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1 Introduction
We consider simple and undirected graphs. Let G be a connected graph of order n with
vertex set V(G) and edge set E(G). For u,v € V(G), the distance between u and v in G,
denoted by dg(u,v) or simply d,,, if the graph G is clear from the context, is the length
of a shortest path from u to v in G. The distance matrix of G is the n x n matrix D(G) =
(da(u,v))uvev(q)- For u € V(G), the transmission of # in G, denoted by T(u), is defined as
the sum of distances from u to all other vertices of G, i.e., Tg(u) = ZVEV(G) dg(u,v). The
transmission matrix 7(G) of G is the diagonal matrix of transmissions of G. Then Q(G) =
T(G) + D(G) is the distance signless Laplacian matrix of G, proposed recently in [1]. Arisen
from a data communication problem, the spectrum of the distance matrix was studied
by Graham and Pollack [12] in 1971, early related work may be found also in [10, 11],
and now it has been studied extensively, see the recent survey [2] and the very recent
papers [4, 5,17, 18, 26]. The distance signless Laplacian spectrum has also received much
attention, see, e.g., [1, 3,4, 7, 15, 16, 29].

Throughout this paper we assume that o € [0,1). Motivated by the work of Nikiforov
[22], we consider the convex combinations D, (G) of T(G) and D(G), defined as

D,(G) =aT(G) + (1 - a)D(G),
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see [6]. Evidently, Dy(G) = D(G) and 2D15(G) = Q(G). We call the eigenvalues of D, (G) the
distance «-eigenvalues of G. As D, (G) is a symmetric matrix, the distance «-eigenvalues of
G are all real, which are denoted by /LS)(G), e Mf{’)(G), arranged in nonincreasing order,
where n = |V(G)|. The largest distance «-eigenvalue /Lg})(G) of G is called the distance
a-spectral radius of G, written as u,(G). Obviously, ,uf)l)(G), s ,ugq)(G) are the distance
eigenvalues of G, and 2u(11/)2(G), et 2;1(1’;)2((-7) are the distance signless Laplacian eigenvalues
of G. Particularly, 11(G) is just the distance spectral radius [2] and 2u1,5(G) is just the
distance signless Laplacian spectral radius of G [1].

In this paper, we give sharp bounds for the distance «-spectral radius, and particularly an
upper bound for the distance «-spectral radius of connected graphs that are not transmis-
sion regular, and propose some types of graft transformations that decrease or increase the
distance a-spectral radius. We also determine the unique graphs with minimum distance
a-spectral radius among trees and unicyclic graphs, respectively, as well as the unique
graphs (trees) with maximum and second maximum distance «-spectral radii, and the
unique graph with maximum distance «-spectral radius among connected graphs with
given clique number, and among odd-cycle unicyclic graphs, respectively.

2 Preliminaries

Let G be a connected graph with V(G) = {v1,...,,}. A column vector x = (x,,,...,%,,) " €
R” can be considered as a function defined on V(G) which maps vertex v; to x,,, i.e., x(v;) =
xy, fori=1,...,n. Then

x'Dy(G)x = Z To(w)x? +2 Z (1 - a)de(u, v)xyxy,
ueV(G) {u,V}CV(G)

or equivalently,

%' Dy(G)x = Z dg(u, V)(a(xi + x‘z,) +2(1 - a)xuxv).
{wISV(G)

Since D, (G) is a nonnegative irreducible matrix, by the Perron—Frobenius theorem, 4 (G)
is simple and there is a unique positive unit eigenvector corresponding to 1,(G), which
is called the distance a-Perron vector of G. If x is the distance «-Perron vector of G, then
for each u € V(G),

1a(G)xy = Y da(u,v)(ax, + (1-a)x,),
veV(G)

which is called the «-equation of G at . For a unit column vector x € R” with at least one
nonnegative entry, by Rayleigh’s principle, we have 11, (G) > x " D, (G)x with equality if and
only if x is the distance a-Perron vector of G.

As in [27], we have the following result.

Lemma 2.1 Suppose that G is a connected graph, n is an automorphism of G, and x is the
distance a-Perron vector of G. Then for u,v € V(G), n(u) = v implies that x,, = x,.

Proof Let P = (py)uvev(c) be the permutation matrix such that p,, = 1 if and only if
n(u) = vfor u,v € V(G). We have D, (G) = PTD,(G)P and Px is a positive unit vector. Thus
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Ue(G) = x" Dy (G)x = (Px) " Dy (G)(Px), implying Px is also the distance a-Perron vector
of G. Thus Px = x, and the result follows. O

Let G be a graph. For v € V(G), let Ng(v) be the set of neighbors of v in G, and degg(v)
be the degree of vin G. Let G — v be the subgraph of G obtained by deleting v and all edges
containing v. For S € V(G), let G[S] be the subgraph of G induced by S. For a subset E’
of E(G), G — E' denotes the graph obtained from G by deleting all the edges in E’, and in
particular, we write G — xy instead of G — {xy} if E' = {xy}. Let G be the complement of G.
For a subset E' of E(G), denote G + E’ the graph obtained from G by adding all edges in E/,
and in particular, we write G + xy instead of G + {xy} if E' = {xy}.

For a nonnegative square matrix A, the Perron—Frobenius theorem implies that A has
an eigenvalue that is equal the maximum modulus of all its eigenvalues; this eigenvalue is
called the spectral radius of A, denoted by p(A). Note that 114(G) = p(Dy(G)) for a con-
nected graph G.

Restating Corollary 2.2 in [20, p. 38], we have

Lemma 2.2 ([20]) Suppose that A and B are square nonnegative matrices, A is irreducible,

and A — B is nonnegative but nonzero. Then p(A) > p(B).
By Lemma 2.2, we have

Lemma 2.3 Suppose that G is a connected graph with u,v € V(G), and u and v are not
adjacent. Then j1o(G + uv) < 1y (G).

