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Abstract: We construct an additive basis for the relatively free associative algebra F(®)(K) with the
Lie nilpotency identity of degree 5 over an infinite domain K containing é. We prove that approximately
half of the elements in F(®)(K) are central. We also prove that the additive group of F(®)(Z) lacks the
elements of simple degree > 5. We find an asymptotic estimation of the codimension of T-ideal, which
is generated by the commutator [z1,za,...,z5] of degree 5.
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Introduction

We consider only associative algebras over an infinite domain K that contains %. In what follows,
we use the notations:

F = Fj[X] is the free associative K-algebra over an infinite countable set X = {x1,x9,...} of free
generators;

Xn, =A{x1,...,zn};

[1,...,2y] is a right-normed commutator of degree n > 2, i.e., [x1, z2] = x122 —xox1 and [z1,. .., Zy)
=[[z1,. .., Tp-1], zn);

LN(n) : [x1,...,2,] = 0 is the identity of left nilpotency of degree n;

T™ and V(" are the T-ideal and T-space of F, which are generated by the commutator [x1,...,zy];

if S C F then (S)T and (S)V denote the T-ideal and T-space that are generated by S;

F(™ = F/T(™ is the relatively free algebra of countable rank with the identity LN(n);

P, (A) is the space of multilinear polynomials over X,, with respect to a free algebra A;

Z*(A) is the kernel of A (the greatest ideal of A which lies in the center Z(A) of A).

The study of algebras with the Lie nilpotency identity was initiated in [1-3].

The codimensions of ) and T are known (see [4-6]):

en(T)y =271 ¢ (TW) =271 42 (Z) +2 (g)

Moreover, in [6] some algebra was distinguished that generates the variety of Lie nilpotent algebras
of degree 4.

The state of the art in the theory of Lie nilpotent algebras is rather well-detailed in the introductions
of [7-10]. The proper central polynomials for the algebras F®) and F©) over a field of characteristic 0
were studied in [7,8]. Furthermore, some hypotheses were stated in [7] about the center and the kernel
that are confirmed in particular in [8]. The model algebra E®) and some auxiliary superalgebras play an
important role in these articles (see [7,8]).

In [9], the case was elaborated of relatively free algebras with the identity LN(n) in two and three
generators over a ring K.
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The plan of construction of an additive basis for F(®) was outlined in [10]. It was supposed to consider
a sequence of T-ideals T > H > H' of F®), where H and H' are the T-ideals generated by the Hall
element [[x1, )%, r3] and the weak Hall element [[z1,x2]?, z2], respectively. Some additive basis for the
algebra modulo H' was presented and it was proved that H' coincides with the ideal of identities of the
model algebra £ and with the kernel Z*(F®)) of F®),

In this article we realize the above plan of constructing an additive basis for F(®) and show some
applications of the so-constructed basis that were announced in [10]. The article consists of five sections.
In §1 some available results we will need are contained. In §2 we construct an additive basis for the
ideal H'. In §3 we obtain an asymptotic estimation of the codimension of the T-ideal T®); i.e.,

(5) ~ 2 . n—2 1 1 Cin
cn(TY)~=n”-2"% ie, T}Ln;o T on=3

=1

Note that it is impossible to obtain this result by the methods of [8], since [8] used the technique that
is based on the application of either the skew-symmetric elements or the superalgebras generated by one
odd element.
In §4 the centers of the free Lie nilpotent algebras F®), F) and the free metabelian algebra F| 2)
are described. It is proved that
en(FO)) =26, (FO), n>2,

where &,(F®)) = dimg (Z(F®) N P,(F®))) and ¢,(F®) = dimg P,(F®).

Moreover, we prove some asymptotic relations &,(F®)/c,(F®) — 3 and En(Fl2))/cn(F2)) — 0
as n — oo.

In §5 we describe the center of F(®) and prove that if the main field K is of characteristic 0
then Z(F®)) as a T-space is generated by the following elements:

[wlax2ax3a$4]7 [[.Tl,.’l?g,.’lf?,] . .T4,.'135], [[x1,$2]2,.’112].
If p = char(K) > 5 then the center Z(F®)) is generated by

zP, [361,2172,!173,1‘4], [[$1,$2,1‘3]'$4,$5L [[$1,$2]2,$2]-

In the center, some essential part of an additive basis was distinguished, and it was proved that
1
En(FO)) Jen (F®)) = 5 asn—oo.

Thus, about half of the elements in F(™ (n = 3,4,5) are central. Note that even for F®) this result
is new.
Note that an additive basis for Z(F(®)) is unknown.

§ 1. The Main Notions and Available Results

1.1. Proper polynomials. Let A% be an algebra obtained from an algebra A by externally
adjoining the unity. A variety 9 is unitarily closed provided that 9t contains A% for all A € 9.

Let F' = Fyp[X] be the relatively free algebra of countable rank of an unitarily closed variety 9t. The
set of free generators X = {x1,...,x,,...} is assumed to be ordered by increasing indices.

A subalgebra of F' generated by the Lie monomials (the commutators in generators) of degree > 2 is
the subalgebra of proper polynomials.

A variety is unitarily closed if and only if it can be defined by some set of proper identities (see [11,12]).

Let I'),(F') be the space of the proper multilinear polynomials of F' which depend on the variables
in X,,. We write I',,(9) instead of I',,(Fon) as well.

