling the device with the effect of the fringing capacitance.
1. Introduction: Micromachined ultrasonic transducers (MUTs)
are members of the micro-electromechanical-systems (MEMSs)
family. For the last two decades they are studied effectively as
medical imaging equipment [1–3]. Integrated circuit (IC) batch
processing techniques fabricate MEMS devices, making them
cost-effective and portable. The physical dimensions of these
transducers are below 1 µm on the lower end of the dimensional
spectrum. These devices have the ability to sense, control and
actuate on the microscale, and generate effects on macroscale.
The MUT is able to change the electrical signal into mechanical
waves, that is, transmitting ultrasound, and vice versa to change
mechanical pressure (reflected ultrasound waves, ‘echos’),
into electrical signals. Ultrasound is a non-ionising radiation,
and hence is well accepted for diagnostic use even in obstetrical
applications. All these characteristics have made ultrasound a
widely used imaging modality in medicine. Ultrasound is
particularly useful in imaging cardiac structures, the vascular
system, the foetus and uterus, abdominal organs such as the
liver, kidneys and gall bladder and the eye. A major challenge in
future ultrasound imaging that feature large area two-dimensional
(2D) transducer arrays for novel applications such as breast
cancer screening is the most significant role of micromachined
transducers as compared with piezoelectric counterparts [4].

Electrostatic actuation is the most prevailing method of driving
MEMS-based ultrasonic devices. It is well-matched with microfab-
rication technology and provides power density. The structure
resembles a capacitive element and they are well known as capaci-
tive MUT (CMUT) devices. A typical CMUT element consists of a
silicon nitride (Si3N4) membrane of thickness 750 nm and diameter
50 µm forming one of the electrodes over very small gaps
(0.1–0.5 µm). The upper surface of the silicon base is metallised
to form the lower electrode. Many Letters have been published to
enhance the sensitivity of CMUTs [5, 6]. To facilitate the design
and analysis of electrostatic actuators, explicit formulae for comput-
ing the capacitance as a function of the geometrical parameters are
required. In electrostatic actuators used for medical imaging that are
fabricated by present micromachining processes, the distance
between the electrodes is not negligible relative to the lateral dimen-
sions of the deformable capacitor. Therefore, fringing fields are
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considerable and must be accounted for when modelling the
electrostatic forces. A voltage difference applied between these
electrodes results in an electric field between them. The electric
field does not end up abruptly at the edges of them but extends
some distance away; this is known as a fringing field. There is
some more electric field outside the electrodes because of the
fringe fields that curves from one to the other. This causes the capa-
citance of the structure to be larger than what we calculate using the
ideal formula. To accurately predict the capacitance of a capacitor,
the fringing field must be modelled with the appropriate boundary
conditions. The fringe effect is where lines of flux leap from one
electrode to the next as seen in Fig. 1. The darkened thick lines
represent the electrodes of CMUT: one of Si3N4 and the other of
aluminium. The effect is greater with higher voltages and the
lower distance between the electrodes and basically lead up to
arcing, where current literally leaps from one conductor to the
other. The fringing field comes into effect when the gap size of
the electrodes is as good as their geometrical extent. Clearly, the
fringing field increases the capacitance and the electrostatic force.

The fringing field effects on the capacitance of a circular parallel-
plate capacitor has been of historical interest and more recently has
become a fashionable topic because of the applications to the micro-
strip circuit and antenna elements [7]. Vitaly and David [8] have
worked on the fringing field effect in electrostatic actuators.
Hosseini et al. presented a new model in which the effect of frin-
ging field is represented by a time-varying serial capacitor. This
capacitor is applied to the control of parallel-plate electrostatic
microactuators [9]. A more recent approach is the empirical formu-
lae derived based on the experiments of ultrasonic waves [10].
Some recent works on the application of these capacitance
models are also seen, where modified capacitance model of radio-
frequency (RF) MEMS shunt switching incorporating fringing
field effects of the perforated beam is derived [11]. Square dia-
phragm CMUT for fringing field effect has also been investigated
[12]. In this work, we concentrate on the fringing field effect of cir-
cular membrane CMUT as they are most widely used for medical
imaging purposes. To evaluate the effect, the displacement of the
membrane at the centre of the device is investigated. The membrane
displacement determines the amplitude of the ultrasonic waves
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Fig. 1 Fringing effect
generated from the biased CMUT in the transmitter mode, which
determines the efficiency of the transducer. To get the maximum
efficiency from the transducer, a good design is very important.
Accurately modelled transducer assists to optimise the device para-
meters before fabrication. The variations of the displacement for the
device structural and physical parameters are analysed for a wide
range of values. The displacement is first evaluated without fringing
field effect and later three most widely used models of fringing
capacitance are employed. The device is simulated with the help
of commercially available finite element (FE) package PZFLEX.
As experimental results for the entire range of values cannot be
achieved, the FE results are regarded as closest to reality. The frac-
tional percentage errors with respect to the simulated outcomes for
the above three models are extracted. It is quite evident the fringing
fields do exist in the CMUT structure and their inclusion in effect-
ively modelling the CMUT is necessary.

