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1 Introduction
This paper discusses the existence and uniqueness of solution for a class of operator equa-
tion

MAQ,X) + AyB(x,x) + A3Cx + AgDx = x,

where A, B are two mixed monotone operators, C is an increasing operator, D is a decreas-
ing operator, A; >0 (i = 1,2, 3,4) and satisfies the following conditions:
Situation 1:
L. AQw, A7ly) > o(MA(x,9), o(A) € (A, 1], VA € (0,1), x,y € P;
2. for any fixed y € P, B(-,y) : P — P is concave; for any x € P, B(x,-) : P — P is convex;
3. C:P — P isincreasing sub-homogeneous.
4. D(A7ly) > ADy, V1 €(0,1), y € P.
Situation 2:
1. A(wx, A71y) > AA(x,y), YA € (0,1), x,y € P;
2. for any fixed y € P, B(:,y) : P — P is concave; for any x € P, B(x,) : P — P is convex;
3. COwx) = p(\)Cx, (1) € (A, 1], Y1 € (0,1), x,y € P;
4. D(A"'y) > ADy, V1 € (0,1), y € P.
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In fact, the operator equation A1 A(x,x) + A,B(x,x) + A3Cx + A4Dx = x generalizes and
improves many articles.

When the parameter A3 = 1, A; = 0 (i = 1,2,4), situation 2 can be reduced to the case that
an increasing operator C meets C(tx) > t*“®Cx, a(t) € (0,1), V¢ € (0,1), x € P;. Obviously,
it is the result of the paper [1].

When the parameter A; = 1, A; = 0 (i = 2,3,4), there is A(Ax, L ™1y) > p(M)A(x,y), (A) €
(A, 1], VA €(0,1), x,y € P in situation 1. In [2], we can see that the mixed monotone oper-
ator A meets the same properties.

When the parameter A1 =1, A3 =0, A3 = 1, A4 = 0, we deduce from situation 1 that The-
orem 2.1 of [3] is established and from situation 2 that Theorem 2.4 of [3] holds.

When the parameter A; =1, Ay =0, A3 = 1, A4 = 1, we derive Theorem 3.1 of [4] from
situation 1 and Theorem 3.8 of [4] from situation 1.

When the parameter A; = 1, Ay = 1, A3 = 1, A4 = 0, the conditions of situation 1 are the
same as those of Theorem 3.1 in [5], thus they can get same conclusions.

The theory of nonlinear operators plays a significant role in modern mathematics and
there are many excellent results (see [1-7]). Inspired by the these paper, we want to make
some contributions to this field. As one of the applications of operator theory, fractional
differential equations have attracted much attention by many researchers as a result of a
myriad of their applications in many engineering and scientific disciplines, such as me-
chanics, biomedicine, physics, and so on, see [8—15] and the references therein. Besides,
there are some methods such as comparison theorem, the monotone iterative technique,
the method of lower and upper solutions, Leray-Schauder theory, Krasnoselskii’s fixed
point theorems, and some other fixed point theorems in cones. They play an irreplace-
able role in the existence, uniqueness, and multiplicity of positive solutions for fractional
differential equations [16—22]. In recent decades, more and more fractional differential
equations are solved based on the nonlinear operators theory [23-25]. In this paper, we
make use of the new operator equation theory to investigate a class of new fractional dif-
ferential equations.

The characteristic features of this paper are displayed as follows. Firstly, comparatively
speaking, we generalize the results of the above article. Secondly, there are seldom inves-
tigated operator equations with parameters. A class of new operator equations with four
operators A A(x, x) + AyB(x,x) + A3Cx + A4Dx = x is studied, and the fixed point theorem
of this sum-type operator is obtained. We gain the existence and uniqueness solution of
the operator equation, and construct two iterative sequences to uniformly approximate
this solution in the fixed point theorem. Thirdly, by using the new results, we study a class
of new fractional differential equations and get some great conclusions. Fourthly, some
concrete examples are given to illustrate the main ideas.

The main body of this paper is organized as follows. In Sect. 2, we review the theory and
results of fractional calculus and some definitions, notations in Banach space. In Sect. 3,
a class of fixed point theorem is presented. In Sect. 4, by the theorem of Sect. 2, a kind of
fractional differential equation is studied and some examples to illustrative our work are
presented.

2 Preliminaries
In this section, since all the work is in the Banach space, a brief review about the Banach
space and relevant contents is given for the reader’s convenience; it includes some defini-



Zhang et al. Journal of Inequalities and Applications (2020) 2020:63 Page 3 of 25

tions, lemmas, and basic results. These will be used in the following proofs of our theorem.
For more details, we refer the reader to [8—12].

Let (E, | - ||) be a real Banach space. A nonempty closed convex set P C E is called a cone
if the following hold:

(i) Ifx € P, A >0, then Ax € P;

(ii) fx € Pand —x € P, thenx =6,
where 0 is the zero element of E.

There is partially ordered by a cone P C E, x <y,x,y € E < y—x € P, in which, if x <y
and x # y, we denote x <y or y > x.

If P = {x € P|x is an interior point of P} is nonempty, cone P is said to be solid. Then, we
call P normal if there exists a constant N > 0 such that, for Vx,y € E, § < x <y, there is
llzll < N|lyll, where N is called the normality constant of P. For Vx,y € E, the denotation
x ~ y means that there exist A, > 0 such that Ax <y < px. Clearly, ~ is an equivalence
relation. Given % > 0, and denoting the set P, = {x € E | x ~ h}, there is P, C P.

Definition 2.1 ([8]) A: P x P — P is called a mixed monotone operator if A(x,y) is

increasing in x and decreasing in y, i.e., u;,v; (i = 1,2) € P, u; < uy, v1 > v, implies

A(uy,v1) < A(uy,v5). Element x € P is called a fixed point of A if A(x,x) = .

Definition 2.2 ([9, 10]) An operator A : E — E is said to be homogeneous if it satisfies
Altx) = tAx, Vt>0,x€E.

An operator A : P — P is said to be sub-homogeneous if it satisfies
A(tx) > tAx, Vte(0,1),x€P.

Definition 2.3 ([9, 10]) Let D = P or D = P and a real number « € [0,1). An operator
A:D — D is said to be a-concave if it satisfies

A(tx) > t*Ax, Vte(0,1),x€D.

Definition 2.4 ([11]) Let D be a convex subset in E. An operator A : D — E is called a
convex operator if, for Vx,y € D with y < x and every ¢ € [0, 1],

A(tx +(1- t)y) <tAx+ (1 -1t)Ay,
A:D — Eis called a concave operator if
A(tx +(1- t)y) > tAx + (1 - t)Ay.

