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PARTIALLY COMMUTATIVE METABELIAN PRO-P-GROUPS
S. G. Afanaseva and E. I. Timoshenko UDC 512.5

Abstract: We prove two theorems about a partially commutative metabelian pro-p-group. The first
theorem concerns the structure of annihilators for the commutators of nonadjacent vertices of the
defining graph, and the second discusses the centralizers of the vertices of the defining graph.
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1. Introduction

This article deals with the centralizers of elements and the annihilators of commutators in partially
commutative metabelian pro-p-groups. We obtain results that are rather similar to those in [1] for
partially commutative metabelian abstract groups. Let us agree that, since here we consider pro-p-
groups, when we say a subgroup, homomorphism, generating set, etc., we will mean a closed subgroup,
a continuous homomorphism, a generating set, etc. in the topological sense.

Given an undirected finite graph I" without multiple edges, let us define the partially commutative
metabelian pro-p-group Fr. Let X = {x1,...,z,} be the vertex set of I'. Denote by F' the free metabelian
pro-p-group with basis X. Let E = E(I') be the edge set of I'. The group Fr is obtained from F by
imposing the additional relations: [z;, z;] = 1 if the vertices ; and z; are adjacent in I, i.e. (z;,2;) € E;
so that Fr = F/Nr, where Nr is the normal subgroup in F' generated by the commutators [z;,z;]
for which (z;,2;) € E. We have the short exact sequence

1—Np —F — Fr — 1.

The graph I is called the defining graph of Fr.

Clearly, the quotient group of Fr by the commutant F}. is a free abelian pro-p-group A with the
basis {ai,...,a,} that is the image of X. This group is isomorphic to the direct sum of n copies of the
additive group of the ring of p-adic integers Z,. The action of Fr on F{. by conjugations

r— 29 =g lzg

defines the structure of a right module over the completed group algebra Z,[[A]] on F}. which is identified

with the power series algebra Z[[y1,...,yn]] provided that y; = a; — 1. In the same manner, F’ is
a module over the same algebra Zy[[y1, . ..,yn]]. Therefore, each f € F is representable as
f= xlll e xi? H [xiﬂxj]aija
1<i<j<n
where l; € Zy, and a5 € Zyp[[y1,- - -, Yn])-
Given a graph I' and two vertices ; and x; of I, define the ideal Jafzrj of Zplly1, .., yn]]. If z; and z;

lie in the different connected components of I', then we put 4241; = 0. If z; and z; lie in the same connected
component, then we consider each path without returns (x;, z;,,...,;,, ;) between these vertices and
associate with the path y;, ---y;, when the length of the path is greater than 1, whereas equals 1 when
the length of the path is 1. By definition, .QZZF] is generated by all these elements. In particular, if z;

and x; are joined by an edge then efzle; contains 1 and so coincides with Z[[y1, ..., yn]]-
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Let us formulate the main results of the article:

Theorem 1. Let x1,...,x,, n > 2, be the vertices of the defining graph I' of a partially commutative
metabelian pro-p-group Fr. Then, for i # j, the annihilator of the commutator [x;, ;] in Zy[[y1, - . ., Yn]
coincides with ssz]

Theorem 2. Let x1,...,Ty,, n > 2, be the vertices of the defining graph I' of a partially commutative
metabelian pro-p-group Fr and let xo,...,x,, be the vertices adjacent to x1. An element g € FT lies
in the centralizer of x1 if and only if g can be written as

I l P
g=alt-alm T lwi ),
2<i<j<m

where l; € Zy, and v; j € Zp[ly1,- - ., Yn]].

2. Proof of Theorem 1

2.1. We will use the representation of a p-group F' which is based on the Magnus embedding for
pro-p-groups; for this embedding the reader is referred to [2,3].
Let T be a right topological free Zy[[y1,. .., yn]]-module with basis {¢1,...,t,}. Consider the matrix

pro-p-group M = (; (1)) Then the mapping

) a; 0 .
:B1»—>(ti 1), 1=1,...,n,

extends to an embedding of the pro-p-group F into M. A matrix

L 0
Z tiai 1 €M
=1

belongs to the image of F' if and only if

n
Zaiyi =a— 1. (1)
=1

Lemma 1. Suppose that the vertices x1 and x,+1 lie in the different connected components I'
and I'y of the defining graph I' of Fr and « is a nonzero element in Zy|[[y1, - .., yn]]. Then [x1, Tpm1]* # 1
in FF.