The transmission of a connected graph G, denoted by ¢ (G), is the sum of distances
between all unordered pairs of vertices in G. Clearly, o(G) = % ZVEV(G) Ts(v). A graph
is said to be transmission regular if Tg(v) is a constant for each v € V(G). By Rayleigh’s

principle, we have

Lemma 2.4 Suppose that G is a connected graph of order n. Then pu,(G) > ===

equality if and only if G is transmission regular.

For an # x n nonnegative matrix A = (a;), let 7; be the ith row sum of 4, i.e., r; = Z;il @
for i =1,...,n, and let ry;, and ry.x be the minimum and maximum row sums of A, re-

spectively.

Lemma 2.5 ([3]) Let A = (a;) be an n X n nonnegative matrix with row sums ry,...,r,. Let
S=A{L,...,n}, 'min = 7ps 'max = I'q for some p and q with 1 < p, g <n, L =max{r;—ay i€
S\ {p}}, m=min{r; —a;;:i € S\ {q}}, s=max{a, :i € S\ {p}} and t =min{a;, :i € S\ {q}}.
Then

gg +m + /(M — agq)* + 4t(rmax — dgq)
2

< p(4)

Gt €+ /(€= apy)? +45(rmin — dpp)
< 5 )




Guo and Zhou Journal of Inequalities and Applications (2020) 2020:161 Page 4 of 21

Moreover, the first equality holds if i — aj, = m and a;; = t for all i € S\ {q}, and the second
equality holds if r; — a;, = £ and a;, = s for all i € S\ {p}.

Let Jix; be the s x ¢ matrix of all 1’s, O, the s x ¢ matrix of all 0’s, and I; the identity
matrix of order s.

Let K, P, and S,, be the complete graph, the path, and the star of order #, respectively.
Let C, denote the cycle of order n > 3.

For a connected graph G, let T, (G) and Tiyax(G) be the minimum and maximum trans-

missions of G, respectively.

3 Bounds for the distance x-spectral radius

Let G be a connected graph of order n. Note that D, (K,,) = a(n — 1)I,, + (1 — &) s — L),
and thus p4(K,) = n— 1. By Lemma 2.3, we have 1, (G) > n — 1 with equality if and only if
G=K,.

If (d1,...,d,) is the nonincreasing degree sequence of a graph G of order at least 2, then
dy (resp. d;) is the maximum (resp. second maximum) degree, d,, (resp. d,,_1) is the min-
imum (resp. second minimum) degree of G. The diameter of G is the maximum distance
between all vertex pairs of G. Using techniques from [33] by considering the first two min-
ima or maxima of the entries of the distance «-Perron vector, we may prove the following
lower and upper bounds: If G is a connected graph of order # > 2 with maximum degree

A and second maximum degree A’, then

1a(G) > %(a(éln —4-A-N)

- \/a2(4n —4-A-AN) -4 -1)2n-2-A)(2n-2- 7))

with equality if and only if G is regular with diameter at most 2. If G is a connected graph

of order n > 2 with minimum degree § and second minimum degree §’, then

4a(G) = 3 (@(2dn—2~ (@~ 1)(d+5 +5))

a2 (2dn -2 (@-1)(d +5 +))* - 420 - 1)SS))

with equality if and only if G is regular with d < 2, where d is the diameter of G, S =
dn — @ —1-8(d-1)and S’ =dn - @ —1-48'(d - 1). The proof of the above bounds
may be found in the early version of this paper at arXiv:1901.10180.

Similarly, bounds for the distance «-spectral radius for connected bipartite graphs may
be obtained as in [33].

A connected graph G of order # is distinguished vertex deleted regular (DVDR) if there
is a vertex v of degree n — 1 such that G — v is regular. By the techniques in [3], we have the

following bounds. For completeness, we include a proof here.

Theorem 3.1 Let G be a connected graph and u and v be vertices such that Tg(u) =
Tinin(G) and Tg(v) = Thnax(G). Let my = max{Tg(w) — (1 — a)d(u,w) : w € V(G) \ {u}},
my = min{Tg(w) — (1 —a)d(v,w): w € V(G) \ {v}}, and e(w) = max{d(w,z) : z € V(G)} for
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we V(G). Then

My + o Tinax (G) + \/(mz = 0 Tmax(G))? + 4(1 — @)? Tinax (G)
2

< ua(G)

_ M1+ 0 Twin(G) + V(1 — @ Tin(G))? +4(1 — @)2e(t) Tin(G)
=< 5 .

The first equality holds if and only if G is a complete graph and the second equality holds
if and only if G is a DVDR graph.

Proof Let M be the submatrix of D,(G) obtained by deleting the row and column corre-
sponding to vertex v. Let M’ be the matrix obtained from M by reducing some nondiagonal
entries of each row with row sum greater than m, in M such that M’ is nonnegative and
each row sum in M’ is m,.

Let D'V be the matrix obtained from D, (G) by replacing all (w, v)-entries by 1 — « for
w € V(G) \ {v}, and replacing the submatrix M by M’. Obviously, D,(G) and D'V are
nonnegative and irreducible, and D,(G) > DY, By Lemma 2.2, we have j1,(G) > p(DV)
with equality if and only if D, (G) = D'V, By applying Lemma 2.5 to DY), we obtain the
lower bound for 1, (G). Suppose that this lower bound is attained. Then D, (G) = DV,
As all (w,v)-entries are equal to 1 — o for w € V(G) \ {v}, implying deg;(v) =n — 1. As
T(v) = Tmax(G), G is a complete graph. Conversely, if G is a complete graph, then it is
obvious that the lower bound for 1, (G) is attained.

