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1 Introduction
Given x € (-1,1) and real numbers 4, b, and ¢ with ¢ #0,-1,-2,..., the Gaussian hyper-
geometric function F(a, b; ¢;x) [1-18] is defined by

oo

F(a,b;6x) = oFi(a,bicx) = )

n=0

(a,n)(b,n) x_"

(n) n!’ (1.1)

where (a,0) =1fora #0and (a,n) =aa+1)(a+2)---(a+n—-1)forn=1,2,.... F(a,b;c;x)
is said to be zero-balanced if ¢ = a + b. If x — 1, then the following asymptotic formulas

F(a,b;c;l):%, a+b<c,
B(a, b)F(a, b; c;x) +log(1 —x) = R(a,b) + O((1 —x)log(1 -%)), a+b=c, (1.2)
F(a,b;c;x) = (1 —x)"* F(c - a,c - b;;x), a+b>c

can be found in the literature [19, Theorems 1.19 and 1.48], where I'(x) = fooo et dt
[20-26] and B(p,q) = [I"'(p) " (@))/ T (p + q) [27-30] are respectively the classical Euler
gamma and beta functions, and

I(x)
I'(x)

Ra,b) =~y (@) - () - 27, R(% %) “logle,  Y(x)=
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and

n— 00
k=1

- [1
y = lim Z% —logn | =0.5772156649 - - -

is the Euler—Mascheroni constant [31-33].
Ramanujan’s generalized modular equation with order (or degree) p > 0 is given by
Fla,b;c;1-5%)  Fla,b;c;1-1r?)

_ , O<r<l. 1.3
F(a, b;c;s?) p F(a,b;c;r?) e 9

It is well known that equation (1.3) has a unique solution for s if @, b,¢ >0 witha + b > ¢
[34, Lemma 4.5].

The two-parameter generalized Grotzsch ring function is defined by

_ Bla,b) F(a,b;(a+b+1)/2;1-r7)

Hap(r) = — F(a,b;(a+b+1)/2;1?)

, re(0,1) (1.4)

ifa+b>1.
Our interest is to focus on ¢ = (a + b + 1)/2, which makes the derivative formula of the
two-parameter generalized Grotzsch ring function defined by (1.4) simpler.
LetO<a,b<1witha+b>1andr € (0,1). Then the two-parameter generalized elliptic
integrals of first and second kinds [34, (1.6)—(1.8)] are defined by

B(a, 1
K= Ica,b = ]Ca,b(r) = (ﬂz b)F<ayb; %;72); (15)
B(a,b b+1
€= Enp = Ean(r) = 2 )F(a—l,b;“ + ;r2>, (16)
2 2
K =KL, =Kap(r), € =E,=Em(r), (1.7)

where and in what follows ' = v/1 — 2. Moreover, it follows from (1.2) that

_\_Bla,b)B((a+b+1)/2,(3—a-Db)/2)
"~ 2B((b-a+3)/2,(a-b+1)/2)

In this paper, we study the two-parameter generalized Grotzsch ring function p, ,(r) for

a,b € (0,1), as well as the related functions K, 5, €, and

myp(r) = r/ZICa,bIC;,b, re(0,1). (1.8)

B(a,b)

The so-called Legendre M -function introduced in [35] can be used to study the deriva-

tive of m, ;(r) and satisfies the formula

2
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for r € (0, 1). Furthermore, M(r) can be rewritten as

B T'((a+ b+ 1)/2)2[r(1 - r)]1-a-b)/2
) I'(a)l(b)

M(r) , (1.10)

and M (r) becomes a constant if and only if a + b = 1, in which case M (r?) degenerates to
be the generalized Legendre relation.

In the case of a + b = 1, these functions coincide with the special functions u,(r), K (r),
E,(r), and m,(r), respectively, which were studied in [36—49]. In particular, if a = b = 1/2,
then these functions reduce to the classical cases denoted by w(r), K(r), £(r), and m(r),
which appeared frequently in the geometric function theory and number theory [50-69].

The main purpose of the article is to find the sub-regions of {(a,b) € R |0 <a,b < 1,a +
b > 1} such that certain quotient functions involving 11, 4(7), ICp p(r), E45(r), and m, ,(r) are
monotonic on their corresponding sub-regions. As a consequence, several new bounds
for p,(r) and m, ;(r) are discovered, which are the variants and extensions of the results
given in [42, Theorems 1.1 and 1.2] for the case of zero-balanced.