1.2. Codimensions of some T-ideals. Together with I',,(F") consider the space P, (F') generated
by the multilinear polynomials in X,.
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If F is a free associative algebra Ass[X] and T is its T-ideal (or the verbal ideal) then we put
T, = P, NT. The sequence of codimensions ¢,(7") is an important numerical characteristic of the
T-ideal T'. It is known (see [4-6]) that

Cn(T(S)) = 2", Cn(T(4)) =27 2(Z> " 2<§>

In [13], the codimensions were found of the ideal of identities T(02) of the variety of metabelian associative
algebras:

n— n n
cn(T(OZ)):(n—l)Z 1+2<4)—(2>+1, n > 4.

There were also pointed out the codimensions of the ideal of identities T{y) of the variety of metabelian
alternative algebras:

en(Tigy) = (n? —m — 1)2" ¢ 2(2) - 2<§> + (Z) - 2(?) +1, n>5.

1.3. Some available results.
Latyshev’s Lemma [3]. [z,v, z,d][a,t] = 0 in F®).

Volichenko’s Lemma [5]. (T))2 c 70),
Denote by zoy = xy+yx the Jordan product of z and y. Recall that (a,b,c)™ = (aob)oc—ao(boc)
stands for the Jordan associator of a, b, and c.

Lemma 1.1 [7]. In F®) the Hall polynomials possess the properties h € Z(F®)) and h' € Z*(F®).

Lemma 1.2 [8]. In F®), the properties hold:
(a) [z, a,a,ylla, z] # 0 is skew-symmetric in z, y, and z;
(b) (u,v,t)™ = 0 if two elements in u, v, and t are commutators.

1.4. Auxiliary results. Recall some notations and results that were proved in [10]:

h = [[x1,22]?, 23] and W' = [[x1, 22]?, 23] are Hall polynomials;

$) = var(LN(5), h) and € = var(LN(5), k') are Hall varieties;

A = Fg[X] is the free algebra of the variety & = var(E(?).

Agree that we symmetrize the variables that are marked with a bar; i.e., if f(z1, 2, z3) is a multilinear
polynomial then we put

f(Tl’T%E) = Z f(xla7l'20’x3o)’

ceS(3)

where S(3) is the symmetric group of degree 3.
Also, we put

@(G,Jfay,b) = [aai] © [Z_/abL w(a,b,x,y,z) = [(,O(CL, b,x,y),z];
® =X, X,X,X), U=u(X, X, X,X), U=I[XX]

Denote by H; the linear spans of proper polynomials:

H=> K- [@XJU", Hy=>» K-oU™,

m>0 m>0
Hy=> K-V®Uu™, Hy=>» K-vWum
m2>0 m>0

It was proved in [10] that an additive basis I',,(4) N T consists of the following elements:
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(1) the right ¢)-words; i.e., the elements that lie in [®, X]U™;

(2) the right ¢-words; i.e., the elements that lie in ®U™;

(3) the right 7-words; i.e., the elements that lie in V) U™;

(4) the right V®-words; i.e., the elements that lie in V(9U™.

Moreover, it is proved that the elements of types (1) and (4) are central. The remaining basis elements

are linearly independent modulo the center. Below, we also need the eight remarks that are given in [10]
under the same numbers.

REMARK 1. dimg(T4($) NTW) = 6.

REMARK 2. dimg(I's(H)NT (4)) = 10. Furthermore, the following 10 elements are linearly indepen-
dent modulo Z(A):

a1z = [x3T124)[Tax5], @13 = [w2T124][T325],
a14 = [z2T17w3][Taxs], ai5 = [v2T123][TrT4],
bio = [x3T1ws5)[Tazs], b13 = [waT1w5][T324],
by = [xoT1ws)[Tax3], bis = [waT1w4][T523],

c12 = [xaZixs)[Tazs], c13 = [xaTia2|[T325).

REMARK 3. dimg(I's(€) N Hp) = 5.

REMARK 4. dimg(I'4(E)NK - @) = 2.

REMARK 5. dimg (T, N Hy) = (2m — 3)m, m > 3.

REMARK 6. dimg (Damss N®) =2(*7") + (%) = 2m? + 3m, m > 2.

REMARK 7. Let Hy3 = Hy + Hs. Then dim(T'op+1 N Hy3) = 4m? — 1, m > 3.
REMARK 8. Let Hy4 = Hy + Hy. Then dim(T2y, N Ha4) = 4m? — 4m, m > 3.

§2. The T-Ideal H’ of the Weak Hall Elements in F(®)

2.1. Preliminary lemmas. A triple of elements a, b, and ¢ is J-associative provided that all
Jordan associators in a, b, and ¢ are zero. A triple of sets A, B, and C is J-associative provided that all
triples of the shape a, b, and ¢, where a € A, b € B, and ¢ € C, are J-associative.

Lemma 2.1. The triples A, V@, V® and A, V® V@ o V@ are J-associative in A = FO).