Let C be the submatrix of D, (G) obtained by deleting the row and column corresponding
to vertex u. Let C’ be the matrix obtained from C by adding positive numbers to nondiago-
nal entries of each row with row sum less than #2; in C such that each row sum in C’ is m1;.
Let D? be the matrix obtained from D, (G) by replacing all (w, u)-entries by (1 —«)e(x) for
w € V(G) \ {u}, and replacing the submatrix C by C’. Note that D, (G) and D® are non-
negative and irreducible, and D® > D, (G). By Lemma 2.2, 11,(G) < p(D?) with equality
if and only if D, (G) = D'?. By applying Lemma 2.5 to D'?, we obtain the upper bound for
o (G).

Suppose that this upper bound is attained. By Lemma 2.2, D,(G) = D®. As all (w, u)-
entries are equal to (1 — «)e(u) for w € V(G) \ {u}, implying e(u) = 1, i.e., degg(u) =n - 1.
Note that Tg(w) =m; + 1 —«a forallw € V(G) \ {u} and Tyin(G) = Tg(u) =n—-1.1f m; +1 -
a =n-1,then G is a complete graph, which isa DVDR graph. Otherwise, m; + 1 -« > n—1.

Recall from [3] that an incomplete connected graph of order # is a DVDR graph if and
only if except one vertex of degree n— 1 each other vertex has the same transmission. Thus,
the upper bound for 1, (G) is attained if and only if G is a DVDR graph. d

We mention that more bounds for u, (G) may be derived even from some known bounds
for nonnegative matrices, see, e.g., [9].

Let G be a connected graph of order n. Let A = T (G). As 1y (G) < A with equality if
and only if G is transmission regular. For a connected non-transmission-regular graph G
of order n, Liu et al. [19] showed that

nA-20(G)

oG < A - (nA -20(G)+ 1)n
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and

nA -20(G)

mnl@) < A= G s D

Note that 40 (G) < n> A. We show new bounds as follows:

nA —-20(G)

(nA - 20(G))4‘;—(AG) +n

1o(G) < A -

and

nA -20(G)

- (nA - 20(G))8‘;(f) +n

m12(G) < A

Instead of proving the two inequalities, we prove the following somewhat general result.

Theorem 3.2 Let G be a connected non-transmission-regular graph of order n. Then

(1 -a)nA(nA -20(G))

1@ <A G A - 20(G) + (1 - d’

where A = Ty (G).

Proof Let x be the a-Perron vector of G. Denote by x, = max{x,, : w € V(G)} and x, =
min{x,, : w € V(G)}. Since G is not transmission regular, we have x, > x,, and thus

1o (G) = 5" Dy(G)x
=a Z Tg(W)va +2(1-a) Z Az Xwk,

weV(G) {w,z}CV(G)

< Zao(G)xi +2(1 - @) (G)a?

u’

implying that x> > ‘z‘g—((g)) Note that

A —11(G)
=A-« Z Tg(W)x%, -2(1-a) Z Ay XXy
weV(G) {wz}cV(G)

= Z (A - Tg(W))xi, +(1-a) Z Ay (% — xz)z
weV(G) (wz}cV(G)

> Z (A — Tg(W))XE +(1-0a) Z Az (X _9‘:2)2
weV(G) {wz}cV(G)

= (nA-20(G))x} +(1-a) Z Ay (X — %,)°.

{wzlcV(G)

We need to estimate Z[W’Z}gv(@ dyz (%, — x,)>. Let P = wowy ... w; be a shortest path
connecting u and v, where wy = u, w; = v, and £ > 1. Obviously,

Z dwz(xw_xz)2 > Ni + N,
{w,z}CV(G)

Page 6 of 21
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where Ni = 3", viapve) 2zevp) Fwelw — x> and Ny = 3 s cyp) @ue( — %)% For w e
V(G) \ V(P), by the Cauchy—Schwarz inequality, we have

1
dwu(xw - xu)z + dwv(xw - xv)z = (xw - xu)z + (xw - xv)2 > E(xu - xv)z;

and thus

Nl > Z (dwu(xw - xu)z + dwv(xw - xv)z)

weV(G\V(P)
1 2
> ) -
weV(G\V(P)
n-£-1 2
= ——— (%, —xy)"
5 (u = xy)

For 1 <i<{-1and ¢ > 2, by the Cauchy—Schwarz inequality, we have

dW()W[ (xwo - xw,')2 + dW,’W[ (le‘ - xwl )2
Ny . 2 2
> minfi, € — i} ((wy — %w,)” + @, — %0,)7)

1
> min{i, £ — i} - E(xw0 —xwé)2
1 . . 2
=5 min{i, £ — i}(x, —x,)°,

and thus

-1

N2 > duv(xu _xv)2 + Z(dwowi(xwi - xwo)z + dwin (xwi _ng )2)
i=1

-1
1
> Ly =)+ ) o min{h, €~ i}, = 2,)°
i=1

1 -1
(z +s ;min{i,é - i}) (%, — x,)2

2 . .
E8 (x, —x,)?  if Lis even,

£2480-1 e
2 (xy, — %) if £ s odd.

Case 1. u and v are adjacent, i.e., £ = 1.

In this case, we have

Y dueley —x)" = N1+ Ny
waSV(©)
n-1-1
2

(0 —2,)% + (0 — )

n
= E(xu - xv)z'
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Thus
A= p1o(G) = (1A= 20(G))as + (1=) Y ot — )
(wACV(G)

> (nA - 2J(G))xf +(1- a)g(xu —x,)%

Viewed as a function of x,, (1A — 20 (G))x2 + (1 - )5 (% —x,)? achieves its minimum value

(1-a)n(nA-20(G)) .2 2 o Ma(G)
430G+ (—a)nu- Recall that x;, > 5¢7=. Then we have

(1-a)n(nA -20(G))  14(G)
A -20(G)+(1-a)n 20(G)
B 1 -a)n(nA -20(G))A
T 20(G)2(mA -20(G)) + (1 - a)n)
_ (A -a)n(nA - 20(G))(A - 1a(G))
20(G)(2(nA -=20(G)) + (1 —a)n)’

