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Abstract: Considering Banach Hardy spaces and weighted Bergman spaces, we find the sharp values
of the Bernstein, Kolmogorov, Gelfand, and linear n-widths for the classes of analytic functions on
the unit disk whose moduli of continuity of the rth derivatives averaged with weight are majorized by
a given function satisfying some constraints.
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1. Suppose that X is an arbitrary Banach space, with S the unit ball of X. Let A, C X be
an arbitrary subspace of dimension n, while A” C X is a linear subspace of codimension n, and Z(f, A,)
is a continuous linear operator from X to A,. Let E(f, A,)x stand for the best approximation of f € X
by ¢ € Ay; i.e.,
E(f,An)x = inf{|[f —¢lx : ¢ € An},
and let
E(f,ZL(f, An))x = IIf = Z(f, An)llx

stand for the deviation of f € X from Z(f,A,,) in the metric of X. Given a centrally symmetric set
M C X, we put
def
E(%MA’R)X = Sup{E(f7 An)X : f € %}a

E(M, L A)x X sup{E(f, L(f,An))x : f € MY

The values

bp (A ; X) = sup{sup{e > 0: (eSNAy+1) C A} : A1 C X}, (1)
d"(A; X) = inf{sup{||fllx : f€ #ZNA"}: A" C X}, (2)
dn( M X)) = if{E(A, \p)x : A, € X}, (3)
and
(A X) = inf{inf{&( A, L, N)x : L X = Ay} Ay C X} (4)

are called the Bernstein, Gelfand, Kolmogorov, and linear n-widths respectively. Note the following
relations [1, 2]:
(A X)

dn

< On (A5 X). (5)

2. In the Hardy spaces Hy, ¢ > 1, and Bergman spaces %, ., ¢ > 1, with the weight v > 0, the
questions of calculation of the exact values of various n-widths for some classes of analytic functions on
the unit disk and construction of the best linear approximation methods were considered, for example,
in the monographs [1,2] and articles [3-20]. We continue the study in this direction and calculate the

exact values for all above-listed n-widths of the classes W,gT)X (®, ), 7 € N, u > 1, of analytic functions
on the unit disk (where X is H, or %4, ) whose moduli of continuity of the rth derivatives averaged with
weight are majorized by a given function satisfying some natural constraints.
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Let N, R4, and C be the sets of naturals, positive reals, and complexes respectively, let U, := {z € C :
|z| < p} be the disk of radius p (0 < p < 1), Uy = U, and let A(U,) be the set of analytic functions on U,,.

Given f € A(U,), put
. 1/q
M0 ™ (5 /\fpe o) 1sas

where the integral is understood in the Lebesgue sense. If ¢ = oo, then assume that f(z) is continuous
on the closed disk U, := {z € C : |z| < p}. By Hy, 1 < g < 00, we denote the Hardy Banach space
consisting of f € A(U) for which the following norm is finite:

1Fllg = 1A N, = Yim My(f;p)- (6)
p—

It is well known that the norm (6) is attained at the angular boundary values f(t) := f(e) of f € H,,.

By Hyp, 1< qg<o00,0<p<1 Hyy = Hq, we understand the Hardy space of f € A(U,) for which

Ilf(2)|lg,p o | f(pz)|lq < co. If r € N then fa ( ) is the derivative of the rth order of f € A(U) with

respect to the argument of the complex variable z = pexp(it). Moreover,
0f(2) _ df(z) 0z 1
(1) — _ L9 r— 1) ( )
fa'(2) = =5, 7, —J ()71 and @) = {5 @),
We denote by H(gg the class of f € A(U) for which fa € Hyqg> 1.

The Banach space of complex-valued functions f on the disk U with the finite norm

1 1/q 1 = . 1/q
11, = (5 [[ asay) = (50 [ [ olrtoctyirapar)
) 00

is denoted by [, def ¢(U), 1 < g < 0o, where the integral is understood in the Lebesgue sense.

Let v(]z]) > 0 be some measurable and summable function not equivalent to the zero function on U.

The set of the complex-valued functions f for which vY/9f € 1,(U), I fll,, = ||71/qf||lq, is denoted by

lony def , 4(U,7), 1 < q < oo, while %, , df % 7(U,7), 1 < g < o0, is the Banach space of f € A(U) such

that f € l;~. Moreover,

r> 2.

