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In this paper, we consider the following elliptic problem:

in M, (Pa)

where (M, g) be a complete noncompact N-dimensional Riemannian manifold with
negative curvature, N > 2,V is a continuous function satisfying V(x) > V5 > 0,ais a
nonnegative function and f(x, t) has exponential growth with t in view of the
Trudinger-Moser inequality. By proving some estimates together with the variational
techniques, we get a ground state solution of (P,). Moreover, we also get a nontrivial
weak solution to the perturbation problem.
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1 Introduction and main results

Suppose 2 C R is a bounded smooth domain, and we consider the following problem:

-div(|Vull>Vu) =f(x,u), x€ L2, (1.1)

whenp =2, |f(x,u)| < c(lu|+|ul91),1<qg <2 = %,N > 2, for corresponding results one

may refer to Brézis [1], Brézis and Nirenberg [2], Bartsch and Willem [3], Capozzi, Fortu-
nato and Palmieri [4]. Garcia and Alonso [5] generalized Brézis and Nirenberg’s existence

and nonexistence results to the p-Laplace equation. When p = N and f(x, u) behaves like

N
N1 as |u| — oo, problem (1.1) was studied by Adimurthi [6], Adimurthi and Yadava
[7], Rufet al. [8, 9], do O [10], Panda [11] and the references therein. Specially, Lam and Lu
[12] study the case which does not satisfy the Ambrosetti—Rabinowitz condition. All these

results are based on the Trudinger—Moser inequality [13, 14] and critical point theory.
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For the following semilinear Schrédinger equation:

—div(|Vu|p_2Vu) + V) ulP2u =f(x,u), xeRN, (1.2)
when p = 2, |f(x,u)] < c(Ju| + |u|?!), 1<qg <2 = %, N > 2, for the relevant literature

one is referred to Kryszewski and Szulkin [15], Alama and Li [16], Ding and Ni [17] and
Jeanjean [18]. When p = N, f(x,s) is continuous in RN x R and behaves like e""s‘% as
|s| — oo, it was studied by Cao [19] in the case N = 2, by Panda [20], do O [21], Alves,
Figueiredo [22] and do O et al. [23] in general dimensional cases. We note that the Sobolev
embedding theorem can be applied to the p < N case, while the Trudinger—Moser type
embedding theorem can be applied to the p = N case.

The Trudinger—Moser inequalities have been generalized to some Riemannian man-
ifolds. In the case of compact Riemannian manifolds, the study of Trudinger—Moser in-
equalities can be traced back to Aubin [24], Cherrier [25, 26], and Fontana [27]. On a com-
pact Riemannian surface, Ding et al. [28] established a Trudinger—Moser inequality and
used it to deal with the prescribed Gaussian curvature problem by the method of blow-
up analysis. Motivated by the ideas of Ding et al., the existence of extremal functions was
proved by Li in [29, 30], Yang also got extremal functions for several Trudinger—Moser
type inequalities in [31, 32].

When (M, g) is any complete noncompact N-dimensional Riemannian manifold with
no boundary, N > 2, if its Ricci curvature is bounded from below and injectivity radius
is bounded from below by a positive number, Yang in [33] established some Trudinger—
Moser inequalities and applied them to some quasilinear equations. Recently, Yang et al.
[34] derived a sharp Trudinger—Moser inequality on a complete, simply connected N-
dimensional Riemannian manifold with negative curvature. We state it below for further

use.

Proposition A ([34]) Let (M, g) be a complete, simply connected N-dimensional Rieman-
nian manifold with negative curvature, N > 2. Then for any t > O there exists a positive
constant C = C(t,N, M) such that

sup / (@ ((xN|u,,|%)) dvy < C.
M

ueWULN (M), |lull,r <1
Furthermore, the constant oy = Nco]l\f/fl\l[fl) is sharp, where wy_1 is the surface measure of
Ty K
the unit sphere in RN, @ (x) = & — 22[:02 % and

N
Nl = (/ |vgu|Ndvg+r/ |u|Ndvg)
M M

More recently, Kristaly [35] studied some geometric features of Trudinger—Moser in-
equalities on complete noncompact Riemannian manifolds and proved the existence of a
non-zero isometry-invariant solution for a class of N-Laplacian equation by combining
variational techniques and the symmetrization-compactness principle.

In this paper, we always assume that (M,g) is a complete, simply connected N-
dimensional Riemannian manifold with negative curvature, N > 2. And on (M, g), we
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consider the following quasilinear equations:

Qi v (VN 2Vqu) + V()N 2u _f s:xb)‘) in M, (P,
~Aiv,(IVeulN 2 Veu) + V() |ulNu =J% +eh(x) inMM, (P)

where € >0, h € E*, h > 0 and h £ 0, (M, g) is a complete noncompact N-dimensional
Riemannian manifold with negative curvature, N > 2, V, denotes its covariant derivative
(the Levi—Civita connection), and div, denotes its divergence operator, V' is a continuous
function satisfying V(x) > Vp > 0, 4 is a nonnegative function and f(x, £) has exponential
growth with ¢ in view of the Trudinger—Moser inequality. Since we are concerned with
nonnegative weak solutions, we require that f(x,£) = 0 for all (x,£) € M x (-00,0]. Fur-
thermore, let O be a fixed point of M and d,(-,-) be the geodesic distance between two
points of (M, g). We assume the function a satisfies:

(a1) at €L (M) for somes>1, ie,a" € L(B,(0)) for any p > 0.

(a3) a™!is bounded in M \ B,(O) for any p > 0.

We assume the following conditions on V.

