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1 Introduction

Let k, n be two positive integers. As in [17, 21], an order k dimension # tensor A = (a;;...;;)
over the real field R is a multidimensional array with #* entries aj,..i; € R, where i; €
[n] ={1,2,...,n},j € [k] ={1,2,...,k}. Obviously, a vector is an order 1 tensor and a square
matrix is an order 2 tensor.

Furthermore, we call a tensor A nonnegative (positive), denoted by A > 0 (A > 0), if
everyentry has a;,..;, > 0 (a,...;, >0). The tensor A = (a;,...;, ) is called symmetricif a;, .., =
Ao (iy)-o(iy)» Where o is any permutation of the indices.

Let A be an order k dimension # tensor. If there is a complex number A and a nonzero

complex vector x = (x1,%3,...,%,)7 such that

Axk! = k-1
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then A is called an eigenvalue of A and x an eigenvector of A corresponding to the eigen-

value A [17, 18, 21]. Here Ax*! and x%*~1 are vectors, whose ith entries are

n
k-1 2 :
(Ax )i = Ajjy..igKiy " Kiy.

i2,lg=1

and (x*-1), = xf‘l, respectively. Moreover, the spectral radius p(A) of a tensor A is defined

as
p(A) = max{|A|: A is an eigenvalue of A}.

Some properties of the spectral radius of a nonnegative tensor can be found in [3, 9, 14, 16—
18, 21, 25-27].

Definition 1.1 ([22]) Let A and B be two tensors with order m > 2 and k > 1 dimension
n, respectively. The general product AB of A and B is the following tensor C with order
(m —1)(k — 1) + 1 and dimension #:

n
Cioycmr = 9 BiigeoipgDiser By (0 € [M0tn,. 0ty € [1]).

i95eeim=1

Definition 1.2 ([22]) Let A = (a;,;,...;,) and B = (b
sors. We say that A and B are diagonal similar if there exists some invertible diagonal
matrix D = (di1,d, . .., dyy) of order n such that B = D-®-YAD with entries

i1iy-i;) be two order k dimension # ten-

iigix = Aigiy  Winigix iy~ -~ By -

b

Theorem 1.3 ([22]) If the two order k dimension n tensors A and B are diagonal similar,

then they have the same eigenvalues including multiplicity and same spectral radius.

Definition 1.4 ([9, 26]) Let A be an order k dimensional # tensor (not necessarily non-

negative). If there exists a nonempty proper subset I of the set [#], such that
@iyiy.iy =0 foralli; € I and some i; ¢ I wherej € {2,...,k},

then A is called weakly reducible (or sometimes /-weakly reducible). If A is not weakly

reducible, then A is called weakly irreducible.

The ith slice of a tensor A with order k > 2 and dimension #, denoted by A; in [23], is
the subtensor of A with order k — 1 and dimension # such that (A;),,...;, = @j;,...;. Then the

ith slice sum (also called “the ith row sum”) of A is defined as

rA)= Y iy (i€ln)).

02enif=1
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Lemma 1.5 ([13, 25]) Let A be a nonnegative tensor with order k > 2 and dimension n.

Then we have

1min ri(A) < p(A) < max r;(A). (1.1)
<i<n 1<i<n

Moreover, if A is weakly irreducible, then one of the equalities in (1.1) holds if and only if
r(A) =ry(A) =--- =ry(A).

We denote by (’r') the number of r-combinations of an n-element set, and let (f) =0if

r>norr<0. Clearly, (;’):rl(%r)!when0§r§n.

Lemma 1.6 ([2]) Let n, k, and m be positive integers. Then

(D) 2 ()(2) = (7F7) Gr4m =k
@) (1) =2(2) (= k= 1),

Let S = {s1,52,...,5,} be an n-element set, noting that s; #s; if i #}.

Definition 1.7 Let#n > 2,k > 2, A be an order k dimension # tensor, we call A a k-uniform
tensor if its entries are defined as follows: a;,;,.., € R if {i1,ia,..., i} is a k-element set or

iy =iy = - = i, otherwise, a;;,..;, = 0.