2. Analytical model: The CMUT structure comprises of two
parallel electrodes: one of Si3N4 membrane and the other of alu-
minium as shown in Fig. 2. The membrane is of tm thickness,
having a radius of value am. As the membrane is movable, a parallel-
plate capacitor with variable separation is the standard equivalent
used in the literature to demonstrate the effect of the transducer’s
geometry (electrode area and electrode separation) on the CMUT per-
formance. The theoretical equation for the parallel-plate capacitor
for gap separation tg not comparable with the dimensions of the

electrodes is, Cg = 1gA
( )

/tg, where A represents the area of the

electrodes and 1g is the permittivity of gap and is equal to
8.85 × 10−12 C2/(N m2), suggests a simple 1/x curvature for the
plot of the measured capacitance versus separation distance.
Moreover, the thickness of the Si3N4 electrode is comparable

with the gap separation between the plates; hence an equivalent cap-
acitance Ceff is defined. Ceff of the device is the series capacitance
of the membrane and the air gap capacitance without fringing
effect, Cm and Cg, respectively. Accordingly, it is given by
1/Ceff = 1/Cm + 1/Cg, which results in an effective distance deff
and permittivity 1eff for the device capacitance

deff
A1eff
( ) = tm

A1m
( )+ tg

A1g

( ) (1)

It is assumed that the displacement of the membrane is small com-
pared with the gap thickness. 1m is the permittivity of Si3N4.
Fig. 2 2D schematic diagram of an unbiased circular CMUT element
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Here, the membrane is assumed to be fully metallised. Pressure is
defined as the force F = − dU/dtg

( )
per unit area as the gap sep-

aration varies with the applied bias. U is the potential energy and is
equal to 1/2

( )
CeffV (t)

2, where V (t) is the voltage applied across the
CMUT. Now the force F is

F = − dU

dtg

( )
= − 1

2

( )
× V (t)2C2

m

Cm/Cg

( )
+ 1

[ ]2
C2
g

× dCg

dtg
(2)

So, the membrane displacement at the centre of the structure w
[13] at a membrane tension of Tm for modelling the CMUT will
be given by

w = 1

4ATm

( )
× 1

2

( )
V (t)2C2

m

Cm/Cg

( )
+ 1

[ ]2
C2
g

× 1gA

t2g

( )
× a2m (3)

However, as the separation distance decreases, the simulated
displacement starts to deviate from the theoretical value. This devi-
ation becomes high as the gap size approaches the dimensions of
the electrodes. Obviously, this deviation is due to the fringing
field effect between the edges of the electrodes. There are several
complicated approaches for including the fringing capacitance
effect. One is the Palmer method for computing the fringing capa-
citance of a rectangular parallel-plate capacitor. This formulated
is modified for application of CMUT [14]. The capacitance of the
membrane Cmf inclusive of the excess electric fields at its ends
for the Palmer method can be accounted as:

Cmf =
1mA

tm
1+ 2tm

p2am
+ 2tm

p2am
ln

p2am
tm

( )[ ]

× 1+ tm
2pam

+ tm
2pam

ln
4pam
tm

( )[ ]
(4)

Another simpler formula to account for the fringing effect of a
circular disk parallel-plate capacitor is Landau and Lifschitz
approach [15]. The excess fringing capacitance of the gap due
to the excess electric fields at the ends of the electrodes can be

accounted as 1g am ln 16pam
( )

/tg

( )
− 1

{ }[ ]
. The total capacitance

of gap C′
gf and the membrane C′

mf is as follows:

C′
gf = 1g

pa2m
tg

( )
+ am ln

16pam
tg

( )
− 1

{ }[ ]

C′
mf = 1m

pa2m
tm

( )
+ am ln

16pam
tm

( )
− 1

{ }[ ] (5)