PrROOF. We may assume without loss of generality that I' has two connected components. Let
Z1,...,Tm be the vertices of I'y and let x,, 41, ..., 2y, be the vertices of I's.

Suppose that [z1,Zm4+1]* = 1 in Fp. Then the element [z1,2p,+1]% in the free metabelian pro-p-
group F' belongs to the normal subgroup Nr.

Consider the Magnus embedding of F' into the matrix group M. The image of Nr is the topological
Zplly1, - - -, Yn]]-submodule generated by

tjyi_tiyj’ tqUp — tpYq, 1<4,5<m, m+1<p,g<n.

Hence,

(t1¥mi1 — tmrry) e = Y (L — tay;)eij + Y (b — ta¥p) Bpg
.3 Dyq

for some a;j, Bpq € Zp|[y1, - - -, Yn)]. Therefore, t1ymi10 =D (tjy; — tiy;)auj. Obviously, > (¢jy; — tiy;)o;
lies in F” but (1) implies t1ym+1 ¢ F' if o # 0. This contradiction proves the lemma.
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Lemma 2. Suppose that (z;,x;) ¢ E. Then [z;,x;] # 1 in Fr.
Proor. Consider the homomorphism ¢ of F' onto the free metabelian pro-p-group with basis {z;, z;}

defined as
T Ty, Ty, g l, i#q,5F#q

Clearly, ¢ goes through Fr. Since [z;,z;] # 1 in ¢(F), we have [z;,2;] # 1 in Fr. The lemma is proved.

2.2. Turn to proving Theorem 1. Let A; ; denote the annihilator [x;, ;] in Zy[[y1, ..., yn]]. We must
prove that A;; coincides with &/ll; The case when x; and z; are joined by an edge is obvious. If x;
and z; lie in the different connected components of the defining graph; then, by Lemma 1, A;; = 0.
By definition, in this case &%ZFJ = 0 too.

Recall that, in every metabelian group G, we have the Jacobi identity

(2,9, 2]lly 21, 2][[2, 2], y] = 1,

which we conveniently rewrite as ) ) )
[z, y]7  y, 2"z 2)P T =1,

where the bar stands for the natural homomorphism G — G/G'. If (z;, ;) € E then we obtain

[, 2] = [, )7 (2)

Suppose that x; and x; lie in one connected component of I' and are nonadjacent. Then ;afll;
is nonzero. Show that its every generating element indicated above annihilates [x;,x;]. Suppose for
notational simplicity that ¢ = 1,7 = m, and the path under consideration has the form (z1,z2,...,Zy).
We must prove that [z1,2,,]¥2"¥"-1 = 1 in Fp. Suppose by induction that [zq,z,—1]¥2"Vm-2 = 1.
From (2) we have [z1, Zp—1]¥™ = [x1, 2, ]!, Act on both sides of the last equality by ys - - - ym—2 and
obtain [z1,z;,]¥2"Ym-1 = 1. Hence, ;zfzrj C A; ;. Inducting on the number of the vertices n, prove the
reverse inclusion.

If n = 2 then the graph contains just two vertices and they are either joined by an edge or lie
in different connected components. For these cases, it is known that Ao = 42%11“2

Suppose that, for the defining graphs with the number of vertices < n, all inclusions A; ; C efzf;l; hold.
Prove that this inclusion holds for our graph I' with n vertices. Assume for definiteness that ¢ = 1 and
j = m, our vertices are nonadjacent but lie in the same connected component; let {x1,z2,...,2,} be
a path between x1 and z,,. Note that m > 3.

