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PRIVILEGED COORDINATES FOR CARNOT-CARATHEODORY
SPACES OF LOWER SMOOTHNESS
S. . Basalaev UDC 514.77:517.28

Abstract: We describe classes of local coordinates on the Carnot—Carathéodory spaces of lower smooth-
ness which permit the homogeneous approximation of quasimetrics and basis vector fields. We establish
the minimal smoothness that is required for these classes to coincide with the class of the already-
described privileged coordinates in the infinite smoothness case. Moreover, we apply these results to
prove the analogs of the available theorems in the case of the canonical coordinates of the second kind.
Also, we prove some convergence theorems in quasimetric spaces.
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1. Introduction

Consider an N-dimensional connected C'*°-smooth Riemannian manifold M with a fixed distribution
H C T™ and some inner product (-,-) : H x H — R on H. The vector field [X,Y] = XY —Y X is known
as the commutator (Lie bracket) of two vector fields X and Y. Taking successive commutators of vector
fields in H, we obtain the family of subbundles Hy = H and Hy1 = Hy + [Hy, H]. It is known [1, 2] that
if H is totally nonholonomic, meaning that H,,, = TM for some m > 0; then every two points in M can be
connected by a horizontal curve, i. e., an absolutely continuous curve v with 4 € H almost everywhere.

DEFINITION 1. The metric de.(z,y) on M, defined as the greatest lower bound of the lengths of
horizontal curves connecting = and y, is called the Carnot—Carathéodory metric; while the corresponding
metric space, a Carnot—Carathéodory space or a sub-Riemannian space. The precise definitions of these
terms may differ across the sources.

Equireqular Carnot—Carathéodory spaces constitute an important subclass. In these spaces, the
dimensions of Hy(z) in the filtration

H=H CHyC-CH,=TM (1)

are independent of z, and so Hy is a distribution on M. As [3] shows, we can locally lift each Carnot—
Carathéodory space to an equiregular space of higher dimension.

Since we will study the local properties of equiregular spaces, it is convenient to choose a basis for TM
subordinate to the structure in (1); i. e., in a neighborhood of p € IM we can choose some tuple of vector
fields X1,..., Xy such that

Hy(z) = span{Xi(z), ..., Xaimm, (®)}

Associate the formal weight o; = min{k : X; € Hy} to each Xj.

Nilpotent approximations are essential for studying the local geometry of Carnot—Carathéodory
spaces. Nilpotent approximation methods stem from the research on hypoelliptic operators, which in-
volves the canonical coordinates of the first kind

Op(z1,...,zNn) = exp(x1 X1 + -+ 28y XN) (D). (2)

The author was supported by the Ministry of Science and Education of the Russian Federation (Grant
1.3087.2017/4.6).

Original article submitted July 30, 2018; revised September 11, 2018; accepted October 17, 2018.
763



DEFINITION 2. Using (2) and considering a neighborhood of p € M, introduce the family
AL Op(z1,...,xN) = Op(e% 1, ..., NaN)

of anisotropic dilations, and the (quasi)distance function

L .
doo(z,y) = max |u;|7i  in case y = Oy(u1,...,un).

=1,...,

Let us state the key assertions as the following theorem whose items may differ from how they were
formulated by the authors; see the comparison of various formulations below.

Theorem 1 (of nilpotent approximation). Let M be an equiregular Carnot—Carathéodory space I
and p € M.
(1) (The Rothschild-Stein Local Approximation Theorem [3,4].) The limits

XP(z) = ;i_r%(Aﬁ’)*_le"’“Xk(Aax), k=1,...,N,

exist and are uniform on some neighborhood of p; moreover, the homogeneous vector fields 5\({0 e X ﬁ,
constitute a basis for the Lie algebra of some Carnot group GP (a graded stratified nilpotent Lie group).

(2) (The Nagel-Stein—Wainger Ball-Box Theorem [5].) There exist a neighborhood U of p and
constants 0 < Cy < (9 < 0o such that

Cldoo(xay) < dcc(x,y) < CQdOO(x7y)

for all z,y € U.
(3) (The Gromov Local Approximation Theorem [6].) In some neighborhood of p the uniform limit

~ . 1
d%:)c($7 y) = ig% gdcc(Age’Ea Agy)

exists, where d¥. is the Carnot—Carathéodory metric for the group GP (meaning that db. is formed by the
homogeneous vector fields X7, ..., X%)).

In their original article Rothschild and Stein [3] prove that in the special case of free vector fields we
have the expansion

Xi(z) = X¥(2) + Ri(p, @),

where )A(,f is homogeneous, while the residues of Ry are small as x — p. The convergence of vector fields
to homogeneous fields in the equiregular smooth case is proved in [4] as presented in item (1). In the
recent article [7] the convergence of vector fields is proved in the special regularized coordinates of the
first kind in the case that H € C™ 1 with a > 0; see also some generalization below to the case of less
smoothness.

The article [5] provides some comparison of the Carnot—Carathéodory metric with the distance du
as well as several other distance functions. It is worth noting that the quantity d., is in general only
a local quasimetric rather than a metric meaning that

doo (2, 2) < Q(doo (2, ) + doo(y, 2))
for all ,y,z € U and some constant @ = Q(U) > 1. Some authors state the Ball-Box Theorem as
Box(z,C1ir) C Bee(x,r) C Box(z, Car),
where B, is a ball of d.., while Box is a ball of d.
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Gromov stated in [6] the Local Approximation Theorem for “sufficiently smooth vector fields” as
‘dcc(:r,y) — El’cjc(a:,y)| =o(e) ase—0 for z,y € Be(p,e).