PROOF. The first assertion follows from Lemma 1.2(b). Using the identity (a,b,c)™ = [b, |a,c]],
we get

(A, VA v oyt = [v@ (4, v ov@)] cv® v o3
CVv@ v®ov® L vB o v@ v =o;
(VR AV VYT = (4, [vE v v C 4, VW ov®)
CVW oA VA 1[4, VD ov® =y,

The next two lemmas hold in every associative algebra.
Lemma 2.2. [[ap|[bg],c] = [[pa][gb], d + [[pal[bc], g] + [[ab][pe], q] in F.
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PrOOF. Develop every summand, marking with the same indices the equal summands:

[lap][bal, e] = [lap][bal, clx + [[bp] [cq], al2 + [[cp][ag], b]3
+{[bpllag], cla + [[epl[bg], als + [[ap][cq], ble,
[[pal(gbl, ] = [lpallgbl, ¢l + [lgal[cb], pl7 + [[cal [pD], g8
+{lqallpd], cla + [[cal[gb], plo + [[pal[cb], glo,
[[pal[be], a] = [[pal[be], qlio + [[ballgc], pl11 + [[gal[pc], b]s
+{[ballpel, gli2 + [[gal[be], pl7 + [[pallge], ble,
[[@b][pc], ] = [[ab][pc], ql12 + [[pbl[gc], al2 + [[gb][ac], plo

]

+[[pbllac], qls + [[qb][pc], a]s + [[ab][gc], p]11-

Lemma 2.3. Let f(p,q,7|a,b,c) = [pa] o [gb] o [Fc]. Then in F

(a) f(p,q,r|a,b,c) is symmetric in each of the sets {p,q,r} and {a,b,c};

(b) f(p.g;7la,b,c) + f(a,b,clp,q,7) = 0;

(c) f(p,b,cla,q,7) + f(p,c,alb,q,7) + f(p,a,ble,q,r) + f(a,b,clp,q,r) = 0.

PROOF. Write the left-hand side of (c), and mark the opposite summands by the corresponding
indices from 1 to 12 among the 24 summands:

f(p,b;cla,q,7) + f(p,c,alb,q,7) + f(p,a,ble,q,7) + fla, b, clp, q,7)
= [pa] o [bg] o [er] + [pb] o [ag] o [er] + [pc] o [ag] o [br] + [ap] o [bg] o [cr]
= [pa] o [bq] o [er]1 + [ba] o [cq] o [pr]2 + [ca] o [pq] © [br]s
+[ba] o [pq] o [cr]s + [ca] o [bg] o [pr]s + [pa] o [cq] o [br]e
+[pd] o [ag] o [er]7 + [ab] o [cq] o [pr]2 + [cb] o [pq] © [ar]s

[ab] o [pg] o [er]s + [cb] o [ag] o [pr]g + [pb] o [cq] o [ar]10
+[pc] o [ag] o [br]11 + [ac] o [bg] o [pr]s + [be] o [pq] © [ar]s
+[ac] o [pq] o [br]s + [bc] © [ag] o [pr]s + [pc] o [bq] o [ar]12
+[ap] o [bq] © [er]y + [bp] o [eq] © [ar]io + [cp] o [ag] o [br]11
+[bp] o [ag] o [er]7 + [ep] o [bqg] o [ar]12 + [ap] o [cq] o [br]s = O.
2.2. An additive basis for the T-ideal H’ generated by a weak Hall element.

Proposition 2.1. The space of the proper polynomials that belong to the ideal H of A = F ®) has
an additive basis from the following right elements f and g:

(a) if X5 = {a,b,c,p,q} then there are 7 elements g(a,b,c,p,q) = [[ap][bq],¢], where {p,q} ¢
{xla z2, :1:3}’

(b) if X¢ ={a,b,c,p,q,r} then there are 5 elements

fla,b,¢,p,q,7) = [ap] o [bq] o [er],

where r = w6, {p, q} Z {z1, 22,23}, {p, ¢} # {z1, 75}, {p, ¢} # {72, %5}

PROOF. We show firstly that the full linearization of the polynomial [a, b]? is a derivation in all vari-
ables. Consider f(z,y, z) = [a,x|o[a, y|o][a, z]. This element is symmetric in z, y, and z by Lemma 1.2(b);
furthermore, f(V(?),y,z) = 0 by Volichenko’s Lemma, whence f is a Jordan derivation in all variables.
Linearize this element by a:

f(z,y,2,0) = [b,z] o [a,y] o [a, 2] + [a,z] o [b,y] o [a, 2] + [a, 2] o [a,y] o [b, 2.
Clearly, f(z,y,2,V®) = 0. Now, f(z,y,zb*) = f(x,y,2,b) ob by Lemma 2.1.
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Thus, we proved that the full linearization of [a,b]?, i.e. the element

f(x11x25x37y1ay27y3) = Z ['Tlcayl] % [33207342] © [$3Uay3}7
o€E€Ss3

is a derivation.
Show that the linearization h'A (see [12]) of A’ is a derivation in all variables. Put g(y) = [[a,y] o
[a, b],a]. We have
9W?) —g(y) oy = [[a,y%] o [a,b],a] — g(y) oy
= [[a,y] o [a,b] o y,a] — g(y) o y = [a,y] © [a,b] o [y,a] = —2[a, y]* o [a, b].
Consider the element
Hy27 b] ° [Zv b]’t] —yo Hyv b] o [Zv b]vt]
- [y © [y’ b} 0 [z7 b]vt] —Yyo [[yab] ° [Z,b],t] - [y’t] o [yvb] 0 [z7b]'

Hence, we have to verify that [yt] o [yb] o [2b] = 0. Let v = [yt] and ¢'(b) = v o ([yb] o [zc] + [yc] o [zb]). By
Lemma 2.1 we have

g (%) —g'(b)ob=wvo ([y,b°] o [z,c +[y,d o [z,b*]) —g'(b) o b =0.