3 Main results

In this section, we use the definitions, notations of section Preliminaries to investi-
gate some new fixed point theorem. Furthermore, we can obtain the following sufficient
conditions of existence and uniqueness of positive solutions for the operator equation
MA(x, x) + AB(x,x) + A3Cx + Mgy Dx = x.
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Theorem 3.1 There are four operators A, B, C, D, where A,B: P x P — P are two mixed
monotone operators, C : P — P is an increasing sub-homogeneous operator, D:P — P isa
decreasing operator, and if the following conditions are satisfied:

(A1) There exists p(\) € (A, 1] such that

A(ax, A7ly) = o (WA, ), D(A7'y) = ADy, Vi€ (0,1),x,y € P; 1)
(A3) Foranyfixedy € P, B(-,y) : P — P is concave; for any x € P, B(x,-) : P — P is convex;
(A3) There exists % <C <1 such that B(0,lh) >¢B(lh,0),1>1;
(A4) There exists h € P with h # 0 such that A(h, h), B(h, h), Ch, Dh € Py;
(As) There exists § > 0 such that [AyB(x,y) + A3Cx + AgDy] < SMA(x,y), Vx,y € Py,
Then the following conclusions hold:
(C1) A,B:P, x P, — Py, C,D:P;, — Py;

(C2) There exist uy, vy € Py, r € (0,1) such that rvy < ug < vy,

Uy < )LIA(MO, Vo) + )LzB(Llo, V()) + A3Cug + AaDvy
< MA(vo, uo) + AaB(vo, uo) + A3Cvo + AgDug < vo;
(C3) The operator equation M A(x,x) + AyB(x,x) + A3Cx + AyDx = x has a unique solution
x* e Ph;

(C4) Constructing the iterative sequences as _follows:

Xn = MAWn-1,Yn-1) + AaBp_1,Yn-1) + A3Cxy_1 + 1aDyy_1,

Vi = MAWn-1,%-1) + AaBWy-1,%4-1) + A3Cyp_1 + AaDxy1, n=1,2,...,
for any initial values xy, yo € Py, we have
X, — x5, Yo — x*,  asn— oo.
Proof Define the operator T = A A + AyB + A3C + 14D by
T(x,9) = M A%, y) + AaB(x,y) + A3Cx + XaDy, Vx,y € P.

Firstly, we show that T": P, x Py, — Pj,. The proof of A,B: Py, x P, - Py, C,D: Py, — Py,
is expanded. By A(Ax, A71y) > ¢(L)A(x,y) of (4;), we deduce

A 0y) <) A, y). (2)

Furthermore, the condition A(%, i) € Py, of (A4) shows that there exist positive constants
u1, v1 such that

urth < A(h,h) <vih. (3)
For Vx,y € P, we can find two sufficiently small numbers c;, ¢z € (0, 1) such that

ch<x< c{lh, oh<y< cglh. (4)

Page 4 of 25
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Let ¢ = min{cy, cp}, then by (1)—(4), we get

Ax,y) <A(ci'h,cah) < A(c 7 h,ch) < p(c) Al h) < ¢(c) ' ih,

Ax,y) = A(cih, ¢y h) = A(ch,c ' h) = p(c)A(h, h) = (c)urh.
Thus, A : P, x P, — Py is proved. Then, due to (A,), for any A € (0, 1), there is

B(x,y) = B(%, A2 "'y + (1= 1)0) < AB(x,A"'y) + (1 - M)B(x,0),
thus, AB(x,A71y) > B(x,y) — (1 — 1)B(x,6). Subsequently, we can find a sufficiently large /
such that x,y, A~y < [h. Combining with Definition 2.4 and from the condition of (4;)—-

(A3), we know that

B(ax,A7'y) = B(Ax+ (1-2)0,17"y)
> AB(x,A71y) + (1= A)B(0,17"y)
> B(x,y) — (1 - 1)B(x,0) + (1 - 2)B(6,17"y)
> B(x,) + (1 - A)(B(9, th) - B(Ih,0))

> B(x,y) + (1 - A)I:B(G, lh) - %B(@, lh):|

> |:1 +(1- /\)(1 - %)}B(x,y)
= [(2 - i) + <i - 1>A]B(x,y)
T ¢

> AB(x,),
that is,
B(ax,A7'y) = AB(x, ). (5)
Then we gain
B(A'x,0y) <A7'B(x,y), A e€(0,1).

From the condition B(h, &) € Py, there exist two positive constants u,, v, such that uzh <
B(h,h) <vyh. For any x,y € Py,

B(x,y) < B(cflh, czh) < B(c‘lh, ch) < c'B(hh) < ¢ sk,

B(x,y) > B(clh,cglh) > B(ch, c’lh) > ¢B(h, h) > cuzh.
Thus, B: P, x P, — P, holds. Since Ch, Dh € Py,

uzh < Ch <vsh, ugh < Dh <v4h, (6)
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where u;, v; (i = 3,4) are positive constants. By the properties of operators C, D, for any
A €(0,1), x,y € P, there is

C(tx) > tCx, C(t'x) <t7'Cx, D(t7'x) > tDx, D(tx) < t'Dx.
Using similar processes, we have

Cx < C(c[lh) < C(c‘lh) <c'Ch<c'wsh,
Cx > C(c1h) = C(ch) > cCh > cuzh,

Dy < D(coh) < D(ch) < ¢™'Dh < ¢ 'vgh,
Dy > D(cglh) > D(c‘lh) > ¢Dh > cuzh,

which shows that C,D : P, — Pj,. From the above deduction, we have

(M@ (c)u + Aocity + Ascitz + haclig)h
< T(x,y) = LA, y) + AaB(x,9) + A3Cx + AqDy

< (M@(0) V1 + Aac' V3 + Asc V3 + hac” W),

i.e.,, T : Py x P, — Py, and then we can get T'(h, h) € Py,.
Secondly, we demonstrate that there exists 1(t, x,) € (¢, 1] such that

T(tx,t7'y) = n(t,x,9)T(x,y), Vte(0,1),x,y € Py
Combining with (1), (5) and the properties of operator C, D, we have

T(tx,t7'y) = MA(tx, t7y) + MaB(tx, t7'y) + A3C(tx) + AaD (' y)
> M@(t)A(x, y) + AatB(x,y) + A3tCx + AgtDy
= ()M A, y) + t[kgB(x,y) + 23Cx + A4Dy].

Owingto A,B: Py x P, — Py, C,D: Py — Py, there is A1 A(x, y) ~ A2B(x,y) + A3Cx + A4 Dy.
Define I({f} =inf{k € R|x < ky}, and let

Ao B(x, M3 Cx + gD
](x,y):l(< 2B(%, ) + A3Cx + Aa J’>,

MA(, )

we can easily get J(x,y) < 8 by (45). Next, considering a function /(s) = ‘f](a:'y])(f’ly));, it shows

that / is continuous and strictly decreasing about s. Due to ¢(¢) > ¢, there is

E<6t+<p(t)> e+t i(o(®) = o(t) +](x,9)t

= > 1, [ = ——]———- < 1.
5+1 ) (lxy) + 12D U + De()
Because of the monotone decreasing of %, we can get that there exist n(t,x,y) € (‘”;T‘ﬂl(t),

p(0) C (1],

_ ~ o) +J(x, )t —
h(n(t,%,9)) = Uy + Dntxy)
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(¢

thus, J(x,y) = W By the expression of K, /, there is

@(t) = n(t,x,y)

AB(x,y) + A3Cx + AgDy <
2 y * y ﬂ(t,x,)’)—t

MA(x,y), Yte(0,1),x,y€ Py

Thus, we obtain

T(tx, t’ly) > @(B)A1A(x, y) + t[)QB(x,y) +A3Cx + )»4Dy]
= n(t’x’y))"lA(x’y) + (‘P(t) - n(t:x)y)))‘-lA(x,y)
+ t[sz(x,y) + A3Cx + A4Dy]

U(t;x,y) - t

> n(t,%,9)mA,Y) + (¢(t) - n(t,x,y))m

X [sz(x,y) +A3Cx + A4Dy]
+ t[A2B(x,9) + A3Cx + AaDy]
= n(t,x,y) [AIA(x,y) + AaB(x,y) + 13Cx + A4Dy]