This statement is equivalent to item (3) because the metric 350 is homogeneous under the dilation AZ.
Generalizations of equiregular Carnot—Carathéodory spaces with C'-smooth vector fields are intro-
duced in [8,9]. Acting as in these articles, we rely on the following definition:

DEFINITION 3. A connected C'*°-smooth manifold M of topological dimension N is called an equireg-
ular Carnot—Carathéodory space with C™*-smooth vector fields, where r € N and « € [0, 1] provided that
C™0 = C™ whenever the tangent bundle 7M has a distinguished filtration by C™“-smooth subbundles

Hy CHy G+ G Hy =T (3)

such that [H;, H;] C Hiyj for alli,j =1,...,m.

A Carnot—Carathéodory space M is called a Carnot manifold whenever M satisfies the stronger con-
dition Hy, = span{Hy_1,[H;, H;] : i+ j =k} for k = 2,...,m. We call m the depth of M.

Each classical equiregular sub-Riemannian space with H € C"t™~1L® is a C™*-smooth Carnot man-
ifold. Carnot manifolds are also equipped with the Carnot—Carathéodory metric; this is proved for the
smoothness class C1** with a € (0,1] in [9], and for C* in [10]. However, some points may exist in gen-
eral that are unconnectable by a horizontal curve. In this case, the quasimetric do, is used to study the
properties of Carnot—Carathéodory spaces. The properties of C''-smooth Carnot—Carathéodory spaces
are described in the next theorem (cf. Theorem 1):

Theorem 2 [9,11,12]. Suppose that C'-smooth vector fields X1,..., Xy satisfy the commutator
table
X Xjl(2) = Y cirla) Xi(x)
k:op<oi+o;

and fix a point p. Then
(1) There exists a tuple of vector fields X1, ..., X} in RY such that

exp(ulj\({ o un XN)(0) = (u, . .., uy)

and A N
[Xz{vX;'](u) = Z Cijk(p)Xl/c(u)'
k:op=0i+0;
Furthermore, X’{, X v define the structure of a graded nilpotent Lie algebra (and the structure of

a Carnot algebra for a Carnot manifold).
(2) If X = (6,)+X}, then
XP(2) = 1 Py~ ok P
Xy (x) = ;%(AE)* e7 Xy (APz),

where the limit is uniform on some neighborhood of p.
sing X, , construct the quasimetric y analogy with d,, and carry over to the manifold:
3) Using X, truct th imetric d._ b 1 ith d d d., to th ifold
(T, y) = ~(x),0,"(y)); we cannot immediately define d, from X} because these X} are only
d>, d’000p1 Gpl t i diately define db, f Xi b these X, 1
continuous in general. Then

{doo(xay) - glgo(xay)‘ = 0(5)
for z,y € Box(p,e) as e — 0 and o(g) is uniform on some neighborhood of p.

The convergence of vector fields to homogeneous ones in coordinates of the first kind is obtained
for C1%-smooth vector fields in [9] and for C'-smooth vector fields in [11]. The convergence of dy to
a homogeneous quasimetric of the local group for C''-smooth vector fields is established in [12]. Observe
that the coordinate system 6, is just C''-smooth for C''-smooth vector fields.
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The above results are obtained in the canonical coordinates of the first kind. However, it is convenient
in some problems to use other coordinate systems, for instance, the canonical coordinate system of the
second kind

(1,...,zN) — exp(ayXpn) o - - oexp(z1X1)(p)

is much used in [10].

In this regard, the following question arises: What conditions must the coordinate system satisfy for
the items of Theorem 1 to hold? Such a condition is stated in [13] for smooth sub-Riemannian spaces.
The class of privileged smooth coordinate systems for smooth spaces is described in [14]. Here we give
the following simple geometric criterion for a smooth coordinate system to be privileged.

Theorem 3. The analogs of items of Theorem 1 hold in the coordinates ¢, in a neighborhood of
a point p if and only if
6p(Box(0,C12)) C By, (p,) C dp(Box(0, Che))

for some 0 < C; < Cy < oo and all 0 < € < gg. Here Box(0,7) = {x € RN : |zx|7* < r}.

This article presents an independent proof of Theorem 3 in the equiregular C™-smooth case (see Sec-
tion 4); however, as Remark 7 implies, for vector fields of lower smoothness the claim is false. We describe
the classes of coordinate systems ¢, in which some partial analogs of Theorem 1 are satisfied for Carnot—
Carathéodory spaces with vector fields of lower smoothness.

Since convergence theorems are established in the canonical coordinates ¢, of the first kind, we
describe these classes in terms of the transition function @, = ¢, Lo 0p; i. e., we obtain the conditions on
the transition function in the new coordinates under which it preserves the claims of Theorem 1. In the
smooth case, Theorem 3 implies the necessary and sufficient condition on the transition function ® as
follows:

Box(0, Cie) C ®(Box(0,¢)) C Box(0, Cae) (4)

for some 0 < C; < Cy < oo and all € € (0,¢p). Section 2 shows that in the case of insufficient smoothness
of ® condition (4) is still necessary (Theorem 6) but fails to be sufficient (Remark 7). Furthermore, in
Section 2 we obtain a sufficient condition under which the homogeneous limit of quasimetrics is preserved
in the new coordinates (Theorem 9). Namely: Assume that

(1) @ is a homeomorphism;

(2) the limit

L(z) := lim 6. o ® 0 6. () (5)
e—0
exists and is uniform on some neighborhood of the origin, where 6.(x1,...,zn) = (€7 21,...,eYaN);

(3) L is also a homeomorphism.

