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Abstract: We prove some exponential Chebyshev inequality and derive the large deviation principle
and the law of large numbers for the graphons constructed from a sequence of Erd6s—Rényi random
graphs with weights. Also, we obtain a new version of the large deviation principle for the number of
triangles included in an Erdés—-Rényi graph.
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1. Introduction, Main Notation, and Definitions

Consider a collection of independent random variables Xj;;, where 1 < ¢ < j < n, distributed
identically with a random variable X. Assume that

P(X €0,1) =1, (1.1)

and
P(X €[0,e]) >0, P(Xe[l—¢g1])>0 (1.2)

for every € > 0.

Given n vertices, associate an edge with weight X;; to each pair (i, j) of vertices for 1 <i < j < n.
The resulting random graph is called an Erdds—Rényi graph with weights and denoted by I',,. Observe
that if

P(X=0)=1-p, P(X=1)=p, (13)

then we have an ordinary Erdés—Rényi graph; see [1,2].
Let us define a graphon. Consider a triangle in the plane R?; i.e.,

Ac=A{(z,y) eR*: z,y € [0,1], y > z}.
Refer as the graphon space # to the set of all nonnegative measurable functions f(z,y) mapping A to
the segment [0, 1].

We will introduce the main metric spaces. We can interpret each graphon f € # as the density of
some measure on A. Then to each f € # we assign its “distribution function”

P = [( [ stoar) e, oyes
0 =z

Define the metric py = pw(f,g) on # by putting

pw(f,9) == sup |F(u,v) — G(u,v),
(u,v)eA

The authors were partially supported by the Russian Science Foundation (Grant 18-11-00129).

Original article submitted November 19, 2019; revised April 28, 2020; accepted June 17, 2020.
697



where |F'(u,v) — G(u,v)| is the distance between the distribution functions F' and G for two graphons
f,g € #. The metric space (#, pw) is complete and separable. Moreover, #  is compact in this space.
Define the metric d = d(f, g) on #, see [3,4], by putting

a(f,g) = sup L/‘ (i (@) ~ sl dy ) da.

a,bes#

where 7 is the set of all measurable functions from the segment [0, 1] to [—1, 1]. The metric space (#/,d)
is complete and separable. In this space # is not compact.

It is obvious that pw (f,g) < d(f,g) for all f,g € #; i.e., the metric d is stronger than pyy .

Given f € #, define the rate function

1= [ AfGe.v)dod,

(z,y)EA

where A(a) := supycg{a) — log Ee*X} is the deviation function of a random variable X.

Observe that if conditions (1.1) and (1.2) are met then A(«) is a convex function, bounded on [e,1—¢]
for every 0 < e < 1, and equal to oo for a ¢ [0, 1] and zero at the unique point a := EX.

In the case of ordinary Erdés—Rényi graphs, i.e. in case that (1.3) holds, the deviation function is of
the form

log(#) if a =0,
M) = (1-a) log( ) + alog( ) if a € (0,1),
P log(2) if 0 =1,
00 if a ¢ [0,1].

Given an integer n > 1, define s, = s,(x,y) € # by putting s,(z,y) = X;; for (z,y) € O;; and
sn(z,y) = a for (z,y) € A}, where

(i) Oo = Oijm = (’;1, T’L) X (%, %) is some open square of side length - 1 and the upper right
vertex at (£, ﬁ) which lies entirely in A; it is not difficult to see that there are exactly kn == 3n(n — 1)
of these squares;

(ii) A;, consists of all points of A beyond the union of [J; ; »; i.e.,

A;L = A \ U Di,j,n-

1<i<j<n

The function s, € # is the graphon corresponding to I',,. For fixed n to each Erd6s—Rényi graph
with weights there corresponds the appropriate graphon.

We are interested in the large deviation principle (LDP) and the law of large numbers for the
sequence of graphons s,. These problems for ordinary Erdés-Rényi graphs are solved; see [3,4] and
a survey therein. We will compare our result with others in more detail in Section 2 after the main
statements.

Given a metric p, denote by B,(#') the Borel o-algebra of subsets of the metric space (¥, p).
Granted B € B,(#'), denote its interior and closure in (%, p) by (B), and [B],.

Recall the definition of LDP.

DEFINITION 1.1. A family of random functions s,, satisfies the LDP in a metric space (¥, p) with the
rate function I = I(f) : #' — [0, 00] and the normalization function such that 1 (n) : lim, . 9(n) = co
whenever {f € # : I(f) < c} is compact in (¥, p) for each ¢ > 0 and every B € B,(#') satisfies

lim sup

1
n—0o0 Q/)(n)
where I(B) = inf,cp I(y) and I(@) = oo.

logP(s, € B) < —I([B],), liminf

iminf s og P(s, € B) = ~I((B),)
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The rest of this article has the following structure: Section 2 contains the main statements, and
by way of example we obtain the LDP for the number of triangles in ordinary Erdés—Rényi graphs and
compare our results with those available. In Section 3 we prove the main statements. Section 4 is devoted
to auxiliary results.

