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Abstract: Let %, be the variety of 2-nilpotent groups of exponent p* with commutator subgroup of
exponent p (p is a prime). We prove the infinity of the set of the subquasivarieties of Z,. (k > 2)
generated by a finite group and lacking any independent bases of quasi-identities.
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Introduction

We consider the question of the existence of the independent bases of quasi-identities of groups and
address the complexity of the lattices of quasivarieties of groups. Significantly many papers are devoted
to studying the independent bases of quasi-identities of groups is the contents. Here are some of them. We
proved in [1] that if some quasivariety of groups contains an infinite cyclic group and lacks infinitely many
groups of prime order then it has an independent basis of quasi-identities. Therefore, we consider the
problem of the existence of an independent basis of quasi-identities in the class of torsion-free groups for
quasivarieties of torsion-free groups. In [2], the conditions are found for the existence of an independent
basis of quasi-identities in the class of torsion-free groups. In particular, it turned out that some widely
studied quasivarieties (for example, the quasivariety generated by a free nonabelian soluble group or
the quasivariety of all linearly ordered groups) have independent bases of quasi-identities in the class
of torsion-free groups. It is shown in [3] that the set of the quasivarieties of the soluble groups which
lack any independent bases of quasi-identities in the class of torsion-free groups has cardinality of the
continuum. In [4], some continuous series are constructed of the quasivarieties of nilpotent groups which
lack any independent bases of quasi-identities. In [1], we constructed a quasivariety of groups which lacks
any independent basis of quasi-identities that can be defined by an independent system of V-formulas.

Fedorov proved in [5] that a free 2-nilpotent group of rank n > 2 has no independent basis of quasi-
identities in the class of torsion-free groups. He also demonstrated in [6] that the analogous property is
possessed by the quasivariety generated by a nonabelian group of order p*, with p a prime and p # 2.
Let Z, be the variety of 2-step nilpotent groups of exponent p* with commutator subgroup of exponent p
(pis a prime and k > 2). It follows from [7] that the quasivariety generated by a free nonabelian Z,,x-group
lacks any independent bases of quasi-identities.

In the process of the development of quasivariety theory, it became known rather quickly that the
lattices of quasivarieties have a very complicated structure. For example, the articles [8-11] point out the
complexity of the lattices of quasivarieties. Information on the complexity of the lattices of quasivarieties
of groups can be found in [7,12-15]. Let us mention the articles [13, 14, 16] in which it is proved that only
one nonabelian quasivariety of torsion-free 2-nilpotent groups of exponent p* with commutator subgroup
of prime exponent has a finite lattice of subquasivarieties.

We obtain the theorem that characterizes the complexity of the lattice of the subquasivarieties of
the quasivariety (k > 1); namely, we prove that there exists an infinite set of the subquasivari-
eties .4 C Z,r generated by a finite group such that the interval [.#, 4] of the lattice of quasivarieties
has cardinality of the continuum for every quasivariety A" (.# & A" C Z,). Basing on this result, we
show that the set of the quasivarieties generated by a finite group which are contained in Z,» (k > 2)
and lack any independent bases of quasi-identities is infinite.
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1. Preliminaries

Note that the needed information on quasivarieties can be found in [16,17]. We introduce the
following definitions and notations:

(S) is the group generated by a set S, (a) is the cyclic group generated by an element a, G’ is the
commutator subgroup of a group G, Z(G) is the center of G, and ker ¢ is the kernel of a homomorphism ¢.
If x and y are elements of a group then [z,y] = 2~y ~'zy. As usual, if A and B are subgroups of G then
[A, B] = ([a,b] | a € A,b € B).

Ry (p is a prime, k > 2) is the variety defined by the identities

(V) (Vy) (V) ([, 9,2 = 1), (Va) (@' = 1), (Va)(¥y)([z, 9)" = 1);

qG is the quasivariety generated by a group Gj;
A (G) is the least normal subgroup of G the quotient group by which belongs to a quasivariety .#;
(M, N ={R| H# C % C AN} is a closed interval in the lattice of quasivarieties of groups;
V is the lattice sum;
F; is a free Z,k-group with free generators a and b;
and
Zyn is a cyclic group of order p".
We will use the fact that the following identities hold in every nilpotent group of class 2:

(Vo) (Vy) (V2)([zy, 2] = [2, 2]y, 2]), (Vo) (Vo) (V2)([z, y2] = [z, ][z, 2]).