Then

9(@1, 22, 33,51,92) = Y [[T10, Y1r] © [B20, t2r], T36]
UES3,T€SQ

is a Jordan derivation.
If y; € V) then g(z1, o, 23, y1,y2) = 0 by Latyshev’s Lemma. Assume that z; € V(). By analogy,

[[z1c] o [be],b] + [[bc]z, z1] = [[z1c] o [be], b] = [[z1c]b] o [be] = 0,

whence g(z1, 22, 3,91, y2) is zero on the commutators. Therefore, the ideal H' of A is generated by the
elements of the shape

9(@1, 23,23, p, q) = [[T1p][T29], T3].
By Lemma 2.2, H' is generated by the elements of the shape
g(a,b, ¢, p,q) = [[ap][ba], €,

where the pair {p, q} satisfies the conditions {p, ¢} # {x1,x2}, {2, 23}, {23, 21}
Prove that these elements are linearly independent. Assume that

a1 [[gpl[bal, € + az[ap][gb], € + asl[ap][be], q]
+01[[pg][bal, €] + B[laq)[pb], €] + Bs[[aq][be], b] + ~[[ap][bg], ] = 0.

By the Poincaré-Birkhoff~-Witt Theorem (shortly, the PBW Theorem) [14] the following equality should
hold between the elements that contain the commutator [ap]:

azllap](gb], @] + as([ap][be], @] + B1[pal[bal, €] +~([ap][bg], ] = 0.
Canceling by this commutator in the free associative algebra, we get
az(gbe] + as[beg] — Bu[bge] + v[bge] = 0.
Combining the similar terms, we have
(—az + a3)[beg] + (a2 + Br — 7)[gbe] + (—as — p1 + 7)[cqb] = 0.
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Applying the Jacobi identity, we obtain
20 —az3+B1—v=0, az—2a3— 31 +v=0.

Arguing analogously, distinguish the terms that contain [ag| as a factor:

=201 =P —=P3+7=0, —a1—202+B3+v=0.
Similarly, choose the terms that contain [ab]:

ar—az =261 +26,=0, —a1+az—pP1+P2=0.
Finally, distinguish the terms that contain [ac]:

a1 —az—261+2083=0, —a1+taz—pF1+63=0.

The system of the first seven equations has nonzero determinant; therefore, it possesses only the zero
solution. Hence, dimg (I's(A) N H') = 7.
Which elements of the form f(X') over X' = {x1, 22, 23,91, Y2, y3} are linearly independent? There
are only (g) = 20 of these elements. Since
f(@1, 22, w3, Y1, 92, Y3) = —f(Y1, Y2, Y3, 71, T2, T3),

we may assume that ys3 is the greatest variable. By Lemma 2.3, f(x1,x2,Z3,y1,¥y2,¥y3) is linearly express-
ible by the five elements f(p,q,a,b, c,r) such that

{b7 C} §Z {x17x27x3}7 {b7 C} 7& {w1,y2}, {b7 C} 7& {yhyQ}’

Call such elements f-right.
Thus, assume that there exists some relation

ocgf(,,,b,q,r)—i—Otgf(,,,C,q,T)—i—ﬁlf(,,,a,p,?‘)—I—ﬁgf(,,,b,p,?“)+ﬁ3f(,,,0,p,7“) =0

among the f-right elements. This means that in A = F®) we have

a1 [pb] o [ag] o [er] + aalpc] o [ag] o [br]

+B1[ga) o [bp] o [er] + Ba[gb] o [ap] o [er] + Bs[gc] o [ap] o [br] = 0. (1)
Note firstly that the commutator [z1,...,;,a] is a linear combination of the commutators of the
form [y1,a,...,y;], where (y1,...,y;) is a permutation of (x1,...,z;). Further, if w = [ab] then in the

free associative algebra F' we get
{a” b27 m? y? Z] = [w © b’ $’ y? Z] E [V(2) © F’ x’ y’ z] g [V(3) o F + V(2) © V(2)7 y? z]
CVOoF+V® V@ 2 cVO o F+vWoy® L yB oy,
It follows from here that each proper polynomial of degree 6, which is contained in T(®), may be repre-
sented as a linear combination of ug, usus, and ugvs, where u; and v; are the commutators of degree 1.

Using the PBW Theorem, select in (1) the terms that contain [ap], and, replacing = o y by 2zy — [zy],
we obtain

Balgbler[ap] + Bs[gc][br][ap] = 0.
Canceling [ap], we get Ba2[gb][er] + B3[gc][br] = 0. Combine the similar terms to obtain

(=B2)[bgl[er] + (=B2 + B3)[be][qr] + (= P3) [cq][br] = 0.

Since the mentioned products of commutators are linearly independent, B2 = 83 = 0. Arguing analogously
with the commutators [bp] and [cp], we obtain as = 0 and $; = 0. Hence, a1 = ay = 0, and f; = o =
ﬂg =0. Thus, dimK(Fﬁ(A) N H’) = 5.

REMARK 9. dimg(I'5(A) N H') =7 and dimg(Tg(A)NH') =5in A= FO),
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§ 3. The Sequence of Codimensions of T'(%)

Denote by c,(f) the codimension of the ideal T®"). Recall that

(3) _ gn—1 (4) _ 9n—1 n n
¢y’ =207, ¢/ =2 +2(4) +2(3).
(5)

Using the constructed additive basis, we can compute the exact value of ¢;,’ as a function of n. Since

(5)

the exact value is not needed, prove the validity of the asymptotic estimation ¢’ ~ n
Lemma 3.1. If A = $[X] then dimg(T™ N P,(A)) = 6(7) + 18(}).
Lemma 3.1 is immediate from Remarks 1 and 2.
Lemma 3.2. Let A = ¢[X] and d,, = dimg H(A) N P,(A). Then d,, ~ n?-2"2.