2. The Main Results

In many problems, in particular that of establishing an LDP, we need to find upper bounds for the
probability that a sequence of random elements belongs to some set. The exponential inequalities of
Chebyshev-type are a convenient tool for these estimates. The following theorem provides exponential
Chebyshev-type inequalities for a sequence of graphons s,, in (%, pw).

Theorem 2.1. Let B € B, (#) be convex and satisfy one of the following:

(1) B is open in (¥, pw);

(2) B is closed in (W, pw);

(3) I((B)py) < oo.

Then P(s, € B) < e " 1(B),

REMARK 2.2. Similar inequalities for the sums of random vectors and trajectories of random walks
were previously obtained in [5; 6, Section 4.3].

Put (9)eq :={f € # : d(f,g) < €}. The following lemma contains a lower bound in a local large
deviation principle for the sequence of graphons s,. This property was obtained in [3,4] for ordinary
Erd6s—Rényi graphs. We propose some analog for Erd6s—Rényi graphs with weights.

Lemma 2.3. Givene >0 and g € #', we have

1
liminf — log P(sy € (9)e,a) > —1(9)-

n—oo M2

REMARK 2.4. The stronger the metric, the more complicated it is to prove lower bounds in the
local LDP. The metric d is “strongest” among those for which this is possible. If instead of d we had
considered the stronger metric

pr = pr(f,g9) = /1</1 |(f (@, ) — g(z,y)| dy) de (f,geW) (2.1)
0

x

then the claim of Lemma 2.3 would be false.
The next result is the LDP for the sequence of graphons s,,.

Theorem 2.5. Suppose that # is equipped with a metric p and the following hold:

(i) pw(f.9) < p(f,9) < d(f,g) forall f,g € W';

(ii) # is compact in (¥, p).

Then the sequence of random functions s,, satisfies the LDP in (#', p) with the normalization function
¥(n) = n? and the rate function I(f).

We also prove the law of large numbers for the sequence of graphons s,,.

Theorem 2.6. The sequence of random functions s, satisfies the following law of large numbers:

lim P(Sn € (ga>s,d) =1

n—o0

for every € > 0, where g,(x,y) = a and (z,y) € A.

Graphons make a convenient tool for proving limit theorems for the elements of the structure of
random graphs. We were exhibit an example of application of Theorem 2.5.
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Consider an ordinary Erdés-Rényi graph, meaning that (1.3) gives the distribution of X. Given
€ [0,1), denote by T}, , the number of triangles included in the graph I',, and lacking vertices with

index less than vn. Consider the sequence of random variables

1
tn’v = 73TTL,U .
n

Let us state a corollary to Theorem 2.5 which is the LDP for the sequence of ¢, ,.

Corollary 2.7. The sequence of random variables t,, ,, satisfies the LDP in the metric space R with
normalization function 1) (n) = n? and rate function

L= it [ A (f(ay) dudy,

(z,y)EA

A, f :=jj/lf(w,y)f(y,z)f(xaz)dwdydz-

voT Yy

where

REMARK 2.8. The case v = 0, meaning the LDP for the number of triangles included in the graph,
was already considered; see [4] for instance.

We will compare our results with those obtained previously. Several other definitions of a graphon
are available [3,4,7-9]; see also a detailed survey in [4]: The function f(x,y) is extended by symmetry

across the diagonal y = z to the whole square [J := [0, 1]2. Denote the space of these extended functions
by WD.
In [3,4,7-9], the cut-metric is defined on # as
do(f,g) := sup //f x,y) dedy — // x,y d:cdy’
S,1C[0,1]

Using the symmetry of f,g € # and the deﬁnltlon of dg, we can Show that

Therefore, if # were compact in (%, dD) then the LDP in this space would follow from Theorem 2.5.
However, we can show that #{; is not compact in (#f,d). If we consider an ordinary Erd&s—Rényi
graph then the rate function is finite at each function in #{. Consequently, the compactness condition
for this set is necessary for the LDP to hold in the sense of Definition 1.1. This problem is solved in [3, 4]

by considering the weaker metric
//f ) dzdy — // x,y d:zcdy'

where the infimum is taken over all measure—preservmg bijections from [0,1] to [0, 1]. Furthermore, #4

0o(f.g) :=inf sup
7 8,TCl0,1]

is “enlarged” by considering the space #f constructed from the cosets of dg(f, g).

The “enlargement” is insensitive to the vertex enumeration in the graph, which prevents us from
obtaining limit theorems in the cases that this is important. For instance, knowing the LDP for a sequence
of graphons s, in (#,0g), we cannot deduce Corollary 2.7 when v # 0. Moreover, this enlargement
complicates the study of moderate deviations for random graphs.

Summarizing, we highlight the main differences of our result from the others.

(1) We study more general graphs; i.e., the Erd6s—Rényi graphs with weights.

(2) The metrics we consider enjoy a series of convenient properties: The set # is compact in (%, p),
the set (f)c,, is convex, and the functional I(f) is lower semicontinuous on (%, p).

(3) We obtain the exponential Chebyshev inequality, a convenient tool for various upper bounds.