(V1) There exists a constant Vg > 0 such that V(x) > V, for all x € M.

(V2) V(x) = +00 as dg(O,x) — +00.

The function f satisfies:

(fi) There exist constants oy, ¢1, ¢ > 0 such that, for all (x,£) € M x R*,

N
F@t) < caltN ™! + 2@ (o lun| NT),

where

-2
xk

D(x)=¢€" - -
k=0

(f2) limyoh00 % = 0o uniformly on x € M, where F(x,£) = fotf(x, s)ds.

(fs) There exists C > 0 such that, for all (x,£) € M x R*, F(x,t) < CltN + Cf(x,0).
Define a function space E as

E= {u e WHN M) :/ (IVeulN + V() |ul™) dv, < oo}
M

equipped with the norm

lleell g = (/M(IVgMIN + V@)lul™) dvg>N,

then the assumption V(x) > V; > 0 implies that E is a reflexive Banach space. For any
p > N, we define

u
R U
ueE\{0} (fM ulp dvy)?

a(x)

Page 3 of 21
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and

. el
)\.ﬂ = inf T.
ucE\{0} fRN ()dx

a(x

The continuous embedding of E < WN(M) < L#(M) (p > N) and the Holder inequality
imply

|ul? / |ul? / |ul? J
—dv, = ——dv, + —dv
M a(x) £ M\B,(0) a(x) ¢ B,(0) a(x) ¢

1 1
/ s 1\* H
< C/ |ul? dvy + (/ |ulP* dvg) (/ (—) dvg>
M\B,(0) B, (0) B,(0) \ @(x)

< Cllul’z,

here s is stated in the condition (a;). Thus we have S, > 0. We now introduce the following
three conditions.
(fa) limsup,_ o+ Nﬁf;f,’t) < &, uniformly in M.

(fs) There exist constants p > N and C, such that

flx,t) > Cyt?!,

where
(p-N)(N-1)

N\ A N
C,> p-N _ S% SP.
p (s—Dan P

(fe) H(x, ) = tf (x,£) — NF (%, ¢) is strictly increasing in ¢ > 0.
Our main results can be stated as follows.

Theorem 1.1 Suppose V satisfies (V1) and (V>), a satisfies (a1) and (ay), f satisfies (f;)—
(f6)- Then the problem (P,;) has a positive ground state solution.

Remark 1.2
(1) When (M,g) is the standard Euclidean space RY and a(x) = |x|? (0 < n < N), the
equation (P,) and the perturbation problem (P) have been studied by many authors
such as Adimurthi and Yang [36], Yang [37], Lam and Lu [38].
(2) Comparing with the existing literature, we firstly study the ground state solution of
problem (P,) on complete noncompact Riemannian manifold without the
Ambrosetti—Rabinowitz condition.

Theorem 1.3 Suppose V satisfies (V1) and (V3), a satisfies (a1) and (ay), f satisfies (fi)—(fa)
and (fs). Then the perturbation problem (P) has a nontrivial weak solution of mountain-

pass type.

This paper is organized as follows: In Sect. 2, some preliminary results are introduced.
In Sect. 3, we study the functionals and related compact analysis. In Sect. 4, we give a proof
of Theorem 1.1. Finally, in Sect. 5, we prove Theorem 1.3.
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2 Preliminaries

In this section, we give some preliminaries for later use.

Lemma 2.1 Suppose a satisfies (a1) and (a,), V satisfies condition (V7). Let o« > 0 and {u,,}

be a sequence satisfying

. N N
limsup [|u, || 77" < —,
n—00 o

1/(N-1
where oan = Na),\;fl

t>1,C>0,independent of n, such that

) is the sharp constant in Proposition A. Then there exist constants

f [¢(a|un|m)]tdvg§c
M

a(x)

Proof Since

N-1
. an\ ¥
limsup ||u, | g < o ,

n—00

passing to a subsequence, there exists 7y € N such that
N
luallf™ <m<—, Vn=n.
o

Choose k > ts' > 1 such that kam < ay and ¢t < s, here s is stated in the condition (a;) and

% + Sl, = 1. Now for each n > 1y, combining with —"— > 1,

| 21

dv,

/ [ (et | F1))f
M

a(x)

[® (0|1t | ¥°T)]* [ (et | W1
= - d -~ d
/l;p(o) a(x) et /M\Bp(o) a(x) Ve

“l=

<o

N ’
L5(B,(0)) (/Bp(o)(q)(a|”n|’”‘l))m d"g)

1
<o o ([ @5t a) [ 0 (et 1),

N 1 w1
< C/ cb(kalu,,IN—l)dvg < C/ Q| kam| —— dv,.
M M llzen |l £

The property @ (q)” < @(pq) (see [37]) has been used above. Finally, the result is derived
from Proposition A by taking v = V; in condition (V7). O

. c/ (& (erlunl 1))’ dv,
M\B,(0)

Lemma 2.2 Suppose V satisfies (V1) and (V3), a satisfies (a1) and (a3), we have E —

Li1(M), g > N. Moreover, this continuous embedding is compact.
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Proof From the condition (V;), we have E — W1N(M), together with the standard
Sobolev embedding theorem W'N(M) < LI(M) for any g > N, we immediately derive
that E can be continuously embedded into L7(M).

Next, for any ¢ > N, one needs to prove that the above continuous embedding E —
L1(M) is compact. Let {u,} be a sequence of functions with ||u,||¥ < C for some constant
C, it suffices to prove that, up to a subsequence, {u,} strongly converges in L7(M). Ob-
viously {u,} is also bounded in WV (M), thus we can assume that, for any g > N, there
exists ug € E such that up to a subsequence

U, — ug Iink,
u, — uo inL1(B,(0)),

U, (x) > up(x) a.e.in M.