PRrROOF. Firstly, we compute the number -, of the basis proper multilinear polynomials of degree m
which lie in the ideal H(A); i.e., vy = dimg H(A) NI, (A). Taking into account Remarks 3, 7, and 8,
we have v5 = 5, yo, = 4k% — 4k, and ~yop1 = 4k%> — 1 when k > 3.

We get dp, =), <5 Tm (Z) Give the further computation as a sequence of items, using the following
combinatorial formulas (see [13]):

k

2 n (2 n—5 . 2 on=>
Zk:k <2k+1)—(n —3n+4)2" 0 an?. 2n0,
1. 2@3 Yok (272) ~n2-273, Since Zk23 k2 (272) Dok k2 (27}6), therefore,

n n n

=) (4k* -4 ~4) K ~n? .20,

2] <0 () =4 (3) =
k>3 k>3 k>3

2. > k>3 V2k+1 (21;11) ~n?-2"3. Since D k>3 k2 (2,;11) ~ > k2 (214,11) ~ n? . 2"75; therefore,

n n
~ 4 k2 ~ 2 277,—3‘
D e (zk + 1) kz>3 (2k + 1> "

k>3

n n
d g C5 ~ 2 . 27’1/—2‘
n =" C,+ E Y2k (2k> + kE>3 V2k+1 <2k L 1) n

k>3

2, 2n—2

3. We have

Theorem 3.1. The asymptotic estimation CS) ~n?-2"2 holds.

PROOF. By Remark 9, dimg (H' N P,(A)) = 7(5) + 5(§) with n > 5. Hence, applying Lemmas 3.1

and 3.2, we get dimy (T N P, (A)) ~ n2-272. Thus, ) = i) + dimg (T™ N P, (A)) ~ n?-2"2 by [5].

§4. The Multilinear Components of the Centers of F(® and F®)

In this section we give a description for the centers of the relatively free algebras F(™ with the
Lie nilpotency identity LN(n) of degree n = 3,4. The description of the proper central polynomials of
these algebras is well known (it is immediate from the articles by Latyshev [2] and Volichenko [5]). The
proper central polynomials of F(®) and F©) were described in [8]. Concerning the descriptions of the
centers Z(F®") with [ = 3,4, the equalities hold:

[Z(F®) = ([ey))V,  Z(FW) = (wy][=t])” + ([zyz))",
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where (f)T and (f)V is a T-subspace and T-ideal generated by f. These results belong to Grishin, and
they are presented in [15,16]. Find an additive basis for the centers and compute the dimensions of
multilinear components Z(F®) N P, when | = 3, 4.

Denote by vr(f) the set of variables of a homogeneous polynomial f; i.e., vr(f) is the set of variables
of positive degree in f.

Let A= F®). Construct an additive basis for Z(A) N P,(A).

A right commutator word is as usual an element of the shape [a1, b1] ... [ak, bg], where a;,b; € X and
a1 < by <--- <ag < bg. A right monomial is a word Y1y ... yk, where y; € X and y1 < --- < yg. A right
commutator over X, is an element of the form [z1y; ...y, t] (I > 1), where y;,t € X, and y1 < -+ < y;.

Lemma 4.1 [15]. Z(A) = [4, A].
PRrROOF. It is known [2] and easily to verify that P,(A) is spanned by the right elements of the
shape wv, where u = [a1,b1]... [ak, bg] is a right commutator word, v = y1y2...y; is a right monomial,

and {ab bla SER) ak‘7bk‘7y17 s 7yl} = Xp.
Since ax1b = z1ba (mod [A, A]) and [z1y1 ...y, t] € [A, A]; therefore,

l
[z1,ty1 ...y —G—leyl oyt oy € [A Al
i=1

Hence, an arbitrary element p in P, (A) is represented modulo [A, A] as a linear combination of the
elements of the form

[al, bl] PN [ak, bk]xlylyg Yl
Thus, p = xz1p1 modulo [A, A], where p; = ), a;w;v; and w;v; are some right multilinear elements in
x2,...,Zpn. Assume that p € Z(A). Then p; € Z(A) (it suffices to apply 6%1); therefore, p; € Z*(A).
Since Z*(A) = 0 (A is T-prime, i.e., the product of nonzero T-ideals of A is nonzero), p; = 0 and
p € [A, A]. The lemma is proved.

Lemma 4.2. The following elements form a basis for Z(A) N P,(A):

[al,bl] R [ak,bk][:nlyl .. .yl,t], where a1 < by < -+ - <ap <bp <t, y1 <---<y.

PRrROOF. The above elements form a Z-basis:

(1) We prove firstly that each element p € Z(A) N P,(A) is a linear combination of some Z-basis
elements. Note that every commutator [v,v'] € P, in monomials of degree > 3 may be written as [v;, 2]
(i > 2). Indeed, if a = ajas and z1 € vr(b) then

[a,b] = [a1a2,b] = —[agb, a1] — [ba1, as] = [a1, agb] + [ag, baq],
and we get the required representation by induction on the degree of a. Now,
[awlba y] = [117]_[70,, y]a
since [[a, z1b],y] = 0. Therefore, we may assume that v; = z1v].