Then in the new coordinate system the homogeneous limit of quasimetrics exists (similar to the limit of
metrics in Theorem 1) and L is an isometry between the limit of quasimetrics in the original and new
coordinate systems.

Section 3 shows that (5) is insufficient for the existence in the new coordinates of homogeneous limits
of the basis vector fields (Remark 12). Then we obtain some sufficient condition (Theorem 14). Namely:
Assume that

(1) @ is a C!-diffeomorphism;

(2) the uniform limit

Az) := lim D§-! o D® o Dé.(x) (6)
e—0
exists;

(3) det A(0) # 0.

Then in the new coordinates the homogeneous limit of vector fields exists, as in Theorem 1. Further-
more, A is an isomorphism of homogeneous algebras between the limits in the original and new coordinate
systems.
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In Section 4 we prove that in the case of ® € C™, where m is the depth of the space, conditions (5)
and (6) are equivalent to (4). The examples in Remarks 7 and 12 show that in the case of lower smoothness
of the transition function all three conditions are distinct.

In Section 5 we prove that some coordinate systems, including the canonical coordinates of the second
kind, satisfy (5) in the C''-smooth case and (6) in the C™-smooth case.

2. Homogeneous Approximation of Quasimetric Spaces

DEFINITION 4. Given a neighborhood U C R¥ of the origin, refer as a quasimetric on U to a function
d:U x U — R such that

e d is continuous;

e d(xz,y) >0forall z,y € U and d(z,y) =0 < = =y;

o d(z,y) < Cd(y,x) for all z,y € U and some C' > 1;

e d(z,2) < Q(d(z,y) + d(y, 2)) for all z,y,z € U and some Q > 1.

The pair (U, d) is called a quasimetric space.

DEFINITION 5. Given a tuple (o4, ...,on) of positive reals, introduce in RY the one-parameter group
of dilations

de(z1,...,zN) = (67 xq,...,eNay), €>0.

DEFINITION 6. Define the é.-homogeneous quasinorm

Izl = I[(z1,...,2N8)| = X ENED

on RY. Denote the set of z € RY with ||z| < » by Box(r). Observe that . Box(r) = Box(er).

DEFINITION 7. A quasimetric d on RY is called §.-homogeneous whenever

N

d(0e, 6cy) = e d(z,y)

for all 2,y € RY and £ > 0. The triple (RY, 4., EZ) is called a d.-homogeneous quasimetric space.
DEFINITION 8. Say that (RY, 4., El) is a d.-homogeneous approximation to (U,d) if the limit

1 A
lim —d(dz, 0cy) = d(z,y) (7)
e—=0 ¢
exists and is uniform in z and y in some neighborhood of the origin. If the limit exists then we say
that (U,d) admits a §.-homogeneous approximation.

REMARK 4. In the terminology of [15] the space (RY,d) is a local tangent cone to the quasimetric
space (U,d). This generalizes the concept of tangent cone to a metric space which is introduced by
Gromov [16]. We avoid this terminology because the tangent cone is defined up to isometry. The approach
here is a slightly more naive and distinguishes homogeneous approximations in distinct coordinate systems
even if the resulting spaces are isometric.

Lemma 5. If a quasimetric d admits a d.-homogeneous approximation then there exist constants
0 < C1 <0y < oo andryg >0 such that

Cila|| < d(0,2) < Col|x]|
for all x € Box(rp).

PROOF. Suppose that a J.-homogeneous quasimetric dis a d.-homogeneous approximation to d.
Then there exists ry > 0 such that

1 N
gd(O, dex) = d(0,z) ase—0 (8)
uniformly in z € Box(2r).
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Put
m = inf{d(0,v) : ||v|]| =10}, M =sup{d(0,v): ||v] =ro}.
There exists €1 > 0 such that )
% < 2d(0,6.0) < 2M
€
for all v € 0Box(rp) and € < 1. Hence,

m m 2M
— = — d(0 2Me = —
sllall = e < d(0,2) < 2Me = ==

for all ¢ < min{e;, 2} and « € d Box(erp). The proof of Lemma 5 is complete. [

Theorem 6 (a necessary condition for homogeneous approximation in the new coordinates). Consider
a quasimetric space (U, d) admitting a d.-homogeneous approximation and a homeomorphism ® : U —
®(U) with ®(0) = 0. Define the quasimetric p on ®(U) by putting
p(u,v) = d(@7 (u), @ (v)).
If (®(U), p) admits a d.-homogeneous approximation then there exist eg > 0 and 0 < C; < Cy < 00
such that
Box(Cie) C ®(Box(g)) C Box(Cse) (9)
for all € € (0, ).
PrOOF. By Lemma 5, for the quasimetrics d and p there exist positive constants r1, 72, ¢1, a2, c3,
and ¢4 such that
allzl] < d(0,z) < ez,  esllyll < p(0,y) < callyll
for all x € Box(r1) and y € Box(r2). Since ® is a homeomorphism of a neighborhood of the origin, there
exist positive r3 < ro and r4 < rq such that Box(rs) C ®~1(Box(r2)) and Box(r4) C ®(Box(rs)). Then