Hence for any € > 0, there exists some positive integral g, such that when n > ny,
N €
|ty — uol™ dvg < —. (2.1)
B,(0) 2

On the other hand, for any € > 0, from the condition (V3), we can assume V(x) > 4C/e
when x € M\ B,(0), so

4C
— |un—uo|Ndvg</ V|u,,—u0|Ndvg <2C,
€ Jam\B,(0) M\B,(O)
thus
N €
[ty — uo|™ dvg < —. (2.2)
M\B, (0) 2

From (2.1) and (2.2), when # > 1y, we obtain

/ |1t — g |N dvg <e. (2.3)
M

By Holder’s inequality and the continuous embedding E < L1(M) (g > N), we have

-1
/Iun—uol"dvg=/ |y — | - |ty — uo|7™ dvyg
M M

1 N-1
N N(g-1) N
< (/ |u,,—u0|Ndvg) (/ |t — thg| N-T dvg)
M M
1
N N
SC(/ |t — uo) dvg> .
M

Combining with (2.3), we see that {u,} strongly converges in L7(M). O

Lemma 2.3 Suppose V satisfies (V1), a satisfies (a1) and (ay). Let B > 0 and |ulg <M
such that ﬁM% <oy and q> N, then

D (Blul 1)
/M |u|q%dvgscw,zv>nuu%.
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Proof On the one hand, using the Holder inequality, we have

N
[0} N-1
[ e,
By(0)

a(x)

% RN
L5(B,(0)) </1;,,(O) |u|qkdvg> (/M((D(ﬁ|u|1\[-1))td1/g> , (2.4)

where ¢ > 1 is sufficiently close 1 such that ,BtM% <ayand1/s+1/k+1/t=1.
On the other hand, we get

N
@ N=-1
/ ] (BlulN l)dvg
M\B,(0) a(x)

SC(/M|M|qV/dVg)y/</M(¢(ﬁ|u|%))ydvg)y, (2.5)

where y > 1 is sufficiently close 1 such that ,ByM% <an, l/y' +1/y = 1.
From (2.4) and (2.5), by Proposition A and the continuous embedding of E «— L4(RN)
(g = N), we have

< |a

®(Blu|¥T)
/M |u|q’i(+)dvgscw,zv>||u||z.

This completes the proof. O

3 Functionals and compactness analysis
We say that u € E is a weak solution of problem (P,) if, for all ¢ € E,

S u) ~
20 ¢$dvy=0.

/ (IVeulN2VouVep + V() |ulN2ug) dv, —/
M M

Define the functional I : E — R by

1) = ol - /M FZX) dve, 3.1)

where F(x,t) = fot f(x,5)ds. I is well defined and I € C*(E,R) thanks to the Trudinger—
Moser inequality. A straightforward calculation shows that

, _ _ (%, u)
(I'w), ) = /M IVoulN2VyuV o dvy + /M V) ulN2udp dv, - /M S ’:xb)‘ ddv, (32)

a

for all u, ¢ € E. Hence, a critical point of I defined in (3.1) is a weak solution of (P,).
In this paper, we will use the mountain-pass theorem for the existence of the Cerami
sequence which was introduced in [39, 40].

Definition A Let (E, || - || ) be a real Banach space with its dual space (E*, || - ||z+). Suppose
I e CYE,R). For c € R, we call {u,} C E a (C), sequence of the functional I, if

Iu,) —>c and  (1+ |lulle) |7 ()

E*—>O as n — oo.

Page 7 of 21
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Proposition B Let (E, | - ||g) be a real Banach space, I € C*(E,R), I(0) = 0 and satisfies:
(i) There exist positive constants 8 and r such that

) =38 forlulg=r

and
(ii) there exists e € E with ||e||g > r such that

I(e) <0.
Define c by

= inf max I(y(¢)),
¢= inf max (@)

where
Ir=:{y €eC([0,1]:E) : y(0) = 0,y(1) = e}.
Then I possesses a (C). sequence.
Next we will check the geometry of the functional I.

Lemma 3.1 Assume that (V1), (f1) and (fi) hold, a satisfies (a1) and (ay). Then there exist
positive constants § and r such that

1w)=3 for|ule=r.

Proof From (f), there exist o, € > 0, such that if || <,

Aoy —0O

Flx,u) < ul¥

for all x € M. On the other hand, using (f;) for each g > N, we have

C
Flou) < lul + ¢ u| D (eto 14y | T )
N
< Clul"® (ato| | N-T)

for || > € and x € M. Combining the above estimates, we obtain

Ay—0O

Fx,u) < )N + Clual (eto |y | ¥-1),

for all (x,u) € M x R. Fix r > 0 small enough such that aor% < ay, then Lemma 2.3

implies
1 F(x,u)
I(u) = —|lull - d
(I/l) N“u”E /[;/I a(x) Vg
1 Na — N 1 (0t |4y | N°T
Lyt [N ek )
N N ' a(x) M a(x)

Page 8 of 21
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1 ra—o [ |ulN
> —luly - = /—dvg—CIIuIIZ
N N Jy alx)
1 Aoy —O o
Zﬁ<1— “)\a )IIMII@’—CIIMIIZ—: Nxallullfg’—cllullz,

for |lu||g < r. Hence, I is bounded from below for ||«| < r. Since o > 0 and g > N, we may
choose a small r that satisfies the inequality

i N Crl>
NX, 2N X,

rN)
and we derive that

I(u) >

Ni=8>0 for|lullg=r.
2N,

This completes the proof. O
Lemma 3.2 If the condition (f;) is satisfied, then there exists e € BS(0) such that

I(e) < inf I(u),

lullg=r

where r is given in Lemma 3.1.