1

112, = ([ 5.0 a0) "
0

In the particular case when v = 1, %, := %,1 is a usual Bergman space. By %;,,, 1 < q¢ < oo,
0<p<1, Byy1 = Ay, we understand the space of f € A(U,) for which
def
17N 1), < 0

and %éf%,a is the space of f € A(U) such that £ e By, 1 < q < oo. It is proven in [16] that Z,
enables us to consider f € A(U) with constraints less stringent in comparison with %, on the behavior
of f near the boundary circle I' := {¢ € C : || = 1}. It is obvious that H, C #, C %, 1 < ¢ < 0.
We denote by X := X (U) any of the above Banach spaces H, and %, -, while X, := X,(U) means Hg,
or HBq,p- Similarly, X, x{" = ér)(U) is either Héf’,% or 95’(([7),,1, and X,(,,Tg is either Hé g,a or %’égp@.
Given f € X(U), con81der the modulus of continuity
w(f;2t)x = sup{||f(ze") — f(ze™™)|x : |h] < t}.
We denote by &7, the set of the complex algebraic polynomials
n

2) :Zakzk (neN, a; € C)

of degree n. The quantity

En(f)x = E(f, Zn)x & f{||f = pullx : pn € Pu}

is the best approximation of f € X (U) by .
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Let ®(u) be a nondecreasing positive function defined for v > 0 such that lim{®(u) : u© — 0} =
®(0) = 0. Using ® as a majorant and given p > 1 and r € N, we introduce the class of the functions

h
WX (@, p) = {f e X" . ;L/w(fé’”);%)x [1 + (p? — 1) sin ;ﬂ dt < ®(h), h e (o,n]}.
0

In [18,19] for X = H, and X = %, respectively, it is proven that if the majorant ® satisfies the
condition

| \/

1

3 s 1yen ™

<I>( 2#” 2#/ (sin nht). [1+(u 1) sin 2} dt (7)
0

for 4 > 1 and all h € (0, 7], n € N, where
] sinu if 0 <u<7/2,
(sinu)y = )
1 if u>mn/2;
then

b (W X (@5 11); X(U)) = d (WD X (@5 0); X (U))

= n_l(W,ET)X@;M))X(U): : (I)<7r> ®)

4pun” 2un

for all n,r € N. Condition (7) holds, for example, for ®,(h) = h*, where

wimotin = (L) [reo(2) [1+ 62 v (2] e o
0

It follows from (9) that a(1) = (7/2) — 1, lim{a(p) : 4 — 00} =1, and (7/2) — 1 < a(p) < 1 for all
p € [1,00).

Since X C X, (0 < p < 1), it is of indubitable interest to extend (8) from the above-listed n-
widths (1)—(4) to a more general space X, (0 < p < 1):

A (WX (B 1) : Xp(U)) = Eney (WX (@5 1))

Xp(U)
r mp" m
= g(Wé )X((I);,u/)agpﬂ“fla ynfl)xp(U) = 4'LLTLT(D (2WL> ) (]‘0)

where \,,(-) is any of the n-widths by, (), d"(-), dn(-), or dp(-).

Indeed, in the case when X is %, -, (10) follows for all n-widths from the results of Theorems 2.1
and 3.1 in [18] and can be derived almost similarly in the case X = H,. The best linear method realizing
the sharp value of the linear n-width has the form

pr 1(fa ny <) = CO + Zuk,p,r lck k7 (11)

where ci(f) is the Taylor coefficients of f, while

r—1 2
def _ k k
P (" Ky (__~ T—ven (1
Hor=t (2n—k> { T ( <2n—k>2)}’

w/(2n)
def
0

nu coskxcosnxdx, k=1,...,n—1.
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In line with [13], by 32 _1 we denote the n-dimensional subspace spanned by the basis

e

k=0,1,....n—1, reN.

Given f € X(U), put
n—1
Lra(f, Pnr;2) = Y el F)En(2)
k=0
Theorem 1. If 4 > 1 and r,n € N then

M (WX (@ 1)) = Aa(WDX (@5 1) Byyy) = EWDX (@5 1), L1, Prt)

T T f " 1/q
= ¢ — " d 1<¢g< 12
o (o) ([ ) L 12as (12)
0

where A\, (-) is any of the n-widths b,(-), d"(-), dn(-), or d,(-), while A,(-) is one of the n-widths d"(-)
or by(+).

