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COHOMOLOGICALLY RIGID SOLVABLE LEIBNIZ ALGEBRAS

WITH NILRADICAL OF ARBITRARY CHARACTERISTIC SEQUENCE
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Abstract: We describe the (n+ s)-dimensional solvable Leibniz algebras whose nilradical has charac-
teristic sequence (m1, . . . ,ms), where m1 + · · ·+ms = n. The completeness and cohomological rigidity
of this algebra are proved.
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§ 1. Introduction
Leibniz algebras were first introduced by Blokh (see [1]) under the title “D-algebras” in 1965. These

algebras reappeared in 1993 in Loday’s article [2], where the present-day term “Leibniz algebras” was
established. Leibniz algebras are so natural generalization of Lie algebras that many properties of Lie
algebras extend to Leibniz algebras.
In much the same way as other finite-dimensional algebras defined by identities, the Leibniz algebras

of a given dimension define an algebraic variety. Since each algebraic variety is representable as the union
of finitely many irreducible components, which are in turn described by open subsets, of importance in
describing the varieties of finite-dimensional algebras is the description of the algebras whose orbits under
the action of the linear group are open sets. Algebras with such orbits are called rigid algebras. Thus,
the closures of the orbits of rigid algebras give the irreducible components of the variety. A sufficient
condition for the rigidity of algebras is the triviality of the second cohomology group (see [3]). Note
that the calculation of the second cohomology groups is rather difficult. Hochschild and Serre proved
a theorem that significantly simplifies the calculation of cohomology groups for Lie algebras (see [4]).
Unfortunately there is still no analog of this theorem by now for non-Lie Leibniz algebras. Therefore, we
have to use the structure of the algebra in each particular case.
The present article provides some classification of solvable Leibniz algebras whose nilradical has

a characteristic sequence equal to (m1, . . . ,ms) provided that the dimension of the complementary space
of the nilradical has the maximal value. Moreover, we prove the completeness and cohomological rigidity
of such Leibniz algebras. Note that these algebras are a Leibniz analog of the Lie algebras considered in [5].

§ 2. Preliminaries
Let us start with some notions and preliminary results.

Definition 2.1. An algebra L over a field F is called a Leibniz algebra if all x, y, z ∈ L satisfy the
identity

[x, [y, z]] = [[x, y], z]− [[x, z], y],
where [·, ·] is the multiplication in L.
Given an arbitrary Leibniz algebra L, define the lower central and derived series as

L[1] = L, L[k+1] = [L[k], L[k]]; L1 = L, Lk+1 = [Lk, L1], k ≥ 1.
†) To Academician Yuri Leonidovich Ershov on his 80th birthday.
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Definition 2.2. A Leibniz algebra L is called solvable (respectively, nilpotent) if there exists s ∈ N
such that L[s] = 0 (respectively, Ls = 0).
The maximal nilpotent ideal of a Leibniz algebra L is called the nilradical of L.
Note that the operators of right multiplication by an element of an algebra (i.e., Rx(y) = [x, y]) are

derivations, which we will call inner.

Definition 2.3. A Leibniz algebra L is called complete if the center of L is trivial and every
derivation of L is inner.
The reader is referred to [2] for more details with the cohomology group of Leibniz algebras. Recall

only that a 2-cocycle ϕ ∈ ZL2(L,M) and a 2-coboundary f ∈ BL2(L,M) of a Leibniz algebra L
with coefficients in a module M are defined as follows:

(d2ϕ)(a, b, c) = [a, ϕ(b, c)]− [ϕ(a, b), c] + [ϕ(a, c), b] + ϕ(a, [b, c])− ϕ([a, b], c) + ϕ([a, c], b) = 0,
f(a, b) = [g(a), b] + [a, g(b)]− g([a, b])

for some linear mapping g. Moreover,

HL2(L,M) = ZL2(L,M)/BL2(L,M).

Define the action of the group GLn(F ) on the set of all n-dimensional Leibniz algebras Leibn(F ) as
follows:

(g ∗ λ)(x, y) := g(λ(g−1(x), g−1(y))), g ∈ GLn(F ), λ ∈ Leibn(F ).
Denote the orbit of an algebra L under this action by Orb(L). Recall that L is called rigid if Orb(L)

is open in the Zariski topology.
The various rigidity criteria are available that express this initially topological notion in other terms.

Most important in this connection is the sufficient rigidity criterion proved by Balavoine in [3]. Namely,
the rigidity of the algebra follows from the triviality of the second cohomology group with coefficients in
a module defined by the Leibniz regular representation.

Definition 2.4. A Leibniz algebra L is called cohomologically rigid if HL2(L,L) = 0.
Let L be a nilpotent Leibniz algebra and let x ∈ L\L2. Given the nilpotent operator of right

multiplication Rx, consider the decreasing sequence C(x) = (m1, . . . ,ms) consisting of the sizes of the
Jordan cells of Rx. Endow the set of such sequences with the lexicographic order.

Definition 2.5. The sequence
C(L) = max

x∈L\[L,L]
C(x)

is called the characteristic sequence of an algebra L.

§ 3. The Main Results
Consider a nilpotent Leibniz algebra with characteristic sequence (m1, . . . ,ms), where m1 ≥ · · · ≥

ms ≥ 1, and multiplication table[
eti, e

1
1

]
= eti+1, 1 ≤ t ≤ s, 1 ≤ i ≤ mt − 1.

Denote this algebra by Nm1,...,ms . We will use the notation R(Nm1,...,ms , s) for solvable Leibniz algebras
with nilradical Nm1,...,ms and complementary space of dimension s.