(4) The metrics we use enable us to naturally study moderate deviations for random graphs (graphons)
and obtain Gaussian approximation in the domain of normal deviations; the authors are planning to ad-
dress these problems in the next article.
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3. Proofs of the Main Results

PROOF OF THEOREM 2.1. Given an integer n > 1, denote by S, the class of functions in # with
f(z,y) =x;; €[0,1] for (z,y) € O;; and f(z,y) = a for (z,y) € Al,.

Consider the mapping H : S,, — R3>"(=1) that assigns to each f € S, the vector

Hf =T = ($1,2a <o T1ny 235 -+ -5 L2y - - -y Tn—2n—15 Tn—2,n, xn—l,n)-

The mapping H is clearly bijective and continuous with respect to the metric py on S,, and the Euclidean

n(n—1)

norm on R3 . This mapping assigns to a random graphon s, (z,y) the random vector

HSn =X:= (X1,27 s 7X1,na X2,3a s aXQ,nv s ,Xn72,n71a Xn72,na X’nfl,n)-

Recall that {X; ;} are independent and identically distributed with a random variable X.
Assume that condition (1) is met. Observe that for every open convex set B C # the image H(BNS,,)

is open and convex in Rzn=1), Therefore, Theorem 4.8 of Section 4 yields
P(s, € B) =P(s, € BNS,) =P(X € H(BNS,)) < e Mx(H(BME) (3.1)
where for A C Rz7n=1) by definition

Ax(A) := inf Ax(.'f)
TEA

Here Ax (&) is the deviation function for X.
Since the coordinates of X are independent and identically distributed with X, it follows that Ax (%)
is of the form

n—1 n
@) =30 3 M) =n® [ Ay dedy, (32)
e CIEINVAS
where f = H~'Z.
Observe that for every function f € S,, we have A(f(z,y)) = 0 for (z,y) € Al; hence,

A(f () dedy = / A(f () dady = I(f). (3.3)

(xvy)EA\A,n (:U,y)GA

Therefore, P(s, € B) < e~ 1(B) by (3.1)~(3.3).
Assume that condition (2) is met. Put

Be:={feW: giggpw(f, g9) <&}

The set # is compact in (#, pw); therefore, so is the closed set B. Lemma 4.3 of Section 4 implies that
the functional I(f) is lower semicontinuous. Since B is compact, we obtain

P(s, € B) <liminf P(s, € B.) < liminf e " (B) < o~ 1(B),
el0 el0

Assume that condition (3) is met. The set [B],, then satisfies condition (2). Hence, Lemma 4.5 of
Section 4 yields
P(s, € B) < P(sp € [B],,) < o~ 1(Bloy) — o—n*1(B) ]

Proor orF LEMMA 2.3. Firstly consider the particular case that

g(z,y) € (6, 1 —=96) forall (z,y) € A (3.4)



for some & > 0. Since d(g, f) < pr(g, f), see the definition of pr(g, f) in (2.1), by Lemma 4.6, see
Section 4, for all f,g € # there is some integer mg = mg(g, g) < oo such that

for all m > mg. See Section 4 for the definition of g,,. The triangle inequality implies that

g
d(snvg) S d(snagm) + d(gm,g) S d(Sn,gm) + 57

and so
P(s, € (g)a,d) > P(sy € (gm)g,d)- (3.5)

Therefore, we start with verifying the inequality

hmlnf— log P(sn € (9m)z.d) = —1(gm)

n—oo

in the particular case (3.4).
By Lemma 5.6 of [4],

d(Sn,gm) = sup
a,bes#’

/ a(2)b(y) (sn(9) — gl )) drdy (3.6)

(z,y)eN

where ¢ := J,] is the class of step functions ¢ € # constant on each interval (=1, 2) € [0,1]. Put

Am,n = U U Di,j,n: Am,n =A \ Am,n-
Dnl’mGA Di,j,nEDr,l,m

We can obviously choose m; > mg so that

limsup (4, ,,) < = (3.7)
n—oo 8
for every m > my, where u(A) is the Lebesgue measure of A. By (3.6) and (3.7),
o) < s | [ a@0(0)(50(020) = (0,0 oy 4205 <Truri 69
a,bes’
with
Vi = TIa(0r1m) n2 sup Zaz = grim)Io,,,, (Dign),

a,besr’!

where a;b; are the values of a(z)b(y) on the squares [J; j,, and gy, are the values of g,,(z,y) on the
squares [J,.; ,,, while

1 if BC A,

0 otherwise.