Proor. Following the arguments of the proof of Theorem 2 in [13], we verify that

~ 4un” 2un

MQ(f - g7"—1(fa ﬁn—l)ﬂ)) < Trpn ® (W) (13)

for all f € W) H,(®; ). Taking the power ¢ (1 < ¢ < c0) of both sides of (13), multiplying the result
by pv(p) and integrating over p in the range from 0 to 1, and using the definition of %, ., we derive that

; 1/q

r ) 7 T n

due )X((b;u)’%*l"@”*l)%w = 4pm” <2un) (/p " ) ' 14
0

Hence, by the definition of linear n-width, we obtain

; 1/q
(r) ) < m / nq+1
(WX @303 207) < o (5 ) ([ atoan) (15)
0

Since %, is isomorphic to and isometrically embedded in /, ,, from the definitions and properties of the
Bernstein and Gelfand n-widths [2, Chapter II, § 3, Proposition 3.2] we find

d" (Wy)Hq(‘I)S 1); t%)cm) =d" (Wy)Hq(@ 1); ltm) )

(r (r (16)
bn (W Ho(®3 1); Bay) = bn (W Hy(D3 1); lg.7)

From (5), (15), and (16) we obtain the upper estimate for all n-widths under consideration. To obtain
the lower estimates for these n-widths, we introduce the (n + 1)-dimensional ball of the polynomials

~ T T ; 1/q
Suni= {on € Zai oo, < o (50 ) ([0t d0) )
0

and prove the embedding Sp4q C Wér)Hq((I); ). Observe that

w((pa))52t) y < 207 (sinnt).||pnllx (17)
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for an arbitrary polynomial p, € &, which is proved for X = Hy in [4] and for X = %, in [18]. It is

proven in [16] that
1
r . 1 /e
[0, <o ([ 12G)do) il (18)
0

for all p, € Zp, 1 < q < o0, and r,n € N. Using (17) and (18), we see that

1
1/q
w((pn)((f);Qt)Hq < 2n' (sinnt) </pnq+1 ) Hanggm. (19)
0

By (19) and (7), we have

h
1 i
= (r). 2 _ mt
h/ ((pn)a ’215) [1 + (u* — 1) sin Qh] dt
0

1 -1/q 1 h Tt
< znr< [t dp> Il - [ (i), [1 + (W = 1sin Qh] i
0 0

1

< 3 (”) /(sinnht) [1 + (4% — 1) sin 2] dt < (h)
0

for all p, € §’n+1; whence the embedding §n+1 - Wy)Hq(q); w) is immediate. In view of the proven
embedding and the definition of Bernstein n-width, we conclude that

! 1/q

T = T n

b (WO H (50 540) = 0 Boiri i) = g (50 ) ([ormaa) . 0
0

The sought equality (12) follows from (15), (16), and (20). Theorem 1 is proven.

In solving the extremal problems of approximation theory for the analytic functions on the disk is
of interest, the computation of the sharp upper bounds for the moduli of the Taylor coefficients (see, for
example, [13, 16]) on various classes of analytic functions. We present a solution to this problem for the
classes of functions under consideration.

Theorem 2. Put L,(.#) := sup{|c,(f)|: f € #}. Then

Lo (W) Hy(®; 1)) = 4:nr<1>(2:;1>, (21)
L (W0 B @i10) = 0 (50 ( / ity )”q (22
0

for alln € N, r € Z;, and q € [1, 00].
PROOF. Indeed, if f € A(U) then the Taylor coefficient ¢, (f) is represented as

nl _
2m/f )omldg =
[¢|=p

[f (p€") = Lpr1(f, Pu; pe’)le™ ™ dt, (23)
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where %, n_1(f, Pn; pe't) is defined by (11). By Hélder’s inequality and (10), from (21) we obtain

’Cn(f)’ S p_ng(f;gp’r_l(f7 ‘@n))Hq,p S 4;77,T¢ (2;—”)

for all f € War)Hq(<I>; 1), whence the upper estimate

L,(WOH (®: 1)) < —— (

is immediate. On the other hand, writing the coefficient ¢, (f) as

27
1

cn(f) = 21(pR)" /[f(PReiT) — Lyr—1(f, Pn; pReM) e ™ dr

and using Holder’s inequality, we obtain

R en() < p7"My(f — Lor-1(fs Pn); pR)
for all p, R € (0, 1), whence, by the definition of the norm on X (U), we derive

L -1/q
en(F)] < 9" E (s Zorr(F, )i X,) ( Rt dp)
0

for f € wix (®; ). This inequality together with (10) yields the upper estimate
1 if X(U) = H,,