C1 1 1 1 1 C2
—llzll < —d(0,z) = —p(0, (z)) < [[(z)]| < —p(0,®(z)) = —d(0,z) < —=||z]]
C4 Cyq Cy4 C3 C3 C3
for all z € Box(r4). This implies the claim. [
REMARK 7. To show that the condition in Theorem 6 is insufficient in general, take the plane R?
with coordinates (x, %), the dilation d.(z,y) = (ex,e2y), and the J.-homogeneous metric

d((z1,31), (22,2) = v/ (w1 — 22)? + [y1 — 1.
Consider the coordinate change ®(z,y) = (x,y + f(x)) with

2
fa) = %smm%ﬁ, x #0,
0, z =0,

where 8 € (0,1). Then f € C*#\ C? and f(0) = 0. Observe that D®(0) = Id; consequently, & is
a C1#-diffeomorphism of neighborhoods of the origin. Moreover, ® satisfies the estimate

1 |z|? 3 3
S+ lul) < ) < 101G )P + (ol )] < lal? + byl < S + o).

However, it is not difficult to verify that the metric p(u,v) = d(®(u), ®(v)) admits no d.-homogeneous
approximation. Indeed,

1
~d(@(ear, ), Blezz ey0)) = /(01— 22)? + |y — 12 — L (F(em) - Flewa)),
where the expression

1 Ty . 1 T2 . 1
E—Q(f(ercl) — fex2)) = ?smw - ?smw
lacks any limit as € — 0 for x1 # xo.
It is possible to construct a similar example for the functions of class C1''. To this end we may
consider, for instance, f(z) = [ tsin 1 dt.
However, the hypotheses of Theorem 6 are sufficient for the mappings of class C? on this metric
space, as we verify in Lemma 16.
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Lemma 8. Given a neighborhood U C RN of the origin and a continuous mapping ® : U — RV, for

the uniform limit
L(z) :== liH(l) S-to®od(x) (10)
E—r

to exist on some neighborhood of the origin, it is necessary and sufficient that there exist a continuous
d.-homogeneous mapping L : RN — RN such that

CI)k((E) :Lk(l‘)_’_o(eo—k)? k=1,...,N, (]‘1)
as ¢ — 0 and © € Box(e) for all coordinate functions Ly, and ®, with k = 1,...,N. Here the coeffi-
cients oy, for k =1,..., N are from Definition 5 of the dilation d..

Under each of these conditions, if ® and L are homeomorphisms then the limit
sl - -1
il—r}(l)(sa 0® 'od.(y) =L (y)
also exists and is uniform on some neighborhood of the origin.

PROOF. Suppose that (10) exists and is uniform in z € Box(r¢). In this case the limit mapping L is
continuous and

@k(été‘x) = tgkLk(.r) (12)

1
=N _ =i Ok
Ly (d¢) ;1—% €%k r(0:0:) E—%t (te)ok

for all t € (0,1]; i. e., 6 o L = L 0 6;. We can extend L to a continuous J.-homogeneous mapping on the
whole RY. Then

Dy (0ex) = %% (67T P (0c(2))) = 7% (Li(z) + 0(1)) = Li(dex) + 0o(e%)
for all z € Box(rg). Conversely, suppose that (11) holds. Fix 79 > 0 with Box(rg) C U. Then

o ®(0w) = - (La(0e) + (™)) = Li(e) + o(1) (13)

as € — 0 uniformly in « € Box(rg). Thus, (10) and (11) are equivalent.
Furthermore, assume that ® and L are homeomorphisms. Since L is continuous and d.-homogeneous,
it follows that
M = sup IL@)] = supH(T1 L(:B)H = supHL((T1 a:)H = sup || L(v)| < oo.
ar0 |zl a0 1l ar0 ol lo]|=1
Since L(z) # 0 for z # 0, similarly we obtain

m = sup =l = sup 1
220 [ (@) =1 L)

< o0.

Therefore,
1 1
—|lz| < || L(z)|| < M —yl < 1L y)|| <
—llzll < L)) < Mzl -zl < 1L )] < mlly|
for all z,y € RV. Consequently, there is a neighborhood V' of the origin such that
1 1
—||z| < ||®(z)] <2M — |yl <2ty <2
ol < @) < 2M e, glyl < 127 )] < 2mlly]
forall z € V and y € ®(V). Put ®(x) = 6-' o ® 0 §.(x) and take 71 < ro with Box(r;) C V and
Box(3L) C ®(V). Then
_ 1, _ 2m
@) W)l = 1o Gl < 22 oyl = 2mly]
for all y € Box(3%) and € > 0; i. e, (9°)"!(Box(3%)) C Box(ri). From (13) we then infer that

2
1@°(2) — L(z)|| = o(1) as & — 0 uniformly in € Box(ro). Hence,

y— Lo () (y) = 2°((2°) ' (y) — L((2°) "' (y)) = o(1)
as ¢ — 0 uniformly in y € Box(;—;n). Since the continuous mapping L~! is uniformly continuous
on TM(%); therefore,

L™ y) = (®9) " H(y) = L7 (y) = LTH(L o (2°) ' (y)) = o(1)
as € — 0 uniformly on Box(%). The proof of Lemma 8 is complete. [J
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Theorem 9 (a sufficient condition for homogeneous approximation in the new coordinates). Given
a neighborhood U C RY of the origin, consider a continuous quasimetric d on U and a quasimetric d that
is the §.-homogeneous approximation of d. Let ® : U — RN be a homeomorphism onto a neighborhood of
the origin such that there exists a d.-homogeneous homeomorphism L : RN — R¥ satisfying the condition