By Lemma 4.1 the monomial v; may be represented as a linear combination of some generators among

Zo,...,Tn. Thus, we have a representation of p as a combination of elements

[a1,b1] ... [ag, bkllz1y1 - - Y1, T
and the right commutator word [z, 9] ... [Tn_1,2,] With n even. Noting that [a1,b1]...[ag, bk][v,t] is
skew-symmetric in a1, b1, ..., a, b, and t, we get the required assertion.

(2) Show that the Z-basis elements are linearly independent. Let a linear combination of the Z-basis
elements with nonzero coefficients be equal to zero. Among the Z-basis elements choose an element b =

[a1,b1] ... [ag, bk][z1y1 - . . yi, t] such that the number [ is maximal and b enters into the linear combination
with a coefficient 3. The element b is completely determined by {y1,...,y;}. Substituting for yi,...,y
the commutators [zn,ZN+1], [*N+1,ZN 2], ..., In which N > n, we get £5w = 0, where w is a right

commutator word; a contradiction. The lemma is proved.

From Lemma 4.2 and Volichenko’s Lemma we easily deduce
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Lemma 4.3. The center Z(F®) modulo T®) possesses an additive basis of the Z-basis elements
with k > 1:

[al, bl] - [ak, bk][xlyl c YL t],
where k> 1,01 < b1 < - <ap<bpy<t,y1 <---<y.
PROOF. Let p € Z(F®). Then p € Z(F®) + T®). By Lemma 4.2 p can be written as

Z aywy[z1y1 ...y, 1] (mod TG,
Y={y1,...ui}

p

where wy is a right commutator word, and wy < t.
Let Zjy be the linear span of the elements mentioned in the lemma. If £ > 1 then p € Zy. Hence, we
may assume that

> aylmyr...unt] (mod Zo).
Y:{ylr“’yl}

p

Inserting the unity for yi,.. .,y we get ay|z1,t] € Z(F®) which is possible only if oy = 0. Hence,
k> 1and p € Zy. The lemma is proved.

Corollary [16]. Z(FW) = ([zy] - [2t])V + (Jzy2])T.
REMARK. If A = F{y) is the free metabelian algebra then Z(A) = ([zy] - [2t])V.

Indeed, Z(A) C ([zy]-[2t])V +T® by Lemma 4.3. It follows from [13] that Z(A)NT®) = ([zy)>)T =
([xy)2)V. Since [zy])? € {[zy] - [¢t]}V, the required equality holds.

Theorem 4.1. Let A = F®); ¢, = dimg P,(A), and &, = dimg Z(A) N P,(A). Then

cn =2&, n>2.

Proor. Compute the number of Z-basis words. Let n = 2m + 1. Then each basis word is defined
by a choice of the set {y1,...,y} C {z2,...,Zom+t1}, where [ is odd and 1 <1 < 2m — 1. Then

m—1
_ 2m '\ _ [2m 2m 2m  o2me1
g2m+1z<2k;+1>(1)+<3>+ +<2m—1>2 '

k>0

Since Com+1 = 22m; therefore, Com+1 = 2§2m+1-
If n = 2m then every basis word is defined by {y1,...,y} C {x2,...,2om}, where [ is even and
0<1<2m —2. Then

m—1
2m —1 2m —1 2m —1 2m — 1
m = = “ e :2277'1/72.
2 I;)( 2k ) ( 0 >+< 2 >+ +<2m—2>

— 22m—1

Since com, , we have co,,, = 2€9,,. The theorem is proved.

By analogy with Theorem 4.1 we can prove for the numbers ¢,(A) = dimg P,(A) and §,(4) =
dimg Z(A) N P,(A) that the following hold:

L(FD) 1 &EFD)
n(FD) 2 (F@)

Note that the relatively free associative algebra with the identity [xy][zt] = 0 has zero center.
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§5. Upon the Center of F{®)

The aim of this section is a description of the T-generators of the center of F(®) and presentation of
an asymptotic estimation of the dimension of Z,(F®)). It turns out that the “center is about half of the
algebra.”

5.1. The T-generators of Z(F®).
Proposition 5.1. Let p = char(K). Then

Z(F(”)) — (xq)V + Z(F(”)) N T(Q),

where q is the least number of the form p® such that p* > n — 1.

ProOF. This literally repeats the argument of [9, Theorem 4].

In [7] the hypothesis on the center was formulated:

Z(FO®)) = (h,[z1,...,z4])V + (W) if char(K) = 0;

Z(FO)) = (xP, h,[21,...,24])V + (W) if char(K) = p > 5.

It was proved therein also that [T(®) a,b] C T®) [7, Lemma 2]. Hence, [T®),a] C Z(F®)).

Lemma 5.1. [T®) a] C (h,[x1,...,24])" for every a € FO),
PRrOOF. Indeed, modulo (h, [z1,...,74])" we have
[[abb] © $,y] = —[[abm] © bay] = _[[av b2a I] + [a’b] o [bl‘]ay] = 05

which was required.

Throughout this section, A is the free algebra over a set X in the variety generated by the model
algebra E). Since (k)T in F©®) coincides with the ideal of identities of E(?); therefore, it suffices to
understand that every central element in E(®) is contained in [T®), A].

Proposition 5.2. Let A be a relatively free algebra of an arbitrary unitarily closed variety. If
feZ(A)and f =3 - f~X’ where 0 # f; € T'(A) and X" are some right monomials, then f; € Z*(A).

