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1 Introduction
In this paper, we discuss the following mathematical programming problem with comple-
mentarity constraints (MPCC for short):

min  f(x,y)
st glx,y) <0, (1)
0<F(xy) Ly=0,

where f: R"™*" — R, g = (gl,...,g,,,g)T :R™"M 5 R™e, F = (Fy,...,F,)T : R"™" — R™ are
continuously differentiable functions. “F(x, y) L ¥” means that the vectors F(x, y) and y are
perpendicular to each other.

MPCC (1) has a broad of applications in real world, such as engineering design, traffic
transportation, game theory and so on. A detailed overview of MPCC applications can be
found in [1] and the monographs [2—4].

Since MPCC (1) is a nonconvex optimization problem and the standard Mangasarian—
Fromovitz constraint qualification (MFCQ) is violated at any feasible point, the well-
developed algorithms for the standard nonlinear programs (for example, [5-18]) typically
have severe difficulties if they are directly used to solve the MPCC (1). Hence, MPCC-
tailed algorithms are desired.
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It is well known that the QP-free method is one of the efficient methods for nonlinear
programming (see [14, 15, 19-25] ). The nice properties of the QP-free method are as fol-
lows: (a) The search directions are determined only by solving systems of linear equations
rather than solving QP-subproblems. As a consequence, the computational cost is de-
creased greatly. (b) Compared with the SQP method, the size of the investigated problem
solved by QP-free method is larger. It is worth mentioning that the primal—dual interior
point QP-free algorithm in [21] has an improvement, that is, the strict restriction that the
Lagrangian Hessian estimate is uniformly positive is relaxed. It is noticed that the active
set identifying technique is incorporated into the QP-free algorithms in [22, 23]. Conse-
quently, the computational cost is further decreased and the numerical performance in
[22] is encouraging.

Although there are many OP-free algorithms for nonlinear programming, to the best of
our knowledge, there are few MPCC-tailed QP-free algorithms for the MPCC (1). Moti-
vated by the ideas of the algorithms in [21, 24—27] and combining with smoothing tech-
niques, we propose a primal—dual interior point QP-free algorithm for the MPCC (1). The
proposed algorithm possesses the following nice properties:

(a) The technique of active set is incorporated into the algorithm. As a consequence,

the size of SLEs becomes smaller and the computational cost is decreased.

(b) At each iteration, the search direction is obtained by solving two SLEs with the same

coefficient matrix, which further decreases the computational cost.

(c) The uniformly positive definiteness on the Lagrangian Hessian estimate Hy is

relaxed.

(d) The algorithm possesses global convergence without assuming that the stationary

points are isolated.

2 Preliminaries and reformulation
In this section, for completeness, we first restate some definitions and results about
the MPCC (1), then deduce an approximation problem of the MPCC (1) by Fischer—
Burmeister function and smoothing techniques.

Denoted by X, the feasible set of the MPCC (1), and denoted by I = {1,2,...,m} and
IE={1,2,...,m,} are the index sets of the complementarity constraints and the inequality
constraints, respectively.

Definition 1 ([2]) Given (x*,y*) € X, if
(7 Fi(x",y")) #(0,0), Viel", 2
then we call that the lower-level strict complementarity (LLSC) is satisfied at (x*, y*).

Definition 2 ([2]) A point (x*,y*) € X, is said to be a KKT stationary point of the MPCC
(1) if there exists a KKT multiplier vector (A*, w*, u*) € R™*"*"¢ guch that

Opxm *
Vf(x*,5*) + Vg(x*,y*)A* = VE(x*,y")0* - ( e ) u* =0,
0<-g(x*y") LA*=0; F(x*,9*) >0, » >0, Fi(x*,y" )y =0;

w; =0, ifF(x*y%)>0; wi=0, ifyf>0;
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L()* Z 0’ H‘;k Z 0’ 1sz(x*,y*) :y;k = Oy

i

where E,, € R™*" is an mth-order identity matrix. The vector ((x*,y*), A*, w*, u*) is said
to be a KKT stationary pair of the MPCC (1).

Proposition 1 ([2]) Suppose that (x*,y*) € Xy satisfies LLSC, then ((x*,y*), \*, 0*, u*) is a
KKT stationary pair of the MPCC (1) ifand only if there exists a vector * = (i},i € I°) e R™,

such that
Vof (%, %) V.gx*, y*) Vi F(x%, y*) Opscm
Vif %) |+ | Vige®s ") | A= | VF&Sy*) |o* | V* | =0,
0m><1 Omxl —Em Y*

0<-g(x*y) LA >0, 0<F(x"y*)Ly*>0,

. wiIE(x*,y%),  if Fi(x*,9%) >0,
N KO ify; >0,

where V* = diag(F;(x*,y*),i € I€), Y* = diag(y},i € I°).