Theorem 3.1. An arbitrary solvable Leibniz algebra R(Nm1,...,ms , s) is isomorphic to the algebra⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

[
eti, e

1
1

]
= eti+1, 1 ≤ t ≤ s, 1 ≤ i ≤ mt − 1,

[
e1i , x1

]
= ie1i , 1 ≤ i ≤ m1,

[
eti, x1

]
= (i− 1)eti, 2 ≤ t ≤ s, 2 ≤ i ≤ mt,[

eti, xt
]
= eti, 2 ≤ t ≤ s, 1 ≤ i ≤ mt,

[
x1, e

1
1

]
= −e11,

where {x1, . . . xs} is a basis for the complementary vector space.
The proof is carried out by the methods analogous to the demonstration of Theorem 3.2 in [6].
Describe the space of derivations of R(Nm1,...,ms , s).
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Proposition 3.2. The following linear transformations form a basis for Der(R(Nm1,...,ms , s)):⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

d0(x1) = −e11, d0
(
e
p
i

)
= epi+1, 1 ≤ p ≤ s, 1 ≤ i ≤ mp − 1,

d1
(
e1i
)
= ie1i , 1 ≤ i ≤ m1,

d1
(
e
p
i

)
= (i− 1)epi , 2 ≤ p ≤ s, 2 ≤ i ≤ mp,

dp
(
e
p
i

)
= epi , 2 ≤ p ≤ s, 1 ≤ i ≤ mp.

Proof. Let d be a derivation of R(Nm1,...,ms , s). Put

d
(
e
p
1

)
=

s∑

t=1

mt∑

i=1

α
p
t,ie
t
i +

s∑

i=1

β
p
1,ixi, d(xp) =

s∑

t=1

mt∑

i=1

γ
p
t,ie
t
i +

s∑

i=1

β
p
2,ixi, 1 ≤ p ≤ s.

The equality d
([
e11, x1

])
=
[
d
(
e11
)
, x1
]
+
[
e11, d(x1)

]
gives the constraints

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

γ11,1 = −α11,2, β12,1 = 0,
α11,i = 0, 3 ≤ i ≤ m1,
α1t,i = 0, 2 ≤ t ≤ s, i = 1, 3 ≤ i ≤ mt,
β11,i = 0, 1 ≤ i ≤ s.

Given 2 ≤ p ≤ s and considering the equality d([ep1, x1
])
=
[
d
(
e
p
1

)
, x1
]
+
[
e
p
1, d(x1)

]
, we obtain

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

α
p
p,2 = α

1
1,2,

α
p
1,i = 0, 1 ≤ i ≤ m1,
α
p
t,i = 0, 2 ≤ t ≤ s, 2 ≤ i ≤ mt,
β12,p = 0.

If 1 ≤ p ≤ s then the equality 0 = d([xp, x1]) = [d(xp), x1] + [xp, d(x1)] yields
{
γ
p
t,i = 0, 1 ≤ t ≤ s, 2 ≤ i ≤ mt, 1 ≤ p ≤ s,
γ
p
1,1 = 0, 2 ≤ p ≤ s.

The equality d
([
e11, xp

])
=
[
d
(
e11
)
, xp
]
+
[
e11, d(xp)

]
for 2 ≤ p ≤ s implies α1p,2 = β

p
2,1 = 0, 2 ≤ p ≤ s.

Consequently,

d(e11) = α
1
1,1e

1
1 + α

1
1,2e

1
2, d(xp) =

s∑

t=2

γ
p
t,1e
p
1 +

s∑

i=2

β
p
2,ixi, 2 ≤ p ≤ s.

For 1 ≤ p ≤ s, the equality 0 = d([xp, e11
])
=
[
d(xp), e

1
1

]
+
[
xp, d
(
e11
)]
gives γpt,1 = 0, 2 ≤ t ≤ s. From the

relation d
([
e
p
1, xj
])
=
[
d
(
e
p
1

)
, xj
]
+
[
e
p
1, d(xj)

]
for 2 ≤ p, j ≤ s we have

{
α
p
j,1 = 0, 2 ≤ p, j ≤ s, p �= j,
β
p
t,j = 0, 2 ≤ p ≤ s, 1 ≤ t ≤ 2, 1 ≤ j ≤ s.

Therefore, {
d
(
e
p
1

)
= αpp,1e

p
1 + α

1
1,2e

p
2, 1 ≤ p ≤ s,

d(x1) = −α11,2e11, d(xp) = 0, 2 ≤ p ≤ s.
Using the chain of equalities

d
(
e
p
i

)
= d
([
e
p
i−1, e

1
1

])
=
[
d
(
e
p
i−1
)
, e11
])
+
[
e
p
i−1, d

(
e11
)]
, 1 ≤ p ≤ s, 2 ≤ i ≤ mp,

and the above constraints, it is not hard to see that

d
(
e1i
)
= iα11,1e

1
i + α

1
1,2e

1
i+1, 1 ≤ i ≤ m1 − 1,

d
(
e1m1
)
= m1α

1
1,1e

1
m1 ,

d
(
e
p
i

)
=
(
(i− 1)α11,1 + αpp,1

)
e
p
i + α

1
1,2e

p
i+1, 2 ≤ p ≤ s, 1 ≤ i ≤ mp − 1,

d
(
e
p
i

)
=
(
(mp − 1)α11,1 + αpp,1

)
epmp , 2 ≤ p ≤ s. �
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Theorem 3.1 and Proposition 3.2 imply the following result:

Corollary 3.3. The Leibniz algebra R(Nm1,...,ms , s) is complete.