A- o
M(G)>2

which implies that

1 -a)nA(nA -20(G))
46 (G)(nA -20(G) + (1 —a)n2A°

A _/'La(G) >

Case 2. u and v are not adjacent, i.e., £ > 2.
Suppose first that £ is even. Then

Y dueloy - %) = N1+ Ny

{w,z}CV(G)
n—-0-1 02+ 8¢
> (o, — xv)2 + (o, — xv)2
2 +40+4n—4
-
8
Thus

A= 11a(G) = (nA=20(G)x} + (1-a) Y dualow —x2)°
{wz}SV(G)
0 +40+4n—4

> (nA - 2J(G))x3 +(1- a)#(xu -x,)%

2+40+4n—4
8

, we have

Viewed as a function of x,, (1A — 20 (G))x* + (1 - «) (%, — x,)* achieves its mini-
(1-0)(nA=20(G)) (2 +40+4n—-4) 2 2 1a(G)
mum value g7 e T gy Y AS %> 556

1-a)nA-20(G)(2+40 +4n—-14)  1e(G)
(1—a)(2+40 +4n—4) + 8(nA - 20(G)) 20(G)’

A _I"l‘Dt(G) >

ie.,

(1-a)(nA-20(G))(2 + 4L +4n—4) A

A - pa(G) > 160 (G)(nA = 20(G)) + (1 — a)(£2 + 4L + 4n — L)n A’

Page 8 of 21
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As a function of ¢, the expression on the right-hand side in the above inequality is strictly

increasing for £ > 2. Thus we have

Q1-a)nA-20(G)(n+2)A
40(G)(nA -20(GQ)+ (1 -a)(n+2)nA
S 1 -a)nA(nA -20(G))
40 (G)(nA - 20(G)) + (1 —a)n2 A’

A= py(G) >

Now suppose that £ is odd. Then

Z (% — xz)2

{w,z}CV(G)
>N; +N,
n—0-1 2+80-1
2 2 (xu_xv)z + T(xu_xv)z
2 +40+4n-5 )
= xu —xv) .

8

Thus, as early, we have

A - 1e(G)

2 +40+4n-5
> (14 -20(@) + (1 - @) —————(x, - x,)

(1-a)(f* +4L +4n-5)(nA - 20(G))
= 8A—20(C) + (L—a)(? + 4L +4n—5)
1-0)(?+4L +4n-5)(nA -20(G))  ua(G)
7 8 -20(G)+(1-a)(2+40+4n-5) 20(G)’

implying

(1-a)(nA-20(G))(€? +4L +4n—5)A
160 (G)(nA =20 (G)) + (1 — o) (€2 + 4L + 4n — 5)nA’

A _Ma(G) >

As a function of ¢, the expression on the right-hand side in the above inequality is strictly

increasing for ¢ > 3. Thus we have

Q1-a)nA-20(G)4+n)A
40(G)(nA -20(GQ)) + (1 - )4+ n)nA
(1-a)nAnA -20(G))
7 40(G)YnA—-20(G) + (1-—a)2A’

A _MDZ(G) >

The result follows by combining Cases 1 and 2. 0

4 Effect of graft transformations on distance «-spectral radius
In this section, we study the effect of some local graft transformations on distance o-

spectral radius.

Page 9 of 21
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A path ug - - - u, (with » > 1) in a graph G is called a pendant path (of length r) at u if
degs(ug) > 3, the degrees of uy, ..., u,_1 (if any exists) are all equal to 2 in G, and deg (i) =
1. A pendant path of length 1 at i is called a pendant edge at u.

A vertex of a graph is a pendant vertex if its degree is 1. A cut edge of a connected graph
is an edge whose removal yields a disconnected graph.

If P is a pendant path of G at u with length r > 1, then we say G is obtained from H by
attaching a pendant path P of length r at u with H = G[V(G) \ (V(P) \ {u})]. If the pendant
path of length 1 is attached to a vertex u of H, then we also say that a pendant vertex is
attached to u.

Theorem 4.1 Suppose that G is a connected graph, uv is a cut edge with degs(u) > 2, and
v is adjacent to a pendant vertex v'. Let

G,=G- {uw:w € Ng(u) \ {v}} + {Vw: w e Ng(u) \ {v}}.
Then pe(G) > pa(Guy)-

Proof Let G; and G; be the components of G — uv containing « and v, respectively. Let x
be the distance «-Perron vector of G,,. By Lemma 2.1, x,, = x,/. As we pass from G to G,
the distance between a vertex in V(G1) \ {#} and a vertex in V(G,) is decreased by 1, the
distance between a vertex V(G1) \ {#} and u is increased by 1, and the distances between

all other vertex pairs remain unchanged. Thus

1 (G) — 1o (Gyy)
xT (Dot(G) - Da(Guv))x

Z Z x +x +2(1 oz)xwxz)

weV(Gy)\{u} ze V(Gg)

- Y (@) + 201 - a)wa)

weV(G1)\{u}
> Z (o (xﬁ, + x%) +2(1 — a)xyx,)
weV(Gp)\{u}
+ Z (a(x) +a2) +2(1 — &)yt )
weV(Gy)\{u}
= > (e + ) + 20 - @)y
weV(G1)\{u}
= Z (cr(x2, +x2) +2(1 — o)axy )
weV(G1)\{u}
>0,
implying 14 (G) — e (Guw) > 0, ie., e (G) > e (Guy). 0

The previous theorem has been established for o = 0, 1 in [16, 25].

Theorem 4.2 Suppose that G is a connected graph with k edge-disjoint nontrivial induced
subgraphs Gy, ..., Gy suchthat V(G;)NV(G)) = {u} for 1 <i<j<kand Ule V(G) = V(G),

Page 10 of 21
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where k > 3. Let § # K C {3,...,k} and let N = | J;.x Ng,(u). For v € V(G1) \ {u} and
V' e V(Gy) \ {u}, let

G =G—{uw:weNg}+{vVw:we Nk}
and
G// =G- {MW:W GNK} + {V//W:W EN](}.