Proof Letu € E\ {0}, u > 0 with compact support £2 = supp(«), by (f2), there exists d such
that, for all (x,s) € 2 x R*,

F(x,s) > Ms™ —d.
Then

N JulN
I(tu) < ﬁlluHJg—MthQ ﬁdvg +0(1)

el |
=< tN(T —M/Q mdl@) +O(1).

N
Now, choose M > %, which implies that I(tu) — —oo as t — oc. Setting e = tu with
s dy
2 ‘alx) V8
¢ sufficiently large, the proof of the lemma is completed. O

From Lemmas 3.1 and 3.2, we get a (C). sequence {u,} C E by using Proposition B, i.e.,

I(y) > >0 and  (1+ [luallE) |1 (un)

>0 asnm—>o00 (3.3)
where

= inf max I(y (¢
¢= inf max (r@)

and

r=:{y eC([0,1]:E): y(0)=0,y(1) =e}.
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Lemma 3.3 Suppose V satisfies (V1) and (V3), a satisfies (a1) and (a,), f satisfies (fs), then
the level c € (0, % (1 — 2)2X)N-1),

s’ ag

Proof Firstly, we claim the best constant S, (p > N) in (1.3) can be obtained. In fact, since

5= i Il

P 17
u€E\ {0} (fM % dvg)p

we can choose 1, such that

|1

dvg=1 and |lu,lle—S, asn— oo,
M ax)

so u, is bounded in E. From Lemma 2.2, there exists u € E such that up to a subsequence
Uy, — u in E, u, — u in L?(M) and u,(x) — u(x) almost everywhere in M, so u, — u in
L1(B,(0)) for all ¢ > 1 and a € L*(B,(0)), by the Holder inequality

u,|? ul?
f 4] dv, —>/ Ldvg.
B,(0) @) B,(0) (%)

From (a,), we have

|t = |uf? p-1, |, p-1
————|dv, < pC (|un| + |ul )|u,, — uldv,
M\B,(0) a(x) M
1
»
< C(/ |uy —u|1”dvg) — 0.
M
This implies
v »
ﬂdx: lim 4] dx=1.
M a(x) n—>00 Jar ax)

We also have [|u|z < lim,— o |t4xllg = Sp, thus |lu||g = S,. We finished the proof of the
claim.

We claim that there exists a number t, > r such that for the above u we have
I(tou) <0,

namely, we can take e = fyu as in Lemma 3.2. In fact, for ¢ > 0, by condition (fs), we have

N £
I(tu) < ﬁs;)f - —C,.
p
Since p > N, by choosing ¢, large enough we get the claim clearly.
From the definition of ¢, take y : [0,1] — E, y(t) = ttou with e = tyu as claimed above.
We have y € I' and therefore

¢ < max I(y(t)) < max I(tu)
te(0,1] >0

N o
< max SN _ -G
=0 \N 7 p
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Np_
p-NS
Np C;#N

((0-D2)
<—((1--)— .
N s/ o

In the last estimation we have used the inequality in condition (fs). The proof of Lemma 3.3

is completed. d

It is well known that the absence of the Cerami compactness condition brings about dif-
ficulties in studying this class of elliptic problems involving critical growth and unbounded
domains. In the next lemma, we will analyze the compactness of Cerami sequences for I.

Lemma 3.4 Suppose that the conditions (V1)—(V3), (f1)—(f1) and (fs) are satisfied, a sat-
isfies (a1) and (ay), let {u,} C E be an arbitrary Cerami sequence of I, then there exists a
subsequence of {u,} (still denoted by {u,}) and u € E such that

fun) flou)
a(x)n g a(x)

Elou) _, Foot) — gpropgly in LY (M),

a(x) a(x)

Veu, — Veu almost everywhere in M,

|Vt [N 2Vt — |Vou|N"2Vou  weakly in (LN'W-D(AD)N.

strongly in L (M),

loc

Furthermore, u is a weak solution of (P,).

Proof We shall prove that {u,} is bounded in E. Indeed, suppose by contradiction that
llotnlle — +00

and set

Up

Vn= "
ll2nll

then |lv,|| = 1. From Lemma 2.2, we can assume that, for any g > N, there exists v € E such
that up to a subsequence

vi—=v* inkE,
vi— vt in L1(M),

vi—v" aeinM.

We will show that v* = 0a.e.in M. Infact,if A* = {x € M : v*(x) > 0} has a positive measure,
then in A*, we have

lim u) = lim v} ||u,| = +oo.
n—00 n—00

From (f,) we have

F(x, u;(x))

——1 " =400 ae.inA*
n—00 a(x)|uj, (x) [N
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and
F(x, 1} (x)) o B .
n%wm| (x)| =+00 a.e.in A".
Thus
F )
f lim (x “ (x)) | ’ dvy = +00.
M n—>oo a

Since {u,} C E is an arbitrary Cerami sequence of I, we have

u,,(x))
allr =Nc+ N —"1 " d (1
||z ||E c+ / ﬂ() Vg +0,(1)
then
/F(x,u;(x))
———"——dvg — +00,
M a(x)
SO
F(x,
liminf / (&, u (x)) — BBy )| v
wo o ) O
. F(x, +(96))
=11m1nf/ 7dv
n—oo Jyr alx)u, N 6
= liminf fM x)
100 Nc+NfM xﬂ”;’ dvg+o,,(1)
B 1
=