Let L2 be an ideal of a solvable Leibniz algebra R such that L1 � R/L2 is a subalgebra in R. Denote
the complementary spaces of ZL2(L1, L1) and BL

2(L1, L1) to ZL
2(R,R) and BL2(R,R) by ZL2(L1, L1)

and BL2(L1, L1).
Turn to proving the main result of the article: Namely, demonstrate that HL2(R(Nm1,...,ms , s),

R(Nm1,...,ms , s)) = 0. Proceed by induction on s.
For s = 1, the algebra R(Nm1 , 1) is solvable with zero-filiform nilradical. It is known from [7] that

HL2(R(Nm1 , 1), R(Nm1 , 1)) = 0. This gives the induction base.
Suppose that HL2(R(Nm1,...,mk , k), R(Nm1,...,mk , k)) = 0 for all k ≤ s − 1. Since the proof for

an arbitrary s is very cumbersome, we will provide the proof for s = 2, from which it will be clear how
the induction step for s is carried out.
For s = 2, the algebra R(Nm1,m2 , 2) has the multiplication table

R(Nm1,m2 , 2) :

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

[ei, e1] = ei+1, 1 ≤ i ≤ m1 − 1,
[fi, e1] = fi+1, 1 ≤ i ≤ m2 − 1,
[ei, x1] = iei, 1 ≤ i ≤ m1,
[fi, x1] = (i− 1)fi, 1 ≤ i ≤ m2,
[fi, x2] = fi, 1 ≤ i ≤ m2,
[x1, e1] = −e1,

where {e1, . . . , em1 , f1, f2, . . . , fm2} is a basis for the nilradical and {x1, x2} is a basis for the complemen-
tary vector space.
The proof of the triviality of HL2(R(Nm1,m2 , 2), R(Nm1,m2 , 2)) will be implemented by induction

on m2.
For m2 = 1, the algebra R(Nm1,1, 2) has the following multiplication table:

R(Nm1,1, 2) :

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

[ei, e1] = ei+1, 1 ≤ i ≤ m1 − 1,
[ei, x1] = iei, 1 ≤ i ≤ m1,
[f1, x2] = f1,

[x1, e1] = −e1.
The multiplication table shows that J = span{f1, x2} is an ideal and the quotient algebraR(Nm1,1, 2)/J �
R(Nm1 , 1) embeds isomorphically into the Leibniz algebra R(Nm1,1, 2); the triviality if the 2-cohomology
group of R(Nm1 , 1) is known from [7].
Since the triviality of the second cohomology group of R(Nm1,1, 2) is equivalent to the equality

dimZL2(R(Nm1 , 1), R(Nm1 , 1)) = dimBL
2(R(Nm1 , 1), R(Nm1 , 1)),

we will prove it in the next two propositions and their corollaries.

Proposition 3.4. The following 2-cocycles form a basis for ZL2(R(Nm1 , 1), R(Nm1 , 1)):
ϕi,1(ei, e1) = f1, ϕi,1(ei+1, x1) = (i+ 1)f1, ϕi,1(ei+1, x2) = −f1, 1 ≤ i ≤ m1 − 1,
ϕi,2(ei, e1) = x2, ϕi,2(ei+1, x1) = (i+ 1)x2, ϕi,2(f1, ei+1) = f1, 1 ≤ i ≤ m1 − 1,
ψ1(f1, e1) = e1, ψ1(f1, x2) = x1, ψ1(ei, f1) = −iei, 1 ≤ i ≤ m1,
ψ2(x1, f1) = −e1, ψ2(ei, f1) = ei+1, ψ2,2(x2, x2) = f1, 1 ≤ i ≤ m1,
ψi(f1, e1) = ei, ψi(f1, x1) = (i− 1)ei−1, ψi(f1, x2) = −ei−1, 2 ≤ i ≤ m1 − 1,
ψ1,1(f1, e1) = f1, ψ1,1(x1, e1) = x2, ψ1,1(e1, x1) = −x2,
ξ1(x2, e1) = e1, ξ1(e1, x2) = −e1, ξ1(ei, x2) = −iei, 2 ≤ i ≤ m1,
ξ2(e1, x2) = e2, ξ2(ei, x2) = ei+1, ξ2(x1, x2) = −e1, 2 ≤ i ≤ m1,
ξi(x2, e1) = ei, ξi(x2, x1) = (i− 1)ei−1, η(f1, x2) = f1, 2 ≤ i ≤ m1,
φ1(x1, e1) = f1, φ1(e1, x2) = f1, φ2(x1, x2) = f1,
φ3(f1, x2) = −x2, φ3(f1, f1) = f1, φ4(x2, x1) = em1 ,
χ1(f1, x1) = em1 , χ1(f1, x2) = − 1

m1
em1 , χ2(f1, x1) = f1.

507



Proof. Let ϕ ∈ ZL2(R(Nm1 , 1), R(Nm1 , 1)). Then it is easy to see that ϕ(a, b) ∈ J for all a, b ∈
R(Nm1 , 1). Put

