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Abstract: We describe the (n + s)-dimensional solvable Leibniz algebras whose nilradical has charac-
teristic sequence (myq,...,ms), where mj + - - - + ms; = n. The completeness and cohomological rigidity
of this algebra are proved.
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§ 1. Introduction

Leibniz algebras were first introduced by Blokh (see [1]) under the title “D-algebras” in 1965. These
algebras reappeared in 1993 in Loday’s article [2], where the present-day term “Leibniz algebras” was
established. Leibniz algebras are so natural generalization of Lie algebras that many properties of Lie
algebras extend to Leibniz algebras.

In much the same way as other finite-dimensional algebras defined by identities, the Leibniz algebras
of a given dimension define an algebraic variety. Since each algebraic variety is representable as the union
of finitely many irreducible components, which are in turn described by open subsets, of importance in
describing the varieties of finite-dimensional algebras is the description of the algebras whose orbits under
the action of the linear group are open sets. Algebras with such orbits are called rigid algebras. Thus,
the closures of the orbits of rigid algebras give the irreducible components of the variety. A sufficient
condition for the rigidity of algebras is the triviality of the second cohomology group (see [3]). Note
that the calculation of the second cohomology groups is rather difficult. Hochschild and Serre proved
a theorem that significantly simplifies the calculation of cohomology groups for Lie algebras (see [4]).
Unfortunately there is still no analog of this theorem by now for non-Lie Leibniz algebras. Therefore, we
have to use the structure of the algebra in each particular case.

The present article provides some classification of solvable Leibniz algebras whose nilradical has
a characteristic sequence equal to (my, ..., ms) provided that the dimension of the complementary space
of the nilradical has the maximal value. Moreover, we prove the completeness and cohomological rigidity
of such Leibniz algebras. Note that these algebras are a Leibniz analog of the Lie algebras considered in [5].

§ 2. Preliminaries

Let us start with some notions and preliminary results.
DEFINITION 2.1. An algebra L over a field F is called a Leibniz algebra if all z,y, 2z € L satisfy the
identity
[z, [y, 2] = [[2,y], 2] — [[=, 2], 9],
where [, -] is the multiplication in L.

Given an arbitrary Leibniz algebra L, define the lower central and derived series as
tM=p,  pkU—rkl pFy, pl=p = [rk LY, k>1.
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DEFINITION 2.2. A Leibniz algebra L is called solvable (respectively, nilpotent) if there exists s € N
such that L) = 0 (respectively, L® = 0).

The maximal nilpotent ideal of a Leibniz algebra L is called the nilradical of L.

Note that the operators of right multiplication by an element of an algebra (i.e., Z,(y) = [z,y]) are
derivations, which we will call inner.

DEFINITION 2.3. A Leibniz algebra L is called complete if the center of L is trivial and every
derivation of L is inner.

The reader is referred to [2] for more details with the cohomology group of Leibniz algebras. Recall
only that a 2-cocycle ¢ € ZL?*(L,M) and a 2-coboundary f € BL?(L,M) of a Leibniz algebra L
with coefficients in a module M are defined as follows:

(d290)(a’ b, C) = [aa ‘P(ba C)] - [‘P(aa b)v C] + [@(a’ C)v b] + W(av [b> C]) - ‘P([a’ b]: C) + go([a, c], b) =0,
f(a,b) = [g(a),b] + [a, g(b)] — g([a, b])
for some linear mapping g. Moreover,
HL*(L,M) = ZL*(L,M)/BL*(L, M).

Define the action of the group GL,(F') on the set of all n-dimensional Leibniz algebras Leib,, (F') as
follows:

(9*N)(x,y) = g(Mg ()97 (¥), g€ GLu(F), X € Leib,(F).

Denote the orbit of an algebra L under this action by Orb(L). Recall that L is called rigid if Orb(L)
is open in the Zariski topology.

The various rigidity criteria are available that express this initially topological notion in other terms.
Most important in this connection is the sufficient rigidity criterion proved by Balavoine in [3]. Namely,
the rigidity of the algebra follows from the triviality of the second cohomology group with coefficients in
a module defined by the Leibniz regular representation.