2 Notations, formulas, and lemmas
In order to prove our main results, we need several derivative formulas and lemmas, which
we present in this section.

2.1 Notations
Throughout the article, we denote B(a, b) by B if no risk for confusion. Let
a+b+l a+b-1
2 )
atb+l 1l-a-b
_ Bla,h)B(241, 1gt)

ZB(u—éHl , b—azz+1)

’

ki(a,b)=a+b+1-2ab4-a-Db),

ka(a,b) =3+ 7(a+b)+2(a-b)>?—-6(a+b)?-5a+b*-(a+b)
+8ab|(a +b)> + (a +b)> - (a+b) + 8ab),

k3(a,b) =5+ 7(a+b) —3(a+b)> - 7(a+b)* - 2(a + b)*
+4ab[3(a + b)* + 4(a + b) - 3],

K4(a,b) =9 + 5(a + b) —9(a + b)> - 5(a + b)* + 16ab(a + b),

ks(a,b) = (a+b+1)* - 12ab.

For the convenience of readers, we also introduce three sub-regions £2;, £2;, and £25 of
{(a,b) € R?|0 < a,b < 1}, which are illustrated in Fig. 1.

21 = {(a,b)|0<a,b< lL,a+b>1,k1(a,b) > 0},
25 = {(a,b)|0<a,b< lL,a+b>1,k:(a,b) <0,k3(a,b) < O},
23 = {(a,b)|0<a,b< l,a+b>1,k5(a,b) > 0}.
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Figure 1 Visualized sub-regions £2, £25, and §23 of {(a,b) e R?|0 < a,b < 1}

2.2 Formulas
Letre€ (0,1) and 0 < a,b < 1 with a + b > 1. Then the following derivative formulas

K 1

— = —5[26(E - K) + (a+ b= 1K - )], 1)
Z_f _ 2(ar— Dx_e), (2:2)
@ B rri/z[%rZIC—(a+b—1+2(1—¢)r2)(’C‘5)]’ 23)
d(g;—:/z’c) _ %[2(1 ~b)r*K +(a+b-1)(K-&)] s

can be found in [34, Theorem 4.15].
Note that Theorem 1.19(9) of [19] gives the derivative formula

Apap(r)  (a+b-1)B2D
dr =T Qyatbyratb+1 2

for uup(r)ifd=c=(a+b+1)/2.
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From (1.7), (1.9), (1.10), and (2.1) we clearly see that

dm;f(r) = l% |:<(2b -DrPK-(b-a+1)(K-E)K'

_ (a+b—1)BDi|

4(rr/)a+b—1 (26)

2.3 Lemmas

Lemma 2.1 ([70, Theorem 2.1]) Suppose that the power seriesf(x) =y -, anx" and g(x) =
> oo bux™ have the radius of convergence r > 0 with b, > 0 forall n € {0,1,2,...}. Let h(x) =
f(x)/g(x) and Hy,g = (f'/g')g — f. Then the following statements hold true:

(1) Ifthe non-constant sequence {a,/b,}.°, is increasing (decreasing) for all n > 0, then
h(x) is strictly increasing (decreasing) on (0,r);

(2) If there exists ny > 0 such that the non-constant sequence {a,/b,}°, is increasing
(decreasing) for 0 < n < ng and decreasing (increasing) for n > ny, then h(x) is strictly
increasing (decreasing) on (0,r) if and only if Hr 4(r™) > (<)0. Moreover, if
Hpg(r~) < (>)0, then there exists x € (0,r) such that h(x) is strictly increasing
(decreasing) on (0,x¢) and strictly decreasing (increasing) on (xo,r).

Lemma 2.2 ([19, Theorem 1.25]) Suppose that —co <a <b< oo, f,g: [a,b] — R are con-
tinuous on |a, b] and differentiable on (a,b), and g’ (x) # 0 on (a, b). If ' (x)/g’ (x) is increasing
(decreasing) on (a, b), then so are the functions

£ -f(@) £ -f)
@-g@ “ g

Iff'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.3 LetO<a,b<1witha+b>1. Then the following assertions are valid:
(i) The function (K — E)/(r*K) is strictly increasing from (0,1) onto (2b/(a + b + 1),1);
(ii) The function ¥***=1K has positive Maclaurin coefficients and maps (0, 1) onto
(B/2,D);
(iii) The function r? K is strictly decreasing from (0, 1) onto (0,B/2) if p > 4ab/(a + b + 1).

