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Investigation of mechanical and vibrational properties of nano-structures using the analytical methods would be time-consuming. Therefore,
using a semi-empirical method would reduce the time needed to investigate materials characterisation. One of the semi-empirical approaches is
molecular dynamics. In this Letter, the large-scale atomic/molecular massively parallel simulator software is used to simulate the mechanical
and vibrational behaviour of a nitrogen- and boron-doped 24.04 × 51.13 Å graphene nano-sheet. The natural frequencies, Young’s modulus,
and ultimate tensile strength (UTS) are studied. By adding impurity to the nanosheet and increasing its density, Young’s modulus, UTS, and
natural frequencies were decreased. The decrease in tensile properties was more significant in the case of boron impurity. When the boron
(nitrogen) impurity increased to about 20%, Young’s modulus and the first natural frequency were decreased 7.1% (9%) and 16.8%
(73%), respectively. This illustrates that Young’s modulus and natural frequencies are directly related. Therefore, for the same dimensions
and boundary conditions, it is obvious that the increase in impurity content has reduced the natural frequencies of the nanostructure.

1. Introduction: Graphene is one of the main allotropes of carbon
in the single-layer state which has shown fascinating applications in
bioelectronics [1]. The recent applications of graphene have been in
different fields such as sensors, energy storage devices, polymer
composites, and nano-composites [2]. Many efforts have been con-
ducted to improve the electrical and mechanical properties of
graphene sheets. Chemical doping with other atoms is an effective
method to intrinsically modify the properties of base materials [3].
Nitrogen and boron doping play a critical role in regulating the
electronic and mechanical properties of carbon-based materials.
They are excellent elements because of their close atomic size
and strong valence bonds with carbon atoms [4]. Nitrogen- and
boron-doped graphene is usually promising for applications in
electrochemical energy devices such as lithium-ion batteries [5]
and biosensors [6]. Carbon nitride- and boron-based nanostructures
have attracted special attention (from theory and experimental
aspects) due to their remarkable electromechanical properties [7].
Many kinds of research studies have been conducted to clarify
the mechanical properties of nano-structures using different
analytical methods such as strain gradient theory [8], fully gradient
elasticity [9, 10], Eringen differential models [11, 12], energy
equivalent model [13], non-local or surface elasticity [14], and
other theoretical and even experimental methods [15–17].
Furthermore, non-local theories are also one of the common
methods for modelling discontinuous nano-structures, which
make continuum theories suitable for the analysis of such
nano-structures. Some of these non-local theories are investigated
in research studies [18–20].
As mentioned, in some of the research studies, the analytical

methods have been used while in some other molecular dynamics
(MD) simulations have been utilised to derive the mechanical
behaviour of N- and B-doped graphene. Some of these studies
were summarised as follows.
De Sousa et al. [7] investigated the mechanical properties and

fracture mechanisms of three different structures of nitrogen-doped
graphene families at three different temperatures including 10, 300,
and 600 K. They observed that Young’s modulus for the carbon
nitride membranes is smaller than the intrinsic graphene.

Ghorbanfekr et al. [21] studied the mechanical properties of
N-doped graphene using a reactive force field (ReaxFF) potentials.
They illustrated that the formation energy and the N/C ratio are
directly related. While Young’s modulus, tensile strength, and
intrinsic strain decreased with the increase in the number of nitrogen
atoms.

Han et al. [22] investigated the mechanical properties of
graphene sheets doped with silicon, nitrogen, or boron atoms. They
studied Young’s modulus, ultimate stress (strain), and energy
adsorption for the graphene sheets with the doping concentration
ranging from 0 to 5%. It is noted that stress (s) is a physical quantity
that expresses the internal forces that neighbouring particles of a
material exert on each other in the unit area, while strain (e) is the
measure of the deformation of the material in the unit length.
Furthermore, the ultimate tensile strength (UTS) is the maximum
stress that the material will endure before fracture. They concluded
that incorporating the dopants into the graphene sheet has led to an
almost linear decrease in Young’s modulus and monotonic reduc-
tions in ultimate strength, ultimate strain, and energy adsorption.
Such doping effects were found to be most significant for silicon,
less pronounced for boron, and negligible for nitrogen.