Obviously, a 2-uniform tensor is an ordinary matrix. Let A be a k-uniform tensor with
order k dimension #. Then a;,;,..;, #0 implies {i1,i,...,i} is a k-element set or i} = iy =
.

In this paper, we obtain a sharp upper bound on the spectral radius of a nonnegative k-
uniform tensor in Sect. 2. By applying the bound to a nonnegative matrix, we can obtain
the main result in [7]. In Sect. 3, we apply the bound to the adjacency spectral radius
and signless Laplacian spectral radius of a uniform hypergraph and improve some known
results in [4]. Furthermore, we give a characterization of a strongly connected k-uniform
directed hypergraph and obtain some new results by applying the bound to the adjacency
spectral radius and the signless Laplacian spectral radius of a uniform directed hypergraph
in Sect. 4.

2 Main results
In this section, we obtain a sharp upper bound on the spectral radius of a nonnegative
k-uniform tensor and characterize when this bound is achieved. Furthermore, this bound

deduces the main result in [7] for a nonnegative matrix.

Theorem 2.1 Letn > 2,k >2, A = (ay;,..;,) be a nonnegative k-uniform tensor with order
k dimension n, r; = r;(A) = ZZ YYYY i1 @iy -wiy forie[n] withry >ry,>--->r,. Let M be
the largest diagonal element and N (> 0) be the largest non-diagonal element of tensor A,

N1 =N(k-2)({72), ¢1 =11, and

1 s—1
b= rt M=Ni+ |(ro=M+N)>+4Ni Y (ri=75) (2.1)

t=1
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for2 <s<mn.Then
p(A) < min ¢.
1<s<n

Let ¢ = miny <<, ¢1. If A is weakly irreducible, then
(1) whenk =2, p(A) = ¢s ifand only if ri =ry=--- =r, or forsome t (2 <t <s),
A satisfies the following conditions:
(i) ag=Mfor1<i<t-1;
(ii) @iy =N forl<i<m1<iy<t-1,andi#ip;
(ii) re=rp1=-=rp
(2) whenk >3, p(A) = ¢s ifand only if ri =ry=---=r,.

Proof Firstly, we show p(A) < ¢sfor1 <s<mn.

If s =1, then by Lemma 1.5 we have p(A) < r; = ¢;. Now we only consider the cases of
2<s<mn.

Let

U =diag(x,...,%5_1,%s, ., %),

wherexi>0for1§i§n,xf‘1=1+ ¢53\;:S_M forl<i<s-1l,andxs=---=x,=1.
Now we showx; > 1for1 <i<s-1.Byr; >ry > --->r,, we only need to show ¢, +
N; —-M>0.
If 351 (r; — ) > 0, then by (2.1) we have
1 1
90> 5 (rs+ M=Nu+Ir =M+ Nil) 2 3 (s + M= N1 = (=M + N)) =M = Ny,

and thus ¢ — M + N; > 0.

IfZ;;}(rt—rs) =0,thenr; =ry=--- =7, Thus ¢ — M + N; >0 by r; > M and ¢ =,
from (2.1).

Combining the above arguments, we know x; > 1, and then U is an invertible diagonal
matrix. Let B = U~*VAU = (b;,..; ). By Theorem 1.3, we have

p(A) = p(B). (2:2)

By (2.1), it is easy to see that

s—1
¢2 = (r+ M= Ny)g + (M = Ny)rs =Ny Y _(re = r5) = 0.
t=1
Then
s—1 s—1
(s =M + N1 )(ps — 1) = N1 D _(re —rs) =Ny ) (b = M + Ny)(wh ' — 1)
t=1 t=1

s—1
:N1(¢s —M+N1) (Zx];—l _ (S— 1)>'

t=1
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Therefore, ¢ = rg + Ny ij x’[‘l — Ni(s — 1) and thus
s—1
k-1 _ Qs — 15 + (5_ 1)N1

Xy N
=1 1

(2.3)

