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1 Introduction
Consider on the interval I = [g, b] the system of higher-order linear functional differential

equations

() = i) + qi(e) (i=T,m), v

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-020-02414-9
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-020-02414-9&domain=pdf
http://orcid.org/0000-0001-6321-4549
mailto:smukhig@gmail.com

Mukhigulashvili and PGza Journal of Inequalities and Applications (2020) 2020:155 Page 2 of 20

where u,,1 := u;, and the system of higher-order nonlinear functional differential equa-
tions

u"(6) = F)(®) + qul®) (=T, @

where m; > 1, q;,qo; € L(I;R), ¢; : CY(I;R) — L(I;R) are linear bounded operators, and

uWb) - @) =c; (i=T,mj=0m—1). 3)

Throughout the paper we use the following notations: N is the set of the natural num-
bers; R = ]-00, +00[, R, = [0, +oo[; R" is the space of the nth dimensional column vectors
x := (x;)", with the components x; € R (i = 1,1) and the norm x| = >, |x:; C/ 7 (I;R)
(n € N) is the Banach space of the functions u : I — R which are continuous together with
their (n — 1)th derivatives, with the norm

lall g = max{Z\u(f—U(m it el};

j=1
C"Y(I;R) (i =1, n), with the norm

noom ‘
|zl crysemn = max{z Z|u§’_1)(t)| te I},

i=1 j=1

and for the case when m; = 1 (i = 1, 1), we will use the notations

60(I;R) is the Banach space of the functions # : I — R which are absolutely continu-
ous with the norm ||ul/zo = |lullc + fab |u/(s)| ds; C"Y(I;R) (n € N) is a set of functions
u : I — R which are absolutely continuous together with their (n — 1)th derivatives; L(/; R)
is the Banach space of the Lebesgue integrable functions p : I — R with the norm ||p||, =
f: |p(s)| ds; M"(I) is the set of the vector-functions 7 := (t;), : I — I", with the measurable
components 7;: I — I (i = 1, n).

For arbitrary x € R, we assume that

1 ifx>0,
-1 ifx<O.

sgnx =

holds.
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Definition 1.2 We will say that a linear operator ¢ : C)(I;R) — L(I;R) is nonnegative
(nonpositive) if, for any nonnegative x € CY(I;R), the inequality £(x)(t) > 0 (£(x)(¢) < 0)
for t € I is satisfied.

We will say that an operator ¢ is monotone if it is nonnegative or nonpositive.

By a solution of problem (2), (3) we understand a vector-function u := (;)7., where
u; € 6’”!”1(1 ;R) (i = 1,n), which satisfies equation (2) almost everywhere on I and satis-
fies conditions (3).

First of all, we would like to give a historical review which begins with Lasota and Opial’s
article [1] from the year 1964, which became the basis for a lot of interesting studies. In

this article (see Theorems 5 and 6) authors proved that the problem

U (t) = p(O)u(t) + q(t) fortel,

, , _ (4)
ud(b)—uNa)=¢; (j=0,n—1),
is uniquely solvable if f:p(s) ds <0forn=2,p(t) <0 forn>3,and
b L,
/ﬂ |P(S)| ds < W, and p#0, (5)

where L, = 16 and the general term L, can be found by formula (40) from the paper [1], in
which it is also shown that for n = 2 condition (5) is optimal, while for # > 3 it is far from
being optimal.

In the article [2], we announced the Lasota—Opial type optimal results of unique solv-
ability of the periodic problem for second-order linear functional differential equations,
which in a more general form are considered in the paper [3] from 2006. In particular,

in Theorem 1.1 of the paper [3] (see also [4]) it is proved that the functional differential

equation
n-1
W)= 3 () (@) + q(0) ©)
i=0

under boundary conditions (4) for 7 = 2 is uniquely solvable if the optimal conditions

b
/ Lo(1)(s)ds #0

and
b 16 b
[ Vo(U(Q‘dSSE(l— [ (zru)(s)w;(l)(s))ds)

hold, where ¢, : C(I;R) — L(I;R) is a monotone operator, ¢; = £; — ¢; (i=1,n—1) and
Zf : CY(I; R) — L(I; R) are nonnegative operators (for n = 3 see [5]). For the general case,
analogous conditions of the unique solvability of problem (6), (4) are proved in [6], for ¢; =

¢ —£; (i =0,n— 1), which if £, is monotone operator and ¢; =0 (i = 1,# — 1) transforms
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to the conditions

/Eo(l)(s)ds#o and /|EO(1)(S)|ds< T”)il, )

where T1 =4, Ty = 32, T3 = 192, and the general term T, of this sequence can be found by
formulas (9). In [6] (see also [7]) it is proved that the constants T}, are sharp when n < 7;
for n > 7, the problem of sharpness of the numbers T, is still opened.