It is well known that the Fischer—Burmeister function is a complementarity function,
which is defined by

Y(a,b)=a+b—-~a?+ b2
Obviously, i satisfies the following basic property:
Y(a,b)=0 < a>0,b>0,ab=0. (3)

And  is continuous differentiable in {(a, b) € R?|(a, b) # (0,0)}, namely

b
w;mma—ﬁ; V@) =1-———s (@) #(0,0)

Let v = F(x,y), according to the property (3), the MPCC (1) is equivalently transformed

into the following nonsmooth nonlinear optimization problem:

min  f(x,y)
st. v—F(x,y) =0,
(4)
U(y,v)=0,
gx,y) <0,

where ¥ (y,v) = (¥ (y;, vi), i € I€).
Obviously, the function ¥ is not differentiable at the point (0,0). Borrowing ideas from
[28], we define the functions as follows:

¢(yi;Vi)r ie]c\lc()/,%f?)»
wg(yi’vi) = 28_%)/' + 2e-Vi 2

2 i 2e Vz_§r iEIC()/,Vu?),
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.00 0, ieI°\I(y,v,¢),
Vi) = [ 22 )2
U W e e,

where the index set I¢(y,v,¢) = {i € IC | y? + v < g, > 0}. Moreover, define

‘1’8()/, V) = (%()’i, Vi)’ie IC)’ aa@r V) = (Eg(yi’ Vi)ri € IC):
so we have

U (y,v) = W(y,v) + ¥ (y,v).

For any ¢ > 0, the function v, (y;, v;) is differentiable, and it follows that

b Vi 1- 2, iel°\I°(v,e),
w;,y,'(yi’ V) = M = W \ I (y )
8)’5 1—%, iEIC(y,V,S),

i : C C
v (i V,)_M_ 1- ./y‘vzwz" L€ I"\I"(y,v,¢),
&V Y] — - v i i

dvi 1-4, ieI(y,v,e).

So the smooth problem

min  f(x,y)
st. v—F(x,y) =0,
W&‘ ()’, V) = Oy

gy) <0

(5)

(6)

will be used as an approximation of the MPCC (1). Obviously, if I (y*,v*, €) = @, then the
problem (6) is equivalent with the problem (4). Under some mild conditions, I (y*, v*, &) =

@ is guaranteed, where (x*,y*,v*) is an accumulation point of the iterative sequence

{(x*, 9%,15)} (see the proof of Theorem 1 in the sequel).
Define a penalty function f;(x,y) for the problem (6) by

Silwy) =feey) =r) (vi-Fi®,y)) = r Y v vi),

iel€ iel€

where r > 0 is a penalty parameter. Similar to [29], we can convert the problem (6) to the

following smoothing optimization only with inequality constraints:

min  f,(x,)
sit. v;—Fix,y) <0, iel,
I/IS(yi’ Vi) S Or i€ Ic;

&x,y) <0, iel.

Page 4 of 24
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For simplicity, we use the following notations throughout this paper:

z=(x,9,v), u=(xY), w=(y,v),

dz = (dx,dy, dv), du = (dx, dy), daw = (dy,dv),

&= (xk,ykyvk), Uk = (xk’yk)’ wk = <yk, Vk),

dz* = (dsb,dyf,dv"),  du* = (dx", ),  awf = (@), ad)),
er=(1,1,...., )T eR¥™"™e, g0 =(1,1,...,1)T e R",

X:={zeR™ | v;— Fx,y) = 0,i € I ¥ (y;,v1) = 0,i € I°; gi(,9) < 0,i € ¥},
X =z € R™™ | v; — Fi(x,9) < 0,i € I Y. (y,v;) < 0,i € I; gi(x,9) < 0,i € ¥},
Xo := [z e R"™" | v; — Fi(x,9) < 0,i € I°; ¥ (3, 1) < 0,i € I; gi(x,) < 0,0 € ¥},
¢(x,y) = max{0;gi(x,),i € I¥}, I(x,y) = {i € ¥ | gi(%9) = o(x,9)},

L@ ={iel®|vi-Fxy) =0}, 1" ={iel|yu(y,v)=0},

I§(2) = {i € I | gi(,9) = O}.

The following proposition shows the equivalence between the problem (6) and the prob-

lem (7).

Proposition 2 If (z,A") is a KKT pair of the problem (7), and v — F(x,y) = 0, ¥.(y,v) =0,
then (z,A) with multiplier . = X" — re is a KKT pair of the problem (6), where A" :=

()L;:Jcr }\:PS,IC’ )»;Ig), A= ()‘F,IC’)“WS,IC’ )Lng), e=,...., L., Lamm 0, ..., 0(2m+mg)th)T'

Proof Since (z,A") is a KKT pair of the problem (7), the vector pair (z,A") satisfies the
following relations:
V(% 9) + VZ(V —F(x;y)))»;,,c + V¥ (y, V))‘;&IC + vzg(x;y))\‘;jg =0,
Ap>0,vi—Fi(x,y) <0, Ap(vi—Fix)=0, il
)‘-'z}/g‘i = 0) I/fs()’i»Vz’) < 01 )‘-rpg,;’wé‘(yhvl’) = 07 ie IC,

A‘Q,i > Orgi(x;y) =< 0, )";’igi(x:y) = 0» ie Ig.
Note that

Vofr(x,) = Vof (5,9) = FZVZ(V[ _Fi(xry)) - fZVz%(yi, vi),

iel€ iel€

we get
Vof (5,9) + V(v = F(x,9)) (A;Jc —reic) + V% (y, v)()hfps’lc —rec) + Vg%, y)A; ¢ = 0.