ϕ(ei, e1) = ξi,1f1 + ξi,2x2, 1 ≤ i ≤ m1,
ϕ(x1, e1) = ξ

2
1,1f1 + ξ

2
1,2x2, ϕ(x1, x1) = ν1f1 + ν2x2,

ϕ(f1, e1) =

m1∑

i=1

α11,iei + α
1
1f1 + α

1
3,1x1 + α

1
3,2x2,

ϕ(e1, f1) =

m1∑

i=1

α21,iei + α
2
1f1 + α

2
3,1x1 + α

2
3,2x2,

ϕ(e1, x2) =

m1∑

i=1

δ1,iei + δ1f1 + δ
1
3,1x1 + δ

1
3,2x2,

ϕ(x2, e1) =

m1∑

i=1

δ2,iei + δ2f1 + δ
2
3,1x1 + δ

2
3,2x2,

ϕ(f1, x1) =

m1∑

i=1

β1,iei + β1f1 + β
3
1,1x1 + β

3
1,2x2,

ϕ(x1, f1) =

m1∑

i=1

β2,iei + β2f1 + β
3
2,1x1 + β

3
2,2x2,

ϕ(f1, x2) =

m1∑

i=1

βi1,2ei + β
2
2f1 + β

1,1
1,2x1 + β

1,2
1,2x2,

ϕ(x2, f1) =

m1∑

i=1

βi2,1ei + β
2,2
2,1f1 + β

1,1
2,1x1 + β

1,2
2,1x2,

ϕ(f1, f1) =

m1∑

i=1

α22,iei + α2,2f1 + α
3
2,1x1 + α

3
2,2x2,

ϕ(x1, x2) =

m1∑

i=1

γi1,2ei + γ
1,2
2,1f1 + γ

1,2
3,1x1 + γ

1,2
3,2x2,

ϕ(x2, x1) =

m1∑

i=1

γi2,1ei + γ
2,1
2,1f1 + γ

2,1
3,1x1 + γ

2,1
3,2x2,

ϕ(x2, x2) =

m1∑

i=1

γi2,2ei + γ
2,2
2,1f1 + γ

2,2
3,1x1 + γ

2,2
3,2x2.

Considering the equalities (d2ϕ)(ei, e1, x1) = (d
2ϕ)(x1, e1, x1) = 0, we obtain

ϕ(ei, x1) = iϕ(ei−1, e1), 2 ≤ i ≤ m1, ϕ(e1, x1) = −ϕ(x1, e1).
Inserting all possible basis elements x, y, z ∈ R(Nm1,1, 2) in the identity (d2ϕ)(x, y, z) = 0 and using

the fact that e2, . . . , em1 , f1 ∈ Annr(R(Nm1,1, 2)), we obtain the constraints on the parameters defining ϕ,
where triples are given on the left in the implications, and the constraints are on the right:

{f1, e1, x2} ⇒ β
1,1
1,2 = α

1
1,1, βi1,2 = −α11,i+1, 1 ≤ i ≤ m1 − 1,

508



δ13,2 = α
1
3,1 = α

1
3,2 = 0,

{f1, e1, x1} ⇒ β1,i = iα
1
1,i+1, ξ

2
1,2 = α

1
1, 1 ≤ i ≤ m1 − 1,

{x2, e1, x2} ⇒ γi2,2 = γ
2,2
3,1 = δ2 = 0, 1 ≤ i ≤ m1 − 1,

{f1, x2, x2} ⇒ γ
2,2
3,2 = 0,

{x2, x2, x1} ⇒ γm12,2 = γ
2,1
2,1 = 0,

{x2, x1, e1} ⇒ γi2,1 = iδ2,i+1, γ
2,1
3,1 = δ

2
3,1 = δ

2
3,2 = 0, 1 ≤ i ≤ m1 − 1,

{f1, x1, e1} ⇒ β31,1 = 0,

{f1, x2, x1} ⇒ γ
2,1
3,2 = β

3
1,2 = 0, β

m1
1,2 = −

1

m1
β1,m1 ,

{x1, x2, x1} ⇒ γi1,2 = ν1 = 0, γ11,2 = −δ2,2, 2 ≤ i ≤ m1,
{f1, x1, x1} ⇒ ν2 = 0,

{e1, x1, x2} ⇒ δ1,i = γ
1,2
3,1 = δ

1
3,1 = δ

1
3,2 = 0, 3 ≤ i ≤ m1,

δ1,2 = δ2,2, δ1 = ξ
2
1,1,

{f1, x1, x2} ⇒ γ
1,2
3,2 = 0,

{x1, x2, e1} ⇒ δ1,1 = −δ2,1,
{x1, f1, x1} ⇒ β2,1 = −α11,2, β2,i = 0, 2 ≤ i ≤ m1,
{x1, f1, x2} ⇒ β32,1 = β

3
2,2 = 0,

{x2, f1, x2} ⇒ β
1,1
2,1 = β

1,2
2,1 = β

i
2,1 = 0, 1 ≤ i ≤ m1,

{x2, x2, f1} ⇒ β
2,2
2,1 = 0,

{x1, x2, f1} ⇒ β2 = 0,

{f1, f1, x2} ⇒ β
1,2
1,2 = −α2,2, α22,i = α

3
2,1 = α

3
2,2 = 0, 1 ≤ i ≤ m1,

{e1, f1, x1} ⇒ α21,2 = α
1
1,2, α21,i = α

2
1 = α

2
3,1 = α

2
3,2 = 0, 3 ≤ i ≤ m1,

{e1, f1, x2} ⇒ α21,1 = −α11,1.
Considering the identity (d2ϕ)(x, y, z) = 0 for the following triples of elements:

{ei, e1, f1}, {e1, ei, e1}, {e1, e1, ei}, {ei, e1, ej}, {f1, ei, e1},
{x1, ei, e1}, {ei, e1, x2}, {em1 , e1, x1}, {x2, ei, e1}

for 1 ≤ i, j ≤ m1, we recurrently obtain
ϕ(ei, f1) = −iα11,1ei + α11,2ei+1, ϕ(f1, ei) = −ξi−1,2f1, 2 ≤ i ≤ m1,

ϕ(ei, x2) = −iδ2,1ei + δ2,2ei+1 − ξi−1,1f1, 2 ≤ i ≤ m1,
ϕ(em1 , e1) = ϕ(ei, ej) = ϕ(x1, ej) = ϕ(x2, ej) = 0, 1 ≤ i ≤ m1, 2 ≤ j ≤ m1.