L(z) = lim 6-! o ® 0 6. (x)

e—0

as ¢ — 0 uniformly in * € Box(rg). Consider the quasimetric space (®~*(U),p), where p(u,v) =
d(®(u), ®(v)). Then
(1) the limit

. 1
p(u,v) = il_rf(l) gp(cseu, Jev)

exists for all u,v € RY and is uniform on some neighborhood V. C ®(U) of the origin;
(2) p(u,v) is a continuous §.-homogeneous quasimetric on RY;
(3) L is a 6.-homogeneous isometry between (R™,d) and (RN, p); i. e.,

0-L(z) = L(d:x),  plx,y) = d(L(z), L(y))

for all z,y € RY.
PROOF. Take ®° = §-! o ® o0 .. Then

p(d:u, 6.v) = d(P(0:u), P(6:v)) = d(dz © D°(u), I 0 P°(v)).
Lemma 8 yields
d(8. 0 ®°(u), 0. 0 B°(v)) = d(®°(u), ®°(v)) + o(1)
= d(L(u) + o(1), L(v) + o(1)) + o(1)

1
gp(égu, dev) =

™ | =

as € — 0, where all o(1) are uniform in v and v in a neighborhood of the origin. Therefore,

P, v) 1= Tim 2 p(6.u, 6.0) = d(L(w), L(v)).

e—=0¢
Since L~ is a homeomorphism, it follows that p is also a quasimetric on RY. Moreover,
p(8u, 64v) = d(L(6¢u), L(6,v)) = d(8; o L(u), 6 o L(v)) = td(L(u), L(v)) = tp(u, v)
for all t > 0 and u,v € RY. The proof of Theorem 9 is complete. [

REMARK 10. In Theorem 9, the condition that the uniform limit exists is unnecessary. We can
construct an example of ® such that (10) lacks any limit, although the quasimetrics converge in the new
coordinate system. Consider C with the Euclidean metric d(z,w) = |z —w| and homothety as the dilation
ds(z) = ez for € > 0.

Define the mapping ¢ : C — C as

q)(rezﬂ) _ Tei(9+logr)’ @(0) =0,

where 6 € [0,2n]. This mapping ® is continuous because ®(re%) = ®(re?™) and ®(re?) — 0 as r — 0.
Furthermore, the metric d(z,w) = |®(z) — ®(w)| is homogeneous:

l‘q)(grleiﬁ) o @(87’26202)‘ _ 1‘€T16i91+ilog(sr1) . €T2€i92+ilog(sm)‘
g g
_ |€iloga‘|rlei91+i10gr1 _ r2€i92+z’logr2’ _ |(I)(7“16i91) _ @(T26i92)|.
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However, (10) for ® is as follows:
1‘1’(82) — 1(1)(87,61'0) _ T6i9+i10g(57‘) — Tei@—l—ilogreilogs — (I)(Z)eilogs
3 93

and so there is no limit as ¢ — 0. Here |z — w| and |®(z) — ®(w)| are not isometric.

Let us apply the results of this section to Carnot—Carathéodory spaces. Consider an equiregular
Cl-smooth space M. In a neighborhood U of p € M choose a basis X, ..., Xy subordinate to (3). Recall
that, using the family

O (u1,...,uy) =exp(ur X1 + - +unXn)(z), zeU,

of the canonical coordinates of the first kind, we define the quasimetric doo(z,y) = maxg—1, N |ux|
and the family of dilations

AP Op(ur, ..., un) = Op(e” ur, ..., eNun).
Theorems 2 and 9 imply the following statement:

Corollary 11. Consider an equiregular Carnot—Carathéodory space M with C*-smooth vector fields,
a basis X1,..., Xy in a neighborhood of p € M subordinate to (3), the canonical coordinate system 6,
of the first kind (2), and a homeomorphism ¢, : U C RN — M of a neighborhood of the origin onto
a neighborhood of p. Define the family of dilations

NE Op(z1,...,2N) = dp(e® 1, ..., NaN).

If the limit
LP(x) := il_I)I(l) 6 to (ﬁ;l 06y 0 dc(x)

exists and is uniform on some neighborhood of the origin and LP is a homeomorphism then the limit

- 1 -
& (z,y) = lim ~doo (APz, APy)

e—0 ¢

exists and is uniform on some neighborhood of the origin and d% is a ﬁg-homogeneous quasimetric
isometric to d%. The isometry is given by the mapping £P = ¢, 0 LP o 0, Bo(z,y) = dBo(LPz, LPy).
REMARK 12. In Corollary 11, if #? is a C'-diffeomorphism then we can define the vector fields
)N(f = F )?f . These are homogeneous under dilation in the new coordinates; however, in general we
cannot assert that they are homogeneous limits of the vector fields ®,.X;. Consider, for instance, [R%y
with the collection of vector fields {%, 8%}, the dilation 6.(x,y) = (ex,%y), and the transition mapping
®(z,y) = (z,y + f(z)), where
x> sin %, x #0,
{ 0, xz=0.