In the following we show r;(B) < ¢, for anyi € [n] = {1,2,...,n}.
Let S(A) = {{i, ia, ..., ix}@iiy...;; #0}. Since M is the largest diagonal element and N > 0 is
the largest non-diagonal element of tensor A, by Definition 1.2, we have

14 (B) =7 (L[_(k_l)AL[)

= Z (u_(k_l))iiaiig---ikUizig cee Uikik

i9,e0if=1
n
1
= 1 E azzz zkx12 xzk
X; LT
i9,emif=1
1 n
= xk_l ri+ E Ajjy lk(xlz Xip — 1)
L i9,00if=1

n
+ Z Aiigoniy (xiz Ce X — 1) - a;“,'(xf‘l - 1)}

i2,enif=1

1
Sﬁ{n+M(xf1_1)+N(k—l)! Z (xiz---x,»k—l)}
% {i,i;....0k YES(A)

< 9%{1@ +M(xf‘1 -1)
1

k-1 k-1
X, teeetX;
(&)

{609, 0ik }ES

< %{rﬁM(xf‘l -1)
X

k-1 k-1 k-1
X, et X
r=0 s

{i2..ik YEN;

Al xt
+N(k-1)! > (%—1)}

=0 {ig,...ix}ENE
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where N; = {{iz,..., i} | ia,..., ik € {1,2,...,n} \ {i}, and there are exactly r elements in
{i2,...,ix} such that they are not less than s} for 0 < r < k — 1. Obviously, the family of all
(k — 1)-element subsets of {1,2,...,n} \ {i} is just equal to Uf;é N;. Thus we have

+ootx

) 1 k-1
rB) <M+ — =} - M+ N(k - I)Z Z <—”‘—1>}, (2.4)

l r=0 {iy,...ix }€N}

and the equality holds in (2.4) if and only if (a), (b), (c), and (d) hold:
(a) xk‘ =1lora;..;=Mforx;>1;

(b) forany {i,iy,...,ix} € S(A), xi, - - - %y, = 1 or @i, = N for x, -+ -, > 15

(¢) xi =---=x forany {i,is,..., i} € S(A);
x{.‘2’1+~-+x{fk’1 xk +o +x‘k
(d) Z{i,iz ,,,, ik)eS(A)(T -1)= Z Z ,,,,, eNS T -1).

Casel:s<i<n.
Clearly, {iy,...,ix} € N; implies that we should choose r elements from the set {s,..., n}\
{i} and choose k — 1 — r elements from the set {1,2,...,s — 1}, then we have

£ x )
r=0 {ig,..ix}eN§  1=0 k=1-rJ\ r

Similarly, we have

+i_: (ki_ll—r)< 1 )(Zx _"i_)' (2.6)

Wenotexs=---=x,=1landr >--->r;>--->r; > .- >r, then by (2.3), (2.4), (2.5),
and (2.6), we have

ri(B) <ri+ N(k-1)1y
=0 {;

k=2
<rs+N((k-2)! (
r=0

2
+ N(k-2)! < )

n-2 S os-1 n—s—1
=r,+N(k-2) </< 2)Zx +N(k—2)!§(k_l_r)( o )(n—s)
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2521 n-s
—N(k—l)!Z(k_l_r)( . )

r=0

s—1
=r;+ N E xt_l
=1

k=2
+N(k_2)!20:</<i_11_,)[<n;:1)(”_S)_(k_1)(n;s)}

- 2521 n—s
=ro+ N Y a7 = N(k-2)! ( )( )(k—l—r)
po k—1-r r

r=0

s—1 k=2
s—2 n-s
:rS+lex’f1—N(k—2)!Z(s—1)< )( )
= = k—2-r r

s—1
-2
—r+ N Y T - N(k-2)i(s - 1) (Z 2)
t=1

s—1

=r;+N; th_l —(s=1)N;
t=1

= ¢s;

where equality holds if and only if the following condition (e) holds: (e) r; = rs.
Case2:1<i<s-1.
Subcase 2.1: s > 3.

Clearly, {i3,...,ix} € Ni implies that we should choose r elements from the set {s,..., n}

.....

