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1 Introduction
In this paper, we consider the following three-dimensional nematic liquid crystal flows

with damping:

du—vAu+ - Vu+alulflu+ Vp=-AV-(Vd O Vd),

0d + (u-V)d=y(Ad-f(d)),

V.u=0, (1)
ulap = dlap =0,

u(x,0) = uo(x), d(x,0) = do(x).

Here, x € D C R? is a bounded domain with the boundary 9D and ¢ > 0. u = u(x,t) is
the velocity field of the flow, d = d(x, t) represents the (averaged) macroscopic/continuum
molecule orientation and p is the pressure. v, , ¥, a are positive constants, 8 > 1 and
f@d) = ﬂ%(ld|2 —1)d (n > 0). The 3 x 3 matrix is given by (Vd © Vd);; = 9;d - 9;d for (1 <
i,j < 3). For simplicity, wesetv=y =A=n=1.

Recently, the 3D nematic liquid crystal flows were proposed by Lin ([1, 2]) and have
been extensively investigated. The damping term describes many physical situations such
as drag or friction effects, porous media flow, some dissipative mechanisms. When d =0,
the problem (1) reduces to the three-dimensional Navier—Stokes equations with damp-
ing. In [3-6], the well-posedness of the three-dimensional Navier—Stokes equations with
damping is proved for § > 3 with any « > 0 and o > i as B = 3. The global existence of
weak solutions of the 3D nematic liquid crystal flow was proved in [7]. In [8], the exis-
tence and uniqueness of strong solutions for the 3D magneto-micropolar equations were
proved for 8 > 4 with any « > 0.
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This paper is organized as follows. In Sect. 2, we will prove the existence and uniqueness
of strong solutions for the 3D nematic liquid crystal flows with damping for g > 4 with

any o > 0. Moreover, we get the following main result.

Theorem 1.1 Let (1o, doy) € H'(D) x H*(D) such that V - ug = 0, for B > 4 with any a > 0.
Then the problem (1) has a unique strong solution (u, d) satisfying for any given T > 0

ueL®(0,T;H') N L*(0, T;H*) N LP*1(0, T; LF* (D)),
deL>®(0,T;H") NL>(0, T;H*) N LZ(O, T;H?),
|u|%w € L*(0, T;L*(D)), V|u| f e L*(0, T;L*(D)).
2 Proof of Theorem 1.1
In this section, C represents a nonnegative constant whose value may be different from

line to line. Multiplying the first equation of Eq. (1) by u# and the second equation of (1) by
—Ad + f(d), integrating the result over D, and summing their results, then we have

(|u|2 +|Vd|? +2F(d)) 0lx+/(|Vu|2 +oulftt+ ’Ad—f(d)‘z) dx =0, (2)
2 dt D

here f(d) = VF(d), (u - V)u,u) = (1, Vp) ((u V)d.f(d)) = (u, V—=5- 1vai2 )=0and V- (Vd ©
Vd) = V(%) +Ad-Vd,ie. F(d) = 'dl 'dl . Then it is easy to get

el zoc 0,52y + NNl Loor o, sy + el 20,71y < C. (3)
Multiplying the second equation of (1) by |d|?d, it is easy to get
/ |d[*dx + = ||V|d| HLZ /(|d|2|Vd|2 +1d|®) dx = / |d|* dx. (4)
4 dt D
Applying the Gronwall inequality, then we have
4 ! 2 ‘
la@®)]; +f Ivid?|;, ds +/ /(|d|2|Vd|2 +1d|°) dxds < C(t,dy). (5)
0 o Jp

Multiplying the second equation of (1) by f(d), we deduce

d

T / F(d)dx = / (Adf(d) - V(d)|2) dx. (6)
Adding (2)—(6) and using the Gronwall inequality and f(d) = (|d|* - 1)d, we have

Al oo 0,701y + 1€l 200, 722) < C. (7)

Multiplying the first equation of (1) by —Au, it is easy to get

40[(ﬂ “ u |ﬂ

53 ||VM||L2+||AM||L2+“”|”‘| Yl + 2

:/(u~V)u-Audx+/VdAdAudx. (8)
D D
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Taking A on the second equation of (1) and dotting with Ad, we get

1d
2dt||Ad||L2 +IVAd|Z, = -/ Af(d)Addx—/ AuVdAd dx
—22/ Vu;0; Vi Ady. dx. )
k=1

Adding (8) and (9), we have

li(IIVuIILz +1Ad|I7.) + [ Aulf, + VA7 +Ol|||u| E VM||Lz
2dt
4a(B-1)
+ (ﬁ+1)2 ||V| “L2

:/(u-V)u.Audx /Af(d)Addx 2Z/w,a VdiAdy dx
D

ik=1
3
=> L) (10)
i=1
For I(¢), using the Young inequality and the Holder inequality, it is easy to get, for any
B >3,
1 2 2 7 4
\L(@6)] < ~1Aul}, +C Iul |Vul 71| Vul* 7T dx
1 A FUVurdx + C||V (11)
=l ully> + 5 IMI |Vul*dx + Cl|Vul|Z,.