We say that commutation on the noncentral elements of a group G is transitive if [z,y] = 1, [z, 2] =1
implies [y, z] = 1 for all z,y, z € G not contained in the center of G.
Suppose that some groups A and B have the representations

A={z;lieh}{tj=1]j€}), B={uili€ Ll{r;=1]j€ J}),

in Z,» with the disjoint sets of generating symbols. Then the group having in %, the representation

{ailie YU {y |ie Ly {t;j=1]je itu{r;=1]j€ Jo})

is called the free product in Z,. of A and B and is denoted by A W B. We will often write A x B
instead of A % 1 B, omitting the index Z,x. Note that the set of the generating symbols of A X% 1 B

coincides with the union of the sets of the generating symbols of A and B, and the set of the defining
relations of A R B coincides with the union of the sets of defining relations of A and B.

We will use Dyck’s Theorem [18, Subsection 11.2, Theorem 5].

Lemma 1. Suppose that a group A has the representation
A=({{z;|ie I};{Tj(leﬁ"'vsz(j)) =1]jeJ})

in a given quasivariety .#. Suppose that H € .# and H includes some set of elements {g; | 1 € I}
such that r;(g;,, ..., 9j,,) = 1 is true in H for each j € J. Then the mapping x; — g; (i € I) extends
to a homomorphism of A to H.

Below we will need the following test for the membership of a finitely-defined group G in the subva-
riety ¢% generated by a class #Z [16, Theorem 2.3.9; 17, Corollary 2.1.21].

Lemma 2. A group G finitely-defined in a quasivariety .4 belongs to the quasivariety generated
by a class Z (# C .#") if and only if for every g € G (g # 1) there exists a homomorphism ¢, of G
into some group of class % such that g¥9 # 1.
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Lemma 3. Let G € Z,x be a nontrivial finite group. Then G is representable in %, as

71 i
G={(21,....,an;20 a=1,...,20 ag=1Lcu=1,...,¢=1),
. . . 1
where c1,...,cs are elements in the commutator subgroup, n; > 1,1 = 1,...,1 (the relations 2 "¢; =
"
1,...,27 "eg=1or¢qr =1,...,¢, =1 can be absent).

PRrROOF. The group G/G’ splits into the direct product of its nontrivial cyclic subgroups: G/G’ =
(1G") X -+ x (x,G"). The elements x1, ..., x,, generating G modulo the commutator subgroup, gener-
ate G. In these generators, G' has the desired representation. The lemma is proved.

Lemma 4. Let # C %, be an arbitrary quasivariety of groups such that Z,*Z, € .4 . Suppose that
groups A and B in .4 have representations %, analogous to the representation of Lemma 3 in generators
ai,...,an and by, ..., by, respectively. If N is a (possibly trivial) subgroup in A x B generated by some
commutators of the form [a;,b;] then (A B)/N € A .

Proor. Put G = (A B)/N and [A,B] = ([a;,bj] | i=1,...,n,j =1,...,m). Since G/[A, B] =
A x B, we have G/[A, B] € .. Take an arbitrary nonidentity element g € [A, B]. It suffices (in view of
Lemma 2) to show that g¥ # 1 for some homomorphism ¢ of G to a suitable group in .Z.

The element g can be written down as

g= H[ai, b;]™i.
Fix a pair of indices u, v such that my, # 0 (mod p). Let Z, * Z, = (a,b). By Lemma 1, the mapping
ay — a, b, —0b,
a; — 1fori#wu; bj —1forj#v
extends to a homomorphism ¢ : G — Z, x Z,, € .#; moreover, g¥ = [a,b]™ > # 1. The lemma is proved.

Corollary 1. If # C %, is a quasivariety of groups such that Zx € .4 and Z, * Z, € ./ then
Zps x Zpe € M for s,t < k.

Let Ay (r,m > 1) be the group defined in Z,» by the generators
aji,bjy (G=1,....2rl=1,....2m,t=1,...,2w)

and the defining relations

w m w m
H bl]ybl w+j H a5, a1, m-‘,—j H b2r,jab2r,w+j} H[a2r,jua2r,m+]’]a
j=1 j=1 j=1 7j=1

lajj,ar;]) =1 (for all [ #t).