Let hpjc = A

—_ 7
Fic —Terc, Ay e =4

¢ e hg¢ = Ay e, We oObtain

Vo f(x,y) + Vz(v —F(x,y)))»FJc + VW (y, v))»%,,c + V.g(x, y)Ag e = 0.

Page 5 of 24
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In view of v — F(x,y) = 0, ¥ (y,v) = 0, g(x,y) <0, and
Agi >0, Agigilx,y)=0, i€l
Let A:= (A, Ay, ;cyAgre) = A" — 1€, 50 (z,1) is a KKT pair of the problem (6). d

3 Description of the algorithm

For the sake of theoretical analysis, we make a basic assumption throughout this paper.

Assumption 1
(1) For any (x,y) € R™", the matrix V,F(x, y) is a Py matrix, i.e, all the principal minors
of V,F(x,y) are nonnegative.
(2) Forany (x,y) € R"™", the submatrix (V,F(x,))++ of the matrix V,F(x,y) is
nonsingular, where the index set J* = {i € I | Ve, i vi) = 0},

In order to construct the coefficient matrix of linear equations conveniently, denote

v—F(x,y)
2 :=82/(z,€) = .(y,v) |,
g](xd’)

and denote by A; the gradient matrix of §2;, that is,

—-V.F(x,y) 0 V.g ()
Aj:= AI(Z’ €)= _va(xv y) Vylps O,v) Vyg](x, » |
Em Vleé‘ (y; V) 0

where J C I¢, the diagonal matrix

Vy e (y,v) = diag (V) (i vi) i € 1), VyWe(y,v) = diag(y,, (i, vi),i € I°).

Define the matrix

8)

U:=U(ze) = (‘VyF(x»y) V¥, (y,v) ) '

E, Vo We(y,v)
Similar to the proof in [30, 31], we can prove that the following proposition is true.

Proposition 3
(1) Suppose that the matrix U is nonsingular. Then the matrix A,y is full of column
rank, if and only if the matrix

ngl(x,y) (o, y) - Vi F(x, J’) (u_l)m Vygl(x,y) (x, y)

is full of column rank, where (U™Y),, is the mth-order principal submatrix of U™,
which consists of the first m rows and m columns of UL,

(2) Suppose that Assumption 1 holds, then the matrix U is nonsingular.
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Assumption 2 For any z € R"2" the matrix

vxgl(x,y) (x, y) — V,.F(x, y) (u_l)mvygl(x,y) (v, y)
is full of column rank.

Remark1 According to Proposition 3, if Assumption 1 is true, then Assumption 2 is equiv-
alent to the LICQ of the problem (7).

Based on Proposition 2, we know that if one can construct an efficient algorithm for the
problem (7) and adjust penalty parameter r to force the iterate to asymptotically satisfy
v—F(x,7) =0, ¥, (y,v) = 0, then the solution to the problem (6) can be yielded.

Define the following optimal identification function:

0
pzh) =21, ©)
where
V.L(z,\)
— Fx,
D(z,A) = V= F) ,
e (y,v)
min{_g(xry)y )“g,lg}
and A = (Ag e, Ay, ¢, Agre), the parameter & € (0,1), || - || is the Euclidean norm, and we

have the Lagrangian function

Lz 2) =f(59) + D hei(vi— F3)) + Y due e vi) + ) dgii(,9)-

iel€ icl€ iel®

Obviously, p is nonnegative and continuous. It follows from [32] that p(z*,1*) = 0 if and
only if (z*,1*) is a KKT pair of the problem (6).

For the current iterate z* € X,, we define the corresponding multiplier vector A% =
(xﬁ'lc,xfygllc,xglg) in (9) by

0= Ak=Rlope k>1, (10)

where s° > 0, and (’Xk’l, rk-1) is computed in the previous (k — 1)th iteration, we construct

the working set I as follows:
Lo ={ie | g(x"5") + p(,2%) > 0}. (11)

When (z£, AF) is sufficiently close to a KKT pair (z*,1*) of the problem (6), and the
second-order sufficient conditions and the MFCQ hold at (z*,1*), the set Iy equals the
precise identification set I3 (z*). Therefore, only inequality constraints associated with the

working set I; need to be considered.
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For the current iterate z5 € R"?>”, the first SLE in our algorithm is constructed as fol-

lows:

k Kk
SLE1: MIk (dz) _ (—Vzﬂk(x A )) , (12)
" 0

where the coefficient matrix M;, is defined by

H A
o k _ k I,

My, =My, (25,S),) = < . le ) (13)
k k k

with

Gy, = diag(v — F(+5,5%), W (1), g1, (+5,55)),

the matrix Hy € R"*" is an approximation of the Lagrangian Hessian, the matrix Sy, :

diag(sll< ), where the vector sll‘k 1= (sﬁ Ic,sk ) € R?#Ikl js an approximation of k

A v ,IC? glk
K
()‘F,IC’)‘W IC’)”gIk)
It is not difficult to prove that the following result is true.