Proof Items (i) and (ii) follow directly from [34, Lemma 4.22]. We only need to prove item
(ii).
It follows from (2.1) that

a@rK)  rr?
(dr ) _ —[(2b-p)PK~(b-a+ DK -E)]
W-p K-€
—(h— /p=2 —
(b-a+rr K[h—a+1 TS :| (2.7)

Lemma 2.3(i) and (2.7) enable us to know that 7 is strictly decreasing on (0, 1) if (2b -
p)lb—-a+1)<2b/(a+b+1),thatis, p>4ab/(a+b+1).
Note that

K - (a;,b)r,p+1_a_hF<b—a+1 a-b+1 a+b+1 2)‘ 2.8)

’ ’ ) r
2 2 2

If p>4dab/(a+b+1),thenp+1-a-b>(a-b+1)(b-a+1)/(a+b+1)>0. This in
conjunction with (1.2) and (2.8) gives lim,_,;- ¥?/KC = 0. O
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In the following Lemma 2.4 we provide an asymptotic formula for I as r — 1 in the case

of a + b > 1, which is the analog for the zero-balanced hypergeometric function (1.2).

Lemma2.4 LetO<a,b<1witha+b>1. Then one has

-1

K(/P) = D(1 = 1) D2 L E 4 o((1 =) 5 log(1 - 1)
asr— 1.

Proof 1t follows from F(a, b;(a + b + 1)/2;r) is asymptotic to 2D(1 — r)1=%=9/2/B [19, The-

orem 1.19(5)] as » — 1 for a + b > 1 and the derivative formula

dF(a, b; c; b
M:J—F(a+l,b+l;c+ 1;r) (2.9)
dr c

given in [19, (1.16)] for the hypergeometric function together with (1.2), and L'Hopital’s
rule that

i K(J/r)-D(1 - r)d-a-b2 _
m
r—1- (1 _ r)(a+b—l)/2 10g(1 _ 7')

BF( b—z21+1, a—éﬂl; a+§+1 ; V) —2D— 2E(1 _ r)(a+b—1)/2

= l

i 2(1 —r)**b-1log(1 —r)

i [(b _ a)z _ I]BF( b—¢21+3, a—127+3; a+l§+3; }") _ 2[((1 + b)z _ l]E(l _ r)(a+h—3)/2
s 4a+b+ D(1—r2[(a+b—1)log(l—1) + 1]

[(b - @)? — 11BF(a, b 2222, 1) ~2[(a + b)? ~ 1]E
1= 4(a + b+ D)(1— 1)@ D2 [(a + b—1)log(1—7) + 1]

ab[1 - (b — a)*|B(1 - r)>- @D p(beied abi3, arhis, )

1 (@a+b+3)[(@+ b2 —1][(@a+b-1)log(1—r) +3]

This completes the proof. d
Lemma 2.4 leads to Corollary 2.5 immediately.
Corollary 2.5 LetO<a,b<landa+b>1. Then
Dri=t y E— Hap(r) =0 and D%ty E— myp(r) — 0
asr— 0.
Proof By replacing r with 1 — r? in Lemma 2.4, we clearly see that

K =Dr'**+E+ o(r’”b’1 log rz). (2.10)
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By definition, it is easy to know that (XC — B/2)/r — 0 as r — 0. This in conjunction with
(2.10) and a + b < 2 yields

Dr' ™ 4 E— piap(r)

B

_ = 1-a-b _x i _ 1-a-b
—2IC(Dr +E IC)+IC(IC B/2)(Dr'"*"+E) -0

as ¥ — 0. The second asymptotic formula can be proved by similar arguments. O

Lemma 2.6 LetO<a,b<1witha+b>1. Then the following assertions are valid:
(i) Ifxi(a,b) >0, then ks(a,b) >0 and a+ b < 3/2;
(i) Kala,b) < ks3(a,b);
(iti) Ifxs(a,b)>0anda <b,then3—-3a—-b>0.

Proof (i) We only need to prove that it is not possible for «1(a,b) > 0 and «5(a,b) < 0. By
calculations, the inequality k1 (4, b) > OisequivalenttoO<a <1/2and1-a<b<lorl/2<
a<land1-a<b < bi(a), where bi(a) = ﬁ[—l +8a—2a%—+/1-24a + 60a? — 3243 + 4a*]
and k5(a, b) < 0 is equivalent to 1/2 < 2(2 — v/3) <a < 1 and by(a,b) < b < 1, where by(a) =
-1+ 5a-2324?%-a).