DEFINITION 2.4. A Leibniz algebra L is called cohomologically rigid if HL?(L, L) = 0.

Let L be a nilpotent Leibniz algebra and let € L\L?. Given the nilpotent operator of right
multiplication %, consider the decreasing sequence C(x) = (my,..., ms) consisting of the sizes of the
Jordan cells of Z,. Endow the set of such sequences with the lexicographic order.

DEFINITION 2.5. The sequence

C(L) = c
(L) Lonax ()

is called the characteristic sequence of an algebra L.

§ 3. The Main Results

Consider a nilpotent Leibniz algebra with characteristic sequence (my,..., ms), where m; > --- >
ms > 1, and multiplication table
[e‘;,eﬂ :efﬂ, 1<t<s, 1<i<m—1.
Denote this algebra by Ny, . m,. We will use the notation R(Ny,, . m,,s) for solvable Leibniz algebras
with nilradical Ny, .. m, and complementary space of dimension s.

Theorem 3.1. An arbitrary solvable Leibniz algebra R(Np, . m,,s) is isomorphic to the algebra

[ef,eﬂ:egﬂ, 1<t<s,1<i<my—1,
lei, 21] = iej, 1<i<m,

e zy] = (i —1)el, 2<t<s,2<i<my,
[efae] = e, 2<t<s1<i<m,
1, e1] = —ei,

where {x1,...xs} is a basis for the complementary vector space.

The proof is carried out by the methods analogous to the demonstration of Theorem 3.2 in [6].
Describe the space of derivations of R(Np, .. m.,S)-
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Proposition 3.2. The following linear transformations form a basis for Der(R(Ny,,...m,,$)):
do(z1) = —el, dg(ef) =€, 1<p<s 1<i<m,—1,

%() iej, 1<i<m,
dy(e]) = (i —1)ef, 2<p<s, 2<i<my,
dy(e7) = €, 2<p<s, 1<i<my,.

PROOF. Let d be a derivation of R(Ny, . .m,,s). Put

Zzatzez_‘_zﬁlzm“ 227t161+2621x17 1<p<5

t=1 i=1 t=1 i=1
The equality d( [el, 371]) [d(e%),ml] + [e%, d(ml)] gives the constraints
’)’1,1 = _a%,za 5%,1 =0,
aiizo, 3 <1< my,
af; =0, 2<t<s, i=1,3<i<my,
Bl =0, 1<i<s.
Given 2 < p < s and considering the equality d([ezf, 3:1]) = [d(elf),wﬂ + [elf, d(xl)], we obtain
0‘2,2 = a%,%
afﬂ.—o, 1 <1< my,
af,i:0, 2<t<s, 2<1 < my,
85, =0.

If 1 < p < s then the equality 0 = d([zp, z1]) = [d(z}p), 1] + [zp, d(x1)] yields
Vi =0, 1<t<s, 2<i<my, 1<p<s,
{’7{),1:07 QSPSS-
The equality d([e%,xp]) = [d(e%),xp] + [e%,d(:z:p)] for 2 < p < s implies aé,z = 6571 =0,2<p<s.
Consequently,
S S
d(er) = 04%716% + 04%,26%7 d(zp) = 2’751611) + Zﬁg,ﬂiv 2<p<s.
t=2 i=2
For 1 < p < s, the equality 0 = d([a:p, eﬂ) = [d(q;p), eﬂ + [;cp, d(e%)] gives ’77150,1 =0, 2 <t <s. From the
relation d([e}, z;]) = [d(€}),z;] + [e],d(z;)] for 2 < p,j < s we have
{ O‘?,l =0, 2<p,j<s, p#J
7i=0, 2<p<s, 1<t<2,1<j<s.