=ntx%y)T(xy), Vte(0,1),x,y€ P,
Therefore, there exists 1(t,x,y) € (¢,1] such that
T(tx,t7'y) = n(t,x,9)T(x,y), Vie(0,1),xy € Py (7)
Thirdly, we prove conclusion (C2). Owing to T'(h, h) € P, we have toh < T(h,h) <t; 1p,

where £y € (0,1) is a small constant we choose. As a result of n(t,x,y) € (¢t,1], we have

1< Mox) o 1 By the Archimedes principle, we can take a positive integer k such that
to to

("(t‘;—(’f'y))k > % This inequality can be rewritten as
1
(t )>(1>k 7 1 Ll
n 07xry -\ Loy = — .
to n(to,x,y) ~ o °

Setug = t’gh, Vo = takh. We can get uo, vo € Py, up = tgkvo < vg. Consequently, there exists r €
(0, £%] such that r € (0,1), uo > rvo. In addition, thanks to the mixed monotone properties
of A, B, the increasing properties of C, and the decreasing properties of D, T is a mixed

monotone operator, and then T (ug, vo) < T(vy, ug). From (7), there is

T(uo,vo) = T(tyh, ty"h)

T(to -t 'ty - £ h)

U(to,té h, tik"lh) (tg 1y t’k"lh)
n(t 1h takﬂh) (
n(to 4

to, ty hy by " h) (ko 8y 2h ty P R) T (85 2k, 52 h) > - -

to - th 2, ty" - £5"2h)

\/

v

1 k
1\*% 1
(—) ~t0> T(hh) > — - titoh = t&h = uy.
to to
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By (7), we get T(t \x, ty) < n(t, t x,ty) 1 T(x,y), Vt € (0,1), x,y € Py. Hence,

T(Vo, Mo) T(tak]’l, tg]’l)

T(ty" - 5ty - 5 ' h)

< n(to, "k t5h) " T (65" o157 h)

(
Dt 5 ) T8 54715720

< n(to, ty*h, tgh)‘1 -n(to, 5", tg‘lh)‘lT(tgk*zh, 52y <.

IA

k
1 1 1 1
<— . tok> T(hh) < = - toty" = —h = vo.
to th tk
Therefore, there is uy < T'(ug, vo) < T (vo, o) < vo. That is (C2).

Fourthly, we show that the operator equation T'(x,x) = x has a unique solution x* € Py,
For uy, vy, construct successively the sequences as follows:

Uy = T(th1,Vp-1), Vy=TWy 1, Un1), n=12,...,n

Thus, by (C2), we have #; <v;. And then due to the mixed monotone properties of oper-
ator T, thereare u, <v,,n=1,2,3,...,and

up<uy <. <y <<V <<V <. (8)
Considering x¢ > ryo and (8), there is x,, > xo > ryo > ry, (n=1,2,3,...). Put
t,=sup{t>0lx,>1ty,}, n=123,....

It is clear that x,, > t,y,. Then from (8), there is x,,1 > x, > t,y, > t,¥n1, 1= 1,2,3,....
Hence, t,,1 > t,, i.e., {t,} is increasing about #, and {¢,} C (0, 1]. Assume lim,_, » £, — ¥,
so t* = 1. Otherwise, ¢ € (0,1). From (7) and ¢, < t*,

t t* 1
X1 = TXn, ) > T(tnym tglxn) = T(t_:t*ym t_t_*xn)
n

t, 1 t, t,
= t_*T(t*ym t_*xn) = t_*n(t*:yn;xn)T(y;ﬂxn) = t_*n(t*’ymxn)ywrl’
combining with the definition of ¢,,, there is £,,,1 > i—ﬁ N(t*, Y %) Then n(t*, y,, x,) < gtml.

St +o(t*

Owing to * < =55 ) < (&, Yy %) < gt,,ﬂ, n=1273,..., and lim,_ %t,,ﬂ = t*, we

know that

St +<p(t)<t*
§+1 -

"<

’

which is a contradiction. Thus, lim,,_, o £, = 1. For any natural number p, there is

0 an+p — X Eyn —Xn Eyn —LyYn = (1 - tn)Vn < (1 - tn)VOr

0 Syn _yn+p Syn —Xp < (1 - tn)VO'
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By the normality of cone P, there is

”xn+p _xn” = N(l - tn)”VO” - O;

”yn _yn+p” = N(l - tn)”VO” -0 (”:P =12, 3’---):

where N is the normality constant. This shows that {x,} and {y,} are Cauchy sequences.
Because of the complete continuity of A, there are x,, — x*, y, — y*, when n — 0o. And
by (8), for Vx*,y* € Py, we obtain thatx, <x* <y* <y,,0 <y* —x* <y, —x, < (1 -t,)v
Since cone P is normal, we have

|y =« <N@=t)lvoll > 0 (11— 00),
hence, y* = x*. Set z* := y* = x*, there is
X1 = T (X, ) < T(Z*;Z*) S TOnr%n) = Vel

when n — o0, z* = T(z*,z*), i.e., z* is a fixed point of T in Py,.
Next, we show that z* is the unique fixed point of 7. Assume that 7 is another fixed point
of T. Thanks to z*,Z € Py, there exist positive numbers a1, a,, b1, b, such that

(llh < z* < ﬂzl’l, blh <z< bzl’l,
thenz < byh = a1h< z z>bh= ;ﬂ2h> b ox We put

e =sup{t>0,tz" <z<t'z*}.

Consequently,0<e; <1,e12" <z < e;lz*. Then e; = 1. Otherwise, 0 < e; < 1. There is
z2=Tz7) > T(eiz", e1'2") = n(e1,z*,2) T (2", 2%) = n(e1,2*,2%)2".

Hence, n(ey,z*,z*) > ey, which contradicts the definition of e;. So, e; = 1. Therefore, z* = Z,
i.e., T has a unique fixed point x* in Pj,.
Eventually, we show that conclusion (C4) holds. For any initial values xo,yo € Py, we

construct the iterative sequences:
Xp = T(xn—lryn—l)r Yn = T(yn—lrxn—l)’ n=123,....

Due to xo,y0 € Py, we have e;h < xy < €;'h, esh < yo < e3'h, where ey, e3 € (0,1) are two
small numbers. Put e, = minf{ey,e3}, we deduce that e, € (0,1) and e < x¢, yo < €;'h.

e* xv}’ < l

Then, by e, < nles,x,y) <1, thereis 1 < . By the Archimedes principle, there

exists a sufficiently large positive integer m such that

U(e*;x;)/)> i
e \e

Setuy=el'h, v = eimh. Obviously, Uy, Vo € Py, and U < x9, ¥o < Vo. Put
*

3=

Uy = T(ﬁn—hvn—l); Vi = T(‘_/n—hﬁn—l)y n=123,....
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Similarly, there exists y* € Py such that T(y*,y*) = y*, lim,, o U, = lim,_, oo v, = y*. Be-
cause T has the unique fixed points in P, we get x* = y*. And by induction, u, < x,, y, <
Vu,n=1,2,3,.... Thanks to cone P being normal, there is lim,_, »c x, = lim,,_, 5 ¥, = x*, i.€.,

conclusion (C4). The proof is complete. d

Corollary 3.1 There are four operators A, B, C, D, where A,B: P x P — P are two mixed

monotone operators, C : P — P is an increasing homogeneous operator,and D : P — P isa

decreasing operator. Then, if (A3)—(As) of Theorem 3.1 are satisfied and meet the following:
(Ag) There exists y € (0,1) such that

A(hx,27'y) =07 A(x,y),  D(A7'y) =Dy, VYae(0,1),x,y€l;
then we can get conclusions (C1)—(C4) of Theorem 3.1.