Yk (52) (5. Similarly, we have

k=1-r, r

Then

k-2 P Y o
N(k - 1)!2 Z <l2kf1lk - 1)

r=0 {iy,...ix }€N}

s—1 k=2
_ k-1 k-1 B s—2 n-s _
_Nl(;xt ! )+N(k 2)!Z(k—l—r)<r—l>(n s+1)
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2 0522 n-s+1
_N(k_l)!z(;(k—l—r)< r )
1 = s—2 n-s+1
=Nl<;xf"1—xf‘l)—N(k—2)!§(k—1—r)<k_l_r>( )

r

_ ] k-2 s-3 \(n-s+1
N letd_xf1)—N(k—2)!§(5_2)(k—r—2)< r )
s—1 n-2

Zx]t(_l _xif—l) - N(k-2)(s—2) </< _ 2)

t=1

x’t‘_l - xlf—l) —(s=2)Nj.

Thus, by (2.3), (2.4), and the definition of xé"l for1<i<s-1,wehave

1 s-1
r(B) <M+ - {ri -M+N; (fo‘l —xf‘_l —(s=2)N;
x t=1

1 s—1

=M—-Nj + k—l{ M+N12xt_ (s —2)N;
Xi t=1

=¢s'

Subcase 2.2: s = 2.

In this case, we need to show r;(B) < ¢,. Noting that x, = --- = x, = 1, by (2.4) and the
definition of N2, we have

k=2

1 + k-l
rl(IB%)<M+ ri—M +N(k - 1)2 > (—k_1)

{z ,,,,, zk}eN2

=M+ I"I—M).

—— (
a1

By (2.3), we have X~ =& ;?*Nl Then, by (2.1) and the definition of ¢,, we have

1
—— (- M)
x1
_ Ni(r - M)
¢y —ry + N;

) 2N (r; — M)
Ny +M =1y + /(N1 = M +13)* + 4Ny (r1 = 1)

_2Ni(r = M)(Ny + M =1, _\/(Nl — M +712)2 + 4Ny (r, — 1))
B (N1 +M —r3)% = (N = M +19)? + 4Ny (r1 = 12))
N1 +M—7'2—\/(N1 —M+I"2)2 +4N1(I"1 —7‘2)

5 .




Lv et al. Journal of Inequalities and Applications (2020) 2020:32 Page 9 of 16

Thus

1
ri(B) <M+ F(VI_M):(bZo
1

Combining Subcases 2.1 and 2.2, we have r;(B) < ¢, for 1 <i <s -1, and combining
Cases 1 and 2, we have r;(B) < ¢, for 1 <i < n. Then p(A) = p(B) < maxj<;<, r:/(B) < ¢
for 2 <s < n by (2.2) and Lemma 1.5.

Therefore, we know p(A) < ¢, for 1 <s < n and thus p(A) < minj<;<, ;.

Now suppose that A is weakly irreducible. Then B is also weakly irreducible by B =
U~ VAU Let ¢ = minj </, ¢;.

Case 1:s=1.

By Lemma 1.5 and the fact r; = maxj<;<, r;, we have p(A) = ¢, if and only if r; =1, =

oo = r’n'
Case 2: 2 <s<n.
Then p(B) = max;<i<, r;(B) and thus r1(B) = r2(B) = --- = r,(B) = ¢, by ¢, = p(A) =

p(B) < maxi<i<, ri(B) < ¢s and Lemma 1.5. Therefore, (a), (b), (c), and (d) hold for any
i € [n], (e) holds forany i € {s,...,n}.

Subcase 2.1: 1 = rs.

Byri>r>--->r,and (e) r; =r;fors <i<m,thenwehaver, =ry=--- =r,.

Subcase 2.2: ry > 1.

Let ¢ be the smallest integer such that r, = r; for 1 <¢ <s. Since 7y = 1541 = -+ = 1, We
haver;=ry1=---=r,andx; >1fori=1,2,...,t—1.