PROOF. We may assume that f is homogeneous. If z ¢ vr(f) then fz € Z(A). Choose a set i of
naturals, which has the maximal sum of indices. Applying the partial derivation operators (%)Zk, where

i = (iy,i3, ... ), we obtain fzx € Z(A) or f; e Z*(A), which was required.

Thus, the kernel of the algebra is generated by the proper kernel elements. It turns out that there
is no such assertion for the center. In [7,8] the central polynomials were under study. However, it is
impossible to apply these results directly to the central polynomials, since we have the following

Lemma 5.2. Let f be a basis polynomial of type (2) or (3) in I'(A) N H(A), and f ¢ Z(A). Then
there exist some central polynomials g; € I'(A) N H(A) and t; € X such that

f+ Zgiti € Z(A).
PrOOF. Without loss of generality we may assume that f is of the shape f = vuj...ug, where
v e VG and uy,...,up € VP, Consider [f,t], where t ¢ vr(f):
[f,t] = [vug ... ug, t] = [v,tjug ... up = [v, tlug ... up_1[ab] = [v,aluy ... up_1[bt]

= [([v,aluy ... up—1)b, 1] [Zgzb t}

here g; are some proper central polynomials of even degree and a,b € X, as required.

149



Lemma 5.3. Ifg € T(A)NT®W(A)NZ(A) is a polynomial of degree s and a € A then there exist some
polynomials g; € T(A)NT™(A) of degree > s+1 and a suitable a; € A such that ga+Y"; gia; € [T®), A].

PROOF. Let g be of even degree. Then g € VW ie., g = wu; ... uy, where w = [v,z],v € V&),
uy,...,up € U, z € X. Consider the element

ga=[v,x] -uy...upa = [v-ul...uka,m]—v[a,x]ul...uk:z+2giai,

7
where g; are some proper polynomials (of odd degree), z = [v- uy ... uga, z] € [T®), A].
If g is of odd degree then g = [, z]uy ... uy, where ¢ € ®, u1,...,up € VP, and z € X. Consider
the element
ga = [p,x]auy ... ux = [pa,z|u; ... ux — pla, z|u; ... ug.

Since [pa, z]u; ... ug € [T®), A] and we can find some proper polynomials g; € ®U**! for @[z, alu; . .. uy
so that ga + >, gia; € [T(3), A]; therefore, the lemma is proved.

A monomial yyys ...y is right provided that y; € X and y1 <ys < --- < ;.
Introduce the notions of regular elements of first and second types.

The regular elements of first type are the following proper polynomials:

(a) the basis elements of types (2) and (3) (see 1.4);

(b) the basis elements of the shape ¢;

(c) the basis commutators [abc] of degree 3;

(d) the elements of the form a;j, b;j, ¢;; referred to in Remark 2;

(e) the right commutator words [y1,t1] ... [yk, tx] (K > 1), ie, yi,t; € X and y1 < 21 < -+ < Y < 2k
The regular elements of second type are the following proper polynomials:
(a) the basis elements of types (1) and (4) (see 1.4);

(b) the basis commutators [abed] of degree 4.

Lemma 5.4. An arbitrary polynomial f modulo [T®), A] is represented as f = >, fiai, where f; are
some regular elements of first type and a; are some right monomials (it is possible that one of the factors f;
or u; is omitted).

PRrROOF. Write the element f as f = ) . g;b;, where b; are some right monomials, and g; are some
regular elements of first or second type. If g; is a regular element of second type then g; is central, and
by Lemma 5.3 g;b; modulo [T(?’), A] is a linear combination of f;a;, where f; are regular elements of first
type, and a; are right monomials; i.e., f =), f;a; (mod [T®), A]), as required.

Theorem 5.1. Z(A)NT® = [TG) A].

PROOF. Let f be a central element. By Lemma 5.4 we may assume that f is written as f =, fia,,
where f; are some regular elements of first type and a; are some right monomials. Applying suitable
partial derivations and taking into account that the spaces [T®), A] and Z(A) are invariant with respect
to them, we obtain linear dependence modulo Z(A) of regular elements of fist type.

Show that this assertion fails. If the elements are linearly independent modulo Z(A) then we call
them Z-free.

In [10], it was proved that the basis elements of type (3) of odd degree > 5 are Z-free.

The basis commutators of degree 3 are Z-free (see [7, Lemma 10]) as well.

Verify that the following elements are Z-free:

(p(a7 b’ x? y)’ ()O(a7 b7 y’ x) a'nd [a7 b][:L.? y]‘
In E@ the equalities hold:
p(e1,e2,e3,e4) =0, [[e1,e2][es, eq], e5] # 0.
Hence, the following elements should be linearly dependent modulo the center:
e(a,b,z,y), ¢(a,b,y,z),
but this fails by [10].
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The linear independence of the elements of the shape a;j, b;;, ¢;j, modulo the center was noted in
Remark 2. Finally, a right commutator word does not belong to Z(E()). The theorem is proved.

Proposition 5.1 and Theorem 5.1 imply

Corollary. Over a field K of characteristic 0 the center of F(®) as a T-space is generated by the
elements [r1, z2, T3, 24], [T1, T2, 23] - 24, T5], and [[x1, T2]%, o).
If p = char(K) > 5 then Z(F®)) is generated by

zP, [361,1172,!173,1‘4], [[$1,$2,l‘3] '264,1175], [[$1,$2]2,$2]-
5.2. An asymptotic estimation of &,/cn,. Let A = FO) ¢, = dimg Z(A) N P,(A), and
¢n = dimg P,(A). In this subsection we assume that a field K is of characteristic # 2,3. Show that

Note firstly that by Lemma 5.4
[T(g)vA] - [T(S)aX] - Z[fiaivmjL
1,3

where f; are regular elements of first type, a; are right monomials, and =/ € X.