The force on the membrane due to the applied bias Vdc can be
written as

F = V 2
dcCmf

′2

2 C′
mf /C

′
gf

( )
− 1

{ }2
C′2
gf

1gpa
2
m

t2g
+ 16pam

t2g

1gam

16pam/tg

( )
− 1

⎧⎨
⎩

⎫⎬
⎭

⎡
⎢⎣

⎤
⎥⎦

(6)

Although this equation improves the calculated capacitance, it is far
from being even close to the simulated value. An empirical ap-
proach, the Younes Ataiiyan’s method [10], as presented in their
technical report is used to equate the simulated membrane displace-
ment to its theoretical value by replacing A, the membrane area,
with Aeffective, the effective area of the membrane in the form of
Aeffective = A 74.5tm + 0.82

( )
. This is similar to the correction

being used for the length of a tube in the standing wave experiments
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Table 1 Physical properties of the structural materials used

Material name SiO2 Si Si3N4

type L, E, I L, E, I L, E, I
elastic modulus, GPa 310 169 320
Poisson’s ratio 0.19 0.3 0.263
mass density, kg/m3 2650 2330 3270

L: linear, E: elastic and I: isotropic.

Fig. 5 CMUT cell with global contact of air

Fig. 6 Displacement profile of the membrane
with sound. This equation reduces the difference between the simu-
lated and calculated membrane displacements. Now, the capaci-
tance of membrane C′′

mf and the gap C′′
gf is evaluated as follows:

C′′
mf = 1m

Am(74.5tm + 0.82)

tm

[ ]

C′′
gf = 1g

Am(74.5tg + 0.82)

tg

[ ] (7)

As the capacitances of membrane and of the gap are connected
in series, their equivalent capacitance Ceq will be given by

Ceq = C′′
mf × C′′

gf

( )
/ C′′

mf + C′′
gf

( )[ ]
. Differentiating the gap capaci-

tance with respect to electrode separation, we have

dC′′
gf /dtg = − 0.82 1gA

( ){ }
/t2g

[ ]
. So, the membrane displacement

for Younes Ataiiyan’s method for modelling the fringing field
effect in CMUT will be given by

w = 1

4ATm

( )
× 1

2
× V 2

dcC
′′2
mf

C′′
mf /C

′′
gf

( )
+ 1

{ }2
C′′2
gf

× 0.821gA

t2g

( )
× a2m

(8)

3. FE method (FEM) model: Modelling the CMUT with
simulations uses the FEM analysis of the device. The displacement
method associated with FEM is used for the analysis of CMUT
behaviour. The structural geometry of the device is described in
the coordinate axis. The structure is symmetric with respect to the
Y-axis, and hence symmetric boundary conditions are applied on
this axis. The structure is then broken into small interconnected
elements which consist of a series of nodes. The process of arriving
at the number of elements required is termed as meshing. A meshed
CMUT circular membrane structure is shown in Fig. 3. The grid
size is governed by the number of elements per wavelength.
Assigning material properties is the most important step for all
FEM models. The different structural materials are shown
in Fig. 4 and their physical properties are listed in Table 1.
Fig. 3 Gridded meshed structure of circular membrane CMUT

Fig. 4 Different structural materials
a SiO2 pillars
b Si substrate
c Si3N4 membrane
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Fig. 4 a, b and c respectively depict the SiO2 pillars, Si substrate
and Si3N4 membrane. The software computes the partial differential
equations in each of the geometric division of the object, which is
the FE. Adaptive meshing technique is utilised to build the model.

This ensures high accuracy in analysing the micromotion of
the Si3N4 membrane with minimal calculation time. Optimised
runtime is obtained by reducing the model mesh and inserting a
loop into the model input file. Uniform pressure is applied on the
surface of the Si3N4 membrane with air medium as the global
contact as in Fig. 5. The deformed membrane with maximum dis-
placement at the centre is shown in Fig. 6.

The work intents for an improved FEM which helps in predicting
the transducer behaviour and can be improved in a simulation
environment to accommodate the conditions required for a target
of application such as medical imaging, non-destructive evaluation,
chemical gas sensors and other applications. The fringing capa-
citance model predictions are in good agreement with the FEM
results.
4. Results and discussion: The MUT device is simulated in
the PZFLEX environment. As the device is symmetrical along
the Y-axis, only half section of the structure is modelled, which
greatly reduces the simulation time. The full structure of the
device can be viewed by mirroring the axisymmetric model.
The electrodes are considered to be infinitely thin and the bias
and signal are applied at the lower layer of the upper electrode,
which is the metallised Si3N4 layer. The variation of membrane
displacement due to applied bias across the CMUT, membrane
thickness, gap thickness and membrane radius is calculated using
MATLAB. The parameter values used for theoretical calculations
Micro & Nano Letters, 2018, Vol. 13, Iss. 6, pp. 872–877
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Table 2 Physical properties of the structural materials