I4(B) := {

Noticing that (3.8) involves exactly % < m? terms Y,.;, we see that

P(d(sn,gm) < ;) zP(%er,l < Z) zP(ﬂ {YH < 452}) (3.9)

7l

Since {Y,; : 0,1, C A} is obviously a collection of independent random variables, (3.9) yields
P(d(sn,gm ) >HP< < ) (3.10)
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Bound each factor on the right-hand side of (3.10) from below by

3 3
Pr’l’m(W) -— P(C’,,7l7m (W))’ (3].].)

where the parameters r and [ satisfying [J,.; ,, € /A, the parameter N > 1 is chosen below, and the event
C’nl,m( e N) is defined as

3
C’r,l,m <4m2]\7> = { Sup 2 ‘Z a/l - grzlym)ID'r,l,m (DZ,],TL) <

abcr’ T

_&
A4m2N |

Prior to bounding the terms of (3.11) from below, we mention some useful properties of the deviation
function A(a). Put A()) := log Ee?X

It follows from (3.4) that the constant § := g, ., satisfies g € (6,1 — J). Since A(a) is an analytic
function on the interval (0, 1), the constant

A:=A(g), where \(a) :=A(a),
is determined. Since
Ae) = Ma)a — AN (@), A'(Ma) =a, BMIXX = ARX@),

for all a € (0,1), we have ) )
A@) =Ag—AQ\), EeMX =tV

Let us bound (3.11) from below. The event C’T’l’m( obviously includes the event

4m€2N)
1 .
ﬁ‘Z(XM - 9o, Oign)| <
i

Consequently, for all sufficiently large n the relations

_ &
4m?2N |’

1 En o A IR
=5 —0| < ———=, —=AS: > —-k\g—k )\ — 3.12
hold of this event, where
2

n
k= ZID” w@ijn) ~ 5 asn—oo, Sp=3 Xijdn, (DOijn)-

By (3.12),

)\S )\S
Pr,l,m( ) < 5 rlm<4 2N))
Aa _iS 5 6
_ —kA@+A ) D <
—e ( (@)+] |4 )P<Cr’l’m<4m2N>)’ (313)

where E is the expectation of the distribution P defined as P(B) := e*f“A(S‘)E(eS‘SI%; B) using the
parameter A, and B is an arbitrary measurable set.
To continue the proof, we need the following auxiliary assertion:
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Lemma 3.1. We have N
lim B(Crpn(v)) = 1

n—oo
for every v > 0.

PrOOF. By Lemmas 5.9 and 5.10 of [4], for every d > 0 there exists a set of functions &/ C 7’
such that

Sup 2 ‘Z az ’L IDY’ lm (|:|7'7‘77n)

1
S S !Zaz Xi5— ), Dign) (3.14)
and |77 < (3/9)™, where |#”| is the cardinality of J#”.
Choosing § = 1/4 and applying (3.14), we find that |#”| < 12" and
D v
P(Cr,l,m(')/)) Z ]‘ (ailel]f))g// n2 Za’t 'L IDrlm(D’i:jvn) Z 2)
- ( J {5 Senis-o5... 02 3})
(]Zaz Xij = I, Dign)| 2 2) (3.15)
Since EX = §, using Theorem 4.2 of [4 [4], for all e > 0 and a,b € #’ we obtain
2.2
( 2 Z“z Xij =90, (Oijn)| = g) < 257 (3.16)
Now (3.15) and (3.16) yield
2.2
lim P(Cpypm(y)) > 1— lim 2-12%% s =1. O

n—00 n—00
Resume proving Lemma 2.3. Using (3.10), (3.13), and Lemma 3.1, we infer that
€ 1 Ae
i 1 tog P (Ao ) < 5 ) = =2 3 Maran) = -

n—oo n2 2 .
T’

Choosing N arbitrarily large, we can remove the second term on the right-hand side. Therefore, (3.5),
(3.9), and the convexity of A(«a) yield

1 1 €
N S Timinf L €
hnn_1>1£f = log P(sp € (9)e,d) > hnn_1>1oréf = logP(d(sn,gm) < 2)

1
> T2 A(gr,l,m) = A(gm($’ y)) dzdy
m? &= ,
T, T, Dr,l

S ;M(DT,Z)A(@D/ 9(z,y) dfcdy)

r,l

/ Ag(z,y)) dedy > — / Ag(z,y)) dedy = —1(g).

U Dr-,l (z,y)EA
The claim of Lemma 2.3 is now established with the additional assumption (3.4).
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Assume now that (3.4) is not satisfied. Construct the graphon

g(é) (z,y) = min{max{g(z,y), 0}, 1 — 4},

where ¢ > 0 is sufficiently small so that
. [e a 1—a
6 <min< —, —, .
{4 11 }

d(g,9'Y) < sup |9 (z,y) — g(x,y)| <4,
(z,y)eD

Since

it follows that
P(d(sn,g) <€) > P(d(sn,g) < £/2).