This is a contradiction. Hence v <0 a.e.and v} — 0in E.
Let ¢, € [0, 1] be such that

1(t,u,) = max I(tu,).
te(0,1]

For any given A € (0, ((1 - 1)°‘N )N ) for the sake of simplicity, let

1-1)
e:w—a(po,

ANT

-1

In the following argument we will take A — ((1 — %)%)% and so we have € — 0. From
condition (f;), there exists C > 0 such that

Fx,t) < Clt]N + €® (o + )IE]FT),  V(x,2) € M x R (3.4)
In fact, from condition (f;), we have

C
FGot) < <10V + 1£1® (et £ 7).
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By using the Young inequality, for }9 + é =1,p,qg>1, we have

@ b
ab<e— +e 17—
q

So we have

N
C €d L[| N-T t
N q

Now we take p = “0” and g = “2< > N. One can see that near infinity |¢|? can be estimated

from above by @((ao +€)|t| N1 ), and near the origin |£|7 can be estimated from above by
2N

We also have = € [0, 1] with sufficient large #, so by using (3.4)

I(tnun) = I(LL{H) = I(Avn)
ll 24l

AN F(x,Av,)

=0 - d
N Ju al
AN F(x,Av})
=07~ ——>dv,
N Ju ak)
+ N
ZA_N_EAN vilN v / q)((a0+6)|Avn|N-1)dvg
N N m ax) M a(x)
AN C +|N d((1-1 - 3
> _ AN |V,,| dv —6/ (( S)OIN|Vn| ) (;[Vg.
N N M ax) M a(x)

Since v} — 0in E and the embedding E — L7(M) (g > N) is compact, by using the Holder

inequality, we have [, lﬂ’(‘L dvg — 0.By Proposition A, [}, % dv, isbounded.
Note that when A — (%) e , € — 0, we can show
1 1 N-1
liminfI(t,u,) > — <(1 - —) a—N> >c. (3.5)
n—>00 N s ) ag
Notice I(0) = 0 and I(x,) — ¢, we can assume ¢, € (0, 1), and so I'(¢,u,)t,u, = 0, it follows
from (fs) that
NI(ty1n) = NI(tytan) = I (tathn)tnthn
x,t U X, bylhy)Enlh
= It - N/ B ttn) e tyaaa ¥ + /f ol g,
a(x)
H(x,t,u,) H(x, Uy)
dvg < Vg
Cal) M ax)

= NI(MVI) - Il(un)un

= NI(u,) + 0,(1) = Nc + 0,,(1),

Page 13 of 21
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which is a contradiction to (3.5). This proves that {u,} is bounded in E. It then follows

from (3.3) that
S w)uy, F(x,u,)
[ Fagamse [ Sgese

By (f3), there exists C > 0 such that
F(x, 1) < Clu | + Cf (x, 1)

From Lemma 2.2 and the generalized Lebesgue dominated convergence theorem, dis-

cussed as Lemma 7.6 in [33], we can derive that

fou,)  flxu)

—

a(x) a(x)

strongly in LllOC (M) (3.6)

and

F(x,u,) N F(x,u)
a(x) a(x)

strongly in L*(M). (3.7)

Now we prove the remaining part of the lemma. Up to a subsequence, we can define an

energy concentration set for any fixed § > 0,

X5 = {xeM:lim lim (IVgutn N + [1a|N) dvg 25}‘
(%

r—>0n—o0 By (%)

Since {u,} is bounded in E, X5 must be a finite set. For any x* € M \ Xj, there exists
r:0<r<dg(x*, Xs) such that

lim Vot N + |, |N) dv, < 8.
et ]B,(x*)(l e Unl 7 ) Vg <

It follows that, for large #,
/ (IVgutnN + |1 |N) dvg < 6. (3.8)
By (x*)

Thanks to the Trudinger—Moser inequality in Lemma 2.1, for sufficiently small § > 0, there

exists g > 1 such that

Uf (x, )1
/[B @ dvy < C. (3.9)

For any L > 0, we denote

Ap={xeB,(x*): |ux)| = L}.
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It can be estimated that

lf(x’ un) _f(x’ Z't)| |u|

AL a(x)

If(xr un) _f(x, l/l)|q % |u|q/ i
= < Ap a(x) dVg> </AL a(x) dvg)
If G, )17 )3 ( If (x, )7 H
: [(-[Br(x*) a(x) ) ¥ /Ia%r(x*) a(x) "
1 75 s
d
- (/Br(x*) a(x) Vg) (

dv,

@

where 011 + % =1, % + Sl, = 1. Here we have used (3.9) in the last inequality. Since u €
L7" (B,(x*)), we have, for any § > 0,

lf(xl un) _f(x’ Lt)| |Lt|

AL a(x)

dvg < B, (3.10)

provided that L is chosen sufficiently large. It follows from (3.6) that

lim / G ) = f G, )l dvg = 0. (3.11)
By (e)\Ay

n—00 a(x)

Combining (3.10) and (3.11), we have

lim lf(x: un) _f(x’ Lt)| |M|

=00 Jp, (%) a(x)
and thanks to the fact that 8 > 0 is arbitrary,

111’1’1 lf(x: un) _f(x’ M)| |Lt| d
n—00 Jp (%) a(x)

Ve = 0. (3.12)