In this brief historical review Bravyi’s original studies of problem (6), (4) cannot be omit-
ted. The method developed in these studies turned out to be very fruitful. Particularly in

[8] the author proved that the condition

%§X§2(1+VI—Y), (8)
where Y = N,,(b — )" ! min(P~, P*), X = N,,(b — a)" ! max(P~, P*), the numbers N, are de-
fined by the certain recurrent formula, and [|£§ (1)l = P*, [[£;(1)|l = P~, is necessary and
sufficient for solvability of problems (6), (4)if ¢; =0 (i = 1,n - 1) (N,, = T;}; forn=2,7, but
for n > 7 the validity of the last identity is unknown). For the case £, # 0 (i = 1,n — 1), these
results are generalized in [9]. It is interesting that the numbers N,, are in some connection

with Favard’s, Bernoulli’s, and Euler’s numbers (see [10] and [11]) and if the operator ¢ is

4
Ny(b-a)"=1*
Other interesting results about problems (6), (4) can be found also in the papers [10-15].

monotone, then condition (8) transforms to the condition 0 < fab [€o(1)(s)| ds <

The next stage was the generalization of Lasota—Opial’s results for the systems of linear
functional differential equations. In particular in [16] it is proved that problem (1), (3) with
m; =1 (i = 1, n) is uniquely solvable if £; are linear monotone operators, ||¢;|| #0 (i = 1,#),
and the condition []%, [1€;(1)ll, < 4" (which is optimal) holds. In this connection see also
the papers [17] and [18].

The aims of this article are to establish Lasota—Opial type sufficient efficient optimal
conditions of the solvability of problem (1), (3) and on the basis of these results to find the
optimal efficient sufficient conditions of solvability and unique solvability of the nonlinear
problem (2), (3).

2 Main results
2.1 Linear problem
Let To =1, T1 =4, Tg =32, T3 =192, and

1
1-))2:0<t<1}
1
max{(f,, (&, 8)fin(1—£1-8)12:0<t<1,0<s<1}

T = U

T2m+3 =

for m > 1, where the functions f, : [0,1] x [0,1] — R,, k,, : [0,1] — R, are defined by the

equalities

m-1

m
Jnlts ) = Zamjﬂ(iﬂ) + U™, H(t) = Z:Bm/tz(jﬂ),

j=0 j=0
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where
A; A; _
Ay —— Bumj _ forj=0,m-1,
3. 41Ty, 3. 41Ty,
Ay B,
Ymm 3. 4m+1’ ,Bmm 3. 4m+l ’
and

2 mp+l mj_o+1

1
sl Asgg A D X e

m1=1my=1 mj_1=1 n

1 2 mp+l mj_o+1 mj_1+1 1

mep a3 S (e 1005))
8 m1=1my=1 mj_1=1 ml) n(m} 1)

for j > 2, with n(¢) = (2 + 1)(2¢ + 3).

Remark 2.1 In Remarks 1.2 and 1.3 of [7] it was shown that

2.3 216.32.5 214.32.5.7
Ty = ) T5=2°-3.5, Te=—7, I7=—p7—,
5 61 17

and
T,<@2m)" (meN).
Now we can formulate the first of our main theorems.

Theorem 2.1 Let the operators £; : C)(I;R) — L(I;R) (i = 1,n) be monotone,

b
/Zi(l)(s)ds#o (i=1,n), (10

and the condition

/}e )(s)| ds < 4" (b — a)y" ™ (11)

i= 1 ml
hold. Then problem (1), (3) is uniquely solvable.

For the system

u" () = piOuin (1(0)) + @) (i =T,n), (12)

where 1,1 := u1, T := (;)L; € M"(I), and p;,q; € L(I;R), from Theorem 2.1 we have the
following.

Corollary 2.1 Let the function p € L(I; R") be such that the conditions

b
_/pi(S)dss!O, 0<opi(t) (i=1,n)fortel,
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where o; € {—1,1} (i = 1, n), and

" b
l—[ T ! / iPi(S)| ds < 4" (b — a)" iz
=1 Tmi—l Ja

hold. Then, for arbitrary T € M"(I), problem (12), (3) is uniquely solvable.

Remark 2.2 For some values of the numbers n, m;, ..., m,, condition (11) is optimal. For
example, if n = 2 and n = 2, m; = my = 1, then problem (1), (3) with £1(x) = u, £, = £,
q1 = 0 transforms to problem (6), (4) with ¢; =0, ¢ = ¢» and condition (11) transforms
to condition (7) which, as we have already said, is optimal for the unique solvability of
problem (6),(4) with n = 2.