Thus, every element ϕ ∈ ZL2(R(Nm1 , 1), R(Nm1 , 1)) has the form

ϕ(ei, e1) = ξi,1f1 + ξi,2x2, ϕ(f1, e1) =

m1∑

i=1

α11,iei + α
1
1f1, 1 ≤ i ≤ m1 − 1,

ϕ(x1, e1) = ξ
2
1,1f1 + α

1
1x2, ϕ(x2, e1) =

m1∑

i=1

δ2,iei, ϕ(x2, x2) = γ
2,2
2,1f1,
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ϕ(f1, f1) = α2,2f1, ϕ(f1, x1) =

m1−1∑

i=1

iα11,i+1ei + β1,m1em1 + β1f1,

ϕ(f1, x2) = −
m1−1∑

i=1

α11,i+1ei −
1

m1
β1,m1em1 + β

2
2f1 + α

1
1,1x1 − α2,2x2,

ϕ(x1, x2) = −δ2,2e1 + γ1,22,1f1, ϕ(x2, x1) =
m1−1∑

i=1

iδ2,i+1ei + γ
m1
2,1 em1 ,

ϕ(e1, x2) = −δ2,1e1 + δ2,2e2 + ξ21,1f1, ϕ(x1, f1) = −α11,2e1,
ϕ(ei, f1) = −iα11,1ei + α11,2ei+1, 1 ≤ i ≤ m1,

ϕ(e1, x1) = −ϕ(x1, e1), ϕ(ei, x1) = iϕ(ei−1, e1), 2 ≤ i ≤ m1,
ϕ(f1, ei) = −ξi−1,2f1, ϕ(ei, x2) = −iδ2,1ei + δ2,2ei+1 − ξi−1,1f1, 2 ≤ i ≤ m1, �

Corollary 3.5. dimZL2(R(Nm1 , 1), R(Nm1 , 1)) = 4m1 + 7.

By analogy with Proposition 3.4, we prove

Proposition 3.6. The following 2-coboundaries form a basis for BL2(R(Nm1 , 1), R(Nm1 , 1)):

ϕ̃1,1(x1, e1) = f1, ϕ̃i,1(ei, x1) = −if1, ϕ̃i,1(ei, x2) = f1, 1 ≤ i ≤ m1,
ϕ̃i,2(ei−1, e1) = −x2, ϕ̃i,1(ei−1, e1) = −f1, ϕ̃i,2(f1, ei) = f1, 2 ≤ i ≤ m1,
ϕ̃1,2(f1, e1) = f1, ϕ̃1,2(x1, e1) = x2, ϕ̃i,2(ei, x1) = −ix2, 1 ≤ i ≤ m1,
ξ̃1(ei, f1) = ei+1, ξ̃i(f1, x2) = −ei, ξ̃i(f1, x1) = iei, 1 ≤ i ≤ m1,
ξ̃1(x1, f1) = −e1, ξ̃i(f1, e1) = ei+1, 1 ≤ i ≤ m1 − 1,
ξ̃1,1(f1, x2) = −x1, ξ̃1,1(f1, e1) = −e1, ξ̃1,1(ei, f1) = iei, 1 ≤ i ≤ m1,
ξ̃1,2(f1, x2) = −x2, ξ̃1,2(f1, f1) = f1, ξ̃1,3(f1, x2) = f1,

ψ̃1(x1, x2) = −e1, ψ̃1(ei, x2) = ei+1, ψ̃i(x2, e1) = ei+1, 1 ≤ i ≤ m1 − 1,
ψ̃i(x2, x1) = iei, 1 ≤ i ≤ m1,
φ̃1(x2, e1) = −e1, φ̃1(ei, x2) = −iei, 1 ≤ i ≤ m1,
φ̃2(f1, x1) = f1, φ̃3(x1, x2) = f1, φ̃4(x2, x2) = f1.

Corollary 3.7. dimBL2(R(Nm1 , 1), R(Nm1 , 1)) = 4m1 + 7.

Assertions 3.5–3.7 imply the following result:

Theorem 3.8. HL2(R(Nm1,1, 2), R(Nm1,1, 2)) = 0.

Prove that HL2(R(Nm1,m2 , 2), R(Nm1,m2 , 2)) = 0 for m2 ≥ 2. Since R(Nm1,m2 , 2) contains no
ideal J for which the quotient algebra R(Nm1,m2 , 2))/J embeds isomorphically into the Leibniz alge-
bra R(Nm1,m2 , 2), calculate the dimension of the spaces of 2-cocycles and 2-coboundaries of R(Nm1,m2 , 2)
by counting the number of independent parameters defining arbitrary elements of these spaces.

Proposition 3.9. dimZL2(R(Nm1,m2 , 2), R(Nm1,m2 , 2)) = (m1 +m2)
2 + 4(m1 +m2) + 1.