Lemma 1 Suppose that Assumptions 1-2 hold, and the symmetric matrix Hy satisfies the
following relation:

o X - B - B )

iel€ Vi
k
# 3 gy (o )V ()T
ze[c wé‘(yz’z
sk T
Y ) "
l€1k "y

then the coefficient matrix My, defined by (13) is invertible, where the matrix order A > B
means that A — B is positive definite.

We now describe our algorithm as follows.

Algorithm A Step 0. (Initialization)

Choose an initial point z° € Xo; a € (0, %); %, 8,60 € (0,1); ro,€0,C,v, V1, V2, V3, Va > 0;
T > 1; ¢ > 2; termination accuracy € > 0; the vector s := (Sg,IC’SgrS,]C'Sng) € R¥"+"g with
s? € [Smin> Smax]> Where Smax > Smin > 0. Set k := 0.

Step 1. (Compute the working set)

Yield A¥ by (10), then compute p(z5, A%) by (9). If p(z¥, 1¥) < €, and I€ (9, V¥, &) = @, then
ZF is a KKT point of the MPCC (1), stop; otherwise, compute the working set I; by (11).

Step 2. (Yield a matrix Hy)

Generate a symmetric matrix Hy such that it is an approximation of the Lagrangian
Hessian of the problem (7) and satisfies the condition (14).

Step 3. (Generate a search direction)
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(1) Solve the first SLE1 (12). Let its solution be (c’i\zk /):k ) with
()"FIC ’A,J, IC’ Ik) € R2m+|1k|. Set /)\.\k ()\.
glg ()"g I’ Olg\Ik)
(2) If the following conditions hold:
Nk
@ ldz Il <y,
)“k = - —Y2€r,

FIC) wzC’ Ig) where

ii)
)
(iv) kk . IC # vaec,
(v) Ic(y vk, &) # @, then update the parameter 7x by 1141 = Ty, set 251 = 2K,

Sk =K Hyoy = Hyy Ieet = Iy €541 = 58/“ and go back to Step 3(1); otherwise, set

Tk+1 = Tk, 8O to Step 3(3).
(3) Find ¢k1c = (pF;) e R™, Dq/ = (D{},Eli) e R™, Q;Ik = (Qgi) € RV, respectively, as
follows:
¢1]é,i = ¢,~(zk,’);/§,i)
=min{0, —(max {1}, 0})" - C(vf = E:(x*,5%))}, i€l (15)
DY, ;:=Di(25,2%, ;) = min]0,—(max{-2%,_,,0})" - Cy.(5,0f)}, i€l (16)

Q;i = Q,»(zk,x;i) = min{O (max{ )»gl, })U - Cgi(xk,yk)}, icl. (17)

Denote w* = (¢§JC,D§,SJC, Q;Ik), then compute

o~

>k >k
T ~k g My, A
¢* = Ve () e =y - Y D= ) (18)
ielC "B ielC “Weil i€l "%t
= () | ) (St S+ )
iel€ iel€ iely
Ws, k g,
DIE MRS 3K TEII 3 1 ®
iel€ Spi jelC “Weil icl; gt
1, if by <0, (20)
@ min{(l+l)<|§k|,1}, if b > 0.
(4) Solve the second SLE as follows:
d i vj k’ k
sLE2: My, | %) = Zf’kix N, 1)
)‘-]k 771k
where the perturbation vector nfk = (77; 1 nﬁ/gl 1 n‘; Ik) is determined by the
following convex combination:
~k
M, = (1= ow" +ox(=[dz" | - [=])s, (22)

: k. (oK k k 2m+|I|
with sp, = (SFJC,S%IC,S%Ik)ke R k. . )
Let 1ti solution bek(dz A7) \leth )‘Ikk:: ()‘P,JC’ )»%IC,
Ak (AFIC’)“W 1C’)‘g,1g) with )”g,lg = ()‘g,lk’olg\lk)‘

1) € R Set
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Step 4. (Perform line search) Compute the step size £, which is the first number ¢ of the
sequence {1, 8, B2,...} satisfying

o (zk + tdzk) <Jfn (zk) +atVfy, (xk,yk)szk, (23)
(vVf +tdV) - Fi(u* + tdu*) <0, VielC, (24)
v (wWf + tawk) <0, VielC, (25)
g,»(uk + tduk) <0, Viels. (26)

Step 5. (Update) Let zK*1 = 2 + #; dzF, and compute

sf*l = min{max{ ||alzk||2 + Smimlf},Smax}7
£x+1 = min | (J’f“)z + (V{'(+1)2’i eI,

e ifex < &rin
Ek+1 = 1 . (27)
7€k otherwise.

Step 6. Let k := k + 1, and go back to Step 1.

Remark2 The correction technique of penalty parameter ry in Step 3(2) is from [33], when
the conditions (i)—(ii) in Step 3(2) are satisfied, the current iteration point zX is close to a
KKT point of the problem (7). However, the conditions (iii)—(iv) in Step 3(2) indicate that
ZK is far away from the feasible area of the problem (6), and the penalty parameter needs

to be increased.