Material properties Value

gap thickness (tg), μm 0.50
membrane radius (am), μm 25
silicon substrate thickness (ts), μm 1
membrane thickness (tm), μm 0.75
permittivity of the gap (1g), F/m 8.854 × 10−12

density of the membrane (rm), kg m
−3 3270

permittivity of the membrane (1m), F/m 4.1 × 10−11

|DC dias (Vdc), V 40

Fig. 8 % Error in membrane displacement with respect to bias

are referred to Table 2. On the basis of these parameter values, the
membrane displacement is calculated for the three approaches. For
membrane displacement behaviour with respect to other parameters
except bias, the bias is taken to be 40 V much below the collapse
voltage region of operation of CMUT. At fixed bias of 40 V, the
effect of other features, namely membrane thickness, gap
separation and membrane radius is illustrated.
The CMUT is driven with a voltage V t( ) = Vdc + Vac cos vt that

includes both bias and RF signal components. The square of this
signal has a second harmonic content V 2

ac cos
2 vt. For operation

at the first harmonic, the transducer is excited with signal amplitude
Vac much lower than the bias voltage Vdc. By making the bias
voltage much larger than the time-varying voltage, the dominant
force responsible for the membrane stretching becomes proportion-
al to V 2

dc. Fig. 7 shows the variation of membrane displacement with
the applied bias across the CMUT. w is directly proportional to V 2

dc,
so there will be a parabolic opening up. As the applied bias across
the membrane increases, then the force or pressure on membrane
increases nonlinearly. The membrane displacement starts increasing
from its initial zero displacement.
When the applied electrostatic potential increases then there will

be a strong electrostatic force generated between the top and bottom
electrodes and it will attract the top movable membrane toward the
fixed substrate. As experimental results cannot be obtained for the
entire region of operation, the FEM results are regarded as those
closest to the reality. It is evident that the approaches with the frin-
ging capacitance effect are more close to the simulated results than
the model without fringing effect. The membrane displacement pro-
files for the three fringing capacitance evaluation methods are com-
pared with simulation results and the modulus of the fractional%
errors in membrane displacement are calculated.
Fig. 8 shows the fractional% of error values of the membrane

centre displacement under a uniform pressure excitation across
the CMUT. The empirical approach of Younes Ataiiyan shows a
slope of error variation, which is opposite to the other two
approaches. The average fractional% for the Younes Ataiiyan’s ap-
proach for the entire region of bias voltage application below the
collapse voltage is only 7%. For bias value below 80 V, which is
quite high for generating the amplitude of the wave for use in
Fig. 7 Membrane displacement behaviour with bias
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medical imaging, the error is below 5%. This method models the
membrane displacement quite effectively for variation in bias
voltage. Moreover, at 40 V which is used in the experimental veri-
fication [16], the% error for above method is only 0.3%. Further in-
vestigation is done in the CMUT region of operation, where the
displacement is enough to be used in medical imaging application
as to which model best fits the CMUT behaviour.

Figs. 9–14 show the membrane displacement profile and the
fractional% of error values of the membrane centre displacement
as a function of each critical parameter, the membrane radius, its
thickness and the silicon dioxide (SiO2) pillar height under a
uniform pressure excitation. In each figure, all parameters except
the one of interest are held constant. The significance of these
figures is that they demonstrate how a CMUT membrane’s displace-
ment can be optimised with a change in structural geometries,
which is a necessary condition for obtaining the required sensitivity.
Fig. 9 shows the membrane centre displacement profile under a
uniform pressure excitation across the CMUT for variation in mem-
brane thickness and Fig. 10 shows the corresponding fractional per-
centage error. w is inversely proportional to tm. As the membrane
thickness increases at same bias and physical conditions, the flexi-
bility of membrane decreases which decreases the electrostatic force
of attraction between the membrane and substrate due to increase in
Fig. 9 Membrane displacement with variation in membrane thickness

Fig. 10 % Error in membrane displacement with membrane thickness
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Fig. 14 % Error in membrane displacement with membrane radius
stiffness of membrane. As a result, the displacement of the mem-
brane decreases with increase in membrane thickness. Both the
Landau and Ataiiyan approaches including the fringing effect
show a close resemblance to the simulated outcome, more particu-
larly the latter one, having a% of error nearly zero at a membrane
thickness of 750 nm, which is used in the fabrication of CMUT
[16].