Mortazavi et al. [23] investigated the effects of doped nitrogen
atoms on Young’s modulus and tensile strength of graphene,
using MD simulations. They concluded that Young’s modulus of
N-doped graphene was almost independent of nitrogen atoms con-
centration (up to 6%). On the other hand, substituted nitrogen atoms
decreased tensile strength.

Okamoto and Ito [24] studied the effects of nitrogen content and
different distributions of nitrogen atoms in graphene on its proper-
ties using different types of potential functions. They observed that
the strength and Young’s modulus did not change much for a nitro-
gen content of up to 4% unless two nitrogen atoms present in
graphene adjoin each other.

Chan and Hill [25] investigated the interaction of various atoms/
ions with a graphene sheet and two parallel graphene sheets using
the Lennard–Jones potential.

Mortazavi et al. [26] studied the effects of substitution of boron
atoms in graphene nanosheet on the thermal conductivity and
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mechanical properties of single-layer graphene using the
non-equilibrium MD simulations. They found that increasing
boron concentration change the failure behaviour of graphene
from ductile to brittle, and reduced elastic modulus and tensile
strength of graphene.

As consequent, MD is one of the most precise simulation
methods in physics that is used to simulate complex multi-particle
systems. In this method, phase paths of systems involving
thousands of interacting particles are obtained by solving
Hamiltonian equations [27] under appropriate boundary conditions.
By analysing the particle path in the phase space and applying
statistical mechanics, information of various properties of the
system including energy, structural, dynamic, mechanical proper-
ties etc. will be obtained. In MD simulation, the stepwise configur-
ation of the system is obtained by integrating Newton’s laws of
motion. The result is a path that shows how the positions and
velocities of the system particles change over time. While size-
dependent continuum theories (such as strain gradient, non-local
elasticity, or surface elasticity) are appropriate for simulating
continuous systems, and for discontinuous systems, non-local
coefficients are applied to that of equations, as is studied in the
literature [28–32]. Non-local coefficient extraction is beyond the
scope of this Letter.

Based on the literature review, a conclusion could be presented as
follows:

† The mechanical properties (such as Young’s modulus, UTS etc.)
of graphene up to 6% of nitrogen or boron impurities have been
investigated.

† The MD approach is used in the literature, generally.

† In the literature review, the investigation of the vibrational
behaviour of graphene-based nanostructures in the MD approach
is still rare.

Therefore, the novelty of present research could be described as
follows:

† The effect of up to 20% of nitrogen or boron impurities in
graphene on mechanical and vibrational properties is studied.

† To derive natural frequencies of nano-structures, the frequency-
domain decomposition (FDD) method is used.

Therefore, in this research, mechanical properties and vibrational
behaviour of N- and B-doped graphene for various percentages of
impurities (up to 20%) are investigated. To obtain the mechanical
and vibrational properties of nitrogen-carbon (NC) and boron-
carbon (BC) lattice, the MD approach is utilised.

2. Theoretical details

2.1. Molecular dynamics: Experimental investigation of the
mechanical and dynamic behaviour of structures in very small
scales is very difficult. Therefore, different methods have been
used to study mechanical, thermal, and especially vibrational
behaviour of structures at very small scales. One of the commonly
used procedures is the MD method. MD is a simulation method for
studying the movements of atoms in a system of interacting
particles, where forces between the particles and their potential
energies are often calculated using interatomic potentials or
molecular mechanics force fields. In this method, the interaction
between particles and the force applied to each atom are calculated
using numerically solving Newton’s second law of motion

equations for a system of interacting particles, as follows:

Fi = mi + ai (1)

where Fi, mi, and ai are the force, the mass and the acceleration
of the ith particles, respectively. The forces usually derive from
potential functions, U r1, r2, . . . , rN

( )

using gradient operator
(∇), as below [24]

Fi r1, r2, . . . , rN
( )

= −∇ri
U r1, r2, . . . , rN
( )

(2)

The total conservative energy of a system is represented as follow:

E = K + U (3)

where ‘E’, ‘K’, and ‘U’ are total energy, total kinetic energy, and
total potential energy of atoms’ system, respectively. The potential
energy in the absence of external forces represents the summation
of mutual interactions, as follows [33]:

U =
∑

N

i=1

∑

N

j.i

u rij

( )

(4)

where rij = ri − rj is the vector of position, and u rij

( )

is the poten-
tial energy of connection between the ith and jth atom. Therefore,
the force applied to each atom is represented as follows:

Fi = −
∑

N

j=i

du rij

( )

drij
(5)

In this research, a three-dimensional Tersoff potential has been used
to determine the interactions between nitrogen or boron and carbon
particles in nitrogen-doped and boron-doped graphene structures.
This potential function is defined in the literature [26]. The
Tersoff potential coefficients are extracted from Kinaci et al. [34].

2.2. Vibrational behaviour: In this study, a system of particles was
used to simulate the behaviour of carbon structures by doping with
boron or nitrogen atoms. The equation of motion for systems con-
sisting of nitrogen particles connected by linear springs to express
the scalar displacement of the ith atom is represented as follow [35]:

Miüi t( ) +
∑

j

wijuj t( ) = Fi (6)

where Mi is the mass of particle, which is in the position i and wij is
the stiffness of the spring between particles i and j. At the beginning
of the time, the displacement of all particles was zero and an impact
force was applied to the graphene nano-sheet in the z-direction. It is
noticeable that the x and y axes lie in the sheet, and the z-direction is
perpendicular to the sheet. The equation of vibration in the
z-direction could be expressed as follows [36]:

r
∂
2z

∂t2
+

D

h
∇

2z = 0 (7)

where ∇2 is the two-dimensional Laplacian, ρ is the mass density,
and h is the thickness of the sheet. Besides, D is the flexural
strength, which is defined as follows [36]:

D =
Eh3

12 1− n2
( ) (8)

where E is the modulus of elasticity and ν is Poisson’s ratio. In this
study, a simply supported boundary condition was selected for a
rectangle nano-sheet. The solution of (7) considering simply sup-
ported boundary conditions can be found in the literature [37]
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as follows [36]:

zn t, x, y
( )

= z0 sin k1x
( )

sin k2y
( )

cos vnt
( )

(9)

vn = k2n

��������������

Eh2

12r 1− n2
( )

√

(10)

where k1 = n1p/a and k2 = n2p/b, z0 is a constant number that
represents the amplitude of vibrations and kn is the amplitude of
frequency in the nth mode shape.

2.3. FDD technique: Vibration analysis methods include two cat-
egories: parametric and non-parametric. Non-parametric methods
extract the dynamic characteristics of the structure by performing
mathematical operations on experimental data in the frequency
domain [38]. In parametric methods, a parametric model of experi-
mental data for the system is approximated in the time domain and
the dynamics model of the system is extracted [39]. One of the non-
parametric methods is frequency decomposition. In this method,
first, the power spectral density (PSD) matrix of the response is
calculated and then, the singular value decomposition method is
applied to the PSD matrix. As a result, the values of natural
frequencies, damping coefficients, and mode shapes are obtained
[40, 41].
The FDD is based on the relationship between the input and

output of a system, as follows:

Gyy jv
( )

= H̄ jv
( )

· Gxx jv
( )

·H
t jv
( )

(11)

where Gxx is the input PSD, Gyy is the output PSD, H is the fre-
quency response function (FRF), H̄ is the conjugate of H, and
j is the imaginary unit. The FRF could be expressed as follows [42]:

H jv
( )

=
∑

n

k=1

Qk

jv− lk
+

Q̄k

jv− l̄k
(12)

where Qk is a residual term, Q̄k is the conjugate of Qk, λk is the kth
natural frequency, n is the number of available modes. By inserting
(12) into (11), and after using mode shapes orthogonality, the PSD
could be represented as follows:

Gyy jv
( )

=
∑

n

k=1

dkfkf
t
k

jv− lk
+

d̄kf̄kf̄
t

k

jv− l̄k
(13)

where dk represents a scalar and fk is the kth mode shape vector.
According to (13), at each frequency, a limited number of modes
have contributed in the construction of the system response. Near
the natural frequencies of the system, only one mode has a signifi-
cant role in the construction of the system response; besides, system
response at this frequency (near the natural frequencies) would be
similar to the mode shape at this frequency.