Put 1 =[5, (b1, b1,w+5] [T71 (a1, armej)-
The groups with the same representation but with respect to other quasivarieties were considered
in [7,15,19], and for £ = 1, in [14].

Lemma 5. Let .# C %, be an arbitrary quasivariety of groups such that Zyx, Zyx Z, € /. Then
Arm/<cl>7Arm €eM.
PROOF. Let B; be the group having the following representation in %,

w m
Bl = <{ailvbit ‘ | = 1, e ,2m,t = 1, .. .,2w}; H[bijabi,w-i-j H az],az m+] = 1>
7j=1

j=1
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These groups were studied in [16, Theorem 4.2.24;19] in %#,. The proof of the fact that B; € .#
(by induction on m + w on applying Lemma 4) is an almost verbatim repetition of the proofs of the
analogous assertions in [16, Theorem 4.2.24;19] and so we omit the proof. The group A,,,/(c1) can be
constructed from B; by repeating the construction of Lemma 4 several times. By Lemma 4 A, /{c1) € 4 .

Consider the homomorphism ¢ : A,,, — F» for which b]1 = a, bj wel = b (7 =1,...,2r) and the
images of the other generators are equal to the identity. The existence of ¢ follows from Dyck’s Theorem
(Lemma 1). We see that ¢ = [a,b] # 1. Consequently, (c1) Nker ¢ = 1. Hence, A4,,, embeds in the group
Arm/{c1) X App/ ker ; therefore, A,,, € .#. The lemma is proved.

Denote by Cf(w) (1 <t <k — 1) the group that is represented in Z,. as

L
C;(U)) = <a0,a1, e ,CLQw;aZO) H[aivaw+i] — 1>‘

i=1
Lemma 6. Commutation on noncentral elements is transitive in C’t( ).
PROOF. It is not hard to see that the commutator subgroup of C, = C(w) is the free abelian group
of exponent p with free generators [a;,a;] (0 <7 < j < 2w). Let a,b,c ¢ Z( CY) and [a,b] = 1, [a,c] = 1.
These elements are representable as

ko k1 k2w _ o 1 l2w mo mi M2y
a=ay’ay' ...as'c1, b=aga) ...ag0co, Cc=ayla; ... ay,"C3,

where c1, c2, and c3 are in the commutator subgroup of the free group. Then

@bl = T feal =1 fad= T lwalm =1,
0<i<j<2w 0<i<j<2w
whence k;l; — k;l; = 0 (mod p) and k;m; — kjm; = 0 (mod p) for all 0 <i < j < 2w. It follows that the
rank of the matrix
ko ki ko ... ko
lo U1 1o ... oy
mo M1 Moy ... mow

is equal to 1. Consequently, [;m; — Ijm; = 0 (mod p) for all 0 < i < j < 2w. This means that [b,¢] = 1.
The lemma is proved.

Lemma 7. If w; < wy then (agt)p = 1 for every homomorphism ¢ : C}(w1) = C5(wy).

PROOF. Suppose that (agt)w # 1. Let F' be the Z,x-free group with free generators ag, a1, .. ., azu,
and let b; be the inverse image of a; under the natural homomorphism of ' onto C(ws). Since
w1
»' )
(af)" ] [laf af, 1] =1
i=1

in F' we have ws
H bu bw1+z - ao H aq, awg—H

for some m (0 < m < p). If m = 0 then bg € F’, whence bg = 1. Hence, (agt)@ = 1, which fails. Thus,
we suppose that m # 0.

Consider the group F = F/ P <ag > free in the manifold %> with free generators ay, ..., G2uw,. Let b;
be the image of b; under the natural homomorphism of F onto F. We have

w1 w2

_ ¢ _

bf H[b“ bw1+i] = H[div awz-‘ri]m
=1 =1

Since Bft € F’(t > 1), we have Bf 1. We get a contradiction to the fact that, as was proved in [16,
Theorem 4.2.3] (see also [6, Lemma 3]), the element [[;”[a;, Gw,+i] and so its every power other than
the identity cannot be written down as a product of less than wo commutators. The lemma is proved.
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Corollary 2. If wy < we then the quasi-identity
T T
D 4, = (Vo) ... (Vﬂ:gwl)<mg H[mi,xwl+i] =1-a = 1)
holds in Cp(w2).