On the other hand, we have by using the Holder inequality, (3.6), and (3.9),

X, U Uy, —U
/ I s 1) 14 |dvg
By (x*)

a(x)
fluw)l? N\ 1 \&
X, Uy q 75
= 461") (f —dv) ety — ull, oo oo
(/Broc*) aw) ) \Upwaky ¢ n = HlLds @, )
< Clltty = ttll s 5,y = O (3.13)

where % + % =1, % + 1 = 1. Combining (3.12) and (3.13), we get

S

hm If(xr un) _f(xr M)M|

=00 JB, (%) a(x)

dvy = 0.
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A covering argument implies that, for any compact set K CC M \ X,

Jim | I, ”)ﬂ(_xj; G, w)ul dvg = 0. (3.14)

Next, we will prove for any compact set K CC M\ X

lim [ |Veu, — VoulN dvg = 0. (3.15)

n—00 K

It suffices to prove for any x* € M \ X; and r given by (3.9), we have

lim |Vt — VeulN dvg = 0. (3.16)

n—00 Bﬁ(x*)

For this purpose, we take ¢ € C3°(B,(x*)) with 0 <¢ <l and ¢ =1 in B%(x*). By the
Holder inequality and the compact embedding of E < LN (M), we have

lim |Vottn N2 Vg1t, Vo (1t — ) dvy = 0. (3.17)

n=>00 [ (x¥)

Since Vi, — Vi in (LN(M))N, we have

lim G|Vt |N 2 Vou(Vou — Vou,) dvg = 0. (3.18)
*)

n—>00 Jp (x

The Holder inequality and (3.13) implies that

lim / P AL, (3.19)
n—>00 [ () a(x)
Note that
N-2 N2 N N o (N2 =12 (%12 = 1y1%)
(=" Pypa—) = ——— I —yI° + 5 .
Hence,

N2+ |y

5 22N —y|N, (3.20)

(leN 22 = N2y, — ) > lx -y >

Obviously ¢u, is a bounded sequence in E. Inserting ¢ = ¢u, and ¢ = ¢u into (3.3), re-
spectively, we have from (3.17)—(3.20) and 7, — 0 as n — 00

0<2?N / |Vt — VeulN dv,
By (a*)
< / DI Vgutn N Vg — |VoulNVeu, Vou, — Vu)dv,
By (x*)

5/ |vgun|N-2vguan¢(u—un)dvg+/
]Br(x*)

By(x

DI VeuN A Vu(Vou — Vou,) dvg
)

. / (1t — 0 4 4 bl + gl — O. (3.21)
B, (x*) a(x)
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We derive (3.16) from (3.21). Hence, (3.15) holds thanks to a covering argument. Since
X5 is a finite set, it follows that V,u, converges to V,u almost everywhere in M. This

immediately implies, up to a subsequence,
VotV 210, — VN2V in (LT (Bg(0)))"

for all R > 0. For any fixed ¢ € C{°(M), there exists some Ry > 0 such that the support of ¢
is contained in the ball Bg,(O). Hence,

lim | (IVgunlN Vo, — |VeulNVeu)p dvg — 0.

n—00

This equality holds for all ¢ € LT (M), thanks to the density of C§°(M) in L N1 (M). Hence,

we obtain

Vet N2Vt — VN 2Veu  in (¥ (M), (3.22)
we obtain by combining (3.6) and (3.22),

('), 0)=0, Vg eCrM).

Since C§°(M) is dense in E, the above equation implies that u is a weak solution of (P,).

This completes the proof of the lemma. 0

4 The ground state solution

Proof of Theorem 1.1 By the process of proof in Lemma 3.4, we see that the Cerami se-
quence {u,} is bounded in E and its weak limit u is a critical point of the functional I.
We will show that u is nonzero. If u = 0, since F(x,0) = 0 for all x € RV, from Lemma 3.4,

we have
lim ||u,|¥ = Ne> 0. (4.1)
n— 00

l)OlN)N 1

) o , so there exist some ¢ > 0 and 7, > 0 such that

Lemma 3.3 implies 0 < ¢ < %((1

||u,,||2[ <((1- i)‘gg €o)N7! for all # > n,. Choose g > 1 sufficiently close to 1 such that

N
qoollun | f7 < (1 - Doy — €garg/2 for all n > n,. By (f1),

N
S un) < crlun™ + calu,| @ (o] ¥°T),

thus
I,f(x’ Mn)un|
a2
<c / |Mn|N |M,,|(1) a0|un|N 1)
=01 a(x) g
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3 /|un|Nd . (/ Olqeolun Y1) N[ md? N7
=a v ax) Vet 2 M a(x) e M alx) e

, 1
o, [N (/ [0, |7 )?

<c dv, + C dv, — 0,

- I/M a(x) ¢ o oax) ¢

here we used Lemma 2.2 in the last step. From I’(u,,)u,, — 0, we have

lim [|u,|¥ =0, (4.2)
n—0o0

which is a contradiction with (4.1), so u is nonzero.
Now, we will show the existence of positive ground state solution for (P,). Setting

m=inf I(u), A:={ueE\{0}:I'(u)u=0}
ueA

Let ¢ be the mountain-pass level, obviously m < c.

On the other hand, let # € A, then u > 0. In fact, denote u~ := min{, 0}, from I' ()u™ =0,
we have ||u~|| =0, thus # > 0 on M, from I(u) = ¢ > 0, we know u is positive on M. Define
h:(0,+00) — R by h(t) = I(tu). We see that & is differentiable and

K@) =T tuw)u =N u|N - /A4f(9:(;b;)u dvg, VE>0.

From I'(u)u = 0, we get

K () =T tuw)u - (w)u,

SO

uN-1 (tu)N‘l

K (t) = tN‘l/

M

——dv,, VE>0.
) Vg >

(f(x, u)  f(x tu) ) uN

By (fs) and u > 0, we conclude that /'(t) >0 for 0 <t < 1 and //'(t) < O for ¢ > 1, since /'(1) =
0, thus,

I(u) = r?jgd(tu).