Proof. Let ϕ ∈ ZL2(R(Nm1,m2 , 2), R(Nm1,m2 , 2)). Put

ϕ(ek, e1) =

m1∑

i=1

αk1,iei +

m2∑

i=1

αk2,ifi + αk,1x1 + αk,2x2, 1 ≤ k ≤ m1,

ϕ(fk, e1) =

m1∑

i=1

βk1,iei +

m2∑

i=1

βk2,ifi + βk,1x1 + βk,2x2, 1 ≤ k ≤ m2,
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ϕ(x1, e1) =

m1∑

i=1

δ11,iei +

m2∑

i=1

δ12,ifi + δ
1
1x1 + δ

1
2x2,

ϕ(e1, x1) =

m1∑

i=1

δ21,iei +

m2∑

i=1

δ22,ifi + δ
2
1x1 + δ

2
2x2,

ϕ(x2, e1) =

m1∑

i=1

δ31,iei +

m2∑

i=1

δ32,ifi + δ
3
1x1 + δ

3
2x2,

ϕ(e1, x2) =

m1∑

i=1

δ41,iei +

m2∑

i=1

δ42,ifi + δ
4
1x1 + δ

4
2x2,

ϕ(e1, f1) =

m1∑

i=1

α
1,2
1,i ei +

m2∑

i=1

α
1,2
2,i fi + α

1,2
1 x1 + α

1,2
2 x2,

ϕ(f1, f1) =

m1∑

i=1

α
2,2
1,i ei +

m2∑

i=1

α
2,2
2,i fi + α

2,2
1 x1 + α

2,2
2 x2,

ϕ(xi, xj) =

m1∑

t=1

γ
i,j
1,tet +

m2∑

t=1

γ
i,j
2,tft + γ

i,j
1 x1 + γ

i,j
2 x2, 1 ≤ i, j ≤ 2,

ϕ(xt, f1) =

m1∑

i=1

ξt1,iei +

m2∑

i=1

ξt2,ifi + ξ
t
1x1 + ξ

t
2x2, 1 ≤ t ≤ 2,

ϕ(f1, x1) =

m1∑

i=1

ξ31,iei +

m2∑

i=1

ξ32,ifi + ξ
3
1x1 + ξ

3
2x2,

ϕ(f1, x2) =

m1∑

i=1

ξ41,iei +

m2∑

i=1

ξ42,ifi + ξ
4
1x1 + ξ

4
2x2.

Inserting in the identity

(d2ϕ)(x, y, z) = [x, ϕ(y, z)]− [ϕ(x, y), z] + [ϕ(x, z), y]
+ϕ(x, [y, z])− ϕ([x, y], z) + ϕ([x, z], y) = 0

different elements x, y, z ∈ R(Nm1,m2 , 2), we obtain constraints on the parameters defining the 2-cocycle ϕ.
The equality (d2ϕ)(ei, e1, e1) = 0 gives

ϕ(ei, e2) = −iα1,1e1 − α11,1ei+1, 1 ≤ i ≤ m1.
The equalities (d2ϕ)(ei, e1, ej) = 0 and (d

2ϕ)(e1, ei, ej) = 0 for 1 ≤ i ≤ m1 and 2 ≤ j ≤ m1 imply
ϕ(ei, ej) = −iαj−1,1ei +

(
αj−2,1 − αj−11,1

)
ei+1, 1 ≤ i ≤ m1, 3 ≤ j ≤ m1.

Considering the equality (d2ϕ)(fi, ej , e1) = 0 for 1 ≤ i ≤ m2 and 1 ≤ j ≤ m1, we conclude
ϕ(fi, e2) = −((i− 1)α1,1 + α1,2)fi − α11,1fi+1, 1 ≤ i ≤ m2,

ϕ(fi, ej) = −((i− 1)αj−1,1 + αj−1,2)fi +
(
αj−2,1 − αj−11,1

)
fi+1, 1 ≤ i ≤ m2, 3 ≤ j ≤ m1.

Inserting different elements x, y, z ∈ L in the identity (d2ϕ)(x, y, z) = 0, we obtain constraints on the
parameters defining ϕ, where the implications contain equalities on the left and constraints on the right:

(d2ϕ)(x1, f1, x1) = 0⇒ ξ31,1 = −ξ11,1, ξ11,i = 0, 2 ≤ i ≤ m1, ξ12,j = 0, 2 ≤ j ≤ m2,
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(d2ϕ)(x1, e1, f1) = 0⇒ ξ11 = α
1,2
2,1 = α