2.2 Nonlinear problem
Definition 2.1 Let /; : C)(I;R) — L(L;R) (i = 1,n) be nonnegative linear operators, then
we will say that

h=(h)?, € P(I) (13)
if
b —_
/ hi(1)(s)ds #0  (i=1,n), (14)
a
and for arbitrary monotone operators ¢; : C)(I;R) — L(I; R) (i = 1, n) such that the condi-
tions
b —_—
/ £i(1)(s)ds #0, 0 <0:;(1)(¢) <h(1)(t) (i=1n)fortel (15)
a

hold, where o; € {-1,1} (i = 1, ), the homogeneous problem

U0 = Gu)@) (=Tom) (16)

o) -uP@)=0 (i=T,mj=0m-1), (17)

13
where u,,,1 := u1, has no nontrivial solution.

Also note that in all our propositions below the functions #; : I x R, — R, (i = 1,n)
are summable in the first argument, nondecreasing in the second one, and admit to the

conditions

b
lim l/ ni(s,p)ds=0 (i=1,n). (18)

p—>+00 P

Theorem 2.2 Let the linear nonnegative operators h; : CY(I;R) — L(I;R) (i = 1,n), the
function gy € L(I;R"), and the numbers o; € {~1,1} (i = 1,n), ro > 0, be such that, for all
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ie{l,...,n} on I, the conditions

if x|l cmmn > ro, (19)

tion g € L(I; R") be such that, for all i € {1,...,n} on I, the conditions

gi(0) < oiF;(x)(t) sgn hy(x:41)(¢)  if min{|x;1(2)| :£ €1} = 1o (20)
are fulfilled, and
b b
[ a0ds-| [ auords| = e e

Then problem (2), (3) has at least one solution.

Therefore, if we assume that instead of (21) inequalities

/;bgOi(S) ds - /ﬂb%i(S) ds

hold, then condition (20) can be omitted.

On the other hand, in the example below we construct the operator F for which con-
ditions (21) hold and (22) do not hold, and therefore condition (20) cannot be omitted
because, as it follows from Remark 2.4, condition (21) is improvable.

> |ciml  (i=1,n) (22)

Example 2.1 Consider system (2) with

oihi(t) cos(—rogm i () if xi1 () #0,

Fi(u)(¢) = Fir1(D)+)xi41(6)
ifx;1(£) =0,

the numbers §; € (0,1), ¢im,—1 and the functions he L(;RY), qo € L(I;R") be such that
inclusion (13) with /;(z)(-) = Zi(~)z(n(~)) holds, and

( / bﬁi(s)ds)l< f ’ qus)ds

Then, if @(x) = x cos(7r /x), in view the facts that

+ |Cimi1|> <& (i=1n).

a(2) =0, a'(x)>0 ifx>2, and lim o'(x) =1,

X—>+00

there exist ryp > 2 and 8y € (0, o) such that ry cos(w/rg) = §1, and the inequalities

i Ty
4 < COS(@)MH@) < COS(m)MH(ﬂ

if %141 (£) > 1o,y = 10,
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and

Ty
-8 < Cos(m>xi+l(t) <x:1(2)

if 0 < iy1(2) < 1o,y > 1o,

are valid on I. Therefore, the validity of conditions (19)—(21) with g; = 31%, g = —60%,
n; =0 is obvious, and from Theorem 2.2 the solvability of problem (2), (3) follows.

Corollary 2.2 Let the linear nonnegative operators h; : C)(I; R) — L(I;R) (i = 1,n) be such
that conditions (14) and

/ hi(1)(s) ds < 4" (b — a)" L= (23)

m,

Il

hold. Moreover, let the functions gy € L(I;R"), g € L(I; R") and the numbers o; € {-1,1}
(i =1,n), ro > 0 be such that conditions (19)—(21) are fulfilled. Then problem (2), (3) has at

least one solution.

For the case when (2) is the system of higher-order differential equations with the argu-
ment deviation of the form

" (t) = fi(t i (())) + qoilt) (i =T,), (24)

where u,,1 :=u; and f; : I x R — R (i = 1,n) are the functions from Caratheodory’s class,

the following corollary is true.
Corollary 2.3 Let the function he L(I; R?) be such that the conditions

}Ti(t) >0 (i=1,n)ae onl,

(25)
f s)ds <4"(b—a)* Yiami

11 m,

hold. Moreover, let the function g € L(I; R") and the numbers o; € {~1,1} (i = 1,n), ro > 0 be
such that conditions (21) and

&(t) < ofilt, %) sgnx < hy(0)|x] + (¢, |x)) 06)
for x| = ro,t €1 (i=1,n),

hold. Then, for arbitrary T € M"(I), problem (24), (3) has at least one solution.