For convenience, denote

k

SF,i
Ak =Hk—vaz("f—ﬂ(xkd’k))vz(\/f—Fi(xk,)’k))T
jerl€ i TR
Y o G O )"
ielC %(yf,vf) 2We\Vi» Vi) VzVWel\)Yir Vi
_Zivzgi(xk yk)V,g,-(xk yk)T
o &y

Lemma 2 For the directions dz' and dz* found in Step 3(1)(4), the following conclusions
hold:

Ve, (¢, 99) 2 = —(d2") acdd <0, VK=o, (28)

Vo, (¢, 99) dF <6ck <0, Vk=o0. (29)

Furthermore, when iteration goes into Step 3(3)(4), we have aTzk #0and ¥ <0,s0dz" isa
feasible descent direction of the problem (7) at Z*, hence, Algorithm A is well defined.

Page 10 of 24
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Proof 1t follows from the SLE1 (12) that

HydZ" + Apk = =Vfy (299),

~k ~
S[k(AIk)T dz + le)‘Ik =0.

By (30)—(31), we have

Ve (#,55) zk g (- o)) V0 — ()

F(xk k)
X o O e O )
iel€ I//S()/
k
sh.
+ e V.g; KK, o V.g; Pl T0/l\zk—H &k,
vt v

which indicates V£, (&%, y)T dz" = —(dz")T ArdZ" < 0.
By (15)—(18), we obtain

¢ridg; >0, i€l Dyhy >0, i€l%  Quih;>=0, i€l
It follows from (18) and (32) that
k T 5~k
G < Ve (65,9F) dz <o.

Taking into account SLE1 (12) and SLE2 (21), we have

Ak o~
Hidz +A1k)»§k = —V,frk(xk,yk),
/\k o~
S[k(AIk)T dz + le)‘ll(k = 0,
H dZ* +A1k)J;k =-Vif (xk,yk),

Sy (Ag) " dZ* + G p =y
It follows from (34) and (36) as well as the symmetry of the matrix Hy that
Vi (x",yk)T dz" —V.f, (xk,yk)T iz
= (@) Ak~ (d2) a7

() AT - () (AT .

From (35) and (37), we have
~k
() (AR 2 - () (A" 2t

:_Z F;"Fz_z)‘k znw& Z gz”gz

ielC F L ielC ‘I’s ielj g i

Page 11 of 24
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By (18) and (19), one gets

szrk( ’y) dz"
—~ ’)\\kﬂfé» )tll;/ 77111 zn i
VL ()T - Y A B 5 P
~ %
= Vit (590) & = (1 - 00k, + ok (-] A" - [ )]
ielC F‘
X,
-2 ; [(1-00Df, + ok~ "] " - [ =" [)sk,.]
ielC el

—Z s [ - 00Q%, + ox(-[2' "~ = )s5,]

icly Sgt

Tk
SCTACROIE U I ok T o 1)

ielC F,i ielC lI/X iely gt

Tk
Ay, ;

s Sk S E )
ielC€ SEi iel€

oS 0h, e SR (1 )
~ielC % iel€
T T

Rap S e (ERTES ] &
-iel; Sgi iely

="+ oby.

In view of (20), if by < 0, then giby = by < 0. Furthermore, we have ;k + okbi < ;k <
0ck. If by > 0, then we have ¢¥ + orby = £% + min{(1 — 0)|¢¥|, be} < % + (0 —=1)¢k = 0¢%. In
conclusion, we obtain ¢X + ggby < 6¢*. From (33) and (38), it follows that

Vo (¢, 99) d2t = t* + b <025 <0,

which indicates that the inequality (29) is true.

If [i\zk = 0, taking into account SLE1 (12), from v* — F(xX, y*) < 0, ¥, (5%, V%) < 0, g(x*, ) <
0, we have ka =0, so the iterate k does not go into Step 3(3)(4). Thus, o/i\zk # 0 when the
iterative process goes into Step 3(3)(4).

By V., (x%, yk )T dzF < 0, we know that dz* is a feasible descent direction of the problem
(7) at point zK. Together with ¥ — F(x¥, %) < 0, ¥, (5%, V) < 0, g(x*,¥*) < 0 and ¢¥ < 0, Step 4
in Algorithm A can be finished by finite calculations, hence Algorithm A is well defined. [J

4 Global convergence

In this paper, we assume that Algorithm A generates an infinite iteration sequence {z*}.
For the sake of convenience, let z* be an accumulation point of the iteration sequence {z*}.
First, we show that the penalty parameter r; can be augmented only in a finite number of
steps. Then we prove that z* is a KKT point of the problem (7). Finally, we show that z*
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is a KKT point of the MPCC (1). More precisely, we show that Algorithm A is globally

convergent. For this purpose, the following assumptions are necessary.

Assumption 3 Suppose that the sequences {H}} and {zX} are all bounded, each accumu-
lation point of {zX} satisfies LLSC (2). Assume that there exists a positive constant o such
that

d*Avd > o ||d|?,  Vk,Vd e R, (39)

Assumption4 Foranyze X, ifz ¢ X, then no scalars A >0,i €I (2); g, >0,i€ Ig’f (2)
and A,; >0, i€ 1§ (2), exist such that

Z vz(vi - Fi(xry)) + Z Vzl/fs(% Vl')
iel€ iel€
= Z ApiVa(vi— Fi(x,y)) + Z A i Ve (i vi) + Z AgiVegi(x,y).

ielg(z) l-EI(‘)I’s (2) ielg(z)

Lemma 3 Suppose that Assumptions 1-4 hold, then the penalty parameter ri can be aug-

mented only in a finite number of steps.