2. The Group H,,,

Fix quasivarieties .# and .4 such that .# & A C Z,.. We assume that .# is generated by a set
of finite groups in each of which commutation on noncentral elements is transitive. Moreover, we assume
that the groups Z,x and Z), * Z, belong to .Z .

If there is a finite group in A"\ .# defined in %, by a representation in which all defining words
are elements of the commutator subgroup of a free group (i.e., commutator words), then we fix a group
G € N\ A with the least number of these relations. If there is no such group in .4\ .#; then, as the
fixed group G, we take a finite group in A4\ .# with the least number of relations in its representations
(with respect to %,k ) in the statement of Lemma 3.

Thus, G is generated by z1,...,x, and defined in %, by the defining relations 1 = 1,...,r; = 1,

where

_ P _ P
TL=T] W,...,Tq =Ty W4,
Tdt1 = [Tf(dt1)s Tg(d41)]Wdt1s - -5 Ts = [Tf(s)> Tg(s)| Ws)
and ni,...,ng are naturals different from zero and less than k, while w1, ..., ws are elements of the

commutator subgroup of the free group.

We say that the group G possesses property (Py) if r1 does not belong to the commutator subgroup of
the free group, and G possesses property (Py) if all its defining relations are elements of the commutator
subgroup of the free group (i.e., commutator words). Note that if G' possesses property (P») then its
defining relations have the form

[y, Zgylwr = 1, [2p2), g lwa = 1, [ 4(), Tg(s) s = 1.

We may and will assume that the commutator [z f(i),xg(i)] occurs in a nonzero degree only in the
word r;.

Take an arbitrary nonidentity element v € .#(G). Since G/G' € #, we have #(G) C G'. 1f
some commutator [7(;),T4(;)] occurs in v in a nonzero degree then it can be excluded from the rep-
resentation of v with the use of the defining relation r; = 1. Thus, fix v € .#(G) such that v # 1,
v= Hg:1[$h(z‘)a$h(q+i)]%> and v; Z 0 (mod p) (i =1,...,q) whose representation involves the commuta-
tors [xf(;), T4(s)] in a nonzero degree (i =d +1,...,s).

Let H,m(w) be the group (denoted by H,.;, to be as arule) defined in Z,» by the generators 1, ..., zy,
aji,bjr (j=1,...,2r;1=1,...,2m,t =1,...,2w) and the following defining relations:

(i) all relations of A,p;

(11) ric = 1;

(iii) if G possesses property (P1) then, in each commutator [zp(;), Zpg4i)] (1 = 1,...q), fix exactly
one element (this is x(;) or Ty(g4q) different from z; (denote it by ;) and introduce the relations:
[Zi, bij] = 1 and [Z;,b045] = 1 for all j = 1,...,w and all ¢ such that ¢ = ¢ (mod q); if G' possesses
property (%) then we introduce the relations [z, b;] = 1 and [zp(g14),by5] = 1 for all j =1,...,w and
all ¢ such that ¢t =i (mod q);

(iv)re=1,...,7s = 1.

Recall that e1 = [[_[b1j, b1,w+5] [Tj2; (a1, a1,m+,] is the word from the definition of A,p,. The
definition of H,,, depends on which of the properties, (P;) or (P2), is possessed by G.

Denote [T, [n(i), Th(g+i)] " € Hrm again by v.

Throughout the article we denote by H the group that has in %,» the representation H = (X1, .., Tn;
ro=1,...,ry=1).
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Lemma 8. He . Z.

ProOF. Clearly, H/(r1) = G; therefore, H/{(r;) € .#. Let (a) be a cyclic group of order p*.
By Lemma 1, the mapping 21 — a, z; — 1 (i > 2) extends to some homomorphism ¢ : H — (a) € A;
moreover, 7 = aP"'. The groups (r1) and (a’"') have identical orders equal to p*~™; therefore,
sends (r1) onto (aP"') isomorphically. (If G possesses property (P») then consider the mapping ¢ under
which zyq) = a € Fp, x4q) — b € Fp, and x; — 1 for i € {z (1), 24(1)}.) We see that (r;) Nkeryp = 1.
Hence, H embeds in H/(r1) x H/kerp € 4. Since H has less defining relations than G, the choice of
G implies that H € .#. The lemma is proved.