Therefore,
{d@9=a&%+abﬁ, L<p<s,
d(.’L’l) = —04%726%, d(.’l?p) =0, 2<p<s
Using the chain of equalities
A(&) = ([ poel]) = [dlel ). el]) + [ pd(el)], 1<p<s 2<i<m,
and the above constraints, it is not hard to see that
d(ej) =iog e} +ajqgeiy, 1<i<mi—1,
( miod 1em1,

)=
( ) (1—1a11+a )ep—&—a%Qefﬂ, 2<p<s,1<i<m,—1,
d(eh) (mp—1a11+a )ep, 2<p<s. 0O
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Theorem 3.1 and Proposition 3.2 imply the following result:

Corollary 3.3. The Leibniz algebra R(Np,, ... m,,s) is complete.

Let Lo be an ideal of a solvable Leibniz algebra R such that Ly ~ R/Ls is a subalgebra in R. Denote
the complementary spaces of ZL?(L1, L1) and BL?(L1, L) to ZL*(R, R) and BL?*(R, R) by ZL?(L1, L)
and BLQ(Ll, Ll).

Turn to proving the main result of the article: Namely, demonstrate that HL?(R(Npm,, . m.,S),
R(Np,,...ms»8)) = 0. Proceed by induction on s.

For s = 1, the algebra R(Ny,,,1) is solvable with zero-filiform nilradical. It is known from [7] that
HL*(R(Np,, 1), R(Np,,1)) = 0. This gives the induction base.

Suppose that HL?(R(Npm,...mesk)s R(Nmy....my, k) = 0 for all k& < s — 1. Since the proof for
an arbitrary s is very cumbersome, we will provide the proof for s = 2, from which it will be clear how
the induction step for s is carried out.

For s = 2, the algebra R(Ny,, m,,2) has the multiplication table

lei,e1] = eit1, 1<i<mg -1,
[fise1] = fit, 1<i<mg—1,
lei, w1] = ie;, 1<i<my,
R Mom s 2) [fisz1] = (G —1)fi, 1<i<mg,
[fi, z2] = fi, 1 <i < my,
L [z1,€1] = —ey,
where {e1,...,em, fi, f2,. .., fmy} is a basis for the nilradical and {x,z2} is a basis for the complemen-

tary vector space.
The proof of the triviality of HL?(R(Nm,.ms,2), R(Nmy.my,2)) will be implemented by induction
on ms.
For my = 1, the algebra R(Np,, 1,2) has the following multiplication table:
lei,e1] = eiy1, 1<i<my—1,

lei, w1] = ie;, 1 <i<my,
R(Npy1,2) :
( ml ) [fbe] - fl)
[xl,el] —e€1.

The multiplication table shows that J = span{ fi, 2} is an ideal and the quotient algebra R(Ny,, 1,2)/J ~
R(Np,,1) embeds isomorphically into the Leibniz algebra R(Np,, 1,2); the triviality if the 2-cohomology
group of R(Ny,,, 1) is known from [7].
Since the triviality of the second cohomology group of R(Np,, 1,2) is equivalent to the equality
dim ZL2(R(Nm17 l)a R(lev )) = dlmBLZ(R(lea 1)7R(Nm17 1))7
we will prove it in the next two propositions and their corollaries.

Proposition 3.4. The following 2-cocycles form a basis for ZL?(R(Ny,,1), R(Np,,1)):
piplei,e1) = fi,  wirleir,z) = @+ 1)f1,  pii(eirr,v2) = —f1, 1<i<mg—1,

vialeie1) =x2,  @i2(eirr, 1) = (i + 1),  @ia(f1,eir1) = fi, 1<i<mg—1,
Y1(fi,e1) = e, Y1(f1,x2) = 21, V1(es, f1) = —ie;, 1<i<my,
Ya(x1, f1) = —e1,  Ya(es, f1) = eiy1, Yo2(x2,22) = f1, 1<i<my,
Yi(fi,e1) = e, Yi(f1,21) = (i — 1)ei—1, VYi(f1,22) = —ei—1, 2<i<mg—1,
Y11(fr.e1) = f1,  Y11(wr,e1) = @, Y11(e1, 1) = —x2,