Given 1 < s < m, denote by I's the graph obtained from I'" by removing x; € X and also all edges
incident to zs. We have the homomorphism of pro-p-groups ¢, : Fr — Fr, defined as z; — 1 and
x; = x;, © # s. Note that ¢, induces the homomorphism of the abelianizations

A— (a1, ., Q5-1,0541,.-.,0n)
and the homomorphism (retraction) of the algebras

1/18 : Zp[[yla s 7yTLH — Zp[[ylﬂ sy Ys—1,Ys+1y - - - ayn“?

the kernel of this homomorphism is the ideal generated by ys. It is easily checked that the ideal ,Qflrﬁn of

Zplly1s---sYs—1sYs+1s - - - » Yn]] is a subset of ,dlljm Note that if a € Zy[[y1, . . ., yn]] then a—1)s(a) € ker 9.
Suppose that
[xlaxm]a = la anpHyla'“:ynH' (3)

Apply the homomorphism ¢, to (3). In Fr,, we obtain [z1,2;]¥2(*) = 1. By the induction assump-
tion, ¥9(a) € szlrfn C szlrm Since a — () € kerthy, this element is representable as ysag for some
a2 € Zy[ly1,-..,yn]]- Then a = a — ¢o(a) = yaae (mod %Fm) Suppose that the comparison o =
y2 -+ yioy (mod szlrm) is proved for some o; € Zyp[[y1,...,yn]], 2 <l <m—1.
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Applying ¢;11 to the equality [z1, 2, ]¥2¥* = 1, we obtain

(1, T ]V2 VYD) =
in Fr, ;. By the induction assumption,

r
Y2 -y (on) € ) 7 C ,,Q{]_I:m
Then the following equality and comparisons modulo %Fm hold:

a=yryog — Y2 Yiei(ar) = yo -yl — Yipa(on)) = vo - yiyi+10041

for some ayy1 € Zy[[y1,- .. ,Yn]]. Therefore, there is ay,—1 € Zp[[y1, . . ., yn]] for which
O=Y2 Ym—10m—1 (IIlOd °Q{1I:m)
Since y2 - - - Ym—1 € szlrm, we have o € %Fm The theorem is proved.

3. Proof of Theorem 2

3.1. Observe that if T" is a complete graph then Fr is a free abelian pro-p-group. If E(T") is empty
then Fr = F. Suppose that I'1,...,I',, are the connected components of I', where each component I;
is a complete graph. In this case, FT is the metabelian pro-p-product B = A; o--- 0 A, of some free
abelian pro-p-groups A; generated by the vertices of the corresponding connected components.

The monograph [2] contains the construction (the Shmelkin embedding), using which we can obtain
a representation of the pro-p-group B. Let us find this representation. The direct product Ay x --- x A,
is the abelianization of B. Therefore, the former can be identified with A, so that the basis {a1,...,a,}
of the free abelian pro-p-group A is the union of the bases for Ai,...,A,,. Consider the free right

Zplly1, - - ., yn]]-module with basis {¢1,...,ty} and the matrix pro-p-group (é (1)) The embedding

A 0) . . a;
B — (T 1) is defined by the mapping a; — (tjyi

attention on the fact that, in this mapping, ¢; is the same for all elements a; of the basis of A;.

(1)) ; here a; € A;. We focus the reader’s

Lemma 3. For the pro-p-group B defined above, its commutant B’ is torsion-free as a Zy[[y1, - - - , Yn)]-
module; i.e., if
1#ce B, 0#y€Lyy,-. - uynl

then ¢ # 1.
PRroOOF. It suffices to check the Shmelkin embedding for B, observe that B’ is identified with some
Zplly1, - - - ,Yn]]-submodule in T, and recall that T is torsion-free as a free module over an integral ring.

The lemma is proved.

3.2. Suppose the fulfillment of the hypotheses of Theorem 2. Recall that zo, ..., z,, are all vertices
of I adjacent to 1.