Remark 2.4 Theorem 2.2 is optimal in the sense that there does not exist such iy €
{1,...,n}, for which iyth inequality of condition (21) can be replaced by the inequality

b b
. / () ds / oy (5)dis

> |Cigmjy-15 (27)
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no matter how small ¢ > 0 would be. Indeed, let I = [0, 1],

0; € {_11 1}’ m; = 17 Cio = 0¢ T, = t’ ni= 0 (l = 1: n)r

=1, g=1, qu=0, fitxy)=ox (i=1LmiHi)

and

g, =0, Goiy = ﬁ, fiot,x) =0, Zio =4" —¢.
Then, for the arbitrary functions p; € L(I;R) such that p; # 0, 0 < o;p;(t) < Zi(t), it is
clear that [, f: |pi(s)| ds < 4", and due to Corollary 2.1 inclusion (13) with /;(x)(¢) =
Zi(t)x(t,»(t)) holds. Also it is not difficult to verify that instead of the iyth inequality of
condition (21) inequality (27) is satisfied, but all the other assumptions of Corollary 2.3
hold with ry = 1. Nevertheless, in that case problem (24), (3) is not solvable because
iy (1) — uiy(0) = &/(1 + &) > 0 = cjpo-

Example 2.2 Consider the system of the differential equations
m)enN _ T . =171
;" (£) = oihi(E) [sin ||| cmermn |3 (T:(2)) + qoi(e) (i =T, m), (28)

where u,,1 = u;, o; € {-1,1}, the functions T € M"(I), he L(I;R?) are such that inclu-
sion (13) holds with 7;(x)(¢) = Zi(t)x(ri(t)), and f: qoi(s)ds = 0 (i = 1,n). Then, from The-
orem 2.2 with gy; = g = 0, the solvability of problems (28), (3) with ¢;,,-1 =0 (i = 1,n)
follows.

Also, on the basis of Corollary 2.3, we can prove the following existence and uniqueness

theorem.

Theorem 2.3 Let the function he L(L;R?) be such that conditions (25) hold and fi(t,0) =
0 (i = 1,n). Moreover, let the functions 7/20 € L(;R?), Bi : R* — R, and the numbers o; €
{—1,1}, r > 0 be such that, for all i € {1,...,n}, conditions (21),

Toi(8) By, y) < oi(filt, %) — fi(t,)) sgn(x — y) < hi(D)|x - ]

fortel,x,yeR, (29)
and
Zolr(t) >0 fortel, i;(),»(t) #£0, Bi(x,y) >0 forx#y (30)
hold, where

gi(t) = min{|fi(z,7)

i, -0} (31)

Then, for arbitrary T € M"(I), problem (24), (3) is uniquely solvable.



Mukhigulashvili and PGza Journal of Inequalities and Applications (2020) 2020:155 Page 10 of 20

Example 2.3 As an example, consider the system of differential equations

uiml)(t) _ O-Lilll(t) ui+1(Ti(t)) - + qu(t) (l — 1,_”)’ (32)

(1 + a1 (D))
where u,.1 = u1, o; € {-1,1}, and the functions t € M"(I), he L(I;R}) are such that inclu-
sion (13) with 4,;(x)(t) = 71:(t)x(r;(t)) holds, &; € (0,1), and fab qoi(s)ds = 0 (i = 1,n). Then
from Theorem 2.3 the unique solvability of problem (32), (17) follows.

3 Auxiliary propositions
First we formulate a result from [7] (see Theorem 1.1, and Remark 1.1) in a suitable for us

form.

Lemma 3.1 Let m > 1,v € C"([a, b)), and the conditions

v(¢) % const, V(a) =vDB)  (i=0,m)

hold. Then

(b-a)"

Av) < T,

Ay, (33)
where the constants T, are defined by equalities (9) and

A(V“)) = max v(¢) — min v?() (i=0,m). (34)
tela,b) tela,b)

Lemma 3.2 Let o € {-1,1}, the operator o€ : C)(I;R) — L(I; R) be nonnegative, and w €
CY(I; R). Then on I the following inequality holds:

min [w(0)} - [6D0)] < o Lo)(©) < max (w0} - [E0(O). (35)

Proof Validity of (35) follows from the inequalities max;e[, 5 {w(t)} — w(t) > 0, w(t) —
minge,p {w(t)} > 0 and the nonnegativity of the linear operator o £. O

Lemma 3.3 Let the linear monotone operators h, ¢y : CY(I;R) — L(I;R) (k € N) and the
number o € {-1,1} be such that o {; are nonnegative operators, and

0<0l;(1)(2) <h(1)(¥) (keN)fortel. (36)

Then there exist a subsequence (£x,):2, of the sequence (£x)72, and the linear operator £ :
CUI;R) — L(I; R) such that if the operators Zk:Z) :CULR) — 50(1;13) are defined as

T (0) = / G@Eds G0 = / Colx)(s) ds,

a

then

Tim (1, ~ Bollp o =0, (37)
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o &y is a nonnegative linear operator, and
0<olo(1)(t) <h(1)(t) fortel. (38)