Lemma 9. If, for some wy (1 < wy < w), the groups C’;(wl),Cg(wl), . .,Cg_l(wl) belong to .#
then Hyp,(w) € A V qG.

Proor. Clearly,

Hyp/(c1) = (G * Apm/{c1))/N,

where N = ([T, b)), [Ti, brwrj] | @ = 1,...,¢, allt =i (mod q),j = 1,...,w) or N = ([zp0), bjl,
[Thig+i), bl [i=1,...,q, j =1,...,w, allt =i (mod q)) if G possesses property (P1) or (Py) respectively.

By Lemma 4 (applied to the quasivariety .# V qG), Hyn/(c1) € 4 V qG. Tt suffices now to construct
a homomorphism ¢ : H,,,, — M into a suitable group M € .# such that ¢f # 1.

If G possesses property (Pi) then we take M = Cpt(w1) € 4. Put x{ = ap and (by;)¥ = ay,
(btw+5)¥ = @u,+j for j = 1,...,w; and all t. The images of the remaining generators are assumed
to be equal to the identity. Since z;” =1 for every i, we see that we can apply Lemma 11, by which ¢

extends to a homomorphism (which we again denote by ¢) of H,n, onto C}*(wi); moreover, ¢f =

[[:2 (@i, aw, +] # 1.

If G possesses property (P») then we take M = Fy = (a,b) € .# and put a:?(l) =a, $§(1) =b. If the
relation [f(1),b;1] = 1 or the relation [z4(),bu1] = 1 occurs among the defining relations of H,,, then
we put b = a, bfw—i—l =blorb? =0, by 41 = a respectively. If none of the relations [z (), bu] = 1
and [4(1),bin] = 1 occurs in list (iii) then we put bf} = a and b7,,,; = b~' for all £. The images of
the remaining generators are assumed equal to the identity. Since the commutator [z f(1)7$g(1)} does not
occur in the representation of v, the relations [z (1), b;1] = 1 and [z4(1),b11] = 1 cannot simultaneously
occur in the list of the defining relations of H,,,. This means that ¢ is well defined. By Lemma 1, this
mapping extends to a homomorphism (which we still denote by ) onto Fy; moreover, ¢ = [a,b] 7! # 1.
The lemma is proved.

The proof of Lemma 9 implies that if a group G is defined only by commutation defining relations
then the assumption of the presence in .# of the groups C}(wi1), C2(wy), ..., CF(w1) is unnecessary.
In this case, we have

Corollary 3. If G is defined in %, only by commutation defining relations and Zx, Z, * Zy € M
then H,.,, € M# V qG.

Lemma 10. Suppose that R is a group in .#, while ¢ : H., — R is an arbitrary homomorphism
and > q. Then v¥ =1, where v = [[{_, [4(i), Th(g+i)]" € Hrm. In particular, Hyy & A .

PROOF. Assume that v¥ # 1. Since . is generated by the groups in which commutation on non-
central elements is transitive, by the membership test (Lemma 2), there exists a homomorphism v of R
into some such group for which v#¥ # 1. So, we may and will assume that commutation on noncentral
elements of R is transitive.

Since v¥ # 1, there exists a number i (1 < i < ¢) such that [x)), Tp(g4+9)]¥ # 1. In particular,
z,” ¢ Z(R). Since in H,,, we have the relations

[Zi,bej] =1, [Zi,brwj] =1 (t=i(modgq), j=1,...,w)
and commutation is transitive on noncentral elements, we obtain
btj, brwri]? =1 (t=i(modgq), j=1,...,w).
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In the case when G possesses property (Pz), the relations
[Zhei)s Thigrd)]? # 1 [Tra), bigl? =1,

[xh(q+i)7btj]¢ =1 (t =1 (mOd Q)7 J=1,.. -7w>

and the transitivity of commutation on noncentral elements implies that bfj € Z(R), whence also
btj, brwsj]? =1 (t=i(modgq), j=1,...,w).