Proof By contradiction, suppose that r is increased infinitely many times, i.e., there exists
an infinite index set K such that rx,; > r¢ for any k € K. The increase of r; must satisfy the

following conditions for any k € K:

. ~k Y Y
(i) ” dz ” <y (i) 2* > —yep (iii) )»;Ic 7 vserc;

(v) A e Fraees () 105V 8) 0.

Denote
~VF (&K, %) 0 V.g(xk, 5%
Afg = _VyF(xk:yk) Vylps (ykx Vk) Vyg(xk’_yk)
E,, V, ¥, (5%, %) 0

Gfg = diag(vk - F(xk,yk), v, (yk, vk),g(xk,yk)),

and ng = diag(s’l‘g), where sfg = (si,IC’S/;E,IC’S;Ig)' According to the SLE

He A\ (3 [~V 9
SkA)T G5 )\ Rk 0 ’

we have

HedZ' + A3 + V. f, (x,95) = 0, (40)

sk (Ak) " dZ" + Giak =0, (41)

Page 13 of 24
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Since {ry} tends to infinity, and A¥ = M1 _p 18,k > 1,such that {||/)7‘ loo} tends to infinity
as well, we have

~ K
)\gjg |1} — oo

= max{ % o 1%, e
Define
Rpe =Bihper Ay =B e Tae =BT -

for k (€ K) large enough, it follows that

max {27 e loor 2, s [ oor [P} = 1

Since the sequence {zX}ic is bounded by Assumption 3, there exists an infinite index set

K CK,z* € R™" and (5‘;,10’)_‘:;8,10’ ):;Ig) #0, for all k € K’, such that

Tk 7 Tk 7 Y S
m A A m A Ay, 1Co klgr;o)»g’]g =Agse

. k _ _x _ 3% . _
lim z° = z7, FIC = Mpgc klloo v IC =

li
k—00 k—o00
In view of the boundedness of {zF} and the continuity of the functions, it follows that
ARG ) | I LA AL | I LA

are bounded. Further, {ng} are bounded by construction. Multiplying both sides of (41)
by B!, we have

— T ok _ -~
B Sk (AY%) dz + Bl GiAk = 0.

K ~ K ~ K
Letting kK — 00, the condition (i) shows that ,B,:leg)Lk —> 0, implying that ,B,:l)\l}‘,’i —0

~ K
for i € I° \ I{ (z*). Similarly, B 'A%, , —> 0 for i e I¢ \ 1)< ().
'l
From (10) and (42), we know that {;—’;} converges to a > 0 as k — oo, with

Ai=a, Yiel°\IJ(Z);,  Aj,=a Viel°\I(Z). (43)
Then it follows from the condition (ii) and (42) that

M <a, Vielf(Z); Ay, <a Viel () A5, <0, Vieli(z). (44)
And from (41), we obtain

siﬁ,iV,g,-(xk,yk)T iz +gi(xk,yk)/):§,i =0, ielb,

furthermore, multiplying both sides of this equation by B;', together with the condition

K
(i) and taking the limit as k — 0o, we obtain
g (x*,y*)/):;i =0, iel,

SO ’):;,i =0foralliel® \Ig(z*).

Page 14 of 24
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In view of the condition (i) and the continuity of the functions, multiplying (40) by B!

. o K ~ K
and taking the limit as k — co, we get ;1AK% — 0, ie,,

Zigivz(v;f - Fi(x*,y*)) + Z):’S,sivzl/fg (y;‘, V;‘) + Z )_»;iV&g,-(x*,y*) =0. (45)

iel€ ieIC iel$ (z%)
Since )»; 1 )G;/S, jc»and A, are not zero, combining with (45) and Assumption 2, it follows

that
() #(,...om),  I7(2) #(1,...,m},

ie,z"¢Xanda>0.

Based on (43), dividing both sides of (45) by a, we obtain

Z VZ(V}‘< —Fi(x*,y*)) + Z Vzwa(y;k’v;k)

ieIC\If () ieIC\IY® (2*)

)"*i . . . ;’*p,i .
= Z ; Ve (v - Fi(x" ")) - Z Zf Ve (¥5,vF)

ielf (%) iely* (z¥)

Py
_ Z %Vzgi (x*,y*). (46)

iel§ (%)

Adding both sides of the above equality to

S V(vi-E( )+ Y V(i v)),

ielg(z*) ielglg (z*)

we obtain

Z Vz(V;k - Fi(x*,y*)) + Z V0, (y:.*, vf)

iel€ iel€
= Z ApiVo (Vi = Fi(x", ")) + Z A i Ve (97, VF)
ielf (%) iely* (z¥)
+ Z )\g,ivz i(x*»y*);
ielf (z%)
o _ﬁ' F( *\. o _5‘:;/5,5 . Ye (%, ‘__&< 8 (% .
where Ap; = i€y (Z); Ay, i = 1= =25, i € 1y (2%); Agi = ===, i € Ij(z%). In view of

(44) and z* ¢ X. This contradicts Assumption 4, so the penalty parameter 7, is updated at

most a finite number of times. O

Lemma 4 Suppose that Assumptions 1-4 hold, then there exists an integer ko, such that

&k = &k, for k> ko.
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Proof By Step 3(2) and Step 5 of Algorithm A, the sequence {&¢} is monotonically decreas-

ing and bounded from below, so the sequence {&,} is convergent. Let

Ky ={keK|s&r> &)

~k ~
Ky={keK|dz =02y, >0,I°(y",v &) # 0},
where K ={0,1,2,...}. Now we turn to prove that K; and K; are finite sets.