3. Calculation procedure: In this study, simulations are done with
the MD approach using large-scale atomic/molecular massively
parallel simulator (LAMMPS) software. LAMMPS is a classical
MD code with a focus on materials modelling [43]. LAMMPS is
written in C++ and it is an open-source code [44]. It can be used
to model atoms or, more generically, as a parallel particle simulator
at the atomic or continuum scale [43]. To model a rectangular sheet
in MD virtual laboratory, particles such as carbon, nitrogen, and
boron are arranged in a hexagonal lattice form. The lattice has
480 atoms and its dimension is 24.04 × 51.13 Å. A simulation
box with a size greater than C–N and C–B structures in all direc-
tions has been created. One row of the boundary atoms of the
system is fixed owing to applying a simply support boundary con-
dition for a structure, in the case of the vibrational analysis. It is
noticeable that fixing more than one row does not satisfy the

clamped condition [33, 45, 46]. The different impurity percentage
of 0, 1, 5, 10, and 20% are selected to investigate the effects of
N- and B-doping percentage on mechanical and vibrational behav-
iour of graphene nano-sheet as shown in Fig. 1. In this figure, red
points represent carbon particles and blue points indicate impurity
particles. Impurity or dopant particles are substituted randomly in
the graphene nano-sheet by carbon atoms. As shown in this
figure, the outer row of particles that are connected with a continu-
ous black line is fixed to satisfy the simply supported boundary
condition.

It is worth mentioning that to consider the effects of impurity
random distribution, the simulation is executed six times in the dif-
ferent forms of impurity particles. Afterwards, the mean value and
standard deviation (SD) of results are reported. The SD is repre-
sented as follows:

SD =

���������������������

1

N − 1

∑

N

i=1

xi − x̄
( )2

√

√

√

√ (14)

where N is the number of data, xi is the data, and x̄ is the mean value
of data.

In the simulation, the step-time is selected at 0.0001 ps. To have a
system trajectory consistent, the NVE ensemble is used for 1 ps.
NVE ensemble represents that the number of atoms (N), the
volume of the system (V), and the total energy of the system (E)
is fixed during the simulation. Besides, to apply the initial tempera-
ture (T) of system, Nose–Hoover thermostat is employed by using
the NVT ensemble, for 10,000 step-times. Afterwards, the NVE
ensemble is fixed until the end of the simulation process, and a
force is applied to the nano-sheet for 0.5 ps to excite the structure
for vibrational simulation. Finally, the displacement of particles is
measured by sensors. The number of used sensors, the frequency
of excitation force, the excitation region and its duration, and data
sampling time are important parameters that should be considered
to achieve appropriate results [33]. In this simulation, to extract
an accurate result, 120 sensors are applied randomly. After
measuring the displacement of the particle, the time response of
the system to the excitation force is obtained. Also, the frequency
response of the system is calculated. Finally, the vibrational proper-
ties of the system (such as natural frequencies and mode shapes) are
obtained using the FDD technique.

It is noticeable that the simulation of the tensile test in the MD
approach has been executed in fixed pressure (P) and temperature
(T). Therefore, the NPT ensemble (a Nose–Hoover thermostat
and barostat) is used during the tension simulation. The strain rate
of nano-sheets during the tensile test simulation is selected as
0.001 s−1, and it is equal to step-time. It is necessary to mention

Fig. 1 Different impurity concentration in graphene nanostructure
a 1% doped graphene
b 5% doped graphene
c 10% doped graphene
d 20% doped graphene
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that the structure is stretched together with the simulation box in the
armchair direction.