When k > 3, (c) and (d) cannot hold at the same time. Because there are r elements in
{iy,...,ix} chosen from {s,...,n} and k — 1 — r elements in {iy,..., i} chosen from {1,...,
s—1}, and then x;, = - - - = x;, cannot hold when 1 < r < k — 2. Thus we only consider the
case of k = 2.

In the case of k = 2, (d) implies

1 t-1

Yo @w-D=) ) @y-1)=Y (x,-1).
{ii2}eS(A) =0 {iy}eN} iz;l,
i #l

Then (i)—(iii) follow from (a), (b), (c), (d) for 1 <i < n, and (e) for s < i < n, and thus (1)
and (2) hold.

Conversely, if r; =r, = --- = r,, then by Lemma 1.5, p(A) = ¢ = r1. If k = 2 and (i)—(iii)
hold, then (a), (b), (c), and (d) hold for 1 < i < n, (e) holds for s < i < n. Then we have
ri(B) = ¢s for 1 <i < n. Therefore, by Lemma 1.5, we have p(A) = p(B) = max;<;<, :(B) =
¢sfors=2,...,n. O

Let k = 2. Then A is a matrix, weak irreducibility for tensors corresponds to irreducibility
for matrices, and slice sum for tensors corresponds to row sum for matrices. The following

result follows immediately.

Corollary 2.2 ([7], Theorem 2.1) Let A be an n X n nonnegative matrix with row sums

71,72, ... Ty, Where ry > ry > -+ > r,. Let M be the largest diagonal element and N be the
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largest non-diagonal element of A. Suppose that N > 0. Let ¢1 = ry and, for 2 <s <n,

t=1

s-1
¢s=%<rs+M—N+ (rS—M+N)2+4NZ(n—rS)). (2.7)

Then p(A) < minj<s<y, ¢s.
Let ¢s = miny<j<, ¢y. If A is irreducible, then p(A) = ¢s if and only if ry =ry =+ =1, or
forsome t (2 <t <s), A satisfies the following conditions:
(i) as=Mforl<i<t-1;
(ii) @iy =Nforl<i<s—landl<i, <t-1withi#is;
(iii) ry=---=ry
(iv) aj, =N fors<i<nmandl<ip <t-1.
3 Applications to a k-uniform hypergraph
A hypergraph is a natural generalization of an ordinary graph [1].

A hypergraph H = (V(#), E(H)) on n vertices is a set of vertices, say, V(H) = {1,2,...,n}
and a set of edges, say, E(H) = {e1,e2,...,e,}, where e; = {i1,i3,...,i1}, jj € [n],j=1,2,...,L
Letk>2,if | e; |=kforanyi=1,2,...,m, then H is called a k-uniform hypergraph. When
k =2, then H is an ordinary graph. The degree d; of vertex i is defined as d; = |{¢;:i c ¢; €
E(H)}|. If d; = d for any vertex i of a hypergraph #, then H is called d-regular. A walk W
of length ¢ in H is a sequence of alternate vertices and edges: vy, e1,v1,€3,...,€, Ve, where
{vivis1} Ceyr fori=0,1,...,£ — 1. The hypergraph H is said to be connected if every two
vertices are connected by a walk.

Definition 3.1 ([6, 18]) Let H = (V(H), E(H)) be a k-uniform hypergraph on 7 vertices.
The adjacency tensor of H is defined as the order k dimension n tensor A(#), whose
(i1ip - - - ix)-entry is

(80),., . - o it i ig,.. i} € E(H),
0, otherwise.

Let D(#) be an order k dimension # diagonal tensor with its diagonal entry D;;...; being

d;, the degree of vertex i for all i € V() = [n]. Then Q(H) = D(H) + A(H) is called the

signless Laplacian tensor of the hypergraph H. Clearly, the adjacency tensor and the sign-

less Laplacian tensor of a k-uniform hypergraph 7 are nonnegative symmetric k-uniform