£1(wa,e1) = ey, 1(er, m2) = —ey, &1(ei, x2) = —ie;, 2 <1< my,
§a(eq1,x2) = e, §2(ei, 12) = €iy1, &(x1, ) = —ex, 2 <1< my,
i(z2,e1) = e, §i(w2,71) = (i — 1)e;-1, n(f1,x2) = f1, 2 <1< my,
é1(z1,e1) = fi, b1(e1, z2) = fi, ¢2(1‘1,1‘2) f1,

¢3(f1,12) = —x2,  ¢3(f1,f1) = fb da(x2,21) = em17

Xl(fl?xl) = €my; Xl(fl?an) emu XQ(flaxl)
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ProOOF. Let ¢ € ZL?(R(Npy,1), R(Nm,,1)). Then it is easy to see that ¢(a,b) € J for all a,b €
R(Np,,1). Put

plei,er) =&afi+&are, 1<i<my,

o(x1,e1) = &5, f1 + & o2, (w1, 71) = v1f1 + vaza,

mi
1 1 1 1
o(f1,e1) = E aq € + aifi + Q3171 + Q3 9T2,
i=1

mi
2 2 2 2
pler, f1) = E aj ;€ + aifi+ Q3171 + Q3 9T2,
i=1
mi

pler, 2) = Z 1,56 + 01f1 + 5:’1,1551 + 5%,232,
i=1

mi
p(23,e1) = Y ae; + 62 f1 + 05 121 + 03 972,
im1

e(f1,21) Zﬂlz€z+ﬂlfl + 3 121 + B o2,

o(z1, f1) Zﬂ216z+ﬁ2fl +ﬂ21$1 +,322=’1727

o(f1,22) = 251262 +/62f1+512w1 +ﬂ11:22372’

o2, f1) 252 L6+ B3 i+ Byimy + Byt

mi
2
o(f1, f1) = E a6 + oo f1 + o 11 + 0 ya,
=1

i 1,2 1,2 1,2
So(wlaxQ) = § V1,2€i + ’7271f1 + Y3,1%1 + V3,272,
=1

mi
; 2,1 2,1 2,1
o(z2,71) = E Yo,1€ + Y21 1+ V3% + V302,
i—1

mi
; 2,2 2,2 2,2
p(z2,72) = Z’Y%zei + 721 f1 57T+ 35T
i=1
Considering the equalities (d%¢)(e;, e1,21) = (d%¢)(x1,e1,21) = 0, we obtain
p(ei, z1) = ip(ei-1,e1), 2<i<my, ¢(er,71) = —p(z1,€1).

Inserting all possible basis elements z,y, 2 € R(Ny,, 1,2) in the identity (d?¢)(x,y, 2) = 0 and using
the fact that es,...,em,, f1 € Annr(R(le,l, 2)), we obtain the constraints on the parameters defining ¢,
where triples are given on the left in the implications, and the constraints are on the right:

1,1 1 1 1 .
{fien,x2} = By =01, Blo= -1, 1<i<m—1,
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5?{,2 = 04:1&71 = 04:13,2 =0,
{fi,er,m1} = B = iaii-{-la 5%,2 =af, 1<i<m—1,
{za, €1, 22} = 7372 = ’yg:f =0,=0, 1<i<mq-—1,
{f1, 22,22} = 7335 =0,
{z2, 22,71} = 759 = ’V%ji =0,
{mg,xl,el} = "yéyl = 102,41, ’y;’% = 532)71 = 532)72 =0, 1<i1<m;—1,
{fi,z1,e1} = B}, =0,

2.1 3 1
{fi,z2,21} = Y32 = B2 =0, 5??21 = _Eﬁl’ml’
{z1, 20,21} = Yo =11 =0, 7g=—ba2, 2<i<my,
{fi,z1,21} = 1, =0,

1,2 1 1 .
{er, @1, @0} = 015 =737 =037 =03, =0, 3<i<my,

S19 = 822,01 = &7 1,
{f1, 21,22} = 735 =0,
{z1,22,€1} = 011 = 02,1,
{z1, fr, 21} = Pag = —01 9,02, =0, 2<i<my,
{z1, fr,m2} = 051 = B30 =0,
{w27f17$2}:>521 —ﬂ21 =0,=0, 1<i<my,
{2, @2, 1} = G371 =0,
{z1,22, fi} = B2 =0,

