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ON STRONGLY Π-PERMUTABLE SUBGROUPS OF A FINITE GROUP
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Abstract: Let σ = {σi | i ∈ I} be some partition of the set of all primes P, let ∅ �= Π ⊆ σ, and
let G be a finite group. A set H of subgroups of G is said to be a complete Hall Π-set of G if each
member �= 1 of H is a Hall σi-subgroup of G for some σi ∈ Π and H has exactly one Hall σi-subgroup
of G for every σi ∈ Π such that σi ∩π(G) �= ∅. A subgroup A of G is called (i) Π-permutable in G if G
has a complete Hall Π-set H such that AHx = HxA for all H ∈H and x ∈ G; (ii) σ-subnormal in G
if there is a subgroup chain A = A0 ≤ A1 ≤ · · · ≤ At = G such that either Ai−1 � Ai or Ai/(Ai−1)Ai
is a σk-group for some k for all i = 1, . . . , t; and (iii) strongly Π-permutable if A is Π-permutable
and σ-subnormal in G. We study the strongly Π-permutable subgroups of G. In particular, we give
characterizations of these subgroups and prove that the set of all strongly Π-permutable subgroups of G
forms a sublattice of the lattice of all subgroups of G.
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1. Introduction

Throughout this paper, all groups are finite and G always denotes a finite group, while L (G) is the
lattice of all subgroups of G. Moreover, P is the set of all primes, π ⊆ P, and π′ = P \ π. Note that π(n)
denotes the set of all primes dividing n, and π(G) = π(|G|). The subgroups A and B of G are permutable,
if AB = BA. In this case we also said that A is permutable with B.
In what follows, σ = {σi | i ∈ I} is some partition of P; i.e., P =

⋃
i∈I σi and σi∩σj = ∅ for all i �= j;

and Π ⊆ σ. We let σ(n) to stand for {σi | σi ∩ π(n) �= ∅}; and σ(G) = σ(|G|). A group G is said to be
Π-primary if G is a σi-group for some σi ∈ Π; a Π-group if σ(G) ⊆ Π.
A set H of subgroups of G is said to be a complete Hall Π-set of G [1] if each member �= 1 of H is

a Hall σi-subgroup of G for some σi ∈ Π, and H has exactly one Hall σi-subgroup of G for every σi ∈ Π;
while G is called Π-full if G possesses a complete Hall Π-set.
A subgroup A of G is said to be [1, 2]: (i) Π-permutable in G if G has a complete Hall Π-set H

such that AHx = HxA for all H ∈H and all x ∈ G; (ii) σ-subnormal in G if there is a subgroup chain
A = A0 ≤ A1 ≤ · · · ≤ At = G such that either Ai−1 � Ai or Ai/(Ai−1)Ai is a σk-group for some k = k(i)
for all i = 1, . . . , t; and (iii) strongly Π-permutable in G if A is Π-permutable and σ-subnormal in G.
Note in passing that by Theorem B of [2] A is strongly σ-permutable in G if and only if A is σ-

permutable in G. The examples and key properties of Π-permutable and, in particular, σ-permutable
subgroups were discussed in [1–4]. Basing on the results of [2], we study the properties of strongly
Π-permutable subgroups in this paper.

Example 1.1. Let p > q > r > t be primes, where t divides r−1, and let G = Cp× (Q� (Cr�Ct)),
where Cr�Ct is a nonabelian group of order rt and Q is a simple Fq(Cr�Ct)-module faithful for Cr�Ct.
Put σ = {{p}, {q, r}, {p, q, r}′} and Π = {{p}, {q, r}}.
(i) The subgroup Cr is σ-subnormal and Π-permutable in G, and so Cr is strongly Π-permutable

in G. We show now that this subgroup is not σ-permutable in G. Indeed, assume that CrC
x
t = C

x
t Cr for

every x ∈ G. Then Cr = Q� Cr ∩ Cxt Cr is normal in Cxt Cr. Hence CGt = Q� (Cr � Ct) ≤ NG(Cr), and
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so Cr ≤ CG(Q), contrary to the fact that Q is faithful for Cr � Ct. This contradiction shows that Cr is
not σ-permutable in G.
(ii) The subgroup Ct is Π-permutable in the group Q� (Cr �Ct). It is not difficult to check that Ct

is not σ-subnormal in this group. Thus, Ct is not strongly Π-permutable in G.