1,2
1 = α

1,2
2 = 0, α

1,2
1,i = 0, 3 ≤ i ≤ m1,

ξ11,1 = −α1,21,2, ξ12,1 = −α1,22,2, α
1,2
2,i = 0, 3 ≤ i ≤ m2,

(d2ϕ)(e1, x2, f1) = 0⇒ ξ21,1 = ξ
2
1 = α

1,2
2,2 = 0,

(d2ϕ)(f1, f1, x1) = 0⇒ α
2,2
2,2 = α

1,2
1,2, ξ32 = α

2,2
1,i = 0, 1 ≤ i ≤ m1,

α
2,2
2,j = 0, 3 ≤ j ≤ m2,

(d2ϕ)(f1, x1, f1) = 0⇒ ξ12 = 0,

(d2ϕ)(e1, x1, x1) = 0⇒ γ
1,1
1,1 = γ

1,1
1 = 0,

(d2ϕ)(f1, x1, x1) = 0⇒ γ
1,1
2 = 0,

(d2ϕ)(x1, e1, x1) = 0⇒ δ21,2 = δ
1
1,2, δ

2
2,2 = 0, γ

1,1
1,i = iδ

1
1,i+1 − δ21,i+1, 1 ≤ i ≤ m1 − 1,

δ22,1 = −δ12,1, δ22 = −δ12,
δ21 = −δ11, γ

1,1
2,i = (i− 1)δ12,i+1 − δ22,i+1, 2 ≤ i ≤ m2 − 1,

(d2ϕ)(x1, x1, x2) = 0⇒ γ
1,1
2,1 = γ

1,2
1,i = 0, γ

1,2
2,m2
=

1

m2 − 1γ
1,1
2,m2

, 2 ≤ i ≤ m1,

γ
1,2
2,i = δ

1
2,i+1 −

1

i− 1δ
2
2,i+1, 2 ≤ i ≤ m2 − 1,

(d2ϕ)(e1, e1, x1) = 0⇒ δ21,1 = −δ11,1,
(d2ϕ)(e1, x1, x2) = 0⇒ δ41 = δ

4
2 = γ

1,2
1 = 0, γ

1,2
1,1 = −δ41,2, δ41,i = 0, 3 ≤ i ≤ m1,

δ42,1 = δ
1
2,1, δ42,i =

1

i− 2δ
2
2,i, 3 ≤ i ≤ m2,

(d2ϕ)(x2, e1, x2) = 0⇒ γ
2,2
1 = δ

3
2,1 = γ

2,2
1,i = 0, 1 ≤ i ≤ m1 − 1,

γ
2,2
2,i = δ

3
2,i+1, 1 ≤ i ≤ m2 − 1,

(d2ϕ)(x1, x2, e1) = 0⇒ δ41,1 = −δ31,1, γ
1,2
2,1 = δ

1
2,2 − δ42,2,

(d2ϕ)(x2, x1, e1) = 0⇒ γ
2,1
1 = γ

2,1
2,1 = 0, γ

2,1
1,i = iδ

3
1,i+1, 1 ≤ i ≤ m1 − 1,

δ31 = δ
3
2 = 0, γ

2,1
2,i = (i− 1)δ32,i+1, 2 ≤ i ≤ m2 − 1,

(d2ϕ)(f1, x2, x1) = 0⇒ γ
2,1
2 = ξ

3
1 = 0, ξ41,i = −

1

i
ξ31,i, 1 ≤ i ≤ m1,

δ31,2 = ξ
4
2,2, ξ42,i = 0, 3 ≤ i ≤ m2,

(d2ϕ)(f1, x1, x2) = 0⇒ γ
1,2
2 = 0, δ41,2 = δ

3
1,2,

(d2ϕ)(e1, f1, x2) = 0⇒ ξ31,1 = α
1,2
1,2, ξ41 = −α1,21,1,

(d2ϕ)(f1, f1, x2) = 0⇒ ξ42 = −α2,22,1, α
2,2
1 = α

2,2
2 = 0,

(d2ϕ)(x2, x2, f1) = 0⇒ ξ22,i = 0, 1 ≤ i ≤ m2,
(d2ϕ)(x2, f1, x1) = 0⇒ ξ21,i = 0, 2 ≤ i ≤ m1,
(d2ϕ)(x2, f1, x2) = 0⇒ ξ22 = 0,

(d2ϕ)(f1, x2, x2) = 0⇒ γ22 = γ
2,2
1,1 = 0,

(d2ϕ)(x2, x2, x1) = 0⇒ γ
2,2
1,m1
= 0, γ

2,2
2,m2
=

1

m2 − 1γ
2,1
2,m2

.
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The equality (d2ϕ)(ei, e1, fj) = 0 for 1 ≤ i ≤ m1 and 1 ≤ j ≤ m2 yields

ϕ(ei, f1) = iα
1,2
1,1ei + α

1,2
1,2ei+1, ϕ(ei, f2) = −iβ1,1ei −

(
β11,1 + α

1,2
1,1

)
ei+1, 1 ≤ i ≤ m1,

ϕ(ei, fj) = −iβj−1,1ei +
(
βj−2,1 − βj−11,1

)
ei+1, 1 ≤ i ≤ m1, 3 ≤ j ≤ m2.

The equalities (d2ϕ)(fi, e1, fj) = 0 and (d
2ϕ)(fi, fj , e1) = 0 for 1 ≤ i, j ≤ m2 imply

ϕ(fi, f1) =
(
(i− 1)α1,21,1 + α2,22,1

)
fi + α

1,2
1,2fi+1,

ϕ(fi, f2) = −((i− 1)β1,1 + β1,2)fi −
(
β11,1 + α

1,2
1,1

)
fi+1,

ϕ(fi, fj) = −((i− 1)βj−1,1 + βj−1,2)fi +
(
βj−2,1 − βj−11,1

)
fi+1, 3 ≤ j ≤ m2.

Considering (d2ϕ)(x, y, z) = 0 for the triples of elements {x1, ei, e1}, {ei, e1, x1}, {x2, ei, e1}, and
{ei, e1, x2} for 1 ≤ i ≤ m1 − 1, we consecutively find by recursion that

ϕ(x1, e2) = α
1
1,1e1, ϕ(x1, ei) =

(
αi−11,1 − αi−2,1

)
e1, 3 ≤ i ≤ m1, ϕ(x2, ei) = 0, 2 ≤ i ≤ m1,

ϕ(ei, x1) =
i−2∑

t=1

(i− t)
( t∑

j=1

α
i−t+j−1
1,j − αi−t−1,1

)
et +

( i−1∑

j=1

α
j
1,j −

(i+ 1)(i− 2)
2

δ11

)
ei−1

−iδ11,1ei +
m1∑

j=i+1

(
δ2j−i+1 − (j − i)

i−1∑

t=1

αt1,j−i+t+1

)
ej +

i−1∑

t=1

(
(i− t+ 1)

t∑

j=1

α
i+j−t−1
2,j

)
ft

+

m2∑

j=i

(
(i+ 1− j)

i−1∑

t=1

αt2,j−i+t+1 + δ
2
2,j−i+1

)
fj + i(αi−1,1x1 + αi−1,2x2), 2 ≤ i ≤ m1,

ϕ(ei, x2) = −iδ31,1ei + δ31,2ei+1 −
i−1∑

t=1

( t∑

j=1

α
i+j−t−1
2,j

)
ft +

(
δ12,1 −

i−1∑

t=1

αt2,t+1

)
fi

+

(
δ42,2 −

i−1∑

t=1

αt2,t+2

)
fi+1 +

m2∑

j=i+2

(
1

j − i− 1δ
2
2,j−i+1 −

i−1∑

t=1

αt2,j+t−i+1

)
fj , 2 ≤ i ≤ m1.