tensors and, forany 1 <i <wn,

n n

rl(A(H)) = Z (A(H))iig---ik = di’ri(Q(H)) = Z (Q(H))iizwik = Zdl

i2enif=1 i2enig=1

It was proved in [9, 20] that a k-uniform hypergraph # is connected if and only if its
adjacency tensor A(#) (and thus the signless Laplacian tensor Q(#)) is weakly irreducible.
Recently, several papers studied the spectral radii of the adjacency tensor A(#) and the
signless Laplacian tensor Q(#) of a k-uniform hypergraph # (see [4, 6, 18, 19, 27, 28] and
so on). In this section, we apply Theorem 2.1 to the adjacency tensor A(#) and the signless
Laplacian tensor Q(#) of a k-uniform hypergraph H. If k = 2, we obtain Theorem 3.1 and
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Theorem 4.2 in [7]. If k > 3, we improve some known results about the bounds of p(A(H))

and p(Q(H)) in [4].

Theorem 3.2 Let k > 3, H be a k-uniform hypergraph with degree sequence d, > - -- > d,,,
A(H) be the adjacency tensor of H. Let A; = k—il (Zj), ¢ =dy, and

s—1
s = %{ds—Al‘F\J (ds +A1)2+41A1 Z(dt_ds)} (31)

t=1

for2 <s<mn.Then

p(A(’H)) < min ¢;. (3.2)

1<s<nm
If H is connected, then the equality in (3.2) holds if and only if H is regular.

Proof Let A = A(H). We apply Theorem 2.1 to A(H), then we have M =0, N = ﬁ, ri=d;
for 1 <i<mn, A; =Nj, and (3.1) is from (2.1). Thus (3.2) holds by Theorem 2.1.

If ‘H is connected, then by Theorem 2.1 the equality in (3.2) holds if and only if r, (A(H)) =
ro(A(H)) = - - - = r,(A(H)), which says exactly that H is regular, since r;(A(H)) = d; for any
1<i<n. O

Theorem 3.3 Let k > 3, H be a k-uniform hypergraph with degree sequence d, > - - - > d,,,
Q(H) be the signless Laplacian tensor of H. Let A; = ﬁ (Zj)’ Y1 =2d4, and

s—1
1
Vi izds +dy—A; +J (2d, —dy + A1)* +8A1 Y (dy —dy) (3.3)

t=1

for2 <s<mn.Then
p(QH)) < min . (3.4)
If H is connected, then the equality in (3.4) holds if and only if H is regular.

Proof Let A = Q(H). We apply Theorem 2.1 to Q(#), then we have M =d;, N = ﬁ,
r;=2d; for 1 <i<mn, A; = Ni, and (3.3) is from (2.1). Thus (3.4) holds by Theorem 2.1.

If H is connected, then by Theorem 2.1 the equality in (3.4) holds if and only if
rn(QH)) = r(QH)) = -+ = r,(Q(H)), which says exactly that H is regular, since

ri(Q(H)) = 2d; forany 1 <i < n. O

4 Applications to k-uniform directed hypergraph

Directed hypergraphs have found applications in imaging processing [8], optical network
communications [15], computer science and combinatorial optimization [10]. However,
unlike spectral theory of undirected hypergraphs, there are very few results in spectral

theory of directed hypergraphs.
— - - —
A directed hypergraph H isapair (V(#H), E(H)), where V(H) = [n] is the set of vertices

— —
and E(H) = {e1,e,...,e,} is the set of arcs. An arc e € E(H) is a pair e = (j1, e(j1)), where
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—
e(j1) ={jor.-»je}j1 € V(H),and j; #j, if L # hfor [, h € [t] and ¢ € [n]. The vertex j; is called
the tail (or out-vertex) and every other vertex j,, ..., J; is called a head (or in-vertex) of the

— —
arc e. The out-degree of a vertex j € V() is defined as d/* = |E;|, where E/* ={ecE(H):

— —
j is the tail of e}. If for any j € V(H), the degree d; has the same value d, then H is called
a directed d-out-regular hypergraph.
—
Foravertexi € V(H ), we denote by E; the set of arcs containing the vertex i, i.e., E; = {e €

E (7_{)) :1 € e}. Two distinct vertices i and j are weak-connected if there is a sequence of arcs
(e1,...,er)such thati € ey, j€ e, and e, Neyyq # P for all r € [¢ — 1]. Two distinct vertices i
and j are strong-connected, denoted by i — j, if there is a sequence of arcs (e, . .., e;) such
that i is the tail of e;, j is a head of e;, and a head of e, is the tail of e,,; for all r € [¢£ — 1].
A directed hypergraph is called weakly connected if every pair of different vertices of ’}_-l)
is weak-connected. A directed hypergraph is called strongly connected if every pair of
different vertices i and j of 7_-[) satisfies i — jand j — i.