The first result shows that a σ-subnormal subgroup of a Π-full group of G is strongly Π-permutable
in G if it permutes with each Hall σi-subgroup of G for all σi ∈ Π.
Proposition 1.2. Suppose that G is Π-full and let A be a σ-subnormal subgroup of G. Then the

following are equivalent:
(1) A is Π-permutable in G.
(2) A permutes with every Hall σi-subgroup of G for all σi ∈ Π.
(3) A/N is Π-permutable in G/N for every normal subgroup N of G lying in A.

Recall that G is σ-nilpotent [1] if G = H1×· · ·×Ht, where {H1, . . . , Ht} is a complete Hall σ-set of G.
Theorem A. Suppose that G is Π-full and let A be a σ-nilpotent subgroup of G. Then the following

are equivalent:
(1) A is strongly Π-permutable in G.
(2) Every characteristic subgroup of A is strongly Π-permutable in G.
(3) Every Hall σi-subgroup of A is strongly Π-permutable in G for all i.

Recall that a subgroup A of G is said to be π-permutable or π-quasinormal in G (see [5]) if A permutes
with every Sylow p-subgroup P of G; i.e., AP = PA for all p ∈ π; π(G)-permutable subgroups are called
also S-permutable [6]. Therefore in the classical case of σ = {{2}, {3}, . . . }, we get from Theorem A the
well-known fact:

Corollary 1.3 [6, Theorem 1.2.17]. Let A be a nilpotent subgroup of G. Then the following are
equivalent:
(i) A is S-permutable in G.
(ii) Every Sylow subgroup of A is S-permutable in G.
(iii) Every characteristic subgroup of A is S-permutable in G.

We say that a subgroup A of G is Π-modular (π-modular in the case σ = {{2}, {3}, . . . }) provided
that G is Π-full and 〈A,H ∩ C〉 = 〈A,H〉 ∩ C for every Hall σi-subgroup H of G and all σi ∈ Π and
A ≤ C ≤ G; while G is said to be a Π-full group of Sylow type [1] if every subgroup of G is a Dσi-group
for all σi ∈ Π.
Theorem B. Let A be a σ-subnormal subgroup of G. If G is a Π-full group of Sylow type, then

the following are equivalent:
(1) A is Π-permutable in G.
(2) A is Π-permutable in 〈A, x〉 for all x ∈ G.
(3) A is Π-modular in every subgroup E of G containing A.

Corollary 1.4. A subnormal subgroup A of G is π-permutable in G if and only if A is π-permutable
in 〈A, x〉 for all x ∈ G.
Since every S-permutable subgroup of G is subnormal in G [5], we get from Corollary 1.4 the well-

known result:

Corollary 1.5 [7; 6, Theorem 1.2.13]. A subgroup A of G is S-permutable in G if and only if A is
S-permutable in 〈A, x〉 for all x ∈ G.
Theorem B allows us to give another characterization of S-permutability.

Corollary 1.6. A subgroup A of G is S-permutable in G if and only if A is subnormal in G and
〈A,P ∩ C〉 = 〈A,P 〉 ∩ C for every Sylow subgroup P of G and every subgroup C of G including A.
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If σ∗ = {σ∗j | j ∈ J} is a partition of P such that I ⊆ J and σ∗j ⊆ σj for all j ∈ J , then we
write σ∗ ≤ σ.
We use LNσ∗Π(G) and LΠper(G) to denote the sets of all Π-permutable subgroups A of G with σ

∗-
nilpotent AG/AG and of all strongly Π-permutable subgroups of G, respectively. If σ

∗ = {{2}, {3}, . . . },
then let N denote Nσ∗ .

Theorem C. Suppose that G is Π-full and σ∗ ≤ σ. Then LNσ∗Π(G) ⊆ LΠper(G) are sublattices
of L (G).

Corollary 1.7 [5, Theorem 2]. The set of all π-permutable subnormal subgroups of G forms a sub-
lattice of L (G).

Theorem D. Suppose that G is Π-full and let L be the set of all Π-subgroups of G belonging
to LNΠ(G). Then L is a sublattice of L (G), and L is modular if and only if every two members of L
are permutable.

Corollary 1.8 [8, Theorem B]. The lattice of all S-permutable subgroups of G is modular if and
only if every two members of the lattice are permutable.