Then ® is a C1!-diffeomorphism of neighborhoods of the origin and

-1 B x x
rososten=(,  Zus) (%)

1 1

as € — 0. However, @*8% = % + (3m‘2 sin & — x cos 5) 8%7 and the expression

0 0 1 1\ 0
-1 2 2 — I
(0c)y €Dy 5 (ex,e%y) o + (35:10 sin — — zcos em) 9y

lacks any limit as € — 0 for « # 0.
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3. Homogeneous Approximation to Vector Fields

In this section we present a sufficient condition on the transition function ® for which there exist
homogeneous approximations to basis vector fields of a Carnot—Carathéodory space in the new coordi-
nates.

DEFINITION 9. Assume that a dilation §. is prescribed in a neighborhood U C R¥ of the origin. Say
that a continuous vector field X on U admits a d.-homogeneous approzimation of degree r whenever the
limit R

X(z) := lim(6;1).e" X (6:2) (14)
e—0
exists and is uniform on some neighborhood of the origin. Observe that in this case the vector field X is
de-homogeneous of degree 7.

Lemma 13. Given ® € CY(U,RY), for the uniform limit
A@y:h%D@40D¢oD@@) (15)
e—

to exist on some neighborhood of the origin, it is necessary and sufficient that for all k,l € {1,...,N}
with oy > o] there are some continuous functions \g; : RY — R d.-homogeneous of degree o, — o; and
satisfying the condition
0Py,
ox;
as € — 0, where all o(-) are uniform in z € Box(¢).
Under these hypotheses, if ®(0) = 0 then the uniform limit

() = Agi(x) + o(e7%7%) (16)

L(z) := lim 6. o ® 0 6. () (17)
e—0
exists and A = DL.
PROOF. Since the matrix DJ. is diagonal with £9!,... &%~ at the diagonal, we have
_ ., 0P
[Dé-! o D® o Dd.], (z) = £ UkT;(agx).

NEcEssITY. Take V' = Box(rg) and suppose that the limit in (15) exists and is uniform on V. This
is equivalent to the property that for all k,7 € {1,..., N} the uniform limits of the coordinate functions

0P
Api(z) = ;g% 5‘”_"’“6—;(551:), z eV,

exist. Then the functions )y, are continuous as the uniform limits of continuous functions and Ay (d;x) =
t7k =%\ (x) for 2 € V and t € (0,1]. We can extend \y; by homogeneity to functions on RY.

SUFFICIENCY. Assume (16). Then in the case o; > o}, we have
0P _
Eo'l*o'k a@k ((56.T) N Txf(o)’ Ul - Uk’
ox;

0, o] > Ok,
as € — 0 uniformly on some compact neighborhood of the origin. For o; < o} we obtain
0P
e 2k (8) = &7 (A (3-2) + 067 ) = A (x) + 0(1),
l

where o(+) is uniform in z.

EXISTENCE OF THE LIMIT IN (17). Put ®° = 6;! 0o ® o d.. If ®(0) = 0 then ®°(0) = 0 for all £ > 0.
Suppose that D®¢(z) — A(z) as € — 0 uniformly in = € Box(rg). Given 1,62 > 0 and = € Box(ry), we
have

@ (2) — @72 (2)| = [(B7 — @%2)(2) — (B — @=)(0)] <o sup [[D(DT — B72)(y)].
y€Box(ro)
Since the family of D®¢ is fundamental in the uniform norm, we conclude that so is the family of ®°.
Hence, the uniform limit ®°(z) — L(z) as ¢ — 0 exists for € Box(rg). Furthermore, since D®* converge
uniformly, DL(x) = lim._,o0 D®°(z) = A(z) for z € Box(rp). The proof of Lemma 13 is complete. [
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Theorem 14 (a sufficient condition for approximation of vector fields in the new coordinates). Given
a continuous vector field X in a neighborhood U of the origin, assume that the uniform limit

X(z) = lim (6;1)*ETX(551')

e—0

exists for some r > 0.
Take a C'-diffeomorphism ® : U — R of neighborhoods of the origin with ®(0) = 0. Suppose that
the uniform limit
Az) = lim D61 o D® o D6, ()

exists in a neighborhood of the origin and det A(0) # 0. Put Y (y) = ®,X(®!(y)). Then the limit

?(y) = lim ((55_1)*5’"Y(5€y)

e—0

exists, is uniform on some neighborhood of the origin, and ?(y) =L.X (L=Y(y)), where the mapping L
is defined by (17).

PRrROOF. Indeed, by Lemma 13 there is a neighborhood of the origin in which the uniform limits

L(z) =lim 6o ® o 6.(x), Li(z)=DL(z)= lim (55_1 o®od.) (z)
e—0 e—0 *

exist. Since det DL(0) = det A(0) # 0, it follows that L(x) is a diffeomorphism of neighborhoods of the
origin. By Lemma 8, the uniform limit

LY (y) =limé o @ 106 (y)

e—0

exists in a neighborhood of the origin. Consequently, in a sufficiently small neighborhood

(6:1),€7Y (6ey) = (6:1) & @. X (@71 (5.9))
= (00 ®00:) (01),e X 00:(8 0 @7 0 bc(y)) = LX(L7'(y)

15 g 15
as € — 0 uniformly in y. O
Theorems 2 and 14 immediately yield the following statement:

Corollary 15. Consider an equiregular Carnot—Carathéodory space M with C'-smooth vector fields,
a basis X1,..., Xy for TM in a neighborhood of p € M which is subordinate to (3), the canonical coordi-
nate system 6, of the first kind (2), and a C L_diffeomorphism op:U C RN — M from a neighborhood of
the origin onto a neighborhood of p. Define the family of dilations

AL pp(z1,...,2N) = dp(eTx1,...,e%NaN).