4. Results and discussions

4.1. Mechanical properties: As the first result, the mechanical prop-
erties of graphene nanostructure with different impurity concentra-
tions is simulated using LAMMPS software, and Young’s modulus,
UTS, and mass of nano-structures are numerically reported in
Table 1. It is noticeable that the atomic mass of C, B, and N are
12.0107, 10.8110, and 14.0067 g/mol, respectively [33]. Besides,
stress–strain curves of graphene and N- and B-doped graphene in
different impurity content is depicted in Fig. 2. Additionally, to
better comparison, a bar graph of fracture strain, Young’s

modulus, and UTS of graphene with impurities have been shown
in Figs. 3–5, respectively.

According to Table 1, the MD simulation method, which is
utilised in this research, is validated by other research studies
[47]. Fig. 2 shows that the fracture strain of graphene is decreased
by adding the dopant particle and increasing its concentration. It
means that more brittle fracture is observed by increasing impurity
percentage as mentioned in the literature [22]. The amount of
fracture strain is graphically shown in Fig. 3.

Moreover, by adding the impurities and increasing their percent-
age, Young’s modulus and UTS of graphene are decreased, based
on Figs. 4 and 5, respectively. This phenomenon is also reported
by Han et al. [22]. As is observed in Figs. 4 and 5, adding boron
particles is more effective than nitrogen atoms on Young’s
modulus and UTS of the graphene matrix. It is noticeable that
bonding energies of C–C, C–B, and C–N are 607, 448, and

Table 1 Mechanical properties of pure graphene compared to N- and B-doped graphene

Type of impurity
atom

Impurity
content

Mechanical properties Mass, g Reference

Young’s Modulus, GPa SD UTS, GPa SD

— 0 1054.10 0 135.56 0 — [41]
1086.24 0 134.16 0 5765.28 present work

N 1 1072.66 1.89 129.85 2.86 5775.11 present work
5 1062.33 3.30 123.58 1.47 5813.04
10 1023.75 1.09 117.10 2.55 5861.07
20 1009.33 3.49 113.18 2.14 5956.86

B 1 1061.33 2.53 127.91 2.22 5759.28 present work
5 1032.00 1.94 116.03 3.05 5736.48
10 1001.66 2.34 96.78 2.85 5707.68
20 903.32 3.12 75.96 3.95 5650.08

Fig. 2 Stress–strain curves
a Nitrogen-doped graphene
b Boron-doped graphene

Fig. 3 Fracture strain of N- and B-doped graphene

Fig. 4 Young’s modulus of N- and B-doped graphene
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770 kcal/mol, respectively [48]. Based on bonding energies, reduc-
tion in UTS and Young’s modulus of B-doped graphene is more
than N-doped graphene in the same impurity content. Besides,
Young’s modulus of nitrogen-doped graphene has been reported
almost independent of nitrogen atoms concentration (up to 6%),
based on the literature [23], because of the difference in
nano-structure mass. Therefore, the effect of nitrogen impurity on
Young’s modulus and UTS is less than boron, in each dopant con-
centration (up to 20%).
It is noted that the substitution of other particles with carbon

particles as impurities in graphene nano-sheet can affect its
failure mechanism. As is shown in Fig. 6, the failure has initiated

near impurities. It means that the impurities can cause stress con-
centration in the nano-structure, because of the difference in size
and bond energy. This phenomenon is also observed in the
literature [26].

4.2. Vibrational properties: The natural frequencies of rectangular
pure graphene (without impurity) are calculated analytically as
follows [49]:

v
2 m, n( ) =

��������������

D a
2
+ b

2( )2

Ml

√

(15)

where m and n are the number of modes in y- and x-directions,
respectively. D is defined in (8) and α, b, M, and λ are defined as
follows [49]:

a =
np

a
(16)

b =
mp

b
(17)

l = 1+ m a2
+ b2( )

(18)

M = m0 + m2 a2
+ b2( )

(19)

where m0, m2, and μ represent the mass per unit area, mass moment
of inertia, and non-local parameter, respectively. The mechanical
properties and thickness (h) of the graphene nano-sheet are reported
in Table 2.

The dimensions of the rectangular nano-sheet are
24.04 × 51.13 Å and its boundary condition is simply supported.
The vibrational behaviour of the graphene nano-sheet is investi-
gated, and as a result, the natural frequencies of this nano-sheet
are reported in Table 3. It is noted that in this table, the first four
natural frequencies of pure graphene are compared to (15) to valid-
ate the results of the simulation process. Besides, the natural fre-
quencies of N- and B-doped graphene are reported in Tables 3
and 4.