By contradiction, if K] is infinite set, then limy_, o, &x = 0. There exist i € I and K; € K},
such that

G =y (0F) + (M) <er, keK CK,. (47)

Together with the boundedness of {z"*!}x,, we suppose that z**!

K

= z*. From (47), we
have (y)* + (v})* = 0, which contradicts Assumption 3. So K] is a finite set. Similarly, we
show that Kj is finite. Based on the finiteness of K; and Kj, from the update rule (27) of g

and Step 3(2), we can conclude that Lemma 4 holds. O

Based on Lemmas 3—4, in the following analysis, we suppose, without loss of generality,
that ry =7, s = ¢.

Lemma 5 Suppose that Assumptions 1-4 hold. Then
(1) The coefficient matrix sequence {My, } is unified invertible, and there exists a positive
constant L such that ||(My,)™"|| < L, Yk > 0.
(2) The sequences {(&rzk,’):k)} and {(dZ", \¥)} are bounded.

Proof (1) By contradiction, suppose that there exists an infinite subset K such that

K
(M) | — oo. Since {zX} and {Hy) are bounded, and the finite choice of I, without
loss of generality, for all k € K, let

, ko K Ko
I=I, z— 2z, Hy — H,, §¢ —> §* > sminer > 0.
Denote
_VxF(x*,y*) 011 xm ngl’ (x*:y*)
A;(’ = _VyF(x*’y*) Vyws(y*r V*) Vygl/(x*:y*) ’
Em Vv lpg ()’*, V*) Omxmg

Gy =diag(v* - F(x*,5"), ¥ (", v*).gr (x*,5%)),

then

K H. A*
My — M; = % ** T {k ’ (48)
SyA7) G

: * _ i * : * (K * *
where the matrix S}, = diag(s},) with s}, = (SF,IC,S%JC,ng,).

Page 16 of 24
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Under the Assumptions, it can be shown easily that M7, is nonsingular. So we obtain
-1 K w\—1
[ | — (7)< oo,

which contradicts ||(M;,) || L 0.

(2) In view of SLE1 (12), and Lemma 3 as well as ry =7, we see that {(c/l\zk,’)tk)} is bounded.
By (15)—(22) and the boundedness of {(E[zk,xk)} as well as the boundedness of {s¥}, we
know that {n}‘k} is bounded. Hence, the boundedness of {(dz*, 1¥)} follows by SLE2 (21). [J

Lemma 6 Suppose that Assumptions 1-4 hold, z* is an accumulation point of the infinite
sequence {Z} generated by Algorithm A, and {Z}i converges to z*. If {¢¥}x — 0, then z* is
a KKT point of the problem (7), and both {’):k Vk and {M¥)k converge to the unique multiplier
vector A* corresponding to z*.

Proof Let (/):*; A*) be any accumulation point of {(/):k ; M)}k First, we verify that (z*,/):*) isa
KKT pair of the problem (7). Taking into account Assumption 3, Lemma 5, and the finite
choice of I, there exists an infinite index K’ € K such that

L=r, (505 0na), HSH,

(49)
~k PN 4
a5 a7 , sk & g > Smin€l-

It follows from (33), (28), Assumption 3 and {¢¥}x — 0 that dz" = 0. Further, taking the
limit in SLE1 (12) for k € K, one obtains

V(5 ") + Ak =0, Giap =0. (50)

Next we will prove X}‘/ = (X;IC,)X:; IC,X; ,) >0, and = (X;,Olg\p) > 0. From X}?J(V}* —

Fi(x*,9)) =0, for i € I \Ig( *), we have A = 0. Similarly,

FIC\IE (2

-~ -~
* _ * _

)”«1/8,10 \IPEE) 0, )”g,/ V-{Com

K
By (18) and (¢* dz ) — (0,0), one obtains

2k 2k K’
F,i Ye i gl k
> gy gy oy Rt Ko

ielC “Fi ielC “Veil ier’ gt

Furthermore, by (32), we have 2 s ¢F ! > 0 for every i € I°. Combining with (49), we have
F,i
~ g K
A% dr; — 0,i€I°. So, in view of (15), one has
/):;,l. min{O,—(max{—/):;i,O})v - C(vi —F(x*,y ))} =0, ielf,
which implies that X;l > 0 for i € I° NI} (z*). Similarly, one obtains

Yy =0 foriel®nIy(zr);  Ap;=0 foriel NIj(z").