Proof Assume that P := {p1,p»,...} is a set of all polynomials with rational coefficients,
then from (36) it is clear that, for the monotone linear operators Zk (k € N) and arbitrary
pj € P, the inequalities

Ew)o] = [ M|zl foreer

|Ep)(E2) - Cup))(01)| < / Zlh(l)(s)ldsnp,»ncg fora<tn <t <b,

51

and
12kl cozo < 2[[ (V)] (39)

hold. Then by the Arzela—Ascoli lemma, from the sequence (Z/()Zi1 we can choose the
subsequence (Zr(m1 ) =1 convergent on the polynomial p; € P, and if the subsequence of the

operators (kaV)zf .1 convergent on the polynomial p, € P is already chosen, then we can

choose its subsequence (ka”1 )on..,,=1 of the operators convergent on the polynomial p;.; €
P. Therefore it is clear that the sequence (¢, )2 is convergent for the all polynomials
from P. Consequently, without loss of generality, we can assume that the first subsequence
(Zk, 22, is convergent for arbitrary p; € P, and then in view of (39) and the fact that P is
dense in CY(I; R), from the Banach-Steinhaus theorem (see [19], Theorem 3, p. 203), there
follows the existence of lNinear operator €~0 : CALR) — (~7°(I ;R) such that condition (37)
holds, where £¢(x)(¢) := %.

From the monotonicity of the operators ¢, and conditions (36) it follows that o ¢, are
the nonnegative operators, and for arbitrary x € CY(I;R,) we have

1)

ofzeo(x)(s)ds=a/2(Ko(x)(s)—£k(x)(s)) ds+a/ Li(x)(s)ds

t a
b ~ ~
- / 1)x)() — T, (x)(s)| s
>~ 1€k - Z0||c‘1)—>50 lixllcy fora<t <t <b,
and

| et - no)ds

[5)

- / (0 8o(1)() = £(1)(s)) ds + / (€e(1)(s) - h(1)(s)) ds

5] 5]

b
= / M}(I)(S) —52(1)(S)| ds < |4y - £0||C(l)ﬁ(~jo fora<ti <t <b.

From the last inequalities by (37) it is clear that o £, is a nonnegative linear operator and
inequality (38) holds. O
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Now consider the problem

ul"(8) = hoihi(uin) () + (1= V[F@)©®) + g ®]  (i=Tn), (40)

ub) - @) =rey (i=T,mj=0,m-1), (41)

where u := (i;)7, and u,,1 = u;. It is not difficult to verify that the following proposition

is true.

Proposition 3.1 Let m =), mj, ag = 0, and o; = Z;Zl m; (i = 1,n). Then, for arbitrary
A € (0,1), problems (40), (41) and (16), (17) are equivalent respectively to the problems

Wi(£) = AGii(ui1)(@) + (1= D[Ew)(®) + Goi®)] (i =T,m),

Wi(b) - W,‘(ﬂ) = )‘"El (l = l,l’}’l),

and

wi(e) = Lwin)(®),  wib)—wil@)=0 (i=T1,m),

where w := (wj)j’ﬁl, Wims1 = w1 = uy. For all i € 1, n, the following identities hold:

Copyejr1=C5 (j=0,m; 1), Wo,; 141 = Ui, Goo; = q0i>
T::ct,‘ (w) = Fi(u), Zai =h;, Za,’ =4, aot,- =0
and
5}~j55jzj =1, ;}(W)ij+11 oy =0 ifj¢{ar, a0}

where T : CY(I,R) — L(I,R) is the identical operator. Moreover, it is clear that Iwllco =

ll2ell ¢y .

Taking into account Proposition 3.1 we get the following modification of Corollary 2 of
paper [20], which is formulated for the system of first-order equations.

Proposition 3.2 Let the linear nonnegative operators h; : CY(I; R) — L(I;R) (i = 1,n) be

such that inclusion (13) holds, and there exists a positive number p, such that, for arbitrary
A € (0,1), every solution u of problem (40), (41) admits the estimate

|zl crmamn < 1. (42)
Then problem (2), (3) has at least one solution.