It remains to show that by(a) > b (a) for 2(2 — v/3) < a < 1. A simple calculation leads to

1
bo(@) ~ by(@) = —[1-12a+22a” + V1 - 24a + 604> - 324° + 4a’]
a

-2v/3a(2a-1)>0

if and only if

(1-12a + 224> + V1 - 24a + 6042 — 324> + 4a*)” — (8a+/3a(2a - 1))’

=2[(224” - 12a + 1)1 - 24a + 60a® — 3243 + 4a*

+1—24a + 124a® - 184a® + 52a4] >0,
which is also equivalent to

(224> — 12a + 1)*(1 - 24a + 604 - 324> + 4a?)
— (1 -24a + 1244 - 1844° + 524*)”

=64a’(a+1)(3-2a)(2a-1)(3a° - 3a + 1) >0

for 1/2 < a < 1. On the other hand, as we know, k1(a, b) can be thought of as a quadratic
function of b and the parabola opens up. It is easy to verify that «;(a,1 —a) =2(1 — 3a +
3a%) >0 and k1(a,1) = —(2 — a)(2a — 1) < 0 for 1/2 < a < 1. Combining this with «;(a,3/2 —
a)=-5(1-a)(a—-1/2) <0 for 1/2 < a < 1, we conclude that 3/2 — a < b < 1 makes «;(a, b)
negative. This completes the first assertion.

(ii) Observe that k4(a, b) — k3(a,b) = 2(a + b + 1)(a + b — 1) Q(b), where

Ob)=a’+a-2-(4a-1)b+ b (2.11)
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is a quadratic function in terms of b. Since the parabola of Q(b) opens up, it follows from
Q(l-a)=-6a(l—a)<0and Q(1) =-a(3-a)<0that Q(b)<0forO<a<landl-ac<
b < 1. This in conjunction with (2.11) yields k4(a, b) < k3(a, b).

(iii) If the conclusion is not true, that is, 3—3a — b < 0, it follows that b > max{a, 3(1 —a)}.
As we know, k5(a, b) = b* — 2(5a — 1)b + (a + 1)? is a quadratic function of b. We divide the
proof into two cases.

Caske 1: a > 3(1 — a). Then we clearly see that a < b < 1 and 3/4 < a < 1. Since the sym-
metric axis 5a — 1 > 1, ks(a, b) is strictly decreasing for a < b < 1. This gives
ks(a,b) < ks(a,a) = —[8(a — 3/4)* + 8(a — 3/4) + 1/2] < 0, which is a contradic-
tion.

CASE 2: a < 3(1 — a). In other words, 3(1 —a) < b <1 and 2/3 < a < 3/4. Similarly, the
monotonicity of ks(a, b) gives rise to ks(a, b) < «s5(a,3(1 — a)) = 4(2a — 1)(5a -
4) < 0, which is also a contradiction. O

Lemma 2.7 LetO<a,b<lwitha+b>1anda+b+1>4ab, and ¢(r) be defined by

l/r/aer—l -1

(,0(7') = BZ/(4r/a+b+l]C2) -1

(a+b-1)(a+b+1) )

Then ¢(r) is strictly decreasing from (0,1) onto (0, ==~ 5—5—

Proof Let ¢1(r) = 1/7***=1 — 1 and ¢,(r) = B2/(4r'****1K?) — 1. Then ¢(r) = ¢1(r)/@,(r) and
©1(0) = ¢2(0) = 0. Combining this with Lemma 2.2, we clearly see that the monotonicity of
¢(r) depends on ¢} (r)/¢(r), that is,

o1(r) 4a+b-1) r2Kc

2
@5(r) ) B? (K) (@a+1=-30)r2K+2b-a+1)(K-E) (2.12)

It follows from Lemma 2.3(i) that (@ + 1 — 3b) + 2(b — a + 1)(K - £)/(r2K) is strictly
increasing from (0, 1) onto (W, 3—a->b).Sincea+b+1 > 4ab, Lemma 2.3(iii)
leads to the conclusion that #'KC is strictly decreasing from (0,1) onto (0,B/2). This in
conjunction with (2.12) implies that ¢/ (r)/¢5(r) is strictly decreasing on (0, 1).