Similar to the definition of a k-uniform hypergraph, we define a k-uniform directed
hypergraph as follows: A directed hypergraph 7_-[) = (V(;—l)),E(’l_{))) is called a k-uniform
directed hypergraph if |e| = k for any arc e € E(7_-l)). When k = 2, then 7_-l> is an ordinary
digraph.

The following definition for the adjacency tensor and signless Laplacian tensor of a di-
rected hypergraph was proposed by Chen and Qi in [5].

— -

Definition 4.1 ([5]) Let H = (V(#),E(H)) be a k-uniform directed hypergraph. The
—

adjacency tensor of the directed hypergraph # is defined as the order k dimension n

ﬁ
tensor A(H ), whose (i1 - - - ix)-entry is

), =@ i (i1, e(i1)) € E(F) and e(i1) = (iz,.... i),

i .
0, otherwise.

—>
Let D(H ) be an order k dimension # diagonal tensor with its diagonal entry dj;...; being
— — — —
d}, the out-degree of vertex i, for all i € V(H) = [n]. Then Q(H) =D(H) + A(H) is the

—
signless Laplacian tensor of the directed hypergraph H.
Clearly, the adjacency tensor and the signless Laplacian tensor of a k-uniform directed

—
hypergraph 7 are nonnegative k-uniform tensors, but not symmetric in general. For any

1 <i<wn,wehave

and

n

nQA) = Y (@)

i2,0ik=1

=247,

i

The following statement is an alternative explanation of weak irreducibility.
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Definition 4.2 ([9, 12]) Suppose that A = (ailiz,,,ik)15i’5ng=1,,,,,k) is a nonnegative tensor of
order k and dimension n. We call a nonnegative matrix G(A) the representation associ-
ated matrix to the nonnegative tensor A if the (i,j)th entry of G(A) is defined to be the
summation of a;;, ; with indices {iy, ..., it} 3 j. We call the tensor A weakly reducible if
its representation G(A) is a reducible matrix.

Let A = (a;;) be a nonnegative square matrix of order #. The associated digraph D(A) =
(V,E) of A (possibly with loops) is defined to be the digraph with vertexset V = {1,2,...,n}
and arc set E = {(i, ) | a; > 0}.

Now we give a characterization of a strongly connected k-uniform directed hypergraph.

— —
Theorem 4.3 Let H be a k-uniform directed hypergraph, A = A(H) = (a;;,...,) be the

adjacency tensor of 7_{), G(A) be the representation associated matrix of A, and D(G(A)) be
the associated directed graph of G(A). Then the following four conditions are equivalent:
(i) A is weakly irreducible.
(ii) G(A) is irreducible.
(iii) D(G(A)) is strongly connected.

9
(iv) H is strongly connected.

Proof By Proposition 15 in [27] and A = A(’}_—Z) is a nonnegative tensor, we have (i) <
(ii) « (iii). Now we show (iii) < (iv).
(iii) = (iv): Let D(G(A)) is strongly connected, now we show 7_—2 is strongly connected.
For any i,j € V(;[)) = V(D(G(A))), there exists a directed path P from i to j in D(G(A))
by D(G(A)) being strongly connected. We assume P = ijjj; - - - jij, then (i,/1), (j1,/2);- -
(jurj) € E(D(G(A)), which implies Y .. o1 @inoie > 00 X i oy @iy > 05 oo

et
(e1,€,...,€s,€:41), Wwhere e; € H and [ € [¢ + 1], such that i is the tail of ey, j; is a head of
e1, i is the tail of e,1, ji+1 is a head of e for 1 </ <¢ -1, is the tail of e;,1, j is a head of

—
€41, say, i — j in H. Therefore H is strongly connected.