Lemma 3.4 Let inclusion (13) hold and A € (0, 1). Then there exists the number pg > 0 such
that an arbitrary solution u = (u;)?_, of problem (1), (41) admits to the estimate

n m;—1
4]l ¢t < po Z(u(u» ) legl+ ||q,~||L), (43)

i=1 j=0
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where p(u;) = min{|u;(¢)| : ¢t € I}, provided that inequalities (15) hold for given o; € {-1,1}
(l = {1’ I’l})

Proof Assume that Lemma 3.4 is not true. Then, for all k € N, there exist the monotone
operators £ : C)(I;R) — L(I;R) (i = 1,n), the functions g := (gi)”., € L(I;R"), and the
numbers ¢ € R (i = 1,n,j = 0,m; — 1) such that

b
0 < 0ilu(1)(£) < hi(1)(0), f Lir(D(s)ds #0  (i=1,n), (44)
and the problem

”E;Ti)(t) = Lac(ui1r)(8) + qu(8)  (i=1,n),

ul(b) - ul)(@) = heye  (i=Tm,j=0,m;-1),
where 1,1k := U1k, has such a solution uy := (u); that
n mi—1
laticl| i > kZ(u(uik) ) el + ||qu<||L>.
i=1 j=0

Then, if we suppose that vi := (vi)?;, where vi(t) = ug )/ |lsti || crmvmn , Gic(8) = qir(£)/

n m;—1
~ ~ 1
Vil e =1, Z(u(vik) £ Gl + ||qik||L> <7 (45)

i=1 j=0

and almost everywhere on I the equalities

W (E) = La i) (©) + Gut) (=T m),

o ) E U (46)
W) V)@ =T (i=Tmj=0m—1)
hold where v,.,1x := vix, from which due to (44) and (45) we obtain
V@] < (D)@ + [Gu(®)| ((=Tn)fortel. (47)

(V%)k),’;ff (j = 0,m;, — 1) are uniformly bounded and equicontinuous on /. By the Arzela—
Ascoli lemma, without loss of generality, it can be assumed that these sequences are uni-
formly convergent on I. Therefore, for arbitrary iy € {1,...,n}, there exists such a function
Vi € C"0-1(I; R) that v = limy_ o0 0 (j = 0,m; — 1). Then from (45) and (46) it follows
that the function v := (v;)1, € C"V"(I; R") admits to conditions (17),

lim (v = vligmem =0, [Vcmem =1, (48)
k—+00

and

wv)=0 (i=1,n). (49)
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Also due to (44) all the assumptions of Lemma 3.3 hold, and then without loss of generality
we can assume that the sequence of operators (£;)72, is convergent for arbitrary fixed
i €{1,...,n}, and there exist the monotone operators ¢; : C)(I; R) — L(I; R) such that if the
operators Zk,Z :CULR) — 60(1;13) are defined as

Ca)(t) = / t @) ds, L)) = / t i(x)(s) ds,
then

Jim 18~ Eillpzo=0 (i=T,n), (50)
oif; is a nonnegative linear operator, and

0<0li()®) <h()(®) (i=Ln)fortel (51)

Thus from the inequalities

/ (Cinn)(8) = Lac (Vi) (s)) ds

<

/ (€i(vir1)(s) = Lac(vis1)(s)) ds| + / Lix(Vis1 = visu)(8) ds

<= Tillcozo - IWintllco + (D] - 1viss = visrellco,

by (48) and (50) it follows that

t

fim | Ca(i)(s) ds = / ©ds (=T (52)

k—+o00 J 4

uniformly on I.

Therefore if we integrate the equations of system (46) from a to ¢ and pass to the limit
as k — +00, due to conditions (45), (46), (48), and (52), we find that v is a solution of
problem (16), (17). On the other hand, from the inclusion % € P(I) and conditions (51), it
follows that problem (16), (17) has only the zero solution v =0 if £;(1) # 0 (i = 1, n). But if
there exists iy € {1,...,n} such that £;,(1) = 0, then from the iyth equation of system (16) it
follows that Vignio) = 0. Then from (17) we have v;, = Const, and due to (49) it is clear that

Vi, = 0, and from the (iy — 1)th equation of system (16), it follows that Vign_i‘{_l) = 0. After
analogous 7 — 1 steps we get that v; = 0 (i = 1, 7). Therefore we get the contradiction with

the second equality of (48), i.e., our assumption is invalid and estimation (43) holds. [

4 Proof of main results

Proof of Theorem 2.1 1t is known from the general theory of boundary value problems
for the functional differential equations that problem (1), (3) has Fredholm’s property (see

[14]), and therefore our problem is uniquely solvable iff the homogeneous problem (16),
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(17) has only the trivial solution. Assume to the contrary that problem (16), (17) has the
nontrivial solution (v;)!_,, and introduce the notations:

Myl =My, Vsl 1= V1, L1 := L. (53)

Let there exist r € {1,n} such that v,,; = Const. Then from (16) and (17) we get
Vre1(2) f by (1)(s) ds = 0. From the last equality and conditions (10), (16), it is obvious that
omr) = 0, due to conditions (17), we get that
v, = Const. After analogous n — 1 steps we get that v; =0 for all i € 1,1, which is the

vre1 =0 and V ") — 0. But from the identity v;
contradiction with our assumption, i.e.,
v; % Const (i =1,n). (54)