Now, define y : [0,1] — E, y () = ttou, where £ is a real number which satisfies I(fyu) < O,
we have y € I', and therefore
¢ < max I(y(t)) < max [(tu) = I(u).
te(0,1] >0

Since u € A is arbitrary, we have ¢ < m, thus ¢ = m. This completes the proof of Theo-
rem 1.1. 0

5 The nontrivial solution of perturbation problem
In this section, we consider the following perturbation problem:

JM +eh(x) inM (P)

a(x)

~Aiv(IVeulN2Veu) + V() ulN2u =

where e >0, h€ E*, h > 0and & #0.
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We say that u € E is a weak solution of problem (P) if for all ¢ € E,

(%, u)
f;sz)l pdvy—€ /RN h(x)p dv, = 0.

/ (IVeulN2VouVe + V() |ulN *ug) dvg—/
M M

Define the functional I, : E — R by

1 F(x,
I.(u) = ﬁ||u||2[ - /RN %dvg —e/Mh(x)udvg, (5.1)

where F(x,t) = fot f(x,s)ds. I is well defined and I € C'(E,R) thanks to the singular
Trudinger—Moser inequality. A straightforward calculation shows that
(I'w),¢)= f (IVeulN"2Vou Ve + V() |ulN"2ug) dv,
M

[ f@w

M ax)

pdvg—€ /M h(x)¢ dv,, (5.2)

for all u, ¢ € E, hence, a critical point of (5.2) is a weak solution of (P).
Next, we will prove Theorem 1.3, one solution is obtained by using the mountain-pass
theorem without Cerami condition.

Proof of Theorem 1.3 As in previous sections, it is similar to the first part of Theorem 1.1,
I, satisfies the geometry condition of the mountain-pass theorem; i.e., I. € C*(E,R), there
exists €; > 0 such that when 0 < € < €1, I. (1) > 8, > O for ||u||g = re; I (e) < O for some e € E
with |le||g > re, where re can be further chosen such that r. — 0 as € — 0. Then, by the
mountain-pass theorem without the Cerami condition, we get a (C). sequence {u,} C E;

ie.,

Ie(uy) = cc and (1 + [|unllE) |1 ()|

>0 asn—>o00 (5.3)
where

— inf L(y®) =8
ce = inf max (@) = 8.

is the min—max value of .. By a similar argument to Lemma 3.4 to I, there exists a sub-

sequence of {u,} that is bounded and its weak limit # is a critical point of the functional
I.. This completes the proof of Theorem 1.3. d

Acknowledgements
The authors are very grateful to the editorial board and the reviewers, whose comments improved the quality of the
paper.

Funding

This work was supported by NNSF of China (11471170, 11790271), Guangdong Basic and Applied basic Research
Foundation (2020A1515011019), Innovation and development project of Guangzhou University, and Nankai Zhide
Foundation.

Availability of data and materials
Not applicable.

Competing interests
The authors declare to have no competing interests.



Liu and Liu Journal of Inequalities and Applications (2020) 2020:74

Authors’ contributions
This entire work has been completed by the authors. The authors read and approved the final version of the manuscript.

Author details
'School of Mathematics and Information Science, Guangzhou University, Guangzhou, PR. China. ?School of
Mathematical Sciences, Nankai University, Tianjin, PR. China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 23 May 2019 Accepted: 6 March 2020 Published online: 17 March 2020

References

1.
2.

18.
19.

20.

AR
22.

23.

24.

25.

26.

27.

28.

29.

30.

31

32.

Brézis, H.: Elliptic equations with limiting Sobolev exponents. Commun. Pure Appl. Math. 39, 517-539 (1986)
Brézis, H., Nirenberg, L.: Positive solutions of nonlinear elliptic equations involving critical Sobolev exponents.
Commun. Pure Appl. Math. 36, 437-477 (1983)

. Bartsch, T, Willem, M.: On an elliptic equation with concave and convex nonlinearities. Proc. Am. Math. Soc. 123,

3555-3561 (1995)

. Capozzi, A, Fortunato, D., Palmieri, G.: An existence result for nonlinear elliptic problems involving critical Sobolev

exponent. Ann. Inst. Henri Poincaré, Anal. Non Linéaire 2, 463-470 (1985)

. Garcia, A, Alonso, P: Existence and non-uniqueness for the p-Laplacian. Commun. Partial Differ. Equ. 12, 1389-1430

(1987)

. Adimurthi, A.: Existence of positive solutions of the semilinear Dirichlet problem with critical growth for the

N-Laplacian. Ann. Sc. Norm. Super. Pisa XVII, 393-413 (1990)

. Adimurthi, A, Yadava, S.: Multiplicity results for semilinear elliptic equations in a bounded domain of R? involving

critical exponent. Ann. Sc. Norm. Super. Pisa XVII, 481-504 (1990)

. de Figueiredo, D.G, do O, JM,, Ruf, B. On an inequality by N. Trudinger and J. Moser and related elliptic equations.

Commun. Pure Appl. Math. IV, 135-152 (2002)

. de Figueiredo, D.G,, Miyagaki, O.H., Ruf, B.: Elliptic equations in R? with nonlinearities in the critical growth range.

Calc. Var. Partial Differ. Equ. 3, 139-153 (1995)

. do O, JM.: Semilinear Dirichlet problems for the N-Laplacian in R" with nonlinearities in the critical growth range.