Corollary 3.2 There are four operators A, B, C, D, where A,B : Py, x Py, — Py are two
mixed monotone operators, C : P, — Py, is an increasing sub-homogeneous operator, and
D : Py, — Py is a decreasing operator. Then, if (As), (As) of Theorem 3.1 are satisfied and
have the following:

(A7) There exists ¢(\) € (A, 1] such that

A(Ax,k‘ly) > p(MAx,y), D(A‘ly) > 1Dy, Vx,y€ Py

(Ag) For any fixed y € Py, B(-,y) : Py — Py, is concave; for any x € Py, B(x,-) : P, — Py, is

convex; then we can get conclusions (C2)—(C4) of Theorem 3.1.

Corollary 3.3 There are four operators A, B, C, D, where A,B : Py, x Py, — Py are two
mixed monotone operators, C : Py, — Py, is an increasing homogeneous operator, and D :
Py — Py is a decreasing operator. Then, if (As), (4s), (A7), (As) are satisfied, then we can
get conclusions (C2)—(C4) of Theorem 3.1.

Theorem 3.2 There are four operators A, B, C, D, where A,B: P x P — P are two mixed
monotone operators, C : P — P is an increasing operator, and D : P — P is a decreasing
operator. Then, if conditions (A3)—(A4) of Theorem 3.1 and the following conditions are
satisfied:

(Ag) There exists p(A) € (A, 1] such that

A(ax, A7ly) = AA(x, ), C(rx) = p(1)Cx,

D(A7'y) = ADy, Vi€ (0,1),x,y € P;

(A10) There exists § > 0 such that M A(x,y) + LaB(x,y) + AaDy < $13Cx, Vx,y € Py;
then we can get conclusions (C1)—(C4) of Theorem 3.1.

Proof Define the operator T' = 11 A + A,B + A3C + A4D by

T(x,9) = MA(x,y) + AoB(x,y) + .3Cx + AgDy, Vx,y €P.
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Firstly, we show that T': P, x P, — Pj. According to Theorem 3.1, there is B: P, x Py, —
Py, D: P, — Py. Thus, we only prove that A : P, x P, — Py, C: P, — Py. Since (9), we
obtain

A(A 7w ay) <ATAx, ), C(A'x) <o) 'Cx, Vre(0,1),x,y€P. (10)
By A(h, h), Ch € Py, (3)—(4), (6) hold. By deduction, for any x,y € P;, we can get

Ax,y) <A(ci'h cah) < A(c h,ch) < ¢ 'A(lh) < ¢k,
Ax,y) ZA(clh, cglh) > A(ch, c‘lh) > cA(h,h) > curh,
Cx < C(cflh) < C(c‘lh) < le)tCh < (M) vsh,
Cx > C(c1h) = C(ch) = (A)Ch > p(A)ush,
where ¢ = min{cy, ¢5}. It shows that A : P, x P, — Py, C: P, — P,,. With B: P, X P, — Py,
D:Py,— Py, T:Py x P, — Py holds. Clearly, T(h, h) € Py.
Secondly, we prove that there exists n(¢, %, ) € (¢, 1] such that

T(tx, t_ly) >n(t,x,9)T(x,y), Vte(0,1),xy¢€P,. (11)

By A,B: Py x P, — Py, C,D: Py, — Py, we get M A(x,y) + A2B(x,) + oDy ~ A3Cx. Set

T (x, ) = K<)»1A(x,y) + A2B(x,y) + )»4Dy>'

)\3C.7C

Since (A1), J*(x,y) <. Considering a similar function 4*(s) = LOJENE £ Theorem 3.1,

U*®y)+1)s
T*(x,y) = W holds by Theorem 3.1. Thus, there is

t - t; »
MAX,Y) + AoB(x,y) + AaDy < wkng, vVt e (0,1),x,y € Py.
ﬂ(t,x,y) - t

Combining with (5) and (9), for V¢ € (0,1), x,y € Py, we obtain

T (tx, t_ly) = MA(tx, t‘ly) + Ao B(tx, t‘ly) +A3C(tx) + A4D(t‘1y)
> A A, Y) + thaB(x, y) + 0(E)A3Cx + tAaDy
= n(t,%,9)A3Cx + (@(2) — n(t, x,)) A3Cx
+ t[klA(x,y) + AoB(x,y) + A4Dy]
= n(t,x,y) [AIA(x,y) + AaB(x,y) + 13Cx + A4Dy]
= n(t,xy)T(xy).

The next steps are the same as those of Theorem 3.1, then we can get conclusions (C1)—
(C4) of Theorem 3.1. O
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Corollary 3.4 There are four operators A, B, C, D, where A,B: P x P — P are two mixed
monotone operators, C : P — P is an increasing operator, and D : P — P is a decreasing op-
erator. Then, if conditions (A3)—(A4) and (A1o) of Theorem 3.1 and the following conditions
are satisfied:

(A11) There exists y € (0, 1) such that

A(hx, 2 7'y) = AA(x, ), C(rx) > 1Y Cx,
D(A'y) = ADy, Vi€ (0,1),x,y€P;

then we can get conclusions (C1)—(C4) of Theorem 3.1.

Corollary 3.5 There are four operators A, B, C, D, where A,B : Py x Py, — P}, are two
mixed monotone operators, C : P, — Py, is an increasing sub-homogeneous operator, and
D : Py, — Py is a decreasing operator. Then, if conditions (As), (As), (A10) and the following
conditions are satisfied:

(A12) There exists y € (0,1) such that

A(a7ly) 2 2AWY),  COw) = 9(A)Cx,

D(k"ly) > ADy, Vx,ye€Py
then we can get conclusions (C2)—(C4) of Theorem 3.1.

4 Application

Nonlinear boundary value problems have attracted much attention for their applications
in a variety of different areas such as mathematics, physics, biology, and so on. There-
after there are a lot of interesting and important results, which include the uniqueness,
existence, and multiplicity of positive solutions for the differential equation with the two-
point, three-point, infinite-point boundary value problems or some integral boundary
problems, etc. In the following, we study a class of integro-differential boundary prob-
lems for fractional differential equations:

D§. x(t) + Ay f (8, x(2), x()) + Aog(t, x(2), %(2)) + A3 (£, x(£)) + Loy (£, x(2)) = O,
x90)=0, i=0,1,...,n-2, (12)
Dg+x(1) = [ #(s)ds,

where Dj., Dg+ is Riemann—Liouville fractional derivative, 0< B <n—1<a <n (n> 1),
a—-B-1>0,t€(0,1],n € (0,1].

Definition 4.1 ([8]) Suppose that & € C[0,1], @ > 0. Then the Riemann-Liouville frac-
tional derivative of o order is defined to be

1 dn t
D h(t) = o / (¢~ 5)""* " h(s) ds.
0

I'(n-a) der
The Riemann-Liouville fractional integral of « order is defined to be

1

50 = 1o

/ (= () ds,
0
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where n = [o] + 1, [¢] denotes the integer part of number [«], provided that the right-hand
side is pointwise defined on (0, 1).