On the other hand, it follows from L'Hépital’s rule and (2.12) that

. A (@a+b-1)a+b+1) _
0")=1 = s 17)=0.
v(0") g 0s(r)  1+2a+2b+a®+b>—6ab o ) O

Lemma 2.8 Let (a,b) € 2, and f(r) be defined by

) = (1-2b)r’K +B§b—oz +11)(IC—5)'

4ypla+b+1 12

(a+b+1-4ab)B )

Then f(r) is strictly decreasing from (0,1) onto (0, ="

Proof Let fi(r) = (1 - 2b)r*K + (b — a + 1)(K — £) and f5(r) = B*/(4r'****1K?) - 1. Then we

clearly see that f(r) = f1(r)/fa(r) and f1(0) = £2(0) = 0.
By calculations, one has

Ay _ 4
A0 B

. [r/(u+b+1)/3]c]3 .}?(r)’ (2.13)
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where

= _ [01(@,b) + 2@, H)P1°K ~ [03(a,b) + 04(a, HIPY(K ~ ) 4 ilr) 214)

S0 (@+1-3b)2K+2b-a+ )(K-E) A

~

and

or(ab)=2(1-b-ab+b*),  oy(a,b)=201-b)2b-1),

o3(a,b)=(a+b-1)(b-a+1), o4(a,b) = (b—a+1)(3—-2a—-2b).

Let

Fu() = o1(a, b) - o3(a, D

Tt =—r [a4<a, DErE o, b)}.
Thenﬁ(r)/(rle) :ﬁl(r) +ﬁ2(r).

It follows from Lemma 2.3(i) and o3(a, b) > 0 thatﬁl (r) is strictly decreasing on (0, 1). For
(a,b) € §21,namelyO<a,b<1,a+b>1and k1(a,b) > 0, we clearly see from Lemma 2.6(i)
that k5(a, b) = (@ + b + 1) —12ab > 0, a + b < 3/2, and then o4(a, b) > 0. This in conjunction
with Lemma 2.3(i), (iii) implies that #/(*?*V/3[C is strictly decreasing on (0,1) and

_ 5 e
K-¢_ oy(a, b) > ou(a,b) - b oo, b) = k1(a, b) .
r2KC p

0. 2.15
+b+1 a+b+1— ( )

os(a,b)

Lemma 2.3(i) and (2.15) enable us to know that ﬁg(r) is strictly decreasing on (0, 1).
This gives the monotonicity of f;(r)/(r2K). So i (r)/(r2K) > o1(a, b) + 02(a, b) — o3(a, b) -
os(a,b) = (2 —a-Db)(a+ b - 1) >0. Moreover, it is easy to verify from Lemma 2.3(i) that
fz(r)/ (rK) is strictly increasing from (0,1) onto (%, 3 —a - b). Combining
with (2.14), the monotonicity ofﬁ(r)/ (r*K) andﬁ(r)/ (r*K) leads to the conclusion that
f(r) is strictly decreasing on (0, 1).

Therefore, the monotonicity of f(r) follows from Lemma 2.2 and (2.13) together with
the monotonicity of #@+*D/3KC and 7 (r).

To this end, by L'Hopital’s rule and (2.13), (2.14),

. filn (a+b+1—-4ab)B
0")=1 = ,
f( ) rir(?*fé(r) 1+ 2a+2b+a?+b%—6ab

f()=o. O
Lemma 2.9 Let (a,b) € 2, and g(r) be defined by

( ) ~ B2/(4r/a+b+llc2) -1
8= brK v (a—b-1)(K - &)/

0, 1+2a+2b+a®+b*—6ab ) .

Then g(r) is strictly decreasing from (0, 1) onto ( LB

Proof Let gy(r) = B*/(4r****1KC?) — 1 and g (r) = [2b7°K + (a — b — 1)(K - £)]/7?. Then

g(r) =g1(r)/g2(r) and g1(0) = g2(0) = 0.
By calculations, one has

g (r) B & (2.16)

&)~ Alre KR g(r)’

Page 9 of 17
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where

Y1 (g = 3b + 1)K +2(b — a + 1)(K - €)]
r2KC ’
[A1(a, b) + Aa(a, b)r*1r*K + [A3(a, b) + Aa(a, b)r*)(K - €)
2

ai(r) = (2.17)

(2.18)

?2(7” ) =
and

Aila,b) =2b(a-b+1), Aa(a, b) = 4b%,

M@, b)=b-a+1)a+b-1), Ma(a,b) = -2(a+Db)(b—a+1).