Now define for all i € 1,7 the numbers a;, B, ti, tai, £}, t; € [a,b] and o; € {~1,1} by the

equalities
vEm"_l)(t )= n[ur;] v(m‘_l)(t), ngi_l)(tz) m[ax V(m’ (),
v;i(¢,,) = min v;(2), t maxvt
()= min v, () = max v(o) -
a; := min{ty;, £y}, Bi := max{ty;, ty;},

0; = sgn(vﬁm"_l)(ai) - ngi_l)(ﬁi)),

and notice that due to (17) and (54) the functions V i (l 1, 1) change the sign, and then
in view of (34) we have

0< AW DY = W D (a) v V(B = Tom).
Therefore in view of (16) and (55) we get

0< AW Y) = 0 (" @) - "0 ()

(m
= ai(v" ) =" @) + o (v ) "V 8)

o b
Ui/ Ei(Vi+1)(S)dS+Ui/ £i(vi1)(s) ds,

i

(56)
0< A(vﬁmi*l)) = a,-(vﬁ'”"*”(ozi) - ngrl)(ﬂi))

Bi
= —Ui/ £i(vie1)(s) ds.

Assume that o,¢; is a nonnegative operator, then from equalities (56) by Lemma 3.2 with

{=0;,0=1,wehave

o b
0< A(vgm"_l)) < v,»+1(t§i+1)</ |€i(1)(s)’ ds + /ﬁ |€i(1)(s)’ ds),

Bi
0< A" ™) <_Vi+1(t/1i+1)/ [€:(1)(s)| ds.

o
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Now if we multiply the least two expressions by the well-known inequality A - B < (A +
B)?/4if A > 0, B> 0, and (34), we obtain

vy _ 1 [°
0<A(y" ) < Z/u |Zi(1)(s)|dsA(v,-+1). (57)

It is not difficult to verify that inequality (57) holds even when the operator o;¢; is non-
positive. On the other hand, due to (17) and (54), all the assumptions of Lemma 3.1 hold

for the functions v; with m = m;,; — 1; and consequently, (57) by (33) implies

0< A(V(mi_l))

L

b — g)mis1-1 b 1
< % / |€:(1)(s)| dsA (v ). (58)
miy1— a

Finally, if we multiply inequalities (58) for all i € 1,7 and take into account notations (53),
we get the contradiction to condition (11). Therefore our assumption is invalid and v; =0

(i = 1, n), which definitely proves our theorem. O

Proof of Theorem 2.2 First of all, notice that in view of inclusion (13) inequalities (14) hold,

and then there exists r; > rg such that
r| k)|, > lcim-1l  (i=Tn). (59)

Let now A € (0,1) be an arbitrary fixed number and « := (#;)_, be a solution of problem
(40), (41) and show that

w(u;) = minf|u; ()| :t €I} <ry  (i=TLn). (60)

Assume to the contrary that there exists i € {1,...,n} such that |u;,1(¢)| > r; on I. Then
there exist 5; € {-1,1} such that

oisgnhi(xi1)(t) >0 onl,
and due to (20), (21), (40), (41), and (59), we obtain the contradiction
|Cim—1] = ACim;—10:0; = Gigi(ul(lmrl)(b) - uﬁ’”"’”(a))
b b
-0 f " (5)5;ds = & / i) (s)| ds
a a
b
(1= o, / [Ew)(s) + q0i6)|5eds = An [ (1),
a

b b
+(1—A)</ gi(s)ds — / qoi(s) ds

which proves (60).

) > Mcim—1] + (L= V)ICime1] = I€im;-1ls
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Let py be a number defined in Lemma 3.4, then due to condition (18) there exists such
a constant p; > rg that

n m;=1 b
Po Z(u(u» + ) legl+ 3l + llgoill. + / m(s,p)ds)
i=1 j=0 4
<p forp>pi, (61)

Then, in view of conditions (19), we have
0<v(t)<1 (i=1,monl (62)
On the other hand it is not difficult to verify that « is a solution also of the system (1), with

6(x)(t) = o[ A+ (1= 2)vi(0) [i(x) (1),

where due to inequalities (62) the following estimations are valid:
0 < 0:ti(1)(2) < hi(1)(2),
|i(8)| < 3e(2) + | qoi(e) | + (& lluall crmavemn )

on . Then, for the function u, as for a solution of problem (1), (41), by Lemma 3.4 we get
the estimation

llazll e
n m;—-1 b
< po Z(u(u» + ) legl +Bllells + llgoill. + / 0 (s, l|al| crmnn ) ds>,
i=1 j=0 a

tion is invalid and estimation (42) holds, and then from Proposition 3.2 the solvability of
problem (2), (3) follows. |