If the uniform limit
NP(x) = 21_1% D&t o Dqﬁ;l o DBy, o Dé.(x)

exists in a neighborhood of the origin and det \?(0) # 0 then
(1) the uniform limit
- o~ ~
Xp(@) = lim (A7) " ebx (ALa)
exists in a neighborhood of the origin;
(2) the hypotheses of Corollary 11 hold, while the mappings LP and .£P defined in Corollary 11 are
continuously differentiable and X = £ X},.

773



4. Transition and Smoothness

In this section we point out conditions on the smoothness of the transition function ® under which
the necessary condition (9) is also sufficient.

We use the standard multi-index notation. If @ = (a,...,an), where oy are nonnegative integers
for k=1,...,N, then

ool
ozt ... Oz

o =1+ Fan, al=o!-...can!, 2 =22}y, DO =

Introduce also the weight of multi-indices as o(a) = o011 + -+ - + oyan.

Lemma 16. Consider ® : U — RY and for the coordinate functions of this mapping assume that
&, € C%(U) for k =1,...,N. The following are equivalent:

(1) There exist constants C > 0 and g9 > 0 such that ®(Box(¢)) C Box(Ce) for all 0 < ¢ < g.

(2) ®x(x) = O(e%) as e — 0 for x € Box(e).

(3) D*®(0) = 0 for all multi-indices o with o(a) < 0.

(4) The limits

L(z) = lim ;' o @ 0 5. (x), (18)
e—0

DL(z) = lim D6 o D® o D6, (x) (19)

exist and are uniform on some neighborhood of the origin.
If any of these conditions hold then coordinate functions of L are polynomials.

PRrROOF. Equivalence of items (1) and (2) is obvious: Item (2) is a coordinate expression of item (1).
To show that item (3) is equivalent to (2), expand the coordinate functions of ® into Taylor polynomials
to the corresponding orders:

2(x) = Pu(e) +ollz) = S L0y o(jay) (20)

|l <oy,
Observe that 2 = O(7(®)) for & € Box(g). Hence, ®;(x) = O(*) if and only if D*®;(0) = 0 for all
with () < o.
Let us verify that item (3) is necessary and sufficient for the limit of (18) to exist. Indeed, using the
expansion in (20), for the coordinate function ®; we obtain
1 D*®,(0) D*®,(0)
Eék(éaw) = Z —— =%+ Z —z% +0(1).

alevk—o(@) a!
ao(a)<ok a:o(a)=oy,

This expression has a limit as € — 0 if and only if its first term vanishes; i. e., if item (3) is satisfied. In
this case, the second term yields an expression for the coordinate function of the limit Ly (x).

Consider the limit in (19). Since D4, is the diagonal matrix with entries €71, ...,V at the diagonal,
we have 90
(D6 0 D® o Déc ], () =™~ 8xk(5 @).
Since (%" € Co+~Y(U), it follows that
0Py, 0Py op1
(@) = (@) + o),

where Py is the Taylor polynomial for ® in (20). Furthermore, 8525) is a d.-homogeneous monomial of

degree o(a) — 07. Thus,

., 0D D®(0) O(x®) D% (0) O(x®)
O0]—0k
N T By Oe0) = Z aleor—a(a) Jz, + Z a! Oz +oll).
ao(a)<oy a:o(a)=0oy,
We infer again that this expression has a limit as ¢ — 0 if and only if its first term vanishes; i. e., item (3)

holds. In this case, the second term is %L’“( ). The proof of Lemma 16 is complete. [
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Corollary 17. Consider an equiregular Carnot—Carathéodory space M of depth m with C™-smooth
vector fields. Take p € M and the canonical system of coordinates 0, of the first kind in a neighborhood
of p. A C™-smooth coordinate system ¢, in a neighborhood of p satisfies the hypotheses of Corollaries 11
and 15 if and only if there exist constants 0 < C7; < Cs < 0o and €y > 0 such that

¢p(Box(Cie)) C 0,(Box(e)) C ¢p(Box(Cae)) (21)

for all € € (0, ).
PROOF. Put & = 0,1 0 ¢,,.
NECESSITY. Under the hypotheses of Corollary 11 the uniform limits

L(z) = ;i_I}(l)éE_l o ® o ()

exist on some neighborhood of the origin. By Theorem 6, there are constants 0 < C7 < (3 < oo and
g0 > 0 such that Box(Cie) C ®(Box(e)) C Box(Cae). This directly yields (21).

SUFFICIENCY. Suppose that (21) holds. By Lemma 16, the uniform limits

L(z) =lim ;o ® o 6. (x), Na)=DL(z) = lim D6 o D® o D6, (x),
e—

e—0

LY (z)=1limdo-to® tod.(z), AN Yz)=DL Y (z)=1imDi-'oD® o Dé.(z)

e—0 e—0

exist on some neighborhood of the origin. Furthermore, the coordinate functions of L, L%, X, and A~!
are polynomials. Thus, the requirements of Corollary 11 are met: L exists and is a homeomorphism,
while the conditions of Corollary 15 are met as well: the mapping A exists and det A #0. [

REMARK 18. Examples in Remarks 7 and 12 show that the smoothness assumptions on & cannot
be improved in general; i. e., the hypotheses of Theorems 6, 9, and 14 are equivalent for C"-smooth
mappings and differ substantially in the case of lower smoothness, for instance, for C™ 11,

REMARK 19 (an alternative proof of Theorem 3). For Carnot manifolds with C'-smooth vector fields
we have the Ball-Box Theorem (claim 2 of Theorem 1; for a proof see [17, Theorem 8] for instance). This
theorem and Corollary 17 imply Theorem 3 of the Introduction for Carnot manifolds with C"-smooth
vector fields.