Applying the already established claim to the graphon ¢®), we obtain

hmlnf— logP(d(sp,g) <e) > —1(9(5))-

n—oo n2
It remains to observe that the deviation function A(«a) increases for @ > a and decreases for a < a;
therefore, —I(g(¥)) > —I(g). Thus, in the last inequality we can replace the right-hand side by —I(g). O

PROOF OF THEOREM 2.5. By Lemma 4.1.23 of [10], for the sequence of measures generated by s,
it suffices to establish the two claims:
the local LDP: every function g € # satisfies

lim hmsup— log P(p(sn,g) < ¢) = limliminf — log P(p(sn,g) < e) = —I(g);

e—=0 nooo e—0 n—oo n2

the exponential tightness: for every ¢ € R there exists a compact set K. C # such that

lim sup o log P(s, ¢ K.) <

n—oo

Let us prove the local LDP. Since every e-neighborhood is convex in (#,pw) and I(g) is lower
semicontinuous, Theorem 2.1 and condition (i) imply that

1
lim hmsup— logP(p(sn,9) <€) < lim limsup — 3 log P(pw (sn,9) < €)

e—=0 nooo e—=0 nooo

1
< lim limsup — loge™" *1(9)ew) < —I(g), (3.17)

e—0 n—oo n

where (9)ew :={f € ¥ :pw(f,g) <e}.
By Lemma 2.3 and condition (i),

.1 .1
liminf —5 log P(p(sn, ) <€) = liminf 5 log P(d(sn,9) <€) = ~1(9) (3.18)

for every £ > 0. From (3.17) and (3.18) we obtain the local LDP for s,,.

The exponential tightness of the sequence of measures generated by s, follows from condition (ii).
Combined with Lemma 4.3 of Section 4, this condition also implies that {f € # : I(f) < ¢} is compact
for every ¢ > 0. [

PrOOF OF THEOREM 2.6. From (3.5) and (3.10) we obtain

P(sn € (9a)e,a) >HP< sup Zaz Xij—a)lg,,,,(Dijn)| <

abe}f’

E). (3.19)

4m2
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If § = a then P and P coincide; hence, Lemma 3.1 shows that

’I’L2 Zal l IDTlm(D.:j:n) <

lim P( sup
n—00 a,bes’

5) ~1 (3.20)

for every € > 0.
Now (3.19) and (3.20) yield lim, 0o P(sn € (9)cq) =1. O

PROOF OF COROLLARY 2.7. Put ¢, := min(c € N: ¢ > vn). Since the random variable X has the
Bernoulli distribution; therefore,

1 n—2 n-—1 n
tno =3 Y D XiXppXa

i=Cpp j=i+1 k=j+1

n—2 n—1 n
1
:ﬁ Z Z Z Sn(xay>3n(y7Z)Sn($>Z)I(x,y)(Di,j)I(y,z)(Dj,k)I(x,z)(Di,k)- (3-21)
i=cn,v j=i+1k=j+1

‘We have

n

1 n—cn,v+1 n—Cpy)(N—Cnp—1
DD P = :

i=Cn,v J=1+1 k=j+1
///dmdydz ™ 3 . (3.22)

n,v Yy

Since sy (z,y) belongs to [0, 1] and is constant for (z,y) € 0, x, we infer from (3.21) and (3.22) that

cn,v

n 1

111 1
///sn z,Y)S$n(Y, 2)sn(x, z) dedydz — / / dxdydz — - i’n’v
y y

v oz v T

1
<tpp < ///sn(x,y)sn(y,z)sn(fc,Z) dedydz =: 1p,,.

v Ty

Consequently, for every € > 0 we have

1 ~
lim sup 72 IOgP(‘tn,v - tn,v’ > 8)
n—00

cn,v

< limsup — logP( / //d:vdydz+ ):—oo.
n—00 n?

So, Lemma 4.2.13 of [10] implies that if a sequence %nﬂ, satisfies the LDP then t,, , satisfies the same LDP.
Thus, it suffices to obtain the LDP for Enm.
Consider the metric

1
pAv(fag) = §|Avf_Avg|v fageW'

Furthermore, equip %" with the metric pa . (f, 9) := max(pw (f,9), pa,(f,9)). It is easy to see that # is
compact in the space (#/, pa ). Lemma 4.7 of Section 4 implies that pa,(f,g) < d(f,g). Consequently,
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the metric space (#, pa,) satisfies the hypotheses of Theorem 2.5. Thus, the sequence s,, satisfies the
LPD in this space with the normalization function v)(n) = n? and the rate function I(f).

Observe that A,s, = fm,. Also it is obvious that the operator A from (%, pa ) to R is continuous.
Therefore, according to Theorem 2.5 and the “contraction principle” (see [11, Theorem 3.1] for instance)
the sequence Zn,v satisfies the LPD with the normalization function v (n) = n? and the rate function

In »(u) = inf / Ap(f(z,y))dedy. O

 fewiAyf=u
(z,y)eA

4. Auxiliary Results

Lemma 4.1. The functional I(f) is convex.
PrOOF. Take r,s € [0,1] with r + s = 1. For all f,g € # we have

rI(f) + s1(g) = / (rA(f(z,9)) + sM(g(z, v))) ddy
(z,y)EN

> / (A(rf(z, ) + sg(z, y)) dady = I(rf + sg),
(zy)eD

where the inequality > follows from the convexity of the deviation function A(a). O

Lemma 4.2. If lim,, 0o pw(fn, f) = 0 then for every € > 0 and every measurable set A C A we
have

] [ vy dady~ [ a0 dmdy' < ep(4)
A A

for all sufficiently large n.