Suppose that there exists [ with [a;, a;mi]¥ # 1. Take the commutator [a;f, arm+f]? (t # i). The
defining relations of A,,, imply that the elements in different commutators commute. The transitivity of
commutation implies that [a¢f, a;m+¢]? = 1. The above yields

H atj, atmyj]¥ =1 for t =i (mod q) (¢ # 1);
7j=1

i.e. C1 =1.

If (a1, @;m+1]? = 1 for every [ then we also find that ¢{ = 1. Thus, ¢f = 1.

Let ¢ : Hyp, — Hyp/{c1) be a natural homomorphism. Since (c¢1) C ker ¢, there exists a homomor-
phism ¢ : H,,,/{c1) — R such that ¢ = ¢; in particular, (g{c1))* = g% for every g(ci) € Hym/{c1).
In proving Lemma 9, we noticed that H,,,/(c1) = (G * Appm/{c1))/N. This means in particular that
(x1,...,2,)¥ = G. Since v¥ € .#(G), we conclude that v¥¢ = 1; i.e., v¥ = 1. The lemma is proved.

Denote by B, the group defined in %, by the generators
aji,bjy (j=1,....2r; 1=1,....2m, t=1,...,2w), x1,...,2,

and the defining relations (presenting a part of the defining relations of H,.,,)

(') lasi, atj] = 1 for all [, j, ¢, and @ such that [ # ¢;

(¢) [T, bej] = 1, [Z4,bpyj] = 1 for all t such that ¢ =4 (mod q) (j =1,...,w, 1 =1,...,q) if G
possesses property (Pr) and [zp(;), bej] = 1, [Tp(g44), bej] = 1 for all ¢ such that ¢t =4 (mod ¢) (j =1,...,w,
i=1,...,q) if G possesses property (P»);

(i) rg=1,...,rs = 1.

Let ¢; = H;“-”:l[btj,bt,wﬂ] H;nzl[atj,at,mﬂ} € B, and let N,,, = <r101,01c51, .. 0102T> be a sub-
group in Byy,. Clearly, Hym = Brm /Nem.

Lemma 11. B,,, € /.

PROOF. Let a group B be defined in %, by the generators aj and b (j =1,...,2r; 1 =1,...,2m,
t =1,...,2w) and the defining relations [a;;, ay;] = 1 for all [, j, ¢, and ¢ such that [ # ¢ (this is a part of
the defining relations of B;,,). By Lemma 4, B € .#. As is easy to observe, B, = (H * B)/N, where

N = <[EZ7bt]]7 [i.ivbt,’w-l-j] ’ t=1 (mOd q) (Z = 17"‘7Q7 .] = 177w)>
if G possesses property (P;) and
N = ([Th(), bigls [Thig4i), bej] [t =7 (mod q) (i=1,...,q, j=1,...,w))

if G possesses property (P2).
By Lemma 8, H € .#; hence, by Lemma 4 B,,, € .#. The lemma is proved.
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Lemma 12. Let B be an l-generated subgroup in By,,. If m > Cl2 = n(n;l) then ®(B) N Ny, = 1,
where ®(B) is the Frattini subgroup of B.

PROOF. Let g € ®(B) N Ny, g # 1. Since ®(B) = BPB’, the element g is representable as g = ¢'c
for some g1 € B and ¢ € B’. Since B is an [-generated subgroup, B’ is a Cf—generated group; hence, ¢ is
representable as the product of C’l2 commutators. Thus, ¢g has the form

CQ

9= ng[fia foeri]-
i=1

Since g € Ny, g is representable as

2r
—1\ti
g = (Tlcl)tl H(clci 1) .
i=2
Therefore, g is representable as
2r
t tidtot- —t;
g= 7“11011+ 2+ Hci )
i=2
Since g # 1, we see that some element ¢; (suppose for convenience that this is ¢;) occurs in g in
a nonzero degree. Let Fb, = (y1,...,Y2m) be a free Z,-group of rank 2m and let 7 : By, — Fom be
a homomorphism for which (a11)™ = y1,...,(a1,2m)™ = Yom and the images of the remaining generators

of By, are equal to 1 (the existence of such a homomorphism follows from Lemma 1). We infer
C? m