By (2.2) and (2.9), we clearly see that

K—-& Bla,b) dF(a-1,b;(a+b+1)/2r?)
2 d(a-1)r dr

bB(a,b)

Tat+b+l

F(a,b+1;(a+b+3)/21%). (2.19)
It follows from (1.2), (1.5), and (2.19) that

r/a+b—1’C _ B(

a,b) (b—a+1 a-b+1 a+b+1 2>
F . . s

’ ) r
2 2 2 2

r/a+b—1’<:_5_ B(a,b)bF(b—a+3 a-b+1 a+b+3 2)
272 ‘

(2.20)

’

(2.21)

’ 37

2 a+b+1 2

Combining with (2.17), (2.18), (2.20), and (2.21), we rewrite g;(r) and g(r) in terms of

power series:

ZOO (a—gﬂ )( b—g+1 ) %_ (n)rzn
n=0 (a+l27+1 )l a,b

&= o A , (2.22)
Z":O (%—b*l,n)n!r
. B@ab) ~(an-1)(bn-1) )
r) = L (r™, 2.23
2 =— 2; R Cap () (2.23)
where
£ () 1+2a+2b+a*>+b*—6ab+2a+b+ 1n
a,b\n) = )

l+a+b+2n

Cap(n) = [(az +b)? - 1];/13 +2(a+b-1)(a+b+2ab-1)n’
+ [4ab(a+b+ab—1)—3(a+b)2+4(a+b)—1]n

+4ab(1-a)(1 - D).

We now claim that g (r) is strictly decreasing on (0, 1) and g>(r) is strictly increasing on

(0,1); furthermore, g>(r) has positive Maclaurin coefficients.

Page 10 of 17
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» Lemma 2.1 and (2.22) enable us to know that the monotonicity of g (r) depends on
the monotonicity of the following sequence:

a-b+1 , }’1)( b-a+l

~ (= 2 ")
{@n}n=0 = { (a,n)(b,n)

&b (n) }

n=0

A simple calculation yields

il Q+b-—a+2n)(1+a-b+2n)k,,(n+1) -
an 4(b + n)(a + n)éap(n) -

if and only if

Agp(m)=(1+b-—a+2n)(1+a-b+2n)&,,(n+1)

—4(a +n)(b + n)&p(n)
— Zaz,b(n)
_(1+a+b+2n)(3+a+b+2n)§0’ (2.24)
where
Nap(n) = k2(a, b) + dics (@, bn + dica(a, byn® — 16[(a + b)* - 1]n’. (2.25)

For (a,b) € §2, namelyO<a,b<1,a+b > 1, ka(a,b) <0, k3(a,b) <0, and then
ka(a,b) < 0 by Lemma 2.6(ii). This in conjunction with (2.24) and (2.25) implies that
the sequence {o,},>0 is decreasing. So the first assertion is valid.
+ We mention that the Pochhammer symbol (a,-1)(b,-1) = m >0forO<a,b<1.
It only needs to prove ¢, ,(n) >0 for n > 0withO<a,b<landa+b>1.

Clearly, £,5(0) = 4ab(1 — a)(1 - b) > 0 and ¢, (1) = 4abla + b + 2ab - 1) > 0.
Moreover, ¢, ,(n) is strictly increasing for n > 0. This gives ¢, ,(n) > ¢, (1) = 4¢(b) for
n > 1, where g(b) = (a* + 3a + 1)b? + (3a®> —a — 1)b + a(a — 1) is regarded as a
quadratic function in terms of b and its parabola opens up.

Observe that

3¢’ —a-1 a(l-a)2a+3)+1

2 T -a)=—
2(a?+3a+1) (1-a) 2(a? +3a+1)

that is to say, the symmetric axis of g(b) lies on the left side of the interval [1 — a, 1].
This in conjunction with g(1 — a) = a®(a — 1)? > 0 implies that g(b) >0 for 1 —a < b < 1.
So ¢4p(n) is strictly increasing for n > 1 and ¢,;(n) > ¢,5(1) > 0 for n > 1. This
completes the second assertion.
Therefore, g (r)/gx(r) is strictly decreasing on (0,1) follows from the above assertions
together with gi(r) > 0 and g(r) > 0. Combining this with (2.16), Lemma 2.2 and
Lemma 2.3(ii), we conclude that g(r) is strictly decreasing on (0, 1).
It remains to compute two end values of g(r). By LHépital’s rule and (2.16) together with
Lemma 2.3(i), (ii),