1,2 2
{fi,fr,22} = Bra = —asp, af;=a3; =03, =0, 1<i<my,
1
e fuo} = aly=a1y af;=af=aj;=0a3,=0, 3<i<m,
2 1
{617f17x2} = 051’1 - 70{1 1-

Considering the identity (d?p)(z,y, z) = 0 for the following triples of elements:

{eiaelafl}a {elaei7el}7 {61,61,67;}, {ei’ehej}: {fl?eiael}7

{1’1,61'761}, {3i761,$2}7 {6m1,61,1‘1}, {962761',61}

for 1 <1i,j < mj, we recurrently obtain

(eza fl) = _Zal 164 + al 2€z+17 Sp(fla ei) = _fi—l,Qfl) 2 < ] < mi,

o(ei, x2) = —id216; + 022€i41 — Eic11f1, 2 <i<my,

o(em;,e1) = p(e, e5) = p(z1,€5) = p(x2,€;) =0, 1<i<m, 2<j<my.
Thus, every element ¢ € ZL?(R(Np,,1), R(Nm,, 1)) has the form

m1
pleier) = &Ginfi+&ioma,  @(fr,e1) =Y aqei+aifi, 1<i<mi—1,

i=1

2 1 2,2
p(r1,e1) =& 1 f1 + gz, p(z2,€1) 252161, p(z2,72) = 121 f1,
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mi1—1

o(fi, f1) = cnpfi, o(fr,e) = Y il i€+ Brm em, + Bifi,

=1
mi1—1 1
2 1
o(f1,m2) = 041 PR e Brmiemy + B3 f1+ g 171 — qo 272,
1
mi1—1
1,2 . m
p(z1,T2) = —022€1 + 7371 f1, (T2, 71) = E 102,i+1€i + V3 1 €my s
=1

p(e1,w2) = —0z1e1 + Gagea + €11 f1, (a1, f1) = —af e,
(e, f1) = —iailei + 04%726#1, 1 <1< my,
pler, 1) = —p(z1,e1), plei,x1) =ip(ei-1,e1), 2<i<my,
o(fi,ei) = =&i—12f1, (e, x2) = —ida 1€ + 022€i41 — &i—1,1f1, 2<i<my, O

Corollary 3.5. dim ZL?(R(Np,,1), R(Np,,1)) =4mq + 7.
By analogy with Proposition 3.4, we prove

Proposition 3.6. The following 2-coboundaries form a basis for BL?(R(Ny,,1), R(Npm,,1)):

o1,1(z1,01) = f1, piplei,z1) = —ift,  @ialei,z2) = fi, 1<i<my,
Pi2(ei—1,e1) = —x2, Pii(ei—1,e1) = —f1,  ©@i2(f1,€) = f1, 2 <i<my,
¢12(f1,e1) = f1, P1,2(21, €1) = T2, Piz2(ei, x1) = —ize, 1<i<my,
&1(es, f1) = i1, §i(f1,22) = —ei, &i(f1,21) = iey, 1<i<my,
&z, 1) = —ex, &i(fie1) = €it, . I<i<m —1,
Sa(fr,22) =—z1, &alfi,e) = —eq, 1a(eis f) = dei, 1<i<my,
§1,2(f1,22) = —m2, §1,2(f1, f1) = f1, €1,3(f1,22) = f1,
P1(z1,32) = —e1, V1(ei, 2) = eiy1, Vi(z2,€1) = €iy1, 1<i<mg—1,
lﬁz(m,wl) = ie;, 1<i<my,
¢1(z2,€1) = —e1, P1(ei, x2) = —ie, _ 1 <1 <my,
ba(fi, 1) = fi, ¢3(x1, 2) = f1, ba(x2,2) = f1.

Corollary 3.7. dim BL?(R(Ny,,1), R(Npm,,1)) =4mq + 7.
Assertions 3.5-3.7 imply the following result:
Theorem 3.8. HL?*(R(Np, 1,2), R(Np, 1,2)) = 0.