Inspired by [3—5] and exists 6 > 0, we get 1 — 55 > 0 and @ — 5 > 0. Then we get the above

estimate easily for o > 1 as B =3.
For I,(t), integrating by parts, applying the Holder inequality and the Young inequality,

we get

3 3
L(t) = Z/ ai(|d|2d)8iAddx—Z/ 8idd; Ad dx
i-1 YD i-1 YD

< C(IVdllsIVAdI2 Il + IVl 21V Adll2)

—_

< ZIVAdIE + C(IVAIl + VAl 1 AdI)

Hup

~|VAd|?, + CllAd|?, + C. (12)

..1;

For I3(¢), since ﬁ <1 for B > 4, by using the Holder, Gagliardo-Nirenberg and Young

inequalities, we get

3
L(t) = 22( / w;0,VdV Ad dx + / u,-B,-VZdAddx)
i=1 \D D

< Cllull s | Ad|l 2pe) VA2
LR
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B+4

CllullsallAdl] it Ivad|?!

1 (ﬂ+1)
EIIVAdIILz +Cllull fry 1Ad]7

1
= ZIVAdIZ + C(L+ ) 1Ad] . (13)
Adding (10)—(13), it is easy to get

dt(nwnp FIAIS) + 1AulZ, + VA + 117 Vul?, + | Vi T |2,

< C(L+ Nl h) (1ad)2, + 1Vul?) + C. (14)
Applying the Gronwall inequality and (3), we have

|Vu@)| . + | Ad®)|

/S+1

/ (1Au)12, + IVAL|Z, + | |u| w||L2 + || Viul 2 )ds

< C(t, uo, o). (15)

Next, we will prove the uniqueness of the strong solutions of the problem (1). Let (x,d)
and (it,d) be the two solutions for the problem (1) with the same ug, doy. Assume that
(i1,d) = (it — u,d — d). Then we have

1d, . N . N B
—%(nuniz +IVdl2,) + I Vidl2, + | Ad)%, +a/(|u|ﬁ Vi~ ul? " u) (@ - u) dx
D
5/ |a|2|vu|dx+/ ||| Vd||Ad| dx
/|u||Vd||Ad|dx+/[f f(d)||ad| dx

= iji(t). (16)
Since g(u) = a|u|?~'u is a monotonic function in D, it is easy to get
a/l;(|iz|ﬁ’lﬁ—|u|ﬁ’1u)(ﬁ—u)dx20. (17)
For /1 (), using the Gagliardo—Nirenberg and Young inequalities, we have

1 3
() < Clitl IV il %, [ Vil 2

1 R _ N
= IViLl?, + CIIVal |l 2. (18)

Page 4 of 6
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For /,(¢) and J5(¢), similarly, we also get
Jo(t) < Clladl | Vel o | Adl| 2
13 .1 .3
< Cllal B IVal 5, 19 al L 1 AL | Ad
1. A o .
< gIIVMIIfz + g”Adniz + ClAd| (17, + 1Vd2,) (19)
and
_ Al 3
J3(t) < Cllall s |Vdll 1 Adll
R B .
<3 IAd|Z, + ClIValf2 V|2 (20)
For /4(¢), applying the Holder inequality, we get
Ju(@) < |[f@ -f@] 2l Ad 2
1 N - N
< L—LIIAdlliz + C(L+ |Vdl}2 + IVAl 7)1V (21)

Summing (16)—(21), we have

d, . - . N
E(Ilullfz +IVd|I7,) + I Va7, + 1 Ad7

< C(L+ |Vallt, + IVAlL + 11VAlE + I AdIL) (12012 + 1Vd]2,). (22)
Applying the Gronwall inequality and (7) and (15), then we have

@5 + [VA@72 < (i) 2 + | Va©)] 7)o O, (23)

where, H(s) = 1+ [|Va(s)[|}, + ||V6_i(5)||i2 + | Vd@s)17, + ||Ac_i(s)||%2. The uniqueness of the
strong solutions of the problem (1) is proved. This completes the proof of Theorem 1.1.
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