. g(r) 1+2a+2b+a*+b*>—6ab
0")=1 = , 17)=0.
g( ) r_1>r(1)1+ PAC) 4abB g( ) O

Page 11 of 17
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Lemma 2.10 LetO<a <b<1witha+b>1and ks(a,b) >0, and h(r) be defined by

~ 20K —[2(a+b—-1) + (3-3a-b)r?I(K-E)
B (@a=-3b+1)r2K+2b-a+1)(K-E)

h(r)

a+b-1 2b(3—a—b) )

Then h(r) is strictly decreasing from (0,1) onto (5*.=;, FCPII AV

Proof We denote by /;(r) = 2b - [2(a+ b - 1) + (3 = 3a - b)r*](K - £)/(r*K) and hy(r) =
(@a-3b+1)+2(b-a+1)(K-E)/(r*K).

If0<a<b<1l,a+b>1,and k5(a,b) > 0,then 3—3a—b > 0 follows from Lemma 2.6(iii).
Combining this with Lemma 2.3(i), we conclude that /; (r) is strictly decreasing from (0, 1)
onto(a+b-1, %) and /i, (r) is strictly increasing from (0, 1) onto (W, 3—
a — b). This gives the monotonicity of /(r) = h1(r)/hy(r) together with two limiting values

h(0*) and A(17). O

3 Main results
Theorem 3.1 Let (a,b) € 21 and F(r) be defined on (0,1) by

F(r) = l;rl‘“‘b +E—mgu(r)

ri=a=b 4+ E— pgp(r)”
Then F(r) is strictly decreasing from (0, 1) onto (1, L), where

~ (@a+b+1)[(a+b-1)%+4] —16ab
" @+b-1)1+2a+2b+a’+b>—6ab)

In particular, the double inequality

1 1
Map(r) < ap(r) < —mgp(r) + (1 - —) (Dr'=*? + E)
Ly Ly

holds for r € (0,1).
Proof Let Fy(r) = Dr'=*® + E — m,,(r) and Fy(r) = Dr'=*? + E — j1,,(r). Clearly, F(r) =

Fi(r)/Fy(r) and F;(0*) = F5(0*) = 0 follow from Corollary 2.5.
By calculations, one has

F(r)  Gatr = D+ s (- 260K + (b—a + 1)(K - )]

Fé(r) - ﬁ -1
e P S—— SN (3.1)
(a+b-1)BD ’ '

where ¢(r) and f(r) are defined as in Lemma 2.7 and Lemma 2.8, respectively.

Since r***=1K’ can be regarded as the composition of x***~1/(x) and x = ' = V1-7r2,
Lemma 2.3(ii) enables us to know that r***~1K’ is strictly decreasing from (0,1) onto
(B/2,D). This in conjunction with (3.1) together with Lemma 2.2, Lemma 2.7, and
Lemma 2.8 gives rise to the monotonicity of F(r) and also, by L'Hopital’s rule
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and (3.1),
. Fi(r) 4
F + — ] 1 — + — . . + = N
(07) = Jim 7 =¢ )+ Grpopep P/ =
and F(17) = 1 follows directly from m,,(17) = t,5(17) = 0. O

Corollary 3.2 Let (a,b) € §$2, and f(r) be defined on (0,1) by

_ mmgp(r) =D = 1)

0 s DG )

Then /I-:(r) is strictly decreasing from (0,1) onto (0,1).

Proof Let Fy(r) = mu,(r) — D% — 1) and Fy(r) = ptap(r) — D(r=** — 1). Then F(r) =
Fy(r)/Ey(r) and Fy (1) = Fp(17) = 0.

Since ?{(r)/fé(r) = F{(r)/F}(r), Lemma 2.2 enables us to know the monotonicity of ?(r)
depends on that of F|(r)/Fj(r), which follows from Theorem 3.1. It only remains to com-
pute two limiting values f(O*) and ?(1‘).

By Corollary 2.5, it is easy to see that F(0*)=(D+E)/(D+E) =1. By L'Hopital’s rule and
(3.1) together with Lemma 2.7, Lemma 2.8,

SN 4 B .
EU) = lim 5 0 =e()+ g —pp 5 /(1) =0 O

Theorem 3.3 Let (a,b) € §2; and G(r) be defined on (0,1) by

Dr'=ob 4 E— (1)

G(r) = K—B/2

Then G(r) is strictly decreasing from (0, 1) onto (0, 00).