Proof of Corollary 2.2 In view of Corollary 2.1, from conditions (14) and (23), it follows
that, for arbitrary monotone operators £; : C(I;R) — L(I;R) (i = 1, n) which admit to in-
equalities (15), problem (16), (17) has only the zero solution, and then inclusion (13) holds.
Therefore all the assumptions of Theorem 2.2 are fulfilled, and then problem (2), (3) is
solvable. O

Proof of Corollary 2.3 Let h;(x)(¢) = zi(t)x(r,'(t)), then from conditions (25) and Theo-
rem 2.1 it follows that inclusion (13) holds, and

sgn h;(x)(t) = sgnx(ri(t)) (i=1,m) a.e.onl.
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&i(t) < oifi(t, %1 (1i(2))) sgnaxi (1i(2))

fort e {s el: !xM (r,'(s))’ > ro} (i=1,n)

are fulfilled. On the other hand, if

0 =max{[fi&y)]: Iyl <ro),  gult) = min{-Z(©.g(®)} (=Tn),

then, in view of (26) and the fact that the functions n; are nondecreasing in the second

argument, we obtain

20i(8) < ofi (%01 (7i(0)) ) sgn i (t®) < Ti(0)|xisa (zi(0)) | + () + m(t, Il crmmn )

for |||l cmivimn > ro,t €I (i =1,1n),

and due to (18) the following equalities hold:

1 [t _
lim —f (@) + nils, Ixll cmvmn ) ) ds =0 (i =1, n).

p—>+00 O

Consequently, if we introduce the notations F;(x)(£) = f;(t, x;,1(ti(¢))), we get that all the
assumptions of Theorem 2.2 are valid, from which the validity of our corollary immediately
follows. O

Proof of Theorem 2.3 First note that from conditions (25), analogously as in the proof of
previous Corollary 2.3, validity of inclusion (13) with 7;(x) = Zi(t)x(T,-(~)) follows.
Also, for arbitrary r > 0, from condition (29), (30) and the fact that

sgn(x - (—l)jr) =sgnx if (-1Yx>r(j=0,1),
we have

oif; (t, (—l)jr) sgnx < ZOi(t)ﬂi(x, r) + oyf; (t, (—1)/r) sgnx < of;(t,x) sgnx

< E(t)(|x| +7) +oifi(t,(-1)r) sgnx  fort €L, (-1Yx>r.

On the other hand, due to the conditions f;(t,0) = 0 (i = 1, ) and (30), from (29) it follows
that

O'l'fl'(t, (—l)jr) sgnx >0 fortel, (=1Yx>r.

From the last two inequalities and (21) it is clear that all the assumptions of Corollary 2.3
hold when the functions g; are defined by (31) and #;(¢,x) = zi(t)r + max{[f (¢, )|, |[f (¢, -7)|}
for t € I, |x| > r. Therefore it remains to prove that problem (24), (3) has no more than one

solution.
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Let 71 := (u1;)1, and %y := (uy)", be the arbitrary solutions of problem (24), (3), and
u =11 — . Then the function x admits to conditions (17), and from (29) we obtain that,
for all i = 1, n, the inequalities

Z0z‘(1f),31(§1i+1(t),ﬁziu(t))
< o™ (¢) sgn w1 (ti(0)) < Ti(8) i (xi(8)) | (63)
hold on I. Now, if we assume that there exists iy € {1,...,#n} such that |u;,,1(£)] > 0 on I,

then sgn u;y,1(7;, (£)) = sgnu;y41(a), and also due to (30) we obtain Bo;, := min{B;, (%1y+1(£),
Unig+1(2)) : €1} >0, ||ZOi0 |l > 0. Therefore from (17) and (63) we get the contradiction

(mjy-1) (mjy—1)
0 =0 (11" () - "™ (@) sn 1 (a)
b o) ~
= 0j, / iy, () sgnuig e (Tiy(5)) ds = Boigllhogy 1. >0 ae.on,
which shows that
min{|u;(¢)|:t €1} =0 (i=1,n). (64)

Suppose that

w6 i (T(8) i wia (ri(0)) £0,
0 if u; 1 (Ti(2)) = 0,

pi(t) =

then u is a solution of the linear homogeneous problem (16), (17) with £;(x)(¢) =
pi(t)x(z;(£)), which due to condition (63) admits to the inequalities

0<0ti()®) <h(D)(@®) (i=Lnfortel

Let p; # 0 (i = 1,n), then in view of the inclusion % € P(I) we obtain z = 0. Now assume
that there exists iy € {1,...,n} such that p;; = 0. Then from (16) the identity uE;nio) =

follows, and in view of conditions (17) and (64) we get u;, = 0, from which on the basis of
(16) it follows that ul(-;n_”‘{*l

ﬁl Eﬁz. O

- 0. After analogous 7 — 1 steps we get that # = 0, and therefore
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