Fig. 11 shows the membrane centre displacement profile under a
uniform pressure excitation across the CMUT for variation in pillar
height and Fig. 12 shows the corresponding% error variation. The
electrostatic force of attraction is always dependent in inverse to the
electrode separation. When the electrode space starts increasing,
the coulombic force of attraction between the top and bottom
electrodes starts decreasing. Hence the membrane displacement
decreases. The electrode separation is made to vary between
50 nm and 0.5 µm as per with the present IC fabrication technology
[17, 18]. The Younes Ataiiyan approach has very close resemblance
to the simulated results.

Figs. 13 and 14 show the displacement profile and the% error
in membrane displacement with variation in membrane radius,
respectively. w is proportional to a2m, there will be a parabolic
opening up. Tension is inversely related to length of string. With
increase in the radius of the membrane, the tension (residual
force) inside the membrane decreases. When the tension gets
reduced, the membrane displacement due to same applied static
Fig. 11 Membrane displacement with variation in gap thickness

Fig. 12 % Error in membrane displacement with a height of the pillar

Fig. 13 Membrane displacement with variation in membrane radius
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bias will start increasing. Thus, displacement of membrane
increases when the radius of circular membrane increases.
Moreover, it is observed that at radius below 25 µm and also at
larger membrane radii, the FEM output deviates from its usual char-
acteristic as in the region from 25 to 40 µm radii. Such behaviour
indicates that at these regions less energy is coupled to the
surrounding medium, most of them are coupled to the substrate
giving rise to Lamb and surface acoustic waves (SAWs), utilised
extensively for sensor applications. Experiments have shown that
an unavoidable side effect in the CMUT is the leakage of some
energy into the substrate on which the device is built [19]. This
coupling between the membrane and the substrate occurs through
the membrane supports. Radiation pattern measurements in
liquid media clearly identify this energy as that of a Lamb wave.
At an operating frequency ∼1 MHz, a Lamb wave device can be
created by exploiting this phenomenon such that the CMUT is opti-
mised to couple energy into the substrate.

At higher frequencies, beyond 40 µm of membrane radius, it
is the leaky SAWs that dominate. Hence, the other parameters
being unchanged membrane radii of 25–40 µm are best suited for
medical imaging purposes. In this region, the Ataiiyan’s model
follows the PZFLEX output. At radius values <10 µm, the mem-
brane becomes too rigid to produce vibrations as in Fig. 12.
Above 50 µm radius, the frequency of vibration is far below the
medical imaging regime. A comparative analysis of the average%
errors for the modelling approaches is shown in Table 3.

The FEM model not only predicts the first resonant frequency
but the higher-resonant frequencies corresponding to the higher-
bending modes of the diaphragm [20] are also evaluated as
Table 3 Comparative analysis of the% errors with critical parameters

Critical parameters Palmer Landau and
Lifschitz

Younes
Ataiiyan

Bias, V tm, nm am, µm tg, nm

— 750 26 500 41.62 15.61 7.14
40 — 26 500 57.17 17.67 12.17
40 750 26 — 78.17 21.29 0.57
40 750 — 500 76.5 27 13.66

Fig. 15 Frequency response of CMUT cell
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shown in Fig. 15. The fundamental resonant frequency evaluated is
4.58 MHz while that shown by Ayhan et al. is 4.5 MHz [16].

5. Conclusion: The capacitances of membrane and gap are
determined using the Palmer’s, Landau’s and Younes Ataiiyan’s
method. Using Mason’s modelling of circular membrane
approximation, the membrane displacement is calculated. The
effect of applied bias across the CMUT, membrane thickness, gap
separation and membrane radius on membrane displacement is
determined. These membrane displacement profiles are compared
with the FEM results, and the% error in membrane displacement
corresponding to each parameter is determined. The result shows
that the Younes Ataiiyan’s method for modelling the fringing
field effect in CMUT is closest to the simulation result. The
membrane displacement profile bias variation is approximately
same as simulation result up to 80 V but from thereafter it
deviates somewhat having an average error for the entire region
of applied bias of only 7%. The membrane displacement
profile for gap separation is approximately same as a simulation
result. However, other membrane displacement profiles deviate
somewhat. So, there is a scope for further improvement using
other methods to minimise the% error in membrane displacement
corresponding to each parameter.
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