La(WDX (@) < —— (”) 1 _ 24
( (540 aun” = \2pn ) | ([ o' y(p)dp) ™ i X(U) = By 2
0
To obtain the lower estimate, consider
1 T T Z"
fo(2) = — -@() e WX (®; p).
©) =Gy 3 \am) ToTx (%40
Using the definition of L,(-) for this function, we write down the lower estimate
1 if X(U) = H,,
Lo (WX (®5 1)) > [en(fo)] = —— (”) ! . 25
( (2510 2 lealfo) = \2un ) | ([ p" i ly(p)dp) T i X(U) = By 29)
0

Equalities (21) and (22) are obtained by comparing of the upper and lower estimates (24) and (25).
Theorem 2 is proven.

3. In Sections 1 and 2 we calculated the exact values of the various widths from the above-indicated
classes of analytic functions on the unit disk. We can relate the problems of optimal recovery and coding
of the functions as interpreted by Korneichuk [21, Chapter 8, §8.3; 22] to the widths from these function
classes.

Let us give the necessary notions and definitions. Suppose that the collection M, := {1, pa, ..., tn}
of some functionals ux, £k = 1,...,n, is given on the normed function space X. The set M, can be
considered as the coding method sending f € X to T(f, M) = {p1(f),...,un(f)}. The problem of
recovery of f from T is solved by relating

A(f, Mp; G, T 2 2) = Z'Yk“k(f)gk(z>
k=1
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to T(f, My), where G, = {gr(2)}}_, and ', = {y}}_, € Im are respectively a system of linearly
independent functions from X and a collection of numerical coefficients giving the best representation of
the elements of the class .# C X, while Im = {I',,} is the vector of numerical coefficients. We assume
the error of recovery on .# is equal to

Gon (M5 My, Gp) = inf{sup{||f — A(f; My, Gn,T)lB,, : f € M} :Tn CC"} (26)
and put Z, (A, X) = inf{Z(M; M,,,G,) : M,,,Gy}.
Let M), be a collection of the bounded linear functionals on X. Consider the characteristic

R (M, X) = int{B(M; M, Gp) : M., Gn).
The method of recovery (M, G, Tn) {M?, G, T'n} satisfying
Rl M, X) = sup{||f = A(f, M, G, To)|x : f € .4},
(M, X) = sup{||f — A(f, My, G, Do) < f € .41}

is referred to as the optimal (optimal linear) recovery method for the functions of .#. The following are
valid [21]:

R (M X) =M ( M X)), Rp( M, X) > dp( M, X). (27)
If M =M L, where M is a compact set and L is a finite-dimensional subspace, then the equalities
hold in (27).

Alongside (26), consider the quantity
H (A, M) =sup{| fr — follx : f1, fa € A, T(f1, My) = T(f2, M»)}

which can be interpreted as the error of the coding method on .# by means of M,.

Putting
v (M, X) =inf{H (A, M,y,): M,},
where the infimum is taken over all collections M, on the dual space X*, we obtain v"(.#,X) <
2% (M, X ); and if 4 is a centrally symmetric convex set, then v"(#, X) = 2d" (4, X).

Theorem 3. Under condition (7), the collection M, of the linear functionals

i (f) = ex(f), k=0,...,n—1, (28)
provides the best coding method for the functions of Wil x (®; 1) in X,(U). The optimal linear recovery
method for J\Z;L, Gon, I?n of f(z) from Wy)X(@;u) in X,(U) is the linear method £, ,—1(f, Pn-1;%)
defined by (11). Moreover,

V" (WX (@5 1), Xp(U)) = Zon (WD X (@5 11), X,(U))

— B (WX (@), X,(U) = L (T
for all n € N.

Theorem 4. Under condition (7), the optimal linear recovery method for f(z) € WCET)H,](@;,u)

in %, is the linear method ‘77"_1( 1 ﬁn,z) defined in Section 2, while the best coding method is the
collection of functionals (28). Moreover,

1., . r
5)‘ (WcE )Hq(q)§ﬂ)v$q7v) = %n(WoS )Hq(q)Q )wgfm)
1 —1/q
= (WO Hy(®; 1), L) = = o /p”q“v(p) dp
n a q ’ ) =gy 4unr 2/”7/
0

for all n € N.
The authors are grateful to the referee for the valuable remarks.
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