Then po(G) < max{iqe(G), 1a(G")}.

Proof Let x be the distance «-Perron vector of G. Let Vi = (U, V(G)) \ {#}. Let

Ir= Z Z a(x +x2) +2(1 - a)xyx;)

weV(Ga)\{u} zeVk

- Z Z a(x, +x2) +2(1 - a)ayx;).

weV(G1)\{u} ze Vi

As we pass from G to G/, the distance between a vertex in V(G;) and a vertex in Vi is
increased by dg(u,V'), the distance between a vertex w in V(G;) \ {#} and a vertex in Vi
is decreased by dg(w, u) — dg(w, V'), which is at most dg(u, V'), and the distances between

all other vertex pairs are increased or remain unchanged. Thus

Ha(G) -1
> " (D (G/) Do (G))x
> Z Z (de (V) (], +&2) +2(1 - @)wyi;))

weV(Gy) zeVk

- Z Z dG u, x +x ) +2(1 —oz)xwxz))

weV(G1)\{u} zeVK

:dG(u,V/)<r+ S (@ +o2) + 201 - ot)xuxz)>

zeVg

> dg(u, v’)F.

If I > 0, then o (G') — a(G) > dg(u,v)I" > 0, implying 14 (G) < pe(G'). Suppose that
I' < 0. As we pass from G to G”, the distance between a vertex in V(G;) and a vertex in Vi
is increased by dg(u, V"), the distance between a vertex w in V(Gy) \ {¢#} and a vertex in Vi
is decreased by dg(w, u) — dg(w,v"), which is at most dg(u, V"), and the distances between

all other vertex pairs are increased or remain unchanged. Thus

1a(G") = 1a(G)
>x" (Du(G") - Da(G))x

> Z Z dG u, x +x)+2(1—ot)xwxz))

weV(Gy)zeVk

Page 11 of 21
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- Z Z dG u, x +x ) +2(1—a)xwxz))

weV(Gy)\{u} zeVk

=dg(u,v )( e+ Yy (o +42) +2(1 - a)xuxz))

zeVk
>dg (u, v”) (-I)

>0,

implying 14 (G") — 1o (G) > 0, ie., a(G) < ta(G"). O

Weak versions of previous theorem for o = 0 have been given in [28, 30] and a weak
version for o = % may be found in [16].

For positive integer p and a graph G with u € V(G), let G(u; p) be the graph obtained
from G by attaching a pendant path of length p at u. Let G(#;0) = G, and in this case a
pendant path of length 0 is understood the trivial path consisting of a single vertex u.

For nonnegative integers p, g and a graph G, let G,(p, q) be the graph H(u; q) with H =
G(u; p). The following corollary has been known for « = 0 in [24, 28] and & = % in [15, 16].

Corollary 4.1 Let H be a nontrivial connected graph with u € V(H). If p > q > 1, then
I'La(Hu(p)q)) < /’La(Hu(p + 1;q - 1))

Proof Let G = H,(p,q). Let P = uu;---u, and Q = uv;---v, be two pendant paths of
lengths p and g, respectively, in G. Using the notations in Theorem 4.2 with k =3, G; = P
Gr=Q,Gs=H,V =up_41 and v/ =v;, we have G' = G” = H,(p + 1,4 — 1), and thus by
Theorem 4.2, we have u, (H,(p, q)) < o (H,(p + 1,4 — 1)). O

Theorem 4.3 Suppose that G is a connected graph with three edge-disjoint induced sub-
graphs G1, Gy and G3 such that V(Gy) N V(Gs) = {u}, V(Gy) N V(G3) = {v}, U?=1 V(G)) =
V(G), and G, — u, Gy — v, and G3 — u — v are all nontrivial. Suppose that uv € E(Gs). For
u' € Ng,(u) and v’ € Ng, (v), let

G=H+ {u’w ‘we NGB_W(u)} + {uw TWwe NGs_m,(v)}
and
G'=H+ {Vw ‘w eNgg,w(u)} + {V/W: we Ngg,m,(v)},

where H = G—{uw : w € NG,y ()} = {vw: w € NG,y (V)}. Then 114 (G) < 14 (G') or 114 (G) <
Ha(G").

Proof Let x be the distance «-Perron vector of G. Let

Z Z (cr(x2, +x2) +2(1 — )y

weV(Gy) zeV(G3)\{u,v}

Z Z (or(xf, +2) +2(1 = a)wyxz).

weV(Gy) ze V(G3)\{u,v}
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As we pass from G to G/, the distance between a vertex in V(G,) and a vertex in V(G3) \
{u, v} isincreased by 1, the distance between a vertex in V(G;) and a vertex in V(Gs) \ {u, v}
may be increased, unchanged, or decreased by 1, and the distances between any other
vertex pairs remain unchanged. Thus

Mo (G/) - Ma(G) = xT (Doz (G/) - Da(G))x

Z Z (a(x] +a2) +2(1 — @)xyx;)

weV(Gy) zeV(G3)\{u,v}
YooY (e +ad) 201 - o))
weV(Gy) zeV(G3)\{u,v}
=T.

If I' > 0, then 1o (G') — 1a(G) = 0, ie., 1a(G) < 1o (G). If 14(G) = 1o (G'), then 11y (G') =
x" D, (G')x, implying x is the distance a-Perron vector of G'. By the a-equations of G and
G’ at v, we have

0 = 1o (G)xy — a(G)x,

= > (de,w)-dgv,w))(ax, + (1 - a)x,)

weV(G3)\{u,v}
(o, + (1 a)xw)

weV(G3)\{u,v}

>0,

a contradiction. Thus, if I" > 0, then 14 (G) < o (G).
Suppose that I" < 0. As earlier, we have

Mo (G”) - 1a(G) > x' (Dcx (G”) -D, (G))x

> Z Z (or(x], +22) +2(1 — @)wyix;)

weV(Gy) zeV(G3)\{u,v}
Z Z (a(x2 +a2) +2(1 - @)xyx;)
weV(Gy) zeV(G3)\{u,v}

=T

> 0,

and thus wq(G) < e (G”). O

A weak version of previous theorem for o = % has been established in [16].
For nonnegative integers p, g and a graph G with u,v € V(G), let G, (p, q) be the graph
H(v;q) with H = G(u; p). The following corollary has been known for = 0, 5 in [15, 32].