Lemma 4. The projection to A of the centralizer of x1 in Fr coincides with (a1, as,...,an).
PRrROOF. By hypothesis, z1,za, ...,z centralize z;, and so the indicated projection contains (ai, ag,

., am). 1t suffices to prove that if some element xlgﬁ - xﬁfc, where l; € Zp and ¢ € F{,, centralizes x1,

then all [;’s are zero. Suppose the contrary; for example, [, # 0. Consider the homomorphism ¢ of Fr
onto the free metabelian pro-p-group with basis {1, xz2} defined as

1= X1, xo— 1,000, xp1 — 1, x4 — To.
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Applying ¢ to the equality

lmt1 l lm+1 l
it b,z = [yt el e =1,

we get
[, z1]p(e") = 1. (4)

Under the Magnus embedding of the free metabelian pro-p-group with basis {z1,z2}, we obtain

(10
Qo_tla

where o € Zp|[y1,12]] and t € T. Equality (4) is equivalent to toay; + t1(1 — aé") + ty; = 0. The
last relation implies that 1 — al* belongs to the ideal of the algebra Zp|ly1,y2]] generated by y;. But
aIQ” = (14-y2)!" = 141,42+ - -, and the inclusion 1 —alQ” € Zp|ly1,y2]] - y1 implies I, = 0; a contradiction.
The lemma is proved.

Given a partially commutative metabelian pro-p-group Fr and a vertex x of I'; denote by Cr(z) the
intersection of the centralizer of = in Fr with the commutant F}.. We have

Lemma 5. Suppose that the graph A is obtained from a graph I' by removing the edges (z;, z;) € I'
for which i # 1 and j # 1. The homomorphism of graphs A — I" acting identically on the set of vertices
V=V({I) =V(A) ={z1,...,z,} induces a group homomorphism Fn — Fr. The restriction of this
homomorphism to Ca(x1) is an epimorphism Ca(x1) — Cr(z1).

PROOF. Let ¢ be an element in the free metabelian pro-p-group F' whose image under the natural
homomorphism F — Fr lies in Cp(z1). For its image, find a preimage in Ca(z1). We may assume
without loss of generality that

c= H[xla :L'j]ai’jv

where (z;,z;) ¢ E and o, j € Zp[[y1,- - ., Yn]]. By hypothesis, ¢¥* =1 in Fr and

H[xi; xj]ai,jyl _ H[x& xt]ﬁs,t7

where (zg,2¢) € E and 85 € Zp[[y1,-..,yn]]. Each of the elements [, is representable as (Gs; =
Y1054 + P54, where 3¢, does not depend on y;. Consider the element

a= H[wi,xj]aiyj H[m&xt]_ ot

in F. By hypothesis, xo,...,x,, are all vertices adjacent to x; in I'. We have
m
C31!1 = H[Il’ $j] b H[$u,mv] Y, (5)
j=2

with (zy,2y) € E, u # 1, and v # 1. Apply to (5) the retraction F' — (x9,...,xy), which consists
in replacing z; with 1. We infer

hence,

The above equality means that the image of the element c¢; of F' in Fa lies in the centralizer of ;. The
images of ¢ and ¢; in Fr coincide. Therefore, each element in Cr(z;) has a preimage in Ca(z1). The
lemma is proved.
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Lemma 6. Every element in Fr belonging to Cr(x1) is representable as

c= H [l‘i,.iBj]%’j,

2<i<j<m

where v; j € Zp|lyi, - -, Yn]]-

PROOF. Let ¢ be an element in F' whose image in Fr lies in Cr(x1). Consider the graph A defined
in Lemma 5. Add (if need be) some additional edges to this graph so that all vertices x1,...,z,, of
the new graph become adjacent. Denote the so-obtained graph by A. By Lemma 5, we assume that ¢
represents an element of Ca(z1) in Fa. There is a canonical isomorphism of pro-p-groups Fa — Fj.
By construction, Fj is the metabelian pro-p-product of a free abelian pro-p-group of rank m and free
abelian pro-p-groups of rank 1. Since ¢¥* = 1 in Fa, we have ¢¥* =1 in F. Then, by Lemma 3, ¢ = 1
in Fy. It follows that c lies in the normal subgroup of F' generated by [z;, z;], 2 < i < j < m. The lemma
is proved.

Now, we can easily prove Theorem 2. Suppose that g € Fr centralizes ;. By Lemma 4, g is
representable as 93111 e :L‘f;fc, where l; € Zy, and ¢ € F{. Clearly, ¢ € Cr(z1). By Lemma 6, we have the

representation
c= H (@i, x]709,
2<i<j<m

where v; j € Zp|ly1, - . .,yn]]. Theorem 2 is proved.
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