2. Proofs of Proposition 1.2 and Theorems A and B

Proof of Proposition 1.2. The implication (2) ⇒ (1) is trivial.
(1) ⇒ (2): It is enough to show that if A is a σ-subnormal subgroup of G and there is a Hall σi-

subgroup L of G such that ALx = LxA for all x ∈ G, then A permutes with all Hall σi-subgroups of G.
Assume that this is false and let G be a counterexample of minimal order. Then AH �= HA for some
Hall σi-subgroup H of G.
We show first that AG = 1. Indeed, assume that R = AG �= 1. Then LR/R is a Hall σi-subgroup

of G/R such that (A/R)(LR/R)xR = (A/R)(LxR/R) = ALx/R = LxA/R = (LR/R)xR(A/R) for all
xR ∈ G/R. Moreover, A/R is a σ-subnormal subgroup of G/R by [2, Lemma 2.6(4)]. Hence the
hypothesis holds for (G/R,A/R,LR/R), and so for a Hall σi-subgroup HR/R of G/R we see that

AH/R = (A/R)(HR/R) = (HR/R)(A/R) = HA/R

by the choice of G. But then AH = HA; a contradiction. Therefore, AG = 1.
Note that A is not a σi-group since otherwise A = A∩H by [2, Lemma 2.6(7)], and so AH = H = HA.

Hence Oσi(A) �= 1.
Let x ∈ G and E = ALx = LxA. Since |E : A| is evidently a σi-number and A is σ-subnormal

in E by [2, Lemma 2.6(1)], Oσi(A) = Oσi(E) by [2, Lemma 2.6(8)]. Therefore Lx ≤ NG(Oσi(A)). Thus
LG ≤ NG(Oσi(A)). Assume that LGA < G. The hypothesis holds for (LGA,A,L). On the other hand,
H ∩ LG is a Hall σi-subgroup of LG and so H ≤ LGA. The choice of G implies that AH = HA. This
contradiction shows that LGA = G and so Oσi(A) is normal in G. But then Oσi(A) ≤ AG = 1 and so A
is a σi-group; a contradiction. This completes the proof of the fact that (1) implies (2).
(3) ⇒ (1): Let H be a Hall σi-subgroup of G for some σi ∈ Π. Then HN/N is a Hall σi-subgroup

of G/N and A/N is σ-subnormal in G/N , and so AH/N = (A/N)(HN/N) = (HN/N)(A/N) = HA/N
by applying (1) ⇒ (2) to G/N . Hence (3) implies (1).
(1) ⇒ (3): By hypothesis, G has a complete Hall Π-set H = {H1, . . . , Ht} such that AHx = HxA

for all H ∈ H and x ∈ G. Then {H1N/N, . . . ,HtN/N} is a complete Hall Π-set of G/N . Moreover,
(A/N)(NHi/N) = (NHi/N)(A/N) for all i and A/N is Π-permutable inG/N . The proposition is proved.

Proof of Theorem A. (1) ⇒ (2): It is enough to show that if B is a characteristic subgroup of A
and H is a Hall σi-subgroup of G such that AH = HA, then BH = HB. Assume the contrary and let G
be a counterexample with |G|+ |B|+ |A| minimal. By hypothesis, A = A1×· · ·×At, where {A1, . . . , At}
is a complete Hall σ-set of A. Hence B = (A1 ∩ B) × · · · × (At ∩ B), where {A1 ∩ B, . . . , At ∩ B} is
a complete Hall σ-set of B. We can assume without loss of generality that Ak is a σk-subgroup of A for
all k = 1, . . . , t.
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It is clear that Ai ∩ B is characteristic in A for all i = 1, . . . , t. Therefore, if Ai ∩ B < B, then
(Ai ∩B)H = H(Ai ∩B) by the choice of G. So for some j, j = 1, say, A1 ∩B = B since otherwise

BH = ((A1 ∩B)× · · · × (At ∩B))H = H((A1 ∩B)× · · · × (At ∩B)) = HB.
Thus B ≤ A1. It is clear that A1 is a σ-subnormal subgroup of G, and so in the case that i = 1 we have
B ≤ A1 ≤ H by [2, Lemma 2.6(7)]. But then BH = H = HB; a contradiction. Thus i > 1.
We show now that A1H = HA1. Note first that Ai is σ-subnormal in G, and so Ai ≤ H by [2,