Lemma 4.1 Let h € C[0,1], the function x is the solution of the following fractional differ-
ential equation:

D§.x(t) +h(t)=0, n-l<a<n,
2¥0)=0, 0<i<n-2, (13)
Dh.x(1) = [ x(s) ds,

if and only if x satisfies

x(t) = /1 G(t,s)h(s)ds,
0

where
L) (19 P -A=s)* " I (@B (-5)"
- - AF(aS) < =, 0<s<t<ls<n,
Hat g A g<p<s<t<],
G(t,s) = F(u+1)t’1’1(1—s)°‘i“ﬂ’l—F(a—ﬁ)t“’l(n—s)"‘ (14)
AT , 0<t=<s=<n<l,
D070 g<r<s<ln<s,
where A=T'(a+1)—T'(x - B)n*
Proof Integrating on both sides of the first formula of (13), we can obtain
x(t) = =18 h(E) + et oot P 4kt
t f—s a-1
= —/ ih(s) ds + 2%t + et 2 4o+ 17
o [Ie)
By the boundary condition x?(0) = 0 (2 < i < n — 2), we can easily get ¢, = ¢,_.; = -~ =
¢y = 0. Then we can get the solution of equation (13) of the following form:
-1 _ (t _S)a ! a-1
x(t) = =I5 h(t) + 1t ————h(s)ds + ¢t (15)
I ()
By the equality Df, %! = F (“ P71, we get
DB x(t) = 1P h(t) + DF, ¢y 11 / (t —s)*P-1 (=9 s I' (o) jap-1
(L) = =1 +Dj.c1 =— s)ds+c——— .
’ ’ ’ o Ia-p) )

Then integrating formula (15) from 0 to 7, there is

/Onx(S)dS=—Anfos%h(f)dfds+ﬁnclsalds

T (n -9 n*
Z—A mh(S)dS+C1;.
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By the condition D0+x(1) = fon x(s) ds, we have

_l a=p-1 — )%
cl—A{/ a(l-s) h(s)ds — / ) ( s) (S)ds}, (16)

where A is I'(a + 1) — I' (e — B)n*. Substituting (16) in (15), we conclude

t _ o)1
=_/0 (tI"(Szz) h(s)ds + ¢ 227!

t (t _ s)a—l ata—l

1
= - T h(s)ds + ) /(l—s)o‘_’g_lh(s)ds

11“(0t ﬂ)/(n 9)%h(s) ds

1
= / G(t,8)h(s)ds,
0
where G(t, s) is defined as in (14). -
Lemma4.2 Let G(t,s) beasgiven in (14). If I'(a +1) > I'(a - B)n®*, then for any t,s € [0,1],
we have
o< Ta = B)n*[1 = (1 —s)P*1](1 —s)*A-1ge1
B Al(a)
< G(t,s)
r 1)*-1(1 — g)*-B-1
< (@+ 1)t (1-5) ' .
Al (a)

(1-9)%> (1 - f)a.
n

Bys<t a— B —-1>0,wehave

L1 -5 P s (g —s)* L (18)

Thus,

a-1(1 _ g)e-B-1 _ _e-1 _ a-1(, _ o
Gl - D@D A= P~ AC =5 ~ D= Pt n =)

Al(x)
Fle+DE 1= P = Mla - fe g (1= 5 (p_ gt
) [ +1) - - B)nIT (@) ™)
Do+ Dt (1 =) P 1Mo - Bt (1 -s5)* (t—s)*!
- [M(e+1) = I(e -] (@) - T
M@+ )= Cla=-n* A -/ Q-5 Pt (£—9)*!
B [F(e+1) = T(e - )] (@) - T

IR St S el el et i i Sk i
- I (a) [I(o+1) = I'(e - B)n]T ()
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(t _S)a—l
I'(a)
e A e . o= B)n*[1—(1—s)f]e* 1 (1 — ) P!
I'(a) [FMa+1)-T'(e- Bl (@)
o1 (1 = s)@P-1 g1 %)a—l
- (@)

Cla=Bn*[1-1-s)"" )1 -s)* P!
(M +1) - T(a=pn*]I ()
- Cla-Bn*[1-(1-s)f" 11 -g)* P
B (Ma+1) - T(a-pn*]1I ()

Cla=Bn*[1-(1=s) 111 -g)* !

B AT (@) >0,
and
Glt,s) = L4 D (1-s)* P - At -9 = T(a - Bt (n —5)"
AT (o)
_ Ta+ 1)1 - S)a—ﬁ—l‘

- Al (a)
When 0 <n <s<t<1,from (18), there is

e+ (1- S A1 At —5) !
Al (x)
o Dla+ D (1 -5 P! (t—s)*!
S [Me+1)-Ta-pn*Il@) ()
J [+ ) - Fla- g =) 1 —s) P (E—9)* !
- (Mo +1)=T'(a-Bn*1T (@) I ()
(1 —s)* P! s Fa-pn*l-1-s) e 1 -s)* P (-5
I'(a) (Mo +1) = I(a- BT (@) I'(a)
_ AP ()t , Tla-pm 1-(1- )P (1 — 5) P
I'(a) (Mo +1)=I(a =BT (@)
o= B)n*[1— (1 - )11 —s)* P!
- (M +1)=I(a-pn*] ()
_ Tla-pn*[1-1-s)f* 1 (1 —5)F
Al ()

G(t,s)

>0,

and
Do+ Dt (1 =) 1 - At - 5)*!
ATl (o)

- Mo+ D211 —s)* P11
- Al () ’

G(t,s)

When0<t<s<n<l,

C Dla+ e (1) P - D(a - B (n - 5)”

Gt,s) AT (@)
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>Iwa+nﬁ4u—gwﬂ4—rm—ﬁnWM%1—w*
- (Mo +1) = T'(a = B)In*] I ()
e+ 1)-Tla- B (1 —s)P )11 —s)* P!

- [I(o+1) - T'(«— BN ()
_ﬁ*ﬂ—ﬂmﬁl+Fw—ﬂMﬂ1—ﬂ—ﬂmﬂﬁ40—Q*”1
INGY) (e +1) = (o = B)In*] I ()
>1Ya—ﬁMﬂ1—U—9“WWJU—9*“1

- Al («)

207

and

Fa+ 1) (1 -9)* P = D(a - Bt (n —s)*
ATl (a)
- Mo+ 1)t 1(1 = s)*F-1
- Al (a)

G(t,s)

When0<t<s<n<l,

Mo+ D1 (1 =s)* A1

G(t,s)

ATl («)
_ M+ ) - Ila -1 -s) et -
- [FMa+1)=T'(a-Bn*]T (@)
_ Tle=peli-( -9 e -g
- Al (a) -
It is obvious that
Mo+ 1)t 1(1 = s)* A1
Glt.s) < AT (@)
Then, for Vt,s € [0, 1], we obtain that G(¢,s) meets (17). O

Theorem 4.1 Let f, g : [0,1] x [0,+00) X [0,+00) — [0,+00), ¢, ¥ : [0,1] x [0, +00) —
[0, +00) be continuous with f(¢,0,1),g(¢,0,1),¢(¢,0), ¥ (t,1) #£ 0 and satisfy the following
conditions:

(N1) For any fixed t € [0,1], y € [0, +00), f(t,x,¥), g(t, x,%), ¢(t, %) are increasing in x €
[0, +00); for any fixed t € [0,1], x € [0, +00), f(L,,¥), g(t, x,¥), ¥ (t,y) are decreasing
iny € [0, +00);

(Np) ForVa€(0,1),t€[0,1], x,y € [0, +00), there exists (L) € (A, 1] such that

fEre27ly) = oWf(6xy), B8 2%) = 1g(E,%),
¥ (617"y) = Mg (8, p);

and for fixed t € [0,1],y € [0,+00),g(¢, -, y) is concave; for fixed t € [0,1], x € [0, +00),
g(t,x,-) is convex;

(N3) Let h(t) = t*71, there exists ¢ > 0 such that g(s,0,1h) > cg(s,lh,0), [ > 1;

(Na) There exists a constant § > 0 such that [lg(t,x,y) + Asp(t,x) + (L, )] <
Saf(t,x,y), Ve € 0,1], %,y € [0, +00).
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Then
(S1) There exist ugy, v € Py, r € (0,1) such that rvy < ugy < vy,

1 1
up < A / G(t,s)f (s, uo(s), vo(s)) ds + A / G(t,5)g (s, uo(s), vo(s)) ds
0 0
1 1
+ A3 / G(,5)p(s, uo(s)) ds + k4/ G(,5)¥ (s, vo(s)) ds
0 0
1 1
sh/'amy@mwmw»m+uf’amm@mwam»¢
0 0
1 1
s [ 668 (506) st [ Gt (s 06) ds <
0 0
(S2) Equation (12) has a unique positive solution x* in Py, which meets pt** < x* <

vlt"“l, U1, v1 > 0 are two constants;

(S3) For any initial values xy,yo € Py, we construct successively the iterative sequences

1 1
%u(£) = Ay / G(t, )f ($,%n-1(5), yu-1(5)) ds + 12 / G(t,9)g (5, %n-1(8), Yu-1(5)) ds
0 0
1
+ A3 / G(t,8)¢ (s, %,-1(s)) ds
0
1
+)L4/ G(t,s)l/f(s,yn_l(s))ds, n=12,...,
0
1 1
%@=M/G%W&%J%Mﬂ%®+b/Gm%@%ﬂﬂwﬂm¢
0 0
1
+ A1/ G(t,s)¢(s,yn_1(s)) ds
0

1
+A4f G(t, ) (s, %n1(s))ds, n=1,2,....
0

Here, x,, — x*, y, — x*, when n — oo.

Proof Let E = C[0,1] and ||x|| = supy—, [x(£)|. It is obvious that (E, | - ||) is a Banach space.
Set P = {x € E|x(¢t) > 0,¢ € [0,1]}.
By Lemma 4.1, the unique solution of problem (12) has an integral formulation:

1
x(t) = / G(t, ) [Mf (5,%(), %(5)) + Aag (s, x(5), x(5)) + A3p(s,%(5)) + Aavy (s, %(s)) ] ds.
0
Define four operators A,B,C,D: P x P — E by
1
Alx,y)(t) = ‘/0 G(t,5)f (s, %(s), y(s)) ds,
1
B(x,y)(t) = fo G(t, s)g(s,x(s),y(s)) ds,

1
Cx(t) :/ G(t, s)¢(s,x(s)) ds,
0

Page 17 of 25
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1
Dy(t.‘):/0 G(t,s)l//(s,y(s)) ds.

Therefore, x is the solution of equation (12) if and only if x is the solution of operator
equation x = A A(x, x) + AaB(x, %) + A3Cx + AgDx.

Firstly, for Vx,y € P, in view of the definition of f, g, ¢, ¥ and Lemma 4.2, it is easy to
obtain A(x,y) > 0, B(x,y) > 0, Cx > 0, Dy > 0, which shows that A,B:P x P — P, C,D:
P — P. In addition, due to (N;), A, B are two monotone operators, C is an increasing
operator, and D is a decreasing operator.

Secondly, we illustrate that C is a sub-homogeneous operator and A, D satisfy condition
(A1) of Theorem 3.1. From (N,), we see that, for any A € (0,1), x € P,

1
C(Ax) =f G(t,s)q)(s,kx(s)) ds
0
1
2/ G(t,s)kqb(s,x(s)) ds
0
1
= Af G(t, )¢ (s,%(s)) ds
0
= ACx,

which shows that C is a sub-homogeneous operator. Using (N3) again, VA € (0,1), x,y € P,
there exists ¢(A) € (A, 1] such that

1
A(x,171y) =/0 G(t,s)f (s, Mx(s), A y(s)) ds

1
> [ Gty (5,595 ds
0
1
= <ﬂ(?»)/0 G(t, 9)f (s,(5), y(s)) ds
= (M)A, y),

and forany A € (0,1), y € P,

1
D(ry) = / Gt )Y (5,27 ¥(s)) ds

0
1
> / Gt )M (5,y(s)) ds
0
1
S )\,/ G(trs)l//(s’y(s))ds
0
= ADy.

Thus, operator A, D satisfies (A;) of Theorem 3.1.
Thirdly, we verified condition (A;) of Theorem 3.1. From (N5), for fixed t € (0,1), y € P,

B(txy + (1 - 1)x2,9)(2)

1
- / Glt,s)g(s,21(5) + (1 - T)es(s), () i
0

Page 18 of 25
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1
> /0 G(t,9)[Tg(s,%1(5),¥(s)) + (1 — T)g(s, %2(5), y(s)) | ds

1 1
=1 / G(t,5)g(s,%1(5),(s)) ds + (1 —7) | G(£,5)g(s,x2(s), ¥(s)) ds
0 0

=1B(x1,9) + (1 - 1)B(x2,9), VY7t €(0,1),%1,% € P;
for fixed t € (0,1), x € P,

B(x,ty1 + (1 - 1)y2)(2)

1
:/ G(t,5)g(s,%(s), Ty1(s) + (1 = T)y2(s)) ds
0
1
< /0 Gl 5)[rg(5,%(5),71(5)) + (1 - T)g(s,x(5), 2(5))]

1 1
~t [ 669567 6) ds+ (1-1) [ 6(6)g(s, 2090 2(5) s
0 0
= TB(x,yl) + (1 - T)B(x,yz), VT e (0; 1))}’1:)’2 € Pr
which indicate that, for fixed y € P, B(-,y) is concave; for fixed x € P, B(x, -) is convex. That

is condition (A4,) of Theorem 3.1.
Fourthly, we check condition (A3) of Theorem 3.1. By (N3), there exists ¢ > 0 such that

1
B(O, Ih)(t) = /0 G(t,)g(s,0,1(s)) ds

1

ZZf G(,5)g(s, lh(s),@) ds
0

= CB(lh,0)(¢).

In the next step, we prove that A(h, k), B(h, h), Ch, Dh € Py,. By Lemma 4.2, we have

A(h, h)(t) =/ G(t,9)f (s,5*7",s*7 ) ds

0

F( - )oz ! + o o= 04
U [

. {F(a—ﬁ)n"

1
AT () /0 [1-@1 -5 -5)*P"f(s,0, l)ds}h(t),

and

A(h,h)(t):/o Gt s)f (5,57, 5% ds

S1“(01+1)L‘°‘ /(1 §)5P1f (5,551, 5%1) ds

(@+1) ap-1
<{ e /(1—) f(s,lo)ds} (©,
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where
F( —ﬂ) ’ ' + a—B—
Cl::ri(a)nfo [1-(1-9"1]A-9)""f(5,0,1)ds,
_Ta+1) 1 wpot
€= Al (@) /(; (1-s) f(s,1,0)ds.