(gir)pH[sz7ngZ+l] = H[(alj)ﬂ—7 (a17m+j)7r}t1+t2+....
=1

- e}
Since the quasi-identities
n
(Va)(Vaq) ... (Vae,) (po[xi,a:n+i] =1—2P= 1>, n=12,...,
i=1

hold in F5,,, we obtain the following equality in Fb,,:

C? .
l_Il[era fglerJ = Hl[yj?ymﬂ]twtﬁ...'
i= =

This contradicts [16, Theorem 4.2.3] (see also [6, Lemma 3]) the fact that the element [[7"; [y}, Ym+;],
and hence its any nonidentity degree cannot be written down in Fy,, as the product of at most m
commutators. The lemma is proved.

Lemma 13. Let A be an l-generated subgroup in Hp,. If m > C’l2 then A € A .

Proor. Let ¢ : B,,, = H,p, be the natural homomorphism with kernel V,,, and let B be an arbi-
trary minimal preimage of A under ¢. (An analogous trick was used in [20].) Show that BN N,,, < ®(B).

Suppose that this fails. Then B N N, € M for some maximal subgroup M in B. Hence, B =
(BN Npp)M. Since (BN Ny )? = 1, we conclude that M¥ = A. This contradicts the minimality of the
preimage. Thus, B N N,,,, < ®(B).

By Lemma 12, BN N, = 1, and hence B = A. It remains to use Lemma 11, which implies that
B € .#. The lemma is proved.

The meaning of the rather cumbersome inequalities in Lemma 14 is as follows: The number occurring
in it are “sufficiently large” and “one is much larger than the other,” the number of generators in H,.,,
while | = n + 4rm + 4rw and n + 4wq + 4q is the number of generators in Hy;.
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Lemma 14. Let ¢ : H,,, — H,, be a homomorphism where y > Cg+4wq+4q, f = 2=l put
I =n+4rm+4rw. If r > 4mqf or y > C? then v¥ = 1, where v = ngl[mh(i),mh(q“)]w and q Is the
number of commutators in this decomposition.

PROOF. Suppose first that y > C’lz. Since H,,, is l-generated, H,;, is generated by [ elements too.
Lemma 13 implies that H, € .#. By Lemma 10, v¥ = 1.

Suppose now that » > 4mqf. Our goal is to construct the homomorphism + : H;1 — H,, such that
v¥ = v¥. Note that f is greater than the number of subgroups in Hg,. For each i (1 <i < gq), consider
the following subgroups in H,,,:

B; = (a;,1,ai2,--.,0;2m)-
Note that the subgroups B; and B; for i # j commute.
Let
Ci = BiBi1q, Biv2g-- - Birop—1yg (t=1,2,...,q).
The existence of all these subgroups B; and C; follows from the inequality r > 4mgqf.

Study Cf. Since the number of the groups Bf, Bf, ,, Bf o, - - .,Bf+(f_1)q is equal to f and the
number of subgroups in Hy, is less than f, some of these subgroups coincide. Let By, g = B g (1 <79).
The equality [Bigi, Bi+q;] = 1 implies

_ [ © _[pe © .
1= [Bt+qi’ Bt-i—qj] - [Bt-‘rqi’ Bt-‘rqi] ’
i.e., the group Bf—s—qi is abelian. Therefore,
w m w
Cf = H [bt—i-qi,u, bt—i—qi,w—&-u](p H [at+qi,u> at—{-qi,m—l—u]‘p = H [bt+qi,u7 bt+qi’w+uy‘p.
u=1 u=1 u=1
Put dy; = bf—f—qi,j (J=1,...,2w).

Let us first assume that G possesses property (Pj). Since

[i‘ty bt—l—qi,l] - 17 [Eta bt+qz’,w+1] - 17

we have

[20,dij] =1 (j=1,...,2w).
Similarly, considering the subgroups Bf+fq’ Bf+(f+1)q’ Bf+(f+2)q’ . ,Bf+(2f71)q in CY; find the elements,
denoted by di1q; (j =1,...,2w), in some of these groups such that [a‘gt“", dt+q7j] =1(G=1,...,2w).
Suppose that G possesses property (P»). Since
[xh(i)7 bt-‘rqi,l] = 17 [xh(q-&-i); bt+qi,1] = 1,
we have
[y dig] =1, (2 dig] =1 (G =1,....2u).
Similarly,
[xz(i)vdﬂ-q,j] =1, [ﬂff(qﬂ),dwq,j] =1 (J=1,...,2w).