Lemma 2.6(7)]. Moreover, A = A1 × V ×Ai, where V = A2 · · ·Ai−1Ai+1 · · ·At, and so
HA = AH = (A1 × V ×Ai)H = (A1 × V )H = H(A1 × V ),

where A1 × V is a σ-subnormal σ′i-subgroup of G. Then A1 × V is σ-subnormal in (A1 × V )H by [2,
Lemma 2.6(1)]. Hence H ≤ NG(A1 × V ) by [2, Lemma 2.6(8)]. Since A1 is a characteristic subgroup
of A1 × V ; therefore, H ≤ NG(A1). But B is a characteristic subgroup of A1 since B is characteristic
in A by hypothesis and A = A1 × · · · ×At. Hence, H ≤ NG(B) and so BH = HB; a contradiction. The
implication is proved.
(2) ⇒ (3): This is evident.
(3) ⇒ (1): Since A1, · · · , At are strongly Π-permutable in G by hypothesis, A is Π-permutable in G.

Moreover, A is σ-subnormal in G by [2, Lemma 2.6(3)], and so A is strongly Π-permutable in G. The
theorem is proved.

Proof of Theorem B. (1) ⇒ (2): Let x ∈ G and L = 〈A, x〉. Then L is Π-full and every Hall
σi-subgroup V of L lies in some Hall σi-subgroup H of G for all σi ∈ Π since G is a Π-full group of Sylow
type by hypothesis. Then AH = HA by Proposition 1.2, and so AH ∩ L = A(H ∩ L) = AV = V A;
hence A is Π-permutable in L.
(2) ⇒ (1): Assume the contrary and let G be a counterexample with |G| + |A| minimal. Then

AH �= HA for some σi ∈ Π and some Hall σi-subgroup H of G.
Suppose that 〈A,H〉 < G. Since the hypothesis holds for (〈A,H〉, A) by [2, Lemma 2.6(1)], A is

Π-permutable in 〈A,H〉 by the choice of G. But then A permutes with every Hall σi-subgroup of 〈A,H〉
by Proposition 1.2 and so AH = HA. This contradiction shows that 〈A,H〉 = G.
Now, let x ∈ H and L = 〈A, x〉. Then A is Π-permutable in L by hypothesis, and so for every Hall

σi-subgroup E of L we have AE = EA. It follows that |AE : A| is a σi-number and so Oσi(AE) = Oσi(A)
by [2, Lemma 2.6(8)]. Hence EL ≤ NL(Oσi(A)) and so x ∈ NG(Oσi(A)). Therefore, Oσi(A) is normal
in G. But since AH �= HA, A � H and so Oσi(A) �= 1 by [2, Lemma 2.6(11)]. Thus, AG �= 1.
Note that 〈A/AG, xAG〉 = 〈A, x〉/AG, where A/AG is Π-permutable in 〈A, x〉/AG by Proposition 1.2.

It is clear also that A/AG is σ-subnormal in G/AG. Hence the hypothesis holds for G/AG, and so A/AG
is Π-permutable in G/AG by the choice of G. Thus, A is Π-permutable in G by Proposition 1.2. This
contradiction completes the proof of the implication.
(3) ⇒ (1): Assume that this implication is false and let G be a counterexample of minimal order.

Then AH �= HA and so A �= G for some σi ∈ Π and some Hall σi-subgroup H of G.
By hypothesis, there is a subgroup chain A = A0 ≤ A1 ≤ · · · ≤ An = G such that either Ai−1 � Ai

or Ai/(Ai−1)Ai is a σk-group for some k = k(i) for all i = 1, . . . , n. We can assume without loss of
generality that M = An−1 < G.
It is clear that the hypothesis holds for (M,A), and so A is Π-permutable in M by the choice of G.

Moreover, the Π-modularity of A in G implies that M = M ∩ 〈A,H〉 = 〈A, (M ∩ H)〉. On the other
hand, M ∩H is a Hall σi-subgroup of M by [2, Lemma 2.6(7)]. Hence M = A(M ∩H) = (M ∩H)A.
If H ≤MG, then A(M ∩H) = AH = HA and so H �MG.
Note now that HM = MH. Indeed, this is clear if M is normal in G. Otherwise, G/MG is a σk-

group for some k and so G = MH = HM since H � MG and H is a Hall σi-subgroup of G. Therefore,
HA = H(M ∩H)A = HM =MH = A(M ∩H)H = AH. This contradiction completes the proof of the
fact that (3) implies (1).
(1) ⇒ (3): Let A ≤ C ≤ E and let V be a Hall σi-subgroup of E, where σi ∈ Π. Then AV = V A