Corollary 4.2 Let H be a connected graph of order at least 3 with uv € E(H). Suppose that
n(u) = v for some automorphism n of G. For p > q > 1, we have (y(H,,, (0, q)) < o (Hy(p +
11 q- 1))

Page 13 of 21
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Proof Let G = H,,(p,q). Let P = uu;---u, and Q = vv; --- v, be two pendant paths of
lengths p and g in G at u and v, respectively. Using the notations of Theorem 4.3 with
G, =P, Gy,=Q,Gs=H,u =u; and v =v;, we have @ T H,,(p - 1,g+1) and G' =
H,,(p + 1,q — 1), and thus by Theorem 4.3, we have uy(H,,(p,q)) < max{ps(H,,(p —
1,g+ 1), naHywp+1,g-1)}.If p=g (p =g + 1, respectively), then H,,(p - 1,4+ 1) =
H,,(p+1,q-1) (H,,(p,q) = H,,(p — 1,9 + 1), respectively) as n(u) = v for some automor-
phism 7 of G, and thus from the above inequality, we have (4(G) < o (Hyo(p + 1,9 - 1)).
Suppose that p > g + 2 and o (G) < o (Hyy(p — 1, + 1)). If p £ g (mod 2), then we have

3 -3
ua(G)sw(Hu,V(p*;’* ,"“Z ))

p+q+1l p+g-1
ol Huy )
< ( < 2 2 ))
3 -3
<I’LQ{ HMV p+q+ )p+q ’
' 2 2
which is impossible. If p = g (mod 2), then we have
:Uva(G) < Mg <Hu,v<p 4 + ly 5 — 1>>
< st Hoy P"’q,l’”'q
' 2 2
< Mg Huv u_11p+q+1 )
’ 2 2

which is also impossible. Therefore u,(H,,(p,q)) < o (Hyy(p + 1,9 - 1)). O

+

<
_Q

\S]

5 Graphs with small or large distance a-spectral radius
First we determine the graphs with minimum distance a-spectral radius among trees and
unicyclic graphs.

Theorem 5.1 Let G be a tree of order n. Then 11,(G) > 14 (S,) with equality if and only if
G=S,.

Proof The result is trivial if n = 1,2, 3. Suppose that #n > 4. Let G be a tree of order # such
that 1, (G) is as small as possible. Let d be the diameter of G. Evidently, d > 2. Suppose
that d > 3. Let vov; - - - v4 be a diametral path of G. By Theorem 4.1, 114 (Gyv,) < e (G), a
contradiction. Thus d =2,i.e, G= S,,. O

In Theorem 5.1, the case @ = 0 has been known in [24] and the case o = % has been
known in [16, 29].

Forn—-1>3and1<a< L"T_zj, let D,,, be the tree obtained from vertex-disjoint S,,1
with center u# and S,_,_; with center v by adding an edge uv. Let T be a tree of order n
with minimum distance «-spectral radius, where T2 S,,. Let d be the diameter of T'. Then
d > 3. Suppose that d > 4. Let vyv; - - - v4 be a diametral path of 7. Note that T),,, 22 S,.. By
Theorem 4.1, j14(Ty,v,) < e(T), a contradiction. Thus d = 3, implying T' = D,, , for some

awithl <a<|%2].



Guo and Zhou Journal of Inequalities and Applications (2020) 2020:161 Page 15 of 21

Let S} is the graph obtained from S, by adding an edge between two vertices of degree
one.

Lemma 5.1 ([29]) Let G be a unicyclic graph of order n > 6. If G £ S, then
o(G)=n’-n-4>0(S})=n"-2n.

Note that for n = 5, we have o (C,) = (S}). So, in the above lemma, the condition n > 6
is necessary.

Theorem 5.2 Let G be a unicyclic graph of order n > 8. Then 11, (G) > 114(S}) with equality
ifand only if G = S;.

Proof Suppose that G 22 S;;. We only need to show that 11 (G) > e(S}).
By Lemmas 2.4 and 5.1, we have

20(G) - 2m* - n—-4)
- n .

1o (G) =

By [20, p. 24, Theorem 1.1] or by Theorem 3.2, we have
1a(Sy) < Tmax(Sh) = 21— 3.

Since n > 8, we have

2n*-n-4
Ma(G) = % Zzn_3>ﬂa(5’;);

as desired. O

The result in Theorem 5.2 for o = 0, % has been known in [29, 31].

In the following, we determine the graphs with maximum distance «-spectral radius
among some classes of graphs.

For 2 < A <m-1, let B, be a tree obtained by attaching A — 1 pendant vertices to a
terminal vertex of the path P,,_x,;. In particular, B,; = P, and B,,,,-; = S,,. The following
theorem for a = 0, % was given in [16, 24] for trees.

Theorem 5.3 Let G be a connected graph of order n with maximum degree A, where 2 <
A <n-1.Then s (G) < po(Bya) with equality if and only if G = B, .

Proof Let G be a graph among connected graphs of order #» with maximum degree A such
that 1, (G) is as large as possible. Then G has a spanning tree 7 with maximum degree A.
By Lemma 2.3, (44(G) < 1o (T) with equality if and only if G = T. Thus G is a tree.

The result is trivial if # = 3,4 and if A = 2,n - 1. Suppose that 3 < A <n - 2. We only
need to show that G = B, a.