In both cases,
w
L
G = H [dt-l—q,w dt+q,w+u]-
u=1

Hence,
w w

H [dt,U7 dt,w-‘,—u] = H [dt—i—q,fm dt+q,w+u] .

u=1 u=1
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In both cases, use Lemma 1, by which the mapping
btj — dtja btJqu - dt+q,j (t = 17 EERR q?] = ]-a ) 2’[[)),

r =l (i=1,...,n), aj—1

extends to a homomorphism v : Hyy — Hy,. We see that v¥ = v%¥. Since H, is generated by n+4wq+4q

elements and y > C?2 t+dwg+ag: PY Lemma 13 H ; € .#. By Lemma 10 v¥ = 1, whence v¥ = 1. The
lemma is proved.

Theorem 1. Let .# and ./ be quasivarieties of groups, and let .# be generated by the finite
groups such that commutation on their noncentral elements is transitive, .# & A C %,x. Suppose that
Zp*a . Zp € M and Cp(w1), C2(w1), . ..,Ch~(wy) belong to .4 for some wy. Then the interval [, ]
in the lattice of quasivarieties has cardinality of the continuum.

PRrROOF. Take a finite group G ¢ .# such that G € .4". Assume that the group G is defined among
the groups in 4"\ .# by the least number of defining relations (with respect to %, ) such as in Lemma 3.

We will construct a countable sequence of groups Hi, Ho, ..., contained in 4. Fix a number w
(w > wy). All groups H,, in what follows contain this w. As Hj, take an arbitrary group H,,
in 4 V qG. Suppose that H;_; is already constructed. As H;, take the group H,,,, such that

(1) the image of v is equal to the identity under every homomorphism of H; into H; (j < i);

(2) if g;—1 is the number of generators in H;_; then every ¢;_j-generated subgroup in H; belongs
to .4 (note that H; exists due to Lemmas 13 and 14).

Let N be the set of naturals. Given a subset I C N, let .#; = ¢{H; | i € I} be the quasivariety
generated by all groups H; (i € I). If H; € .41 (i € I); then, by the membership test (Lemma 2), H; is
approximated by groups from {H; | i € I}, which contradicts Lemmas 13 and 14. Therefore, H; ¢ .4
for ¢ € I, which yields the desired assertion. The theorem is proved.

The presence of C; (wn), Cg(wl), cee C’;f_l(wl) in .4 is necessary only in Lemma 9. If the group G
from the proof of Theorem 1 is defined only by commutation defining relations; then, instead of Lemma 9,
we can use Corollary 3. The following assertion is a consequence of the proof of Theorem 1:

Theorem 2. Suppose that a quasivariety .# is generated by finite groups in which commutation
on noncentral elements is transitive and .# C %,x. Suppose that Z, Z, ) Zpec M. If G & M can
be defined in %, only by commutation defining relations then the interval [/ ,.# V qG] in the lattice
of quasivarieties of groups has cardinality of the continuum.

Theorem 3. The set of subquasivarieties (k > 2) generated by a finite group and lacking any
independent bases of quasi-identities is infinite.

ProOOF. Let .#,, be the quasivariety generated by the groups Cz’g(w) (t=1,...,k—1) and Z, * Zy;

(o) i)

For w; < ws, the quasi-identity ®;,, is false in ij(wl) and, by Corollary 2, is true in each C’;(wg);
therefore, A, # My, for wi < wo.

If we assume that .4, has an independent basis of quasi-identities; then, as is known [17, Proposi-
tion 6.3.1], .#,, has a covering in the lattice L,(.#") of quasivarieties contained in % for every finitely
axiomatizable quasivariety %  containing .#,,. But, by Theorem 1, every interval [.#,,, /4] has cardinal-
ity of the continuum for .4, & A" C Z,; consequently, .#,, has no coverings in Ly(%,). The theorem
is proved.
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