Prove that HL?(R(Nmy.mgs2)s R(Nmyms,2)) = 0 for ma > 2. Since R(Npmymy,2) contains no
ideal J for which the quotient algebra R(Nyp, m,,2))/J embeds isomorphically into the Leibniz alge-
bra R(Ny, m,,2), calculate the dimension of the spaces of 2-cocycles and 2-coboundaries of R(Np,, m,, 2)
by counting the number of independent parameters defining arbitrary elements of these spaces.

Proposition 3.9. dim ZL%(R(Nony.mg»2); R(Nmyms» 2)) = (m1 4+ ma)? 4 4(my +mg) + 1.
PROOF. Let ¢ € ZL2(R(Nmy.mas2)s R(Nmyms» 2))- Put

1 m2
k k
plere1) = > afei+ Y ob fi+ ap1z1 + apozs, 1<k <my,
i—1 i-1

o(fr,e1) Zﬁlzez+2ﬁ21fz + Br1z1 + Braze, 1<k <my,
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mi m2
p(z1,e1) =Y 01,ei+ Y 65, fi + 01w + G5,

i=1 =1

m2
pler, 1) = Z o7 i€t Z 5%,ifi + 0iw1 + G52,

m2
(P(:L.Q’el) 251 i€i +Z(S§,lfl —|—5%.’E1 +5§.’L‘2,

=1
m2
ple1, z2) = Z 0tiei+ Y05, fi + 6wy + S5,
i=1
mi
So(elafl): allez_‘_za fz+()é1 CCl+C¥22Jf2,
=1

mi
o(fi, f1) = alleﬂ—Za —i—al m1+a22x2,
i=1

mi
oz ;) = > e+ Z Vi b+ m + v, 1<4,5 <2,

t=1 t=1
mi mo
plae, f1) =) Eliei+ Y &fi +&m + &, 1<t<2,
=1 i=1
mi mo
o(fr,m) = &iei+ Y &, fi+ i + G,
=1 i=1
mi mo
o(fr,m) = &liei+ Y & fi+ o + Ga.
=1 i=1

Inserting in the identity

(@) (z,y,2) = [z,0(y, 2)] — [p(z,y), 2] + [¢(, 2), 1]
+o(, [y, 2]) — e[z, 9], 2) + ¢([z,2],y) =0

different elements z, y, 2 € R(Ny, m,,2), we obtain constraints on the parameters defining the 2-cocycle ¢.
The equality (d2 )(ei,e1,e1) =0 gives

p(ej, e2) = —iag 1€1 — a%’1€i+1, 1<i<my.
The equalities (d%¢)(e;, e1,¢e;) = 0 and (d?p)(e1, i, ;) = 0 for 1 <i <my and 2 < j < my imply
p(es, ej) = —iaj_116 + (21 — a{;1)6i+1, 1<i<mq, 3<7<m.
Considering the equality (d%¢)(f;, ej,e1) =0 for 1 <i<myand 1< j<mi, we conclude
o(fire2) = —((i — Darg + ar2) fi — 11 firr, 1 <4< mo,
o(fivej) = —((t = 1)oy—11 + aj_12)fi + (Oéj_271 — a{ﬁl)fi+1, 1<i<mg, 3<j<my.

Inserting different elements x,%,z € L in the identity (d?¢)(z,y,2) = 0, we obtain constraints on the
parameters defining ¢, where the implications contain equalities on the left and constraints on the right:

(@) (a1, fr,o1) =0= &, = —€1 1,6, =0,2<i<my, &;=0, 2<j<my,
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512