Similarly, inserting the triples of elements {x1, fi, e1}, {fi, e1, x1}, {fi, e1, x2}, {x2, fi, e1}, 1 ≤ i ≤ m,
in the equality (d2ϕ)(x, y, z) = 0, we consecutively find by recursion that

ϕ(x1, f2) =
(
α
1,2
1,2 + β

1
1,1

)
e1, qϕ(x1, fi) =

(
βi−11,1 − βi−2,1

)
e1, 3 ≤ i ≤ m2,

ϕ(fi, x1) =
i−2∑

t=1

(i− t− 1)
( t∑

j=1

β
i−t+j−1
1,j − βi−t−1,1

)
et +

(
α
1,2
1,2 −

i−1∑

t=1

βt1,t+1

)
ei

+

(
ξ31,2 − 2

i−1∑

t=1

βt1,t+2

)
ei+1 −

m1∑

j=i+2

(
(j − i+ 1)

i−1∑

t=1

βt1,j−i+t+1

)
ej +

i−2∑

t=1

(
(i− t)

t∑

j=1

β
i+j−t−1
2,j

)
ft

( i−1∑

t=1

βt2,t −
(i− 2)(i− 1)

2
δ11 − (i− 1)δ12

)
fi−1 + (ξ32,1 − (i− 1)δ11,1)fi

+

m2∑

j=i+1

(
ξ32,j−i+1 − (j − i)

i−1∑

t=1

βt2,j+t−i+1

)
fj + (i− 1)

(
βi−1,1x1 + βi−1,2x2

)
, 2 ≤ i ≤ m2,

ϕ(fi, x2) =
i−2∑

j=1

( j∑

t=1

β
i+t−j−1
1,t − βi−j−1,1

)
ej +

( i−1∑

t=1

βt1,t + α
1,2
1,1

)
ei−1
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+

( i−1∑

t=1

βt1,t+1 − α1,21,2
)
ei +

m1∑

j=i+1

( i−1∑

t=1

βt1,j+t−i+1 −
1

j − i+ 1ξ
3
1,j−i+1

)
ej

+
(
ξ42,1 − (i− 1)δ31,1

)
fi + ξ

4
2,2fi+1 + βi−1,1x1 + βi−1,2x2, 2 ≤ i ≤ m2,

ϕ(x2, fi) = 0, 1 ≤ i ≤ m2.

The equalities (d2ϕ)(em1 , e1, x1) = (d
2ϕ)(fm2 , e1, x1) = (d

2ϕ)(fm2 , e1, x2) = 0 imply

αm11,1 = αm1−1,1, αm12,1 = αm1,1 = αm1,2 = 0,

αm11,i = αm1−i,1 −
i−1∑

j=1

α
m1+j−i
1,j , 2 ≤ i ≤ m1 − 1,

αm12,i = −
i−1∑

j=1

α
m1+j−i
2,j , 2 ≤ i ≤ m2, δ11 =

2

(m1 + 2)(m1 − 1)
m1∑

i=1

αi1,i,

βm2,1 = βm2,2 = β
m2
2,1 = 0, βm21,1 = βm2−1,1, βm21,i = βm2−i,1 −

i−1∑

j=1

β
m2−i+j
1,j ,

βm22,i = −
i−1∑

j=1

β
m2+j−i
2,j , δ12 = −

m2 − 1
(m1 + 2)(m1 − 1)

m1∑

i=1

αi1,i +
1

m2

m2∑

i=1

βi2,i,

ξ31,2 = 2

m2∑

t=1

βt1,t+2, α
1,2
1,2 =

m2∑

t=1

βt1,t+1, α
1,2
1,1 = −

m2∑

t=1

βt1,t, 2 ≤ i ≤ m2 − 1.

The description of an arbitrary ϕ ∈ ZL2(R(Nm1,m2 , 2), R(Nm1,m2 , 2)) involves (m1 +m2)2 + 4(m1 +
m2) + 1 independent parameters; therefore,

dimZL2(R(Nm1,m2 , 2), R(Nm1,m2 , 2)) = (m1 +m2)
2 + 4(m1 +m2) + 1. �

It is not hard to conclude from the definition of the space BL2(R(Nm1,m2 , 2), R(Nm1,m2 , 2)) and
Proposition 3.2 for s = 2 that dimBL2(R(Nm1,m2 , 2), R(Nm1,m2 , 2)) = (m1 +m2 + 2)

2 − 3.
The definition of the second cohomology group gives

HL2(R(Nm1,m2 , 2), R(Nm1,m2 , 2)) = 0. (1)

Generalizing the process of proving (1) yields

Theorem 3.10. HL2(R(Nm1,...,ms , s), R(Nm1,...,ms , s)) = 0.

Remark 3.11. In calculating the second cohomology group of R(Nm1,...,ms , s), we found that the
dimensions of the spaces of 2-cocycles and 2-coboundaries are equal to (m1+m2+ · · ·+ms+s)2− (s+1).
Corollary 3.12. R(Nm1,...,ms , s) is a rigid algebra in the variety of Leibniz algebras of dimension

m1 + · · ·+ms + s.
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