Let u € V(G) with deg;(#) = A. Suppose that there exists a vertex different from u with
degree at least 3. Then we may choose such a vertex w of degree at least 3 such that dg(u, w)
is as large as possible. Obviously, there are two pendant paths, say P and Q, at w of lengths
at least 1. Let p and g be the lengths of P and Q, respectively. Assume that p > gq. Let
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H=G[V(G)\(V(P)UV(Q)\ {w})]. Then G = H,,(p,q). Note that G’ = H,(p+1,g—1) isa
tree of order n with maximum degree A. By Corollary 4.1, 1, (G) < o (G’), a contradiction.
Then u is the unique vertex of G with degree at least 3, and thus G consists of A pendant
paths, say Q1,..., Qa at u. If two of them, say Q; and Q; with i #; are of lengths at least 2,
then G = H, (r,s), where H' = G[V(G) \ (V(Q) U V(Q))) \ {#})], and r and s are the lengths
of Q; and Qj, respectively. Assume that » > s. Obviously, G” = H,(r + 1,5 — 1) is a tree of
order n with maximum degree A. By Corollary 4.1, 14(G) < £o(G”), also a contradiction.
Thus there is exactly one pendant path at « of length at least 2, implying G = B, 4. g

If G is a connected graph of order 1 or 2, then G = P,,. If G is a connected graph of order
3, then G = P3, K3, and by Lemma 2.3, (14 (K3) < 1 (Ps3).

Ruzieh and Powers [23] showed that P, is the unique connected graph of order #n with
maximum distance 0-spectral radius, and it was proved in [25] that B, 3 is the unique
tree of order # different from P,, with maximum distance 0-spectral radius. For « = %, the
following theorem was given in [16].

Theorem 5.4 Let G be a connected graph of order n > 4, where G 2 P,,. Then 1,(G) <
o (By3) < e (Py,) with equality if and only if G = B, 3.

Proof First suppose that G is a tree. If n = 4, then the result follows from Theorem 4.1.
Suppose that n > 5. Let A be the maximum degree of G. Since G 2 P,, we have A > 3.
By Theorem 5.3, 114 (G) < 4 (By,a) with equality if and only if G = B, 5. By Corollary 4.1,
1o (G) < pe(Bya) < ta(Bys) < te(Py,) with equalities if and only if A =3 and G = B, a,
i.e.,, G= Bs.

Now suppose that G is not a tree. Then G contains atleast one cycle. If there is a spanning
tree T with T' 2 P, then by Lemma 2.3 and the above argument, we have 11, (G) < o (T) <
Mo (Bys). If any spanning tree of G is a path, then G is a cycle C,,. Now we only need to
show that py(Cy) < o (Bys)-

Let C, = uyuy - - -u,uy and T’ = C, — {uyuy, upus} + upu,. Then T = B, 3. Let x be the
distance a-Perron vector of C,. By Lemma 2.3, we have x,,, = --- = x,,,. As we pass from C,
to 77, the distance between u; and u; is increased by 1, the distance between u; and u; with
3<i< (”—;1] isincreased by n—2i+ 3, the distance between u; and u; with L”T”J +2<i<m
is decreased by 1, and the distances between all other vertex pairs are increased or remain
unchanged. Thus

Mo (T/) — 1o (Cy)
=x' (Do(T') — Du(G))x

> a(x), +x5) + 2(1 — )y, %y,

n

- Z ( (xi2 + xi’,) +2(1 — &)y, )

i=| 241 42

rely

+ Z (n—2i+ 3)(a (xi2 + xil) +2(1- a)xuzxul.)
i=3

[%51
=2xil<1—<n—Ln;1J—l>+ Z(n—2i+3)>
i=3
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o 25T

2
> ZxM1

>0,

and therefore 11, (C,) < 1ty (By3), as desired. (]

A clique of G is a subset of vertices whose induced subgraph is a complete graph, and the
clique number of G is the maximum number of vertices in a clique of G. For 2 < w < n. Let
Ki,, be the graph obtained from a complete graph K, and a path P,_,, by adding an edge
between a vertex of K, and a terminal vertex of P,_,, if w < n and let Ki,,,, = K, if o = n. In
particular, Kiy» = P, for n > 2. The following result for o = 0, 1 was given in [15, 21].

Theorem 5.5 Let G be a connected graph of order n > 2 with clique number @ > 2. Then
1o (G) < po(Kiy,,) with equality if and only if G = Ki,,,.

Proof 1t is trivial if w = n and it follows from Theorem 5.4 if w = 2.

Suppose that 3 < w <n - 1. Let G be a graph among connected graphs of order n with
clique number w such that 11, (G) is as large as possible. We only need to show that G =
Kiyo.

Let S ={vy,...,v,} be a clique of G. By Lemma 2.3, G — E(G[S]) is a forest. Let T; be the
component of G — E(G[S]) containing v;, where 1 <i < w. For 1 <i < w, by Corollary 4.1,
if T; is nontrivial, then T; is a pendant path at v;. Note that any two distinct vertices in G[S]
are adjacent. By Corollary 4.2, there is only one nontrivial 7;, and thus G = Ki,,,. g

Recall that Ki, 3 is the unique unicyclic graph of order n > 3 with maximum distance
0-spectral radius [31], and the unique odd-cycle unicyclic graph of order # > 3 with max-
imum distance %—spectral radius [15].

Theorem 5.6 Let G be a unicyclic odd-cycle graph of order n > 3. Then 1,(G) < (u(Kiy3)
with equality if and only if G = Ki,, 3.

Proof 1f n = 3,4, the result is trivial. Suppose that #n > 5. Let G be a graph with maximum
distance a-spectral radius among unicyclic odd-cycle graphs of order n. We only need to
show that G = Ki,, 3.