5. Canonical Coordinate Systems

Consider an equiregular Carnot—Carathéodory space M with C"-smooth vector fields with » > 1 and
a basis Xi,..., Xy for TM in a neighborhood of p € M which is subordinate to (3). Split the tuple of
vector fields {X;}¥ ; into L disjoint tuples {Xj1,... ; Xjk, }, for j =1,..., L, and consider the mapping

op(ut,...,un) =explup 1 Xp1+ -+ UL,kLXL,k:L) O
oexp(ug1Xa1 + + Uz gy, Xoky) 0 exp(ur,1 X117 + -+ +up g, X1k, ) (D) (22)

Then ¢, € C* and %(0) = X;(p). Consequently, ¢, is a C"-diffeomorphism from a neighborhood of the
origin onto a neighborhood of p. The canonical coordinate system of the second kind

Bg(ul, ..yun) =exp(unyXy)oexp(uny—1Xn_1)0---oexp(u1X1)(p)
is a particular case of this mapping.
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Theorem 20. Consider an equiregular Carnot—Carathéodory space M with C'-smooth vector fields
and p € M. Using (22), define the one-parameter family of dilations
AL pp(z1,...,2N) = dp(eT e, ..., eNaN).
Then the limit 1
& () = lim ~do (A2, AZY)

exists, is uniform on some neighborhood of p, and d% is a AP-homogeneous quasimetric isometric to the
quasimetric d%, of Theorem 2. If M is a depth m space with C™-smooth vector fields then the limit
> . -1
XP(z) = lim (AP) e® X, (Alz)
e—0
exists and is uniform on some neighborhood of p, while the vector fields )N(i’ determine the structure of
a graded nilpotent Lie algebra isomorphic to the algebra of Theorem 2.

We prove this theorem using the following result:

Theorem 21 [12]. Consider an equiregular Carnot—Carathéodory space M with C'-smooth vector
fields, p € M, and a basis Xi,...,Xy in a neighborhood of p which is subordinate to (3). If 5\(,1;,
for Kk = 1,..., N, are nilpotent approximations to these vector fields constructed using the canonical
coordinates of the first kind as in Theorem 2 then there exists a neighborhood U of p such that, given
two absolutely continuous curves 7,4 : [0,1] — M with v(0) = 4(0) € U and

N N
() =D biOXi(v(®), A1) =D b)) XPA®)),
i=1 i=1
where the measurable functions b;(t) satisfy the condition
1
/|bl-(t)|dt<5’5”", S<oo,i=1,...,N, (23)

0
we have

max{doo(7(1), 7 (1)), doo (1(1), 3(1)} < 0(1) -,
where o(1) is uniform on U and in all tuples {b;(t)}}, of functions satisfying (23).
PrROOF OF THEOREM 20. Take é.-homogeneous vector fields 5\({,75('}\, of Theorem 2. Define
g?);) RV — RN as
plur, . un) = explupaXpy + - +urg, Xpp,) o
OEXP(Uz,l)A(éJ +t u2,k2§\(é,k2) ° eXP(Ul,l)A({J ++ Ul,klj\q,kl)(o)'
Observe that g?);, is a O*-diffeomorphism onto RY. Since X j’ is homogeneous of degree o, for all u,v € RN

we have R R R R
Seoexp(u1 Xj + -+ +unXy)(v) = exp(e” us X{ + - + eV un Xy ) (6ev).

Consequently, d. o éﬁ; = g?);, 0 0.
Theorem 21 shows that

dP. <exp (i e%kxk> (2), 0, 0 exp (i eakuk)?,g> o 9;1(93)> = o(e)

k=1 k=1
for each tuple (uj,...,uyn) of constants, where o(¢) is uniform in z in a neighborhood of p; and in
(u1,...,upn), in a neighborhood of the origin. Thus,

gigo(qﬁp(éau), 6y o c}ﬁ;(égu)) =o(e) ase—0
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uniformly in u. The quasimetric d5% is homogeneous in 6,; consequently,

1~ - 1~ N
gd{;o (qﬁp(éau), 6, o ¢;(5au)) = gd{;o (Hp o 9;1 0 ¢p(deu),0p 0 dc 0 (b;(u))
= d2, (0,00 00, 0 ¢p(d-u), 0, 0 ¢y (w)) = o(1).

Hence, we conclude that the limit

lig 5. o0y 0 0y 002 =

exists and is uniform on some neighborhood of the origin, and the hypotheses of Corollary 11 hold. The
mapping .ZP = 6, 0 ¢, 0 ¢ Lo dBo(z,y) = dB(LPx, £Py) provides an isometry between the quasimetrics.

In the case of Carnot—Carathéodory spaces with C™-smooth vector fields both coordinate systems 6,

and ¢, are also C""-smooth; consequently, by Theorem 6 and Corollary 17 the hypotheses of Corollary 15
hold and #? determines a Lie algebra isomorphism: X} (z) = (£F)"'X?(£Pz) for k =1,...,N. The
proof of Theorem 21 is complete. [J
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