PROOF. If u(A) = 0 then the inequality is obvious. Assume that p(A) > 0.
Since A is measurable and p(A) > 0, by [12, Chapter 5, § 3, Definition 2| there are an integer m(A, ¢)
and a collection of disjoint rectangles By, for 1 < k < m(A,¢), such that

m(A,e)

u(ae U B) < Sua)

k=1

where © stands for symmetric difference.
Since limy,, 00 pw (fn, f) = 0 and pu(A) > 0 for n sufficiently large, we have

m(A,e)
1

D

k=

[ suandsay ~ [ e dsa| < Suca)
By, By,

Hence,

m(A,g)
[ dwdy\ <y
k=1

' / Fulz, ) dady — / Fule,y) dady — / f(z,y) d:cdy’
A By, By,

A
m(A,e)
+2max( sup fn(z,y), sup f(a:,y)),u(A@ U Bk>§5,u(A). O
(z,y)EN (z,y)EN k=1
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Lemma 4.3. Consider a function A(a) : R — [0, 00| satisfying the following:
(1) A(@) is bounded and convex on [e,1 — ] for every € > 0;
(2) there exist possibly infinite limits

A(0) := 161&)1 A(e) and AQ1):= lslﬁ)l A(l—e).

Iflimy, o0 pw(fn, f) =0 for f € # and f, € # then

liminf I(fn) > I(f),

where

I(g) := / A(g(z,y))dzdy, geW.
(zy)er

Proor. Consider the case that lim. o A(e) = lim, g A(1 — ¢) = oo.
Put

A= {($,y) € A:&Sf($7y) < 1_5}7 Ag = {(‘T’y) €A f(may) :0}7

A= {(z,y) € & f(z,y) = 1}
By Theorem 16.1 of [13],

/ A(f (2, y)) ddy = / A(f (2, )) ddy + p(A0)A(0) + u(Ay)A(1)
(zy)er A\ (AgUA:)

“tim [ Ay (21~ e dody + p(A0)A©) + 1(ADA()
A\(AgUA1)

=t [ A(/(,) dady + p(A0)A0) + p(A)A(L)
Ae

where we put 0 - oo = 0.
Applying again Theorem 16.1 of [13], we obtain

(zy)er

[ Alte) dedy = tim [ Al dody+ [ ACu(o.9)) dady
Ae Ag

/ A(fn(z,y)) dedy =: hﬁ)l Ine+1Ino+1Ina. (4.1)
[
A1

Consider the first term on the right-hand side. Since A(«) is a bounded convex function on [e,1 —¢],

it is also continuous there. Since the function f(z,y) is measurable and bounded, there is a sequence of
simple functions fp,(z,y) with

11_1}1 sup |f(x,y) — fm(z,y)| =0,
M=o (z,y)en

i [ Ao, dady = [ A(f(,y) dady.
Ac Ac
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Hence, for every v > 0 there are an integer m., measurable sets Ay, and constants }'kﬁ, for 1 <k < m,,
such that Ay, NA;, = @ for k # j with (J; | Ak, = A and fm(z,y) = fi, for (z,y) € Ay, and

sup | f(z,y) — frnl <7 (4.2)
("E:y)eAk,’y

for all 1 <k <m,. By Lemma 4.2, for all v > 0 and 1 < k£ < m, we have

'/ﬁmwMMwi/ﬂmwmw<wmaw (4.3)

Aky Aky

for n sufficiently large. Since A(«) is uniformly continuous on [£/2,1 — £/2], for every § > 0 there exists
v :=7(d) € (0,e/2) such that
sup [Ala+s)—Ala)] < 9§ (4.4)
s€[=71]

for all a € [e,1 —¢].
Using Jensen’s inequality, (4.3) and (4.4), for 1 <k < m, and n sufficiently large we obtain

/A%@@MMMWMmM<AM!/h$yM@>

k,y

> 1(Aky) E%nﬁ W]A( (Ar) / f(z,y dxdy—i—s)
SEI=7s 7’7

> ,u(A,m)(A< A / f(z,y dmdy) —5> (4.5)

From (4.2), (4.4), and (4.5) we infer that

/AmmW»msz@w%ng(mm./ﬁwmw+ﬁ—0

k,y k,y

> ,UJ(Ak,'y)<A( (Ax) / Frn d%‘dy) - 25) = 1(Aky) (A(fry) — 20)

- / A(Jrn) dady — 261( Ay, ). (4.6)
A~
Then (4.2), (4.4), and (4.6) yield
[ Auwdzay= [ nt A(Gog) + ) dody — 20u(A)

5€[—=,7]
Ak,’y Akv"/

> [ Af(e,) dedy - 30u(n,). (4.7)
A~
By (4.7), for all € > 0, § > 0, and sufficiently large n we have

Ine —/ (fu(z,y) dwdy—z / (fa(z,y)) dady

A k= lAkt'y
> ;(/ A(f(z,y)) dedy — 35u(Ak,7)) ZA/A(f(x,y))dg;dy _ 35, (4.8)
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Let us estimate I, o from below. By Lemma 4.2, for every € > 0 and sufficiently large n we have

og/n@wmw<wmw (4.9)
Ao

Put Aoepn :={(z,y) € Ao : fu(z,y) > 2¢}. From (4.9) we find that

25u(A02) < [ Fulayy) dudy < e o).