Let C = vy ---vo1v1 be the unique cycle of G, where k > 1. Let T; be the compo-
nent of G — E(C) containing v; for 1 <i <2k + 1. Let Uy = V(Tox) U V(Toxs1), Uz =
Uks1<icok_1 V(T3 and Uz = U, .,.,_; V(T)). Let x be the distance a-Perron vector of G.

Let
I = ZZ x +x +2(1—a)xuxv)
uelly vels
—ZZ x +x +2(1 a)xuxv)
uely velly

Suppose that k > 2. Let G’ = G — v1Vok41 + Vag+1V2k-1- Note that the length of C is odd. As
we pass from G to G/, the distance between a vertex in S; and a vertex in S3 is increased
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by at least 1, the distance between S, and V(T,1) is decreased by 1, and the distance
between all other vertex pairs are increased or remain unchanged. Thus

Mo (G/) - 1e(G) = x! (Dot (G/) - Da(G))x

>ZZ x +x +2(1—a)xuxv)

uelly vels

Z Z x +x +2(1 a)xux‘,)

ueV(Toxs1) vella

>ZZ x +x +2(1 a)xuxv)

uelly vels

—Z Z a(x? +a ) +2(1 - a)xux,).

uely vellp

If I > 0, then o (G') > 1o (G), a contradiction. Thus I" < 0. Let G’ = G —vorvar_1 + Varvi. As
we pass from G to G”, the distance between a vertex in S; and a vertex in U is increased by
atleast 1, the distance between U3 and V(T4) is decreased by 1, and the distance between

all other vertex pairs are increased or remain unchanged. As above, we have

Mo (G”) - :ua(G) z xT (Da (G”) - Da (G))x

>ZZ a(xl +x2) +2(1 — o))

uely velly

Z Z a(x] +x2) +2(1 - a)ayx,)

ueV(Tyx) vels

> ZZ x +x +2(1—oz)x,,xv)

uely velly
—E Z a(x? +a +2(1—a)xuxv)
uely vels

> 0.

Thus p1e(G”) > 1y (G), also a contradiction. It follows that k = 1, i.e., the unique cycle of G
is of length 3.

Obviously, T; is a tree for 1 <i < 3. For 1 <i < 3, by Corollary 4.1, if T; is nontrivial,
then it is a path with a terminal vertex v;. Then by Corollary 4.2, only one T; is nontrivial.
Thus G = Ki,, 3. O

Let G be a unicyclic graph of order # > 4 with maximum distance «-spectral radius. By
Corollary 4.1, the maximum degree of G is 3 and all vertices of degree 3 lie on the unique
cycle. Let u be a vertex of degree 3 and P be the pendant path at u. Let v and w be the
two neighbors of # on the cycle, and z the neighbor of # on P. Let G; = G — uw + vw and
Gy = G—uw+wz. Then uy(G) < max{uy(G1), Lo (G2)} if the length of the cycle of G is odd,
see [4, Lemma 6.11]. Note that the argument does not work when the length of the cycle
of G is even. So we need other ways to determine the unicyclic graph(s) with maximum

1

distance a-spectral radius even for a = 3.
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6 Remarks
In this paper, we study the distance «-spectral radius of a connected graph. We consider
bounds for the distance a-spectral radius, local transformations to change the distance
a-spectral radius, and the characterizations for graphs with minimum and/or maximum
distance «-spectral radius in some classes of connected graphs.

Besides the distance a-spectral radius, we may concern other eigenvalues of D, (G) for
a connected graph G. We give examples.

For an n x n Hermitian matrix C, let 11(C),..., A,(C) be the eigenvalues of C, arranged
in a nonincreasing order. Let A, B be n x n Hermitian matrices. Weyl’s inequalities [13, p.
181] state that

(A +B) <Ai(A) + Ajia(B) forl<i<j<mn,
and
M(A+B) > (A) + Ajpn(B) forl<j<i<n.
Using these inequalities, and as in the recent work of Atik and Panigrahi [3], we have

Theorem 6.1 Let G be a connected graph and ). be any eigenvalue of D, (G) other than the
distance a-spectral radius. Then

20 Tmin(G) - Tmax(G) + (1 - 0()(1’1 - 2) =< A =< Tmax(G) - (1 - Ol)l’l.

Proof Let D,(G) = A + B, where A = (@ Tmin(G) — (1 — a))I,, + (1 — &)]yx,- Then B is a non-
negative symmetric matrix with maximum row sum T, (G) — & Tiin(G) — (1 — @) (n — 1).
Thus [1,(B)| < 11(B) < Tmax(G) — a Tyin(G) — (1 —ar)(m — 1).
For matrix A, we have 11 (A) = ¢ Tin(G) + (1 —a)(n — 1) and Aj(A) = ¢ Tyin(G) — 1 + « for
j=2,...,n. Thus, for j = 2,...,n, we have by the above Weyl’s inequalities that
2i(Da(G)) < A1(B) + 1;(A)
< Tnax(G) = Tiin(G) = (1 —a)(n = 1) + @ Tiin(G) = 1 +

= Tmax(G) - (1 - Ol)}’l
and

> —Tnax(G) + 0 Tiin(G) + (1 —a)(n — 1) + a T1in(G) - 1 +

= 20 Tin(G) — Trmax (G) + (1 — ) (n - 2).
This completes the proof. d

Let G be a connected graph and A be any eigenvalue of D, (G) other than the distance
a-spectral radius. By previous theorem, we have

|)‘| = Tmax(G) - (1 - Ol)(}’l - 2)
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The distance «-energy of a connected graph G of order # is defined as

n

HOES

i=1

nd(G) -

200 (G)
=2

Then & (G) is the distance energy of G [14, 33], while

n

HCEEDY

i=1

20(G)
n

2ﬂ(1i/)2(G) -

is half of the distance signless Laplacian energy of G [8]. Thus, it is possible to study the
distance energy and the distance signless Laplacian energy in a unified way.
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