J. Differ. Equ. 9, 967-979 (1996)

. Panda, R.: On semilinear Neumann problems with critical growth for the N-Laplacian. Nonlinear Anal. 26, 1347-1366

(1996)

. Lam, N., Lu, G Elliptic equations and systems with subcritical and critical exponential growth without the

Ambrosetti-Rabinowitz conditions. J. Geom. Anal. 24, 118-143 (2014)

. Trudinger, N.S.: On embeddings into Orlicz spaces and some applications. J. Math. Mech. 17, 473-484 (1967)
. Moser, J.: A sharp form of an inequality by N. Trudinger. Indiana Univ. Math. J. 20, 1077-1091 (1971)
. Kryszewski, W, Szulkin, A.: Generalized linking theorem with an application to semilinear Schrédinger equation. Adv.

Differ. Equ. 3, 441-472 (1998)

. Alama, S., Li, Y. Existence of solutions for semilinear elliptic equations with indefinite linear part. J. Differ. Equ. 96,

89-115(1992)

. Ding, W,, Ni, W.: On the existence of positive entire solutions of a semilinear elliptic equation. Arch. Ration. Mech.

Anal. 31, 283-308 (1986)

Jeanjean, L.: Solutions in spectral gaps for a nonlinear equation of Schrédinger type. J. Differ. Equ. 112, 53-80 (1994)
Cao, D.: Nontrivial solution of semilinear elliptic equations with critical exponent in R?. Commun. Partial Differ. Equ.
17,407-435(1992)

Panda, R:: Nontrivial solution of a quasilinear elliptic equation with critical growth in RY. Proc. Indian Acad. Sci. Math.
Sci. 105, 425-444 (1995)

do O, JM:: N-Laplacian equations in R" with critical growth. Abstr. Appl. Anal. 2, 301-315 (1997)

Alves, C.O, Figueiredo, G.M.: On multiplicity and concentration of positive solutions for a class of quasilinear
problems with critical exponential growth in RY. J. Differ. Equ. 246, 1288-1311 (2009)

do O, JM, Medeiros, E, Severo, U: On a quasilinear nonhomogeneous elliptic equation with critical growth in RV,

J. Differ. Equ. 246, 1363-1386 (2009)

Aubin, T.: Sur la function exponentielle. C. R. Acad. Sci. Paris, Ser. A 270, 1514-1516 (1970)

Cherrier, P: Une inégalité de Sobolev sur les variétés Riemanniennes. Bull. Sci. Math. 103, 353-374 (1979)

Cherrier, P: Cas d'exception du théoréme d'inclusion de Sobolev sur les variétés Riemanniennes et applications. Bull.
Sci. Math. 105, 235-288 (1981)

Fontana, L.: Sharp borderline Sobolev inequalities on compact Riemannian manifolds. Comment. Math. Helv. 68,
415-454 (1993)

Ding, W., Jost, J,, Li, J, Wang, G.: The differential equation Au =8m - 8mhe" on a compact Riemann surface. Asian J.
Math. 1, 230-248 (1997)

Li, Y Moser-Trudinger inequality on compact Riemannian manifolds of dimension two. J. Partial Differ. Equ. 14,
163-192 (2001)

Li, Y The extremal functions for Moser-Trudinger inequality on compact Riemannian manifolds. Sci. China Ser. A 48,
618-648 (2005)

Yang, Y.: A sharp form of Moser-Trudinger inequality on compact Riemannian surface. Trans. Am. Math. Soc. 359,
5761-5776 (2007)

Yang, Y.: A sharp form of trace Moser-Trudinger inequality on compact Riemannian surface with boundary. Math. Z.
255,373-392 (2007)

Page 20 of 21



Liu and Liu Journal of Inequalities and Applications (2020) 2020:74 Page 21 of 21

33.

34.

35.

36.

37.

38.

39.

40.

Yang, Y.: Trudinger-Moser inequalities on complete noncompact Riemannian manifolds. J. Funct. Anal. 263,
1894-1938 (2012)

Yang, Q, Su, D, Kong, Y.: Sharp Moser-Trudinger inequalities on Riemannian manifolds with negative curvature. Ann.
Mat. Pura Appl. (4) 195, 459-471 (2016)

Kristaly, A.: New geometric aspects of Moser-Trudinger inequalities on Riemannian manifolds: the non-compact
case. J. Funct. Anal. 276, 2359-2396 (2019)

Adimurthi, Yang, Y: An interpolation of Hardy inequality and Trudinger-Moser inequality in RY and its applications.
Int. Math. Res. Not. 13, 2394-2426 (2010)

Yang, Y.: Existence of positive solutions to quasilinear elliptic equations with exponential growth in the whole
Euclidean space. J. Funct. Anal. 262, 1679-1704 (2012)

Lam, N, Lu, G.: Existence and multiplicity of solutions to equations of n-Laplacian type with critical exponential
growth in RN, J. Funct. Anal. 262, 1132-1165 (2012)

Cerami, G.: An existence criterion for the critical points on unbounded manifolds. Ist. Lomb., Accad. Sci. Lett, Rend. A
112,332-336 (1978) (Italian)

Cerami, G.: On the existence of eigenvalues for a nonlinear boundary value problem. Ann. Mat. Pura Appl. 124(4),
161-179 (1980) (talian)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	The existence of ground state solution to elliptic equation with exponential growth on complete noncompact Riemannian manifold
	Abstract
	MSC
	Keywords

	Introduction and main results
	Preliminaries
	Functionals and compactness analysis
	The ground state solution
	The nontrivial solution of perturbation problem
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