Ag
Thus,
A
N(AO \ AO,E,TL) > M(2 O) .
Hence,
oA 1(Ao)
no = [ A(fu(z,y)) dedy > A(fu(z,y)) dedy 2 == 1[%f2 ]A(a) (4.10)
agc|0,2e
AO AO\AO,s,n
for n sufficiently large.
Similar arguments show that
A
T = [ Ao dady > 50 iur  af) (4.11)
2 agl-2¢,]
Ay

If max(u(Ap), u(A1)) = 0 then (4.1) and (4.8) show that for all € > 0 and § > 0 we have

lim inf / A(fu(z,y)) dedy

n—oo
(zy)eD

> timin [ A(fu(o. ) dody = [ A (o) dody - 35
Ae A

Passing to the limit as § — 0, for every ¢ > 0 we obtain

lim inf / A(fn(z,y)) dedy > /A(f(a:,y))dxdy.

n—»00
(@y)en Al

This implies that

fimint [ Afu(e,0) dody > tim [ AG @) dedy = [ A(f(a,y) dady.

(zy)er A. (z,y)eN
If max(u(Ap), u(A1)) > 0 then (4.10) and (4.11) yield
fimint [ Afu(e0) dedy
(@y)en
> e (K52t 4o nt M) = oo

Thus, Lemma 4.3 is established in the case that lim. g A(e) = lim. o A(1 —€) = co. The remaining cases
are similar. [
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Lemma 4.4. If f,g € W with I(g) < oo then
Um I((f)e,w) = I(f), (4.12)
el0

lim Z(1 = r)g+rf) = 1) (4.13)

PRrROOF. Lemma 4.3 shows that I(f) is lower semicontinuous, and so (4.12) holds.
Lemma 4.1 implies that I(f) is convex. Using the inequality I(g) < oo, we infer that

lim I((1 = r)g + rf) < lim(1 = )(g) + r1(1) = 1(1). (4.14)
On the other hand, lower semicontinuity yields
ligl[((l—r)g—l—rf) > I(f). (4.15)

Finally, (4.14) and (4.15) force (4.13). O
Lemma 4.5. If B € B, (¥#) is a convex set with I((B),,,) < oo then

I((B)pw) = 1(B) = I([Bloy)- (4.16)
PROOF. Let us prove firstly that if B is a convex set then so are the following sets:
() (B)pw:
(ii) [Blows

(iii) [B]py N I<oo, Where Iooo := {f : I(f) < 00}.

(i) To verify that (B),,, is convex, take fi1, fo € (B),,,. Then (fi)sw, (f2)sw C B for some § > 0,
and since B is convex, we have

r(fi)s,w + s(f2)s,w C B, where r,s € [0,1] with r + s = 1. Since

(rf1+sf2)sw Cr(fi)sw + s(f2)sw,

it follows that (rfi + sf2)sw C B. This means that f = rf; 4+ sfy lies in B together with some
neighborhood; i.e., f belongs to (B),, . The convexity of (B),,, is established.

(ii) To verify that [B],,, is convex, take f,g € [B],, . This means that there exist two sequences
fn € B and g, € B converging respectively to f and g. Since B is convex; rf, + sg, € B, where
r,s € [0,1] with r + s = 1. Since

PW(Tfn + sgn,rf + 59) < TPW(fna f) + SpW(gmg) — 0,

it follows that r f, +sgn, — 7 f +sg. This means that r f 4 sg lies in the closure [B],,, of B. The convexity
of [B],,, is established.

(ili) Verify that [B],,, N I<« is convex. By Lemma 4.1 the functional I(f) is convex, and so I is
convex. Hence, so is [B],,, N I<« as the intersection of two convex sets.

By assumption I((B),y,,) < oo; hence, (B),,, N I<o is nonempty. Choose fy € (B),,, N l<eo and
f1 € [Blpy NI<oo and consider the half-open interval

(fo, fi)={fr=rfi+ (A —=7)fo: 7€[0,1)}.
Let us show that
[fo, f1) C (B)pw- (4.17)
Both points fp and f; lie in the convex set [B],,, NI<«, and so f, lies in [B],,, NI for every r € [0, 1].