Proof We denote G1(r) = Dr'=*"? + E — j1,,(r) and Gy(r) = K — B/2. Then we clearly see
that G(r) = G1(r)/G,(r) and G1(0*) = G,(0") = 0.
By taking the derivative of G;(r) and G,(r), one has

Gy(r) (a+b-1)D B2/(4rob+1KC2) — 1
Gy(r)  parb-l 262K + (a—b—-1)(KK - E)]/r?
a+b-1)D
_ (ribl) (), (32)

where g(r) is defined as in Lemma 2.9.
Therefore, the monotonicity of G(r) follows from Lemma 2.9 and that of 1/r**>-1,
To this end, by L'Hopital’s rule and (3.2),
G; b-1)D
G(0*) = lim i) _ iy (@0 -DD g(0Y) =00,  G(17)=0. 0

r—0+t Gé(?‘) r—>0* ypa+h-1

Theorem 3.4 Let (a,b) € 23 and H(r) be defined on (0,1) by

ri=a-b(B/2 - &)

H(r) = .
)= B E— oy
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Then H(r) is strictly decreasing from (0, 1) onto (L1, L), where

Lo 2b(1 -a)(3—a—-b)B

te (@+b-1)1+2a+2b+a?+b®-6ab)D’
_(b-a+1)B+2(a+b-1)E
B 2(b-a+1)(D+E)

L,

As a consequence, the double inequality

B B
rl_“"b(D— 2_L1 + 8) +E<gp(r) < rl_”_b<D— Z_LZ + 5) +E

holds for r € (0,1).

Proof Since H(r) is symmetric with respect to a, b, we may assume that 0 <a < b < 1.
Let Hy(r) = r'=%%(B/2 — £) and Hy(r) = Dr'™*" + E — 11,,(r). Then we clearly see from
Corollary 2.5 and a + b < 2 that H;(r) = H1(r)/Ha(r) and H;(0%) = H,(0") = 0.

Moreover,

Hi(r) r @1 -a—-b)B/2+(Ba+b-3)E +2(1-a)K]

Hy(r) - (a+b-1)Dr@d( B 1)
1 (1-a-b)B2+Ba+b-3)E+2(1-a)k
- (a+b-1)D . (%_1) (3.3)
A Hi(r)
Hy(r)’

Hy1(0%) = Hp(0%) =0,
and

Hy(r)  8(1-a)

/‘”Bﬂ 3.
Ho0) ~@rbnpp K)o, (3.4)

where k(r) is defined as in Lemma 2.10.
If (a, b) € £25,in other words,0<a < b < 1,a+b > 1,and ks5(a,b) = (a+b+1)*-12ab > 0,

then it follows from Lemma 2.3(iii) and Lemma 2.10 that FEE K s strictly decreasing

on (0,1) and A(r) is strictly decreasing on (0, 1). This in conjunction with (3.3), (3.4), and
Lemma 2.2 implies that H(r) is strictly decreasing on (0, 1). By L'Hopital’s rule together
with Lemma 2.10 and (3.3), (3.4),

H; H
H(0+) = lim H(r) = lim }(r) - lim }1(7’)
r—0+ r—0t Hy(r)  r—0" Hy,(r)

8(1—a) B\* .
:(a+b—1)BZD’(E) () =1,

and H(17) = L, follows easily from p,;(17) = 0. O

Open Problem What is the sub-region of {(a,b) € R?|0 < a, b < 1} such that the function

Dri=o=b 4 E— 1y (r)

€0 == mmk B
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is strictly decreasing from (0, 1) onto (0, L3), where

(@+b-1)1+2a+2b+a®+b*>—6ab)D

L=
3 2ab(3—a—b)B

4 Consequences and discussion
In the article, we study the monotonicity of the functions F(r), G(r), and H(r) related to
generalized Grotzsch ring function and generalized elliptic integrals, where F(r), G(r), and

H(r) are explicitly given by

Dreb 4 E— () Dr'= + E — 114(r)
G(r) =

F = ’
") Dri=a=b 4 E— 11,,(r) K -B/2

’

and

r=a-b(B/2 - &)

H(r) = .
)= D E— )

5 Conclusion

In the article, we have found the sub-regions of {(a,b) € R*|0 < a,b < 1,a + b > 1} such
that several quotient functions involving (. ,(r), Kup(r), E45(r), and m,,(r) are mono-
tonic on their corresponding sub-regions, and established several inequalities for 1i,;(r)
and m,, (7). Our results are the variants and extensions of the previous results of [42, The-
orems 1.1 and 1.2] in the case of zero-balanced.
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