Thus, we can get c1/(t) < A(h, h)(t) < c2h(t). Besides, due to f(s,1,0) > f(s,0,1) > 0 and
f(s,0,1) #£ 0, we derive that

1 1
/f(s,l,O)dsz/f(s,o,l)ds>0,
0 0

thus, A(/, k) € Py,. Similarly, there are

F( _ ) : ' + oa—B-
{:F—(fc)n_/(; [1-A-9"]a-s"" 1g(s,O,l)ds}h(t)
1
<B(hh)(t) < {1:4(;):(:3) /0 (1-5)*"P"g(s,1,0) ds}h(t),

Cla-pm* (! . s
{Zr4(a)n/0 [1-(1-9/]1-9) “qb(s,O)ds}h(t)

Te+1) ! w—pm
SCh(t)S{ Ar@) /0 (1-59) 1¢(S,1)dS}h(t),

and

Ce-pm* [ 5 o
{T(a)/o [1—(1—5) 1](l—s) W(S,l)ds}h(t)

Fe+1) (! Bl
th(t)s{ Ar@) /O(l—s) W(S,O)ds}h(t).

Then, by g(s,0, 1), ¢(s,0), ¥ (s, 1) = 0, we can obtain B(k, 1), Ch, Dh € Py,
Eventually, we test condition (As) of Theorem 3.1. From (N5), for any ¢ € [0,1], x,y € P,

[AzB(x,y)(t) + A3Cx(t) + A4Dy(t)]
1
= /0 G(t,s) [Azg(s,x(s),y(s)) + A3 (s, x(s)) + A41//(s,y(s))] ds
1
< Sf G(t,s)klf(s,x(s),y(s)) ds
0
=8MAWw,y)(E), n=12,....

From the above six steps, we verified all the conditions of Theorem 3.1, thus the conclu-
sions of Theorem 4.1 hold with Theorem 3.1. O

Theorem 4.2 Let f, g : [0,1] x [0,+00) x [0,+00) — [0,+00), ¢ : [0,1] x [0, +00) —
[0, +00), and ¥ : [0,1] x [0, +00) — [0, +00) are continuous with f(t,0,1),g(t,0,1),$(t,0),
Y (t,1) £ 0. Then, if conditions (N1), (Na) and the following conditions are satisfied:
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(N5) ForVx€(0,1),t€[0,1], x,y € [0, +00), there exists (L) € (A, 1] such that

f(t’ )‘x')‘_ly) = )‘f(t’x’y)’ o(t, Ax) = (M) (L, %),
¥ (627"y) = A7 ()

and forfixedt € [0,1],y € [0, +00),g(t, -, ) is concave; for fixed t € [0,1], x € [0, +00),
g(t,x,-) is convex;

(Ng) There exists a constant § > 0 such that Aif(t,x,y) + Aag(t,x,y) + A (t,y) <
Sx3¢(t,x), Vt € [0,1], x,y € [0, +00);

then we can get conclusions (S1)—(S3) of Theorem 4.1.
Proof The proof process is similar to that of Theorem 4.1.

Example 4.1 Consider the following problem:
3 1 1 _1 _1
Dyix(t) +2(x+3)% +3(x+2)2 +3(x+4) 6 +4(x+5)76
~Ze* 1 de? + 4t +262 + 33 + 4t +6=0, 0<t<l,
) 5 3
x(0)=0, 0<i<4, Dg.x(1) = [oF x(s)ds.

Here,a =2 €(56),=2€(1,2),a-f-1=2>0,7
and

W

7A1=1)A2=2;A3=37)"4=41

F(tx,9) = 2(x +3)F +3(y +4)76 + 6 +4t,
11

g(t,x,y) = —?e"‘ +2e? +3+ 82

o(t,x) = (x + 2)4ll + 12,

Y(ty) = (5 +5)76 + 14

13
Thus, Mo +1)-T'a-B)n* =T'(2)-T'(2)2? =1.868 x 1073, /(£,0,1) = 2.314+3.575 4+

6+4t£0,8(5,0,1) = - +2e1 + 220, p(£,0) = 25 + 2 £ 0, ¥(£,1) =3 x 676 + £+ £ 0.
For V1 € (0,1), t € [0,1], %,y € [0, +00), there exists y = i € (0,1), we can get that
1
F(6rxay) = 20 +3)1 +3(A 7y +4) 70 +6+4¢
> )\%Z(x+3)% +A%3(y+4)’% +6+4t
> )»%(2(9c+3)ZIL +3(y+4-)_% +6+4t)

= )‘%f(t’x’yl

For Vt € [0,1], x,y € [0, +00), there is

11
2o (tx,y) = —ge"‘ <0, g, (txy =27 >0,

Page 21 of 25
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we obtain that, for fixed t € [0,1], y € [0, +00), g(t,-,) is concave; for fixed ¢ € [0,1], x €
[0, +00), g(t, %, -) is convex. For VA, ¢ € [0, 1], x,y € [0, +00), we have

Dt Ax) = (e +2)F +£5 > A3 (x+2)7 + 15

> 2(Ox +2)4 + ) = 12, %)

and

U(6A) = (Al +5) 5 4 > A((+5)F +£4) = ap(6,).

Let /' be a sufficiently large constant and x,y </, ¢ = 2—15, there is

2(t,0,0) = —% +2e 43412 > % <—15—1€_l/ +2+3+ t2) =2g(t,1,0).
Let § = 2, by calculation, we have
hag(t,%,y) + A3 (L, x) + Aatpr (¢, y)
= 2[—%(3"‘ +2e7 +3+ tz] +3[(x + 2)i + £l+4a[+ 5)76 + t*]
<3(x+ 2)% +4(y + 5)_% +6— %e‘x +4e™ + 2% + 3¢5 + 4t
<4(x+3)F +6(y+4)6 +12 + 8¢

<2[2(x+2)% +3(y+4)76 + 6 + 4]
=8rf (L x,y).
Therefore, all the assumptions of Theorem 4.1 are satisfied, then Example 4.1 has a
unique positive solution x* € Py, where h(t) = t%, t € [0, 1]. Besides, the other condition

of Theorem 4.1 holds.

Example 4.2 Consider the following problem:

O\

7
D§+x(t)+(x+3)% +2(x+2)% +(y+4-)‘% +3(y+5)”
—Ue*12eV +ar+ 2+ +t*+6=0, 0<t<l,

. 1 3
x(0)=0, 0<i<A4, Dg.x(1) = [o* x(s)ds.

Here,a =1€(2,3),8=1€(0,1),0-B-1=2>0,n=3, 11 =220 =1,13=4, A =3,
and

1
ft,x,y)=2(x+ 1)% + —— +sint,
1+y

3 12
g(t,x,y) = _Ze_x + ?e‘y +3+cost,

ot x) = (x + 4)% +2,
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1
t,y) = —— £2.
V(t,y) 1+y+

z
3

Therefore, F(a +1)-T'(a - B)n = (?0) - (—)% =2.5722, f(t,0,1) = 2% + 5 +sint,
g(t,0,1) = -3 + 2¢7l + cost, ¢(£,0) = 4 43 42, Y(t, 1)=3+1*#0.
For Vi € (0, 1), t € [0,1], x,y € [0, +00), we can derive that

’ -

ST

f( Ax,)fly) =2(Ax+1)2 + +sint

—_

ty

ST
ol

1 .
>A22(x+1)2 + A—— +sint
1+y
1 1 .
_A(Z(x+ 1)2 + — +smt)
1+y
= Mt x,y).