(d*p)(z1,e1, 1) =0= & = aéﬁ =a”=ay? =0, 1’2 =0, 3<i<my,

€1 = —aijg, 31 = 04%3 a;f =0, 3<i<my,
(e)(er, a2, 1) =0= & | = & = ay; =0,
(d®¢)(f1, f1, 1) =0 = a§§ =ay 3, €= a%’g =0, 1<i<my,
a3t =0, 3<j<my,
(o) (f1,21, 1) =0= & =0
(d*¢)(e1,z1,21) = 0 = ’YH 7 =0,
(d9)(f1,21,21) =0 = 7' =0
(d*p)(w1,e1,21) = 0= 075 = 014, 055 =0, 'Y%ll = 0] 01— 01 11, 1<i <my—1,
5%,1 = —55,17 5% = —55a
01 = 41, ’Y%zl = (i = 1)05,11 — 03,41, 2<i<mg—1,
() (1, 21,22) = 0= 1 =m7F =0, Y, = m; gy 2S4S,
'7;2 = 0341 — : 52z+17 2<i<mg—1,

(d®p)(ers e, 1) = 0= 6 = —d1,
(d*@)(e1, @1, m2) =0 = 61 =03 =712 =0, %5 =—01y, 0, =0, 3<i<m,

4 _ <1 4 _
091 = 0g1, 52i—i 2,01

(dzgp)(xg,el,:cg):()éfyf’ —521 —0 1<i<mg—1,
’ng :52i+17 1<i<m2—1,

(d®¢)(z1,22,€1) =0 = 61, = =6}, 721 =639 — 832,

(Pp) (a2, 01,e1) = 0= 7} =757 =0,
8§ =05 =0, ’72,i = (i—=1)83,41, 2<i<my—1,

’717, 7’612+17 1§i§m1—1,

1
2,1 .
(d*0)(f1,22,11) =0= 75 =& =0, &, = —;Eii, 1<i<my,

4 4 .
25227 §,=0, 3<i<my,

(@) (fr,z1,22) = 0= 7" =0, 61, =33,,
(d*@)(er, fr,m2) =0 = & = a7, & =—or7,

(@) (f1, fr,w2) = 0= &f = —a2? a?? =a2? =0,
(d*9) (w2, 29, f1)) =0 =&, =0, 1<i<my,

(d®¢)(z2, fr,21) =0=> &, =0, 2<i<my,

(@) (w2, f1,22) = 0= & =0,

(d*Q)(f1,22,22) =0 = 73 = 712% =0,

(d*@) (w2, x9,21) =0 = 7%,’211 =0, 722”72712 = 21_ 173”?1712



The equality (d?p)(ei,e1, f;) =0 for 1 <i<m; and 1 < j < my yields
plei, f1) = iayTe; + oyseir, plei, f2) = —ifrae; — (Bl + o1t )eip1, 1< <ma,
e(ei, f;) = —iBj—1,1€i + (Bj—21 — ﬁ{;l)eiﬂ, 1<i<my, 3< 7 <mao.
The equalities (d*¢)(fi, e1, fj) = 0 and (d%¢)(fi, fj,e1) = 0 for 1 < i,j < my imply
o(fi, f1) = (G — Doyt + a3?) fi + oy fis1,
o(fis f2) = —((i = 1)Br,1 + Br2) fi — (BL1 + aﬁ)fiﬂ,
o(fis i) = —((i = 1)Bj—11 + Bj—12) fi + (Bj—21 — B11) fir1, 3 <j<ma.

Considering (d?p)(z,y,z) = 0 for the triples of elements {x1,e;,e1}, {ei,e1, 71}, {T2,e;,e1}, and
{ei,e1,za} for 1 < i < mj — 1, we consecutively find by recursion that

o(x1,e2) = 0&,161,@(951,61‘) = (Oéli,_ll —ai—g1)er,3<i<mi,  @(r2,6) =0, 2<i<my,

i—2 t i—1

. i—t+j— ; 1+ 1)(z—2
90(61‘71’1) = Z(Z - t) (Z Oéllyjtﬂ ' aitl,l)et + <Z OéJLj — ()2()506’1‘1
t=1 j=1 j=1
1
1511€’+ Z(] i1 — (G — Zalj z+t+1)63+2(2—t+ Z“ t= )ft
Jj=i+1
i—1
—i—Z( (t+1—j Zagj ittal +<52] Hl)f] +i(i_1101 + i_1272), 2 <0< my,
Jj=t
i—1 t 1—1
p(ei, z2) = —i5:1)’,1€z‘ + 5%,26’#1 - Z( H] "~ 1) fo + (5%,1 - Zo‘g,wrl)fi
t=1 “j=1 t=1
—1
(622 ZOQ t+2) fH_l + Z ( —i—-1 2,] —i+1 Za2,j+t z+1) f]7 2<i<m.