(see the proof of (1) ⇒ (2)). Hence, 〈A, V ∩ C〉 = A(V ∩ C) = AV ∩ C = 〈A, V 〉 ∩ C, and so A is
Π-modular in E. The theorem is proved.
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3. Proofs of Theorems C and D

Lemma 3.1 [9, A, Lemma 1.6]. Let A, B, and E be subgroups of G such that AE = EA and
BE = EB. Then 〈A,B〉E = E〈A,B〉.
The following can be proved directly:

Lemma 3.2. Let A and B be normal subgroups of G. Then
(1) if G is σ-nilpotent, then all quotients and all subgroups of G are σ-nilpotent;
(2) if G/A and G/B are σ-nilpotent, then G/(A ∩B) is σ-nilpotent;
(3) if A and B are σ-nilpotent, then AB is σ-nilpotent.

Proof of Theorem C. We show first thatLΠper(G) is a sublattice ofL (G). In fact, by Lemma 3.1
and [2, Lemma 2.6(3)], it is enough to show that if A and B are σ-subnormal subgroups of G such that
for a Hall σi-subgroup H of G we have AH = HA and BH = HB, then (A ∩ B)H = H(A ∩ B).
Assume the contrary and let G be a counterexample of minimal order. Then G is not a σi-group, since
otherwise H = G and so G = (A ∩B)H = H(A ∩B).
Let E = AH ∩BH. Then A ∩E and B ∩E are σ-subnormal subgroups of E by [2, Lemma 2.6(1)].

Moreover, AH ∩ E = H(A ∩ E) = (A ∩ E)H. Similarly, (B ∩ E)H = H(B ∩ E). Hence the hypothesis
holds for (E,A ∩ E,B ∩ E,H). Assume that E < G. Then the choice of G implies that A ∩ B =
(A ∩ E) ∩ (B ∩ E) is permutable with H. Hence E = G, and so G = AH = BH. Thus |G : A|
and |G : B| are σi-numbers. Hence, Oσi(A) = Oσi(G) = Oσi(B) by [2, Lemma 2.6(8)]. Therefore,
since G is not a σi-group, it follows that V = AG ∩ BG �= 1. Moreover, A/V and B/V are σ-subnormal
subgroups of G/V by [2, Lemma 2.6(4)]. Also, (A/V )(HV/V ) = AH/V = HA/V = (HV/V )(A/V ) and
(B/V )(HV/V ) = (HV/V )(B/V ), where HV/V is a Hall σi-subgroup of G/V . Hence the choice of G
implies that

(A ∩B/V )(HV/V ) = ((A/V ) ∩ (B/V ))(HV/V )
= (HV/V )((A/V ) ∩ (B/V )) = (HV/V )(A ∩B/V ).

But then (A ∩ B)H = (A ∩ B)HV = HV (A ∩ B) = H(A ∩ B). This contradiction completes the proof
of the fact that LΠper(G) is a sublattice of L (G).
Note now that the condition σ∗ ≤ σ implies that every σ∗-subnormal subgroup of G is σ-subnormal

in G. On the other hand, every subgroup A of G with AG/AG ∈ Nσ∗ is clearly σ∗-subnormal in G, and
so LNσ∗Π(G) ⊆ LΠper(G).
Finally, we show that for every two subgroups A,B ∈ LNσ∗Π(G) we have A∩B, 〈A,B〉 ∈ LNσ∗Π(G).

Since LNσ∗Π(G) ⊆ LΠper(G), it is enough to show that for every two subgroups A and B of G with
AG/AG ∈ Nσ∗ and BG/BG ∈ Nσ∗ we have (A ∩B)G/(A ∩B)G ∈ Nσ∗ and 〈A,B〉G/〈A,B〉G ∈ Nσ∗ .
In view of the G-isomorphisms

AG(AGBG)/AGBG � AG/(AG ∩AGBG) = AG/AG(AG ∩BG) � (AG/AG)/(AG(AG ∩BG)/AG),

we get that AG(AGBG)/AGBG ∈ Nσ∗ sinceNσ∗ is a homomorph by Lemma 3.2(1). Similarly, we can show
that BG(AGBG)/AGBG ∈ Nσ∗ . Moreover, AGBG/AGBG = (AG(AGBG)/AGBG)(BG(AGBG)/AGBG)
and so AGBG/AGBG ∈ Nσ∗ by Lemma 3.2(3).
Note that 〈A,B〉G = AGBG and AGBG ≤ 〈A,B〉G. Therefore we get that 〈A,B〉G/〈A,B〉G ∈ Nσ∗

by Lemma 3.2(1).
Note now that (A ∩B)G = AG ∩BG. On the other hand, from the isomorphism