As is observed in Tables 3 and 4 for a single-layer pure graphene
nano-sheet, the result of MD simulation is in good agreement with
(15), considering the non-local effect. Therefore, the simulation
method has accuracy and is validated. It is noted that the natural fre-
quencies extracted from the non-local model are more accurate
compared with the analytical model. The natural frequency of
nano-structures is affected by the stiffness and nano-structure
mass. The natural frequency is directly related to stiffness and is
inversely related to nano-structure mass [50]. It is worthy to
mention that stiffness and Young’s modulus are directly related
[51]. As is shown in Fig. 4, Young’s modulus of nano-structure

Table 2 Detail of single-layer graphene sheet [33]

Young’s modulus
(E), TPa

Poisson
ratio, n

Mass density (ρ),
kg/m3

Thickness (h),
nm

1.06 0.16 2250 0.34

Fig. 6 Initiation of failure in the graphene nano-sheet with impurities under
uniaxial tensile loading

Table 3 First and second natural frequencies of pure graphene compared to that of N- and B-doped graphene

Type of impurity atom Impurity content Natural frequencies, GHz μ Reference

ω(1,1) SD ω(2,1) SD

— 0 468.2 0 581.3 0 0 [36]
405.6 0 500.6 0 1

— 0 405.3 0 498.0 0 1 (17)
N 1 374.3 2.75 485.6 4.35 1 present work

5 371.7 1.91 472.3 3.91 1
10 369.5 3.86 462.7 2.87 1
20 368.9 3.73 547.1 1.92 1

B 1 356.4 1.83 443.6 1.81 1 present work
5 320.3 1.91 394.8 0.53 1
10 246.6 4.68 309.1 3.49 1
20 109.5 7.55 160.5 4.10 1

Fig. 5 UTS of N- and B-doped graphene
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is increased by adding impurity and increasing its percentage.
Based on this fact and as mentioned in Table 1, the reduction
in natural frequency of N- and B-doped graphene by increasing
impurity concentration is reasonable.

As is observed in Fig. 7, the natural frequencies of N-doped
graphene is less than the natural frequencies of pure graphene
because of its higher mass and lower Young’s modulus. Also, as
is shown in Fig. 8, the natural frequencies of B-doped graphene
is less than the natural frequencies of pure graphene because of
its lower Young’s modulus. It is noticeable that the mass of
B-doped graphene is less than pure graphene, however, the effect
of Young’s modulus on natural frequency is dominated because
of lower C–B bonding energy compared C–C bonding energy.
Based on the bonding energy effect, the reduction in natural

frequency in N-doped graphene is negligible because of higher
C–N bonding energy compared to C–C bonding energy.

5. Conclusion: In this Letter, the effect of nitrogen and boron
atoms as an impurity in graphene nano-structure on mechanical
and vibrational properties of that nanostructure is investigated
using the MD approach in LAMMPS software. This software
makes a user-friendly and easy to use interface for applying
different potential functions (such as Tersoff, ReaxFF, adaptive
intermolecular reactive empirical bond order (AIREBO) etc.) to
nano-structures simulation. In this approach, the interaction forces
are calculated using an appropriate potential function. Obtained
results could be listed as follows:

† Adding nitrogen or boron impurity (up to 20%) to the graphene
matrix and increasing its percentage, led to a reduction in fracture
strain.

† Young’s modulus, UTS, and natural frequencies of graphene are
decreased by adding nitrogen or boron impurity and increasing its
percentage.

† Adding boron atoms in the graphene matrix is more effective
than nitrogen atoms on reduction in Young’s modulus, UTS, and
natural frequencies.

† The graphene with nitrogen impurity is more suitable than gra-
phene with boron impurity for nano-sensor fabrication, based on
natural frequency.

† High natural frequency is an important feature of vibrational
sensors. As a result, graphene with nitrogen impurity is more suit-
able for making nano-sensors than graphene with boron impurities,
in the absence of pure graphene.
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