If deg f; = d < 5 then the number of commutators [f;a;, 2] does not exceed nyy Cfl_l (a polynomial
of 6th degree in n), where 74 is the number of regular elements of degree d. Since c,, ~ n?-2"~2; therefore,
we may assume that

f=>ailfiai, '],
1,J

where f; are some regular elements of first type of the following shape:
(1) the right ¢-words contained in ®U™;
(2) the right -words contained in VU™,
(3) the right commutator words [y1,¢1] ... [yk, tk] (K > 3).
Find an upper estimation for N,, of linear generators of the form [ fi(m)ai, xJ ], where m = 1,2, 3.

If m =3, ie, fi(m) are some right commutator words (or the elements of type (3)) then

-1
N3§nz<nk )SH‘Q"Q-
%

If t € T then [t[ab]c,a] = 0. Hence, the elements of the form [t[y1,t1]. .. [y, tx] ¢, ], where t € DUV ),
are skew-symmetric in y1,%1 ... yg, tg, and x.

Similarly, if fi(m) are the right ¢-words of the shape (1,2, 23, z;)v or ¢(x1,x2,z;,x3)v then
the number of linear generators of the shape [ fi(m)ai,xj ] is equivalent to Cn - 2"~ 2, where C' = const.
An analogous fact holds for the right n-words of the form n*(xa, z1, 2;, 27, x3)v', N7 (23, 21, T2, 74, 2)V,
N~ (x2, 1, T3, T, 2)V', N7 (22, 21, T3, T4, 2)v, Where z; < 2z < V.

Hence, without loss of generality we may assume that fi(m) are of the shape
(

© (1,92, Uk, y)v or T (ya, v, i, v, Y30, (2)

where y1 < y2 < y3 < v’ < 7.

Lemma 5.5. ¢’ = [t[xy,b]z1 ... 2k, 2], where t G‘T(3), b,21,..., 2k, 2, Zn € X,, may be represented as
a linear combination of the right elements [fiaizn, 7], [9ibi, zn], while f; and g; are some elements of the
form (2), f; < x’ and a; and b; are some right monomials.

PROOF. Since
[tlxnz1 ... 2k, 0], 2] = [t[xn,bl21 ... 2k, 2] + [tzn]z1 - .. 25, 0], 2],
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by [tlable,a] = 0 and Volichenko’s Lemma we infer that ¢’ is a linear combination of the elements
[fia;n, 2] and [g;, biz,]. Since the second commutator is linearly expressible by [f;a;z,, 2] and [g;b;, 2],
the second assertion holds.

Prove the linear independence of the right elements. Let

> ailfiaizn, 27+ Brlgrbr, xa] = 0.
i k

If ojy # 0 or By, # 0 then assume that the word a;, # 0 or by, # 0 is of maximal degree. If a;, is
of maximal degree then putting a; = =, = 1 we get a;, = 0; a contradiction. If b, is of maximal degree
then we put by = 1. Then (i, = 0; a contradiction. The lemma is proved.

The lengthes of ¢ and n are of different parity; therefore, if some monomial a; is taken then the
choice of fl-(m) is defined by the parity of dega;, and a; is connected only with one of the elements of
type (2). '

Firstly, compute the number Nj of choices of the right elements of the form [f;a;x,,z?]. A right
monomial a; of length ¢ may be chosen by (";1) ways, since we need to take ¢ variables in X,,_;. For
definiteness, we take [¢~ (y1, Y2, Yk, ¥1)v’, 7] from the remaining n—i—1 elements. Given that y; and ys are

the least symbols, the number of choices of y; and y; is (”_g’_i). Hence,

U0 51 ([ D ol (e TR

)

Now, by (}) = n(":l) we have

Nl_z<n—;3—i)(n;1) _@21 (n—s—z)cizi)

| _% Z(n—3—i)(n_4_i)<ni;ii>

i<n—1

z;Zg;l(n_1-@)(n—2—i)<n’:ii>

—-vm-2 3 (1) st

i<n—1

Find the number Ny of choices of the right elements of type [g;, b;z,]. A right monomial b; of length 4

may be chosen by (”;1) ways. For definiteness, we take 0% (y2, y1,¥i, 3, y3)v' from the remaining n—i—1
n—4—g

elements. Given that y1, y2, and y3 are the least symbols, the number of choices of y; and y; is ( 9

Therefore,
n—4—1\(n—1 n—3—1 n—1
NQ_Z( 2 )( i )NK;I( 2 )(n—1—z‘)’

7

whence Ny + Na &~ n? - 2773, Then &,/c,, ~ [(n?-2"73) : (n? - 2772)] = 1.

Question. Is it true that gﬁf)/cﬁf) ~ % for every 1?7

From the above results, it is immediate that the algebra over the ring Z [%] is additively torsion-free;
in particular, the additive group of a free Lie nilpotent ring of degree 5 lacks the elements of finite simple
degree > 5. The elements of additive degree 3 in F(4) are known (see [17]).

It is unknown if the additive group of F(®)(Z) contains some elements of order 2 and 3.

Note that Shirshov in [18] proved that the free Lie ring is torsion-free, and existence of elements of
order 3 in the free alternative ring was proved in [19, 20].
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