ﬁ

(iv) = (iii): Let H be strongly connected. Now we show that D(G(A)) is strongly con-

nected.
— — —
For any i,j € V(D(G(A))) = V(H), i — j in H by H being strongly connected, say,
%

there exists a sequence of arcs (e, ey, ...,e;€:1), where e, € H for [ € [t + 1], such that
i is the tail of ey, j is a head of e;,;, and a head of e, is the tail of e,,; for all r € [£]. We
assume that j, is the tail of e,,; and a head of e, for all r € [t], then Zjle{iz ,,,, i) Biinig, >
0, D iclipgip) Giriaig > 0 for 1 <r <t -1, and } iy, o @jiy-i > 0. Thus (5,/1) €
E(D(G(A))), (irrjr+1) € E(D(G(A))) for 1 <r <t -1 and (j;,j) € E(D(G(A))), which implies
that there exists a walk ij1j; - - - jf in D(G(A)). Therefore D(G(A)) is strongly connected. [J

—
Recently, several papers studied the spectral radii of the adjacency tensor A(# ) and the
— —
signless Laplacian tensor Q(H ) of a k-uniform directed hypergraph H (see [5, 24] and so
on).
— —
Let H be a k-uniform directed hypergraph. If H is strongly connected, then by Theo-
— —
rem 4.3 and the above definitions, A(# ) and thus Q(? ) are weakly irreducible. Thus we
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can apply Theorem 2.1 to the adjacency tensor A(;—Z) and the signless Laplacian tensor
Q(ﬁ) of a (strongly connected) k-uniform directed hypergraph 7_{) If k = 2, we obtain
Theorem 2.7 in [11]. If k > 3, we obtain some new results about the bounds of p(A(’;‘_—L)))
and p(@(’}_-l))) as follows.

ﬁ
Theorem 4.4 Let k > 3, ‘H be a k-uniform directed hypergraph with out-degree sequence
— —
di >--->d}!, A(H) be the adjacency tensor of H.Let A; = k%l(Zj), ¢1=di, and

s—1

l + + 2 + +
G5 = d —Av+ (dr +A1)" +44, ;(dt —d?) (4.1)
for2 <s<mn.Then
%
p(A(H)) < min ¢;. (4.2)

T 1<s<nm

—
Moreover, if H is a strongly connected k-uniform directed hypergraph, then the equality in
(4.2) holds if and only if df =d} = --- = d}.

— —
Proof Let A = A(H ). We apply Theorem 2.1 to A(7# ), then we have M =0, N = ﬁ, ri=
df for1 <i<mn,A; =N, and (4.1) is from (2.1). Thus (4.2) holds by Theorem 2.1, and the
equality in (4.2) holds ifand only if d{ = dj = - -- = d} by Theorem 2.1 and Theorem 4.3. I

ﬁ
Theorem 4.5 Let k > 3, H be a k-uniform directed hypergraph with out-degree sequence
- —
di > --->d, Q(H) be the signless Laplacian tensor of H. Let A; = kfll(z:g), Y1 = 2d;,

and
1 s—1
Vo= i2d +di - A+ |(2d; - df +A) +8A, Y (df - d?) (4-3)
t=1
for2 <s<mn.Then
% .
p(Q(H)) < min v (4-4)

T 1<s<m

ﬁ
Moreover, if H is a strongly connected k-uniform directed hypergraph, then the equality in
(4.4) holds if and only if df =d = --- = d}.

— —
Proof Let A = Q(H). We apply Theorem 2.1 to Q(# ), thenwehave M =d{,N = ﬁ, ri=
2d] for1 <i<mn,A; = Ny, and (4.3) is from (2.1). Thus (4.4) holds by Theorem 2.1, and the
equality in (4.4) holds ifand only if d] = d} = - -- = d}; by Theorem 2.1 and Theorem 4.3. J
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