J=1+2

Similarly, inserting the triples of elements {z1, fi,e1}, {fi,e1,z1}, {fise1,z2}, {z2, fi,e1}, 1 < i < m,
in the equality (d?¢)(z,y,z) = 0, we consecutively find by recursion that

o(z1, f2) = (ai’% +B11)er, qp(a, fi) = ( fll — Bi—21)e1, 3<i<my,
i—2

e(fi,z1) = 21 i—t—1) (Zﬂz e 11>€t+ (a 5 Zﬂnﬂ)ez
t
+($i2 - Qiﬂitw)eiﬂ - %2( j—i+1) Zﬁlj Z+t+1)ej +Z< i—1) Zg;;g t— 1)
= j=it
(ot =200 st s+ s — - 08t
=1
- §2:1 <§§7j—i+l ;52 J+t— z+1)fj (i — 1)(/61'—1,13?1 + ,81‘—1,2-’112), 2 <1 < mg,
=it
e(fi,x2) = 2(;21 ﬂiﬁt_j_l = Bi-j-1, 1>e] (Z i tto 1)61 1
j=1 M=
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i—1
1
1»
(St -al)ect 35 (Db 7oy Jo
t=1

Jj=i+1
+(&1 — (=18 ) fi + & o firr + Bicrpa1 + Bic12w2, 2 <0 < my,
So(x%fi):()) 1< <mas.
The equalities (d?¢)(em,,e1,71) = (d20)(fmgs €1, 1) = (d2@)(fm,, €1, 2) = 0 imply

m1 __ mi1 __ — —
Q11 = Qmy—-1,1, Qg1 = Amy,1 = Amy,2 = 0,

mi __ m1+j A .
alﬂ‘l = Omy—4,1 — E g ) 2§l§m1_17

i—1 mi

. 9 .
my __ mi+j—t ; 1 _ L
Qg =— ZO‘ZJ' , 2<i<mg, o= _ Zal,iv

st (my1 +2)(my — 1) pot

i
/Bmg, /Bmz, 2 = 07 1 1 — Bmz 1,1, /81,1 ﬁmg 7,1 — ZB?’? ’ ]

m m
- S g Sk D
’ C(my +2)(my — 1) A M gy £ T2
=1 =1
ma m2
3 t 1,2 t 1,2 t .
51,2 =2 Zﬂ1,t+2, Q9 = /61,t+1, Q1= /Gl,ta 2<1<my—1.
t=1 t=1

The description of an arbitrary ¢ € ZL2(R(Num, msy»2)s R(Nimymy,2)) involves (mg + ma)? + 4(my +
mg) + 1 independent parameters; therefore,

dim ZL*(R(Nyy mas 2), R(Nmymg» 2)) = (m1 +ma)? 4+ 4(my +mg) +1. O

It is not hard to conclude from the definition of the space BL?*(R(Nymy.mgs2)s R(Nmy.ms,2)) and
Proposition 3.2 for s = 2 that dim BL2(R(Ny, mys2); R(Nimy.me>2)) = (m1 +mg +2)% — 3.
The definition of the second cohomology group gives

HL2(R(Nm1,m272)’R(Nm1,m2a2)) = 0 (1)

Generalizing the process of proving (1) yields

Theorem 3.10. HL?*(R(Np,y,...ms»8); R(Nmy....ms» 8)) = 0.

REMARK 3.11. In calculating the second cohomology group of R(Ny,,.. . m.,S), we found that the
dimensions of the spaces of 2-cocycles and 2-coboundaries are equal to (my +ma+---+ms+5)% —(s+1).

Corollary 3.12. R(Np,,..m,,S) is a rigid algebra in the variety of Leibniz algebras of dimension
my+---+ms+s.
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