To justify (4.17), we must exclude the possibility that f, € OB for all r € [0,1). However, if f, € 0B

then there exists a sequence g, & [B],,, with g, — f,. In this case

hy, = gn 7T rh

— fo asn — oo.
1—r
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Since fo € (B),y,, it follows that h,, € (B),,, for all sufficiently large n. Since g, = rfi+(1—r)h, and f; €
(Bl , it follows that g, € [B],, for n sufficiently large. The resulting contradiction establishes (4.17).
From (4.17) we infer that

I((B)y) < Irfi+(1—1)fo), 0<r<L (4.18)

Since fo, f1 € <o, by claim (4.13) of Lemma 4.4 the right-hand side of (4.18) converges to I(f1) asr 1 1.
Thus, I((B),y,,) < I(f1). Since fi € [Bl,,, NI<o is arbitrary, we arrive at

I((B)PW) < I([B]pw Nlcoo) = I([B]PW)'

This inequality together with the obvious inequalities
I((B)pw) = 1(B) = I([Bloy)

justifies claim (4.16) of Lemma 4.5. [
Recall that [, ; = U, 1, 1= (ﬂ L) X (; —) are open squares of side length %, for m € N, with

m ’m m’m
the upper right vertices at (%, %), which lie entirely in A.

Given g € #/, put

-1 1

woy J 9@ y) dedy, (z,y) € Ony i (2,y) € Oy,
gm(@,y) = Hr

a if (z,y) € &y,
where A, =, Uy and A, =0\ D

Lemma 4.6. For all g € # and e > 0 there is an integer m = m(e, g) such that pr(g, gm) < €.

PROOF. By Luzin’s Theorem (the version for RY, see [14, Theorem 3.6.1]) there are a continuous
function g = g(z,y) : A — [0, 1] and a measurable set A C A such that

A=A\ A, (4.19)

and for all (z,y) € A we have
9(z,y) = g(z,y). (4.20)

Since g(z,y) is a continuous function on A, there is an integer m = m(g, ) such that

~ ~ 2¢e — £
sup  |9(z,y) — gm(z,y)| < —  and  p(d,,) < . (4.21)
($7y)€Am 3 6
The triangle inequality yields
pL(g 9m) < pL(9,9) + pL(G; Gm) + PL(Gm> Im), (4.22)

and it suffices to estimate each term on the right-hand side of (4.22).
Estimate the first term. From (4.19) and (4.20), using the inequality sup, y)ea |9(2,y) —g(z,y)| < 1,
we infer that

(4.23)

o ™

pr(9,9) = / l9(z,y) — §(z,y)| dzdy + / l9(x,y) — g(z,y)| dedy < p(A) <
A iy

Estimate the second term in (4.22). By (4.21), taking into account the inequality

sup [3(z,y) — Gm(z,y)| < 1,
(zy)eD
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we conclude that

p1(Gs ) = / 5(2,4) — Gm(2, )| dady + / (2 ) — (2, y)| dady

B
2 _
< SHu(Bm) +u(By) < 3. (4.24)
To estimate the third term in (4.22), inspect firstly for (z,y) € O, the variable |Gy, (z,y) — gm(x, y)|.
Since sup(, y)en 19(2, y) — g(z,y)| < 1, we have
() = gm0l = | [ @,0) = o) dude
gm 7y gm 7y M(Dr,l) g ) g )
7l
<2 8(u,0) — gl )| dudv + — 2 u(Chy 1 4)
< glu,v) —glu,v uav — MU 7l
w(Or) 1(Or)
0,.nA
1 _
= —— (O, nA). 4.25
e (4.25)
Using (4.19), (4.21), and (4.25), as well as  sup |Gm(x,y) — Gm(z,y)| < 1, we obtain
(z,y)eD
p1am9m) < [ 13(2,9) = am(e. )l dody + [ [gn(e.9) g, dody
Aom x
(3 13
< A < u(A - < = 4.2
Zu r 0 +6 pA) + ¢ < 3 (4.26)

Finally, (4.22)—(4.24) and (4.26) show that pr(g,gm) <e. O

Lemma 4.7. ps, (f,g9) < d(f,g) for all f,g e W .
ProOF. Put h(zx,y) := f(z,y) — g(z,y). It is easy to see that

3pAv(f’g) < Il +IQ +I37

h;quEx% =) )

v

e |
b | [ ([ ([ o) i)

To estimate I, observe that

where

Hl(x7ya Z) = f(w,y)h(y, Z)f(l‘, Z);

dz Hg(x,y,z) = h(xuy)g(ya z)f(a:,z);

Hs(z,y,2) == g(z,y)9(y, 2)h(z, 2).

1

I < /Il(:c) dr, Ti(z):= ‘j(/lHl(aj,y,z) dz> dy‘.

v x

Put 4, :={a €  : a(y) =0 for y € [0, z]}.
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Since

)
1
— s '/ (/b —g(y,z»dz)dy]
a€Hy,bex
)

0

1
< sup ‘/a (
a,beﬁf’o

@\H

0‘
—~
N~—
N—
U
I\

N———
QU

=
|
=3
T

for every fixed z € [v, 1], we see that

1

L < / d(f,9) dx < d(f,9).

The inequalities I < d(f,g) and I3 < d(f, g) are established similarly. O

For the reader’s convenience, we state Theorem 1.3.1 of [6].

Theorem 4.8. Suppose that a random vector X € R™, with m > 1, satisfies Cramér’s condi-

tion [Co]: There exists A > 0 such that Ee)X| < oo. Then for every convex open set B C R™ we have

[SA0r-

N o

10.

12.

13.
14.
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P(X € B) < e x(B),
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