For expression of g, there is

3 _ , 12
Gulbxy)=—7e7 <0, g,(txy)= e =0,
i.e., g(t,-,y) is concave, g(t,x, -) is convex. Further, there exist y = % €(0,1),

Bt Ax) = O +4)7 +2> 23 ((x+2)1 +2) = A3 (£,%),

and

w(t,k_ly) = + 1 2A<L +t2) =AY (t,y).
1+y

1+aly

Let /' be a sufficiently large constant with x,y </'. ¢ = 5, we can obtain

1
9
3 12 1/ 3 , 12
g2(t,0,0) = 2t ?e_l +3+cost > §<—Ee_l t +3+cost) =cg(t,1,0).
Let § = 2.5, we get
Mf(t%,y) + hag(t,x,9) + At (£,9)
TR S 3 . 12 _ 1,
=2|2(x+1)2 + —— +sint |+ |-——e*+—e? +3+cost|+3| — +¢
1+y 4 5 1+y
5 3 12
:4(x+1)%+—+2sint——e"“+—e_j'+?>+cost+3t2
1+y 4 5

<4(x+4)? +17

<25 x 4[(x+4)? +2] = Shs0p(5,%).

Then Example 4.2 has a unique positive solution x* € P, where h(¢) = t3,te [0,1].



Zhang et al. Journal of Inequalities and Applications (2020) 2020:63 Page 24 of 25

Acknowledgements

First and foremost, we would like to express our deepest gratitude to our supervisor, Dr. Zhang Lingling, who has
provided us with valuable help in the writing of this paper. Then we shall extend many thanks to Mr. Zhou Bibo, Miss Tian
Huimin for all their kindness and help. Last but not least, we would like to thank the opening project. This paper is
supported by the opening project of State Key Laboratory of Explosion Science and Technology. This paper is also
supported by Key Research and Development program of Shanxi Province.

Funding

The project is the opening project of State Key Laboratory of Explosion Science and Technology (Beijing Institute of
Technology). The opening project number is KFJJ19-06M. Another project is Key Research and Development program of
Shanxi Province (International Cooperation). The project number is 201903D421042.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions

NZ and LZ carried out the concepts, design, definition of content, literature search, and manuscript preparation. NZ
drafted the manuscript. BZ and HT performed manuscript review. All authors have read and approved the content of the
manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 11 November 2019 Accepted: 26 February 2020 Published online: 11 March 2020

References
1. Zhai, C, Wang, W,, Zhang, L.: Generalization for a class of concave and convex operators. Acta Math. Sin. 51, 529-540
(2008) (in Chinese)
2. Zhai, C, Zhang, L New fixed point theorems for mixed monotone operators and local existence—uniqueness of
positive solutions for nonlinear boundary value problems. J. Math. Anal. Appl. 382, 594-614 (2011)
3. Zhai, C, Hao, M.: Fixed point theorems for mixed monotone operators with perturbation and applications to
fractional differential equation boundary value problems. Nonlinear Anal. 75, 2542-2551 (2012)
4. Wang, H., Zhang, L.: The solution for a class of sum operator equation and its application to fractional differential
equation boundary value problems. Bound. Value Probl. 2015, 1 (2015)
5. Zhang, X, Liu, L, Wu, Y:: Fixed point theorems for the sum of three classes of mixed monotone operators and
applications. Fixed Point Theory Appl. 2016, 49 (2016)
6. Zhai, C, Wang, L.: ¢ — (h,e)-concave operators and applications. J. Math. Anal. Appl. 454, 571-584 (2017)
7. Zhang, L, Wang, H.,, Wang, X.: Fixed point results in set Py, with applications to fractional differential equations.
Topol. Methods Nonlinear Anal. 54(2), 537-566 (2019)
8. Guo, D, Lakshmikantham, V.: Coupled fixed points of nonlinear operators with applications. Nonlinear Anal. 11,
623-632 (1987)
9. Guo, D, Lakshmikantham, V.: Nonlinear Problems in Abstract Cones. Academic Press, San Diego (1988)
10. Podlubny, I.: Fractional Differential Equations. Mathematics in Science and Engineering. Academic Press, New York
(1999)
11. Amann, H.: On the number of solutions of nonlinear equations in ordered Banach spaces. J. Funct. Anal. 11, 346-384
(1972)
12. Kilbas, AA, Srivastava, HM., Trujillo, J.J.: Theory and Applications of Fractional Differential Equations. Elsevier,
Amsterdam (2006)
13. Li, S, Liy, Z: Perturbations from symmetric elliptic boundary value problems. J. Differ. Equ. 185, 271-280 (2002)
14. Zhang, X.: Existence and iteration of monotone positive solutions for an elastic beam with a corner. Nonlinear Anal.
10,2097-2103 (2009)
15. Zhai, C, Yang, C, Guo, C.: Positive solutions of operator equation on ordered Banach spaces and applications.
Comput. Math. Appl. 56, 3150-3156 (2008)
16. Zhang, C, Sun, S.: Sturm-Picone comparison theorem of a kind of conformable fractional differential equations on
time scales. J. Appl. Math. Comput. 55, 191-203 (2017)
17. Yang, W.: Monotone iterative technique for a coupled system of nonlinear Hadamard fractional differential equations.
J. Appl. Math. Comput. 59, 585-596 (2019)
18. Liu, X, Jia, M.: The method of lower and upper solutions for the general boundary value problems of fractional
differential equations with p-Laplacian. Adv. Differ. Equ. 2018, 28 (2018)
19. Rao, SN, Alesemi, M.: On a coupled system of fractional differential equations with nonlocal non-separated
boundary conditions. Adv. Differ. Equ. 2019, 97 (2019)
20. Ge, F, Kou, C.: Stability analysis by Krasnoselskii's fixed point theorem for nonlinear fractional differential equations.
Appl. Math. Comput. 257, 308-316 (2015)
21. Zhang, L, Tian, H.: Existence and uniqueness of positive solutions for a class of nonlinear fractional differential
equations. Adv. Differ. Equ. 2017, 114 (2017)
22. Cabada, A, Hamdi, Z:: Nonlinear fractional differential equations with integral boundary value conditions. Appl. Math.
Comput. 228, 251-257 (2014)



Zhang et al. Journal of Inequalities and Applications (2020) 2020:63

23. Cabada, A, Dimitrijevic, S., Tomovic, T, Aleksic, S.: The existence of a positive solution for nonlinear fractional
differential equations with integral boundary value conditions. Math. Methods Appl. Sci. 40(6), 1880-1891 (2017)

24. Xu, XJ., Fei, X.L: The positive properties of Green’s function for three point boundary value problems of nonlinear
fractional differential equations and its applications. Commun. Nonlinear Sci. Numer. Simul. 17, 1555-1565 (2012)

25. Wang, Y.P, Sun, SR.: Solvability to infinite-point boundary value problems for singular fractional differential equations
on the half-line. J. Appl. Math. Comput. 57, 359-373 (2018)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 25 of 25



	Fixed point theorems for sum operator with parameter
	Abstract
	Keywords

	Introduction
	Preliminaries
	Main results
	Application
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