(AG ∩BG)/(AG ∩BG) = (AG ∩BG)/(AG ∩BG ∩AG) � AG(BG ∩AG)/AG ≤ AG/AG
it follows that (AG ∩BG)/(AG ∩BG) ∈ Nσ∗ by Lemma 3.2(1). Similarly, (BG ∩AG)/(BG ∩AG) ∈ Nσ∗ .
But then (AG ∩BG)/(AG ∩BG) ∈ Nσ∗ by Lemma 3.2(2). It clear also that (A∩B)G ≤ AG ∩BG. Hence
(A ∩B)G/(A ∩B)G ∈ Nσ∗ . Therefore LNσ∗Π(G) is a sublattice of L (G). The theorem is proved.
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Lemma 3.3 [10, Lemma 5.2]. Let L be a modular sublattice of L (G), and U, V,N ∈ L with
N � 〈U, V 〉. If U permutes both with V ∩ UN and V N , then U permutes with V .
We use LiNΠ(G) to denote the set of all Π-permutable σi-subgroups A of G with A

G/AG nilpotent.

Proposition 3.4. Suppose that G is Π-full and let L = LiNΠ(G), where σi ∈ Π. Then
(i) L is a sublattice of LNΠ(G), and
(ii) if L is modular, then AB = BA for all A,B ∈ L .

Proof. (i) Let A,B ∈ L . Then 〈A,B〉 and A ∩ B are Π-permutable subgroups of G with
〈A,B〉G/〈A,B〉G ∈ N and (A ∩ B)G/(A ∩ B)G both nilpotent by Theorem C. Moreover, the hypothesis
implies that for some Hall σi-subgroup H of G and each x ∈ G we have Hx = AHx = HxA, and so
A ≤ HG ≤ Oσi(G). Similarly, B ≤ Oσi(G). Thus 〈A,B〉 and A ∩ B are σi-subgroups of G. Hence L is
a sublattice of LNΠ(G).
(ii) Suppose the contrary and let G be a counterexample with |G|+|A|+|B|minimal. Thus AB �= BA

but A1B1 = B1A1 for all A1, B1 ∈ L such that A1 ≤ A, B1 ≤ B and either A1 �= A or B1 �= B. Let
H = {H1, . . . , Ht} be a complete Hall Π-set of G. We can assume without loss of generality that H1 is
a σi-group.
(1) (AN/N)(BN/N) = (BN/N)(AN/N) for any nonidentity normal σi-subgroup N of G. Hence

AG = 1 = BG.
Note first that {H1N/N, . . . ,HtN/N} is a complete Hall Π-set of G/N , and so G/N is Π-full.

Moreover, AN/N and BN/N are evidently Π-permutable σi-subgroups of G/N . From the isomorphisms

(AGN/N)/(AGN/N) � AGN/AGN � AG/(AG ∩AGN) = AG/AG(AG ∩N)

� (AG/AG)/(AG(AG ∩N)/AG)
we get that (AGN/N)/(AGN/N) is nilpotent since A

G/AG is nilpotent. On the other hand, (AN/N)
G/N

= (AN)G/N = AGN/N and AGN/N ≤ (AN/N)G/N . Hence (AN/N)G/N/(AN/N)G/N is nilpotent, and
so AN/N ∈ LiNΠ(G/N). Similarly, BN/N ∈ LiNΠ(G/N).
Now, let H/N be a σi-subgroup of G/N . Then H is a σi-group. Moreover, Proposition 1.2 im-

plies that H/N is Π-permutable in G/N if and only if H is Π-permutable in G. Finally, HG/HG
is nilpotent if and only if (H/N)G/N/(H/N)G/N is nilpotent in view of the isomorphism H

G/HG �
(HG/N)/(HG/N) = (H/N)

G/N/(H/N)G/N . Therefore, LiNΠ(G/N) is isomorphic to the interval [G/N ]
in the modular lattice L . Thus, ANB/N = (AN/N)(BN/N) = (BN/N)(AN/N) = BNA/N by the
minimality of |G|+ |A|+ |B|, and so ANB = BNA; hence AG = 1 = BG since AB �= BA.
(2) AGBG is nilpotent, and so t > 1.
Claim (1) implies that AG and BG are nilpotent, and so AGBG is also nilpotent. Assume now that

t = 1 and let W = Oσi(A
GBG). Then A,B ≤ Oσi(AGBG) and every subgroup L of W is Π-permutable

in G since W ≤ Oσi(G) ≤ H for all Hall σi-subgroups H of G. It is clear also LG/LG is nilpotent.
Hence L (W ) is a sublattice of the modular lattice L . But then AB = BA by [11, Lemma 2.3.2];
a contradiction. Hence we have (2).
Now, let O = HG2 · · ·HGt , V = 〈A,B〉O, and R = 〈A,B〉 ∩O.
(3) R = 1.
Assume the contrary. Then BRA = 〈A,B〉R by Claim (1).
We show now that BRA = BR. Suppose that this is false. Then A∩BR < A. Moreover, A∩BR ∈ L

by Part (i) since A,B,R ∈ L , and so the minimality of |G| + |A| + |B| implies that B permutes
with A∩BR. Moreover, B permutes with RA since B(RA) = 〈A,B〉R, and so AB = BA by Lemma 3.3.
This contradiction shows that A ≤ BR, and so BRA = BR.
By hypothesis, BHxj = H

x
j B and so H

x
j ≤ NG(B) for all x ∈ G and j > 1 by [2, Lemma 2.6(8)]

since Hxj is a σ
′
i-group. Hence O ≤ NG(B). But then R ≤ O ≤ NG(B). Thus B is normal in BR.

It follows that A ≤ NG(B), and so AB = BA. This contradiction shows that R = 1.
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Final contradiction for (ii). From Claim (3) it follows that V = 〈A,B〉 × O, and so every subgroup
of 〈A,B〉 is O-invariant. It follows that every subgroup of 〈A,B〉 is Π-permutable in G. Note that
〈A,B〉 ≤ Oσi(G) and for every subgroup L of 〈A,B〉 we have also that LG/LG is nilpotent by Claim (2).
Hence L (〈A,B〉) is a sublattice of L . But then AB = BA by [11, Lemma 2.3.2] since 〈A,B〉 is nilpotent;
a contradiction. Hence (ii) holds.

Lemma 3.5. Suppose thatG isΠ-full and σ∗ ≤ σ. IfA is aΠ-subgroup ofG such thatAG/AG ∈ Nσ∗ ,
then AG is a Π-group.

Proof. Assume that the lemma is false and let G be a counterexample of minimal order. The hy-
pothesis holds for (G/AG, A/AG), and so AG = 1 since otherwise (A/AG)

G/AG/(A/AG)G/AG = (A
G/AG)/

(AG/AG) � AG/AG is a Π-group by the choice of G and so AG is a Π-group. Therefore A ∈ Nσ∗ implying
that A ∈ Nσ since σ∗ ≤ σ. Hence A = A1×· · ·×At, where {A1×· · ·×At} is a complete Hall σ-set of A,
and so the choice of (G,A) implies that A = A1 is a σi-group for some σi ∈ Π. By hypothesis, G has
a Hall σi-subgroup H and then A ≤ HG by [2, Lemma 2.6(7)]. But then AG is a Π-group; a contradiction.
The lemma is proved.

Proof of Theorem D. By Theorem C and Lemma 3.5, L is a sublattice ofL (G). Moreover, if its
every two subgroups A,B ∈ L (G) are permutable, then L is modular (see the proof of Proposition 3.4).
We show now that if L is modular, then every two subgroups A,B ∈ L (G) are permutable. Assume

the contrary and let G be a counterexample with |G|+ |A|+ |B| minimal.
Let R be a minimal normal subgroup of G. Then LNΠ(G/R) is isomorphic to the interval [G/R]

of L by Proposition 1.2 (see the proof of Proposition 3.4). Therefore the minimality of G implies
that (AR/R)(BR/R) = (BR/R)(AR/R). It follows that RAB = 〈A,B〉R is a subgroup of G, and so
AG = 1 = BG since AB �= BA. Hence AG and BG are nilpotent. The minimality of |G| + |A| + |B|
implies that for some i we have A,B ≤ Oσi(G) and so A,B ∈ LiNΠ(G). But LiNΠ(G) is a sublattice
of LNΠ(G) by Proposition 3.4(i). Therefore AB = BA by Proposition 3.4(ii); a contradiction. The
theorem is proved.
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