So we can claim that/):;‘, > 0. Obviously, A= (’):?,,O]g\p) > 0 is immediate.



Li and Zhang Journal of Inequalities and Applications (2020) 2020:213

Therefore, in view of z* € X and (50), we see that (z*,/):*) is a KKT pair of the problem
(7). Moreover, the above analysis indicates that the sequence {’):k }x possesses a unique

accumulation point A*, so limgcx A% = 1%,

ko~ K
Last, noticing that (dzk, 1K) — (0,2*) = 0, (15)—(17) and (22), we have

K’ K’ K K’
k k X k k k k
P — 0, Dy e —0, Qr — 0, = (n;,,cyn%,,c, r,g,l/) — 0.
Denote
dz¥ —V, f(xK, %)
M’k( k>=< Zf?k d s (51)
A ny

so it follows from the above SLE and SLE1 (12) that

dzk - a7 0 « (0
A=Ay My 0
which together with Lemma 5(1) gives

A* = lim AKX = lim A = A%, O
keK'’ keK’

Based on the lemmas above, we now present the global convergence of Algorithm A.

Theorem 1 Suppose that Assumptions 1-4 hold. z* is an accumulation point of {z*} gen-
erated by Algorithm A, then z* is a KKT point of the MPCC (1).

Proof A. We first show that z* is a KKT point of the problem (6) (called Conclusion A).
Let K’ be an infinite index set such that

L=r, (A% X (52, Hy X H,

—~k K~ K

dz — dz*, §<—> " > sminer.
Denote
—V.F(x*,y%) 0 Vigr (%%, y*)
Ap = | =VyF(x5y") VW05 v)  Vygr(xy") |,
Em Vv Ws (y*r V*) O

Gy = diag(v* - F(x*,5%), . (v, v*), & (%", 7%)),
* _ H, A?/
U\ sanT G )

where the matrix S}, = diag(s},) with s}, = (s; 1C S:;,g, i ,s; )
By contradiction, suppose that z* is not a KKT point of the problem (6). From Lemma 5,
k-1

K~
without loss of generality, suppose that A% = —7e — ). Therefore, it follows that

Page 18 of 24
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(z*,/):/) is not a KKT pair of the problem (6), which implies p(z*,/):’) > 0 and Ig(z*) c I,
k € K’ large enough. The following two cases are discussed.

Case I z* is a KKT point of the problem (7). Then there exists a multiplier W o=
(’):}; ,0\/) > 0, such that the KKT condition of the problem (7) is satisfied at (z*,/):}; ). For
k € K’ large enough, we have Ig(z*) C Iy =T'. It is easy to see that (O,/):};) is a solution to
the following SLE:

M (dz) _ (V,fy(x*,y*)) ' (53)
A 0

Passing to the limit in SLE1 (12), we know that (a/l\z*,’)':}’;) is the solution to (53) above.
Let A* = (/):}**, 0e\r). In view of Lemma 5 (1), taking into account the nonsingularity of the

matrix M7, we see that the solution of (53) is unique. Hence, we obtain dz' =0, /)\\}‘* =

I/,
X}’* > 0, which implies A* =X > 0. The conditions (i) and (ii) in Step 3 (2) are satisfied for
k € K’ large enough. Moreover, in view of ry =7 < 0o for k large enough, Step 3 (2) implies
,)7;,10 > Y3, /)7;/5,10 > yaejc for k € K’ large enough, which further implies that

~ ~
)»HC > ys3ec >0, )\%JC > yaerc > 0.

Since the pair (z*,’):’ ') satisfies the complementary slackness, one gets

e (V= Fi(w,y)) =g, (v - Fi(a,9)) =0, ielC,

/Xlx;/g,ﬂ/fa(y?"’?) :/X*wg,i‘/fs (y;'k"’;'k) =0, iel

So v* — F(x*,5*) = 0, ¥.(y*,v*) = 0, which together with Proposition 2 shows that z* is a
KKT point of the problem (6), which contradicts the assumption that z* is not a KKT point
of the problem (6).

Case II. z* is not a KKT point of the problem (7). It follows from Lemma 6 and ¢* < 0
that ¢* 5; ¢ <0. By (18), (28) and Assumption 3, we have

tim (|| + [ ]) >0

keK’

so there exist a subset K € K’ and a positive constant ¢ such that
t=ico (|| |ot)zes0 keK"

In the following we first show that there exists a positive constant Z, such that ¢ > £ for
all ke K”.
(i) By (24)—(26), we have

V() <0 ielf@) wbiv) <0 i¢l ()

gi(x5y*) <0, i¢l§(z").
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Based on the boundedness of {dz"}x» and the continuity of functions, for all k € K" large

enough and ¢ > 0 sufficiently small, one gets
K+ tdVf) — Fi(u* + tdu*) <0, Ve WX + tdwk) <0, (u* + tdu®) < 0.
L L g

In view of i € I} (z*), we have v} — F;(u*) = 0. Similarly, . (w}) = 0 for i € Io% (z*), and

giu*)=0forie Ig(z*). From (22) and SLE2 (21), we have

S]k(AIk)T de + le)‘ll(k = 7]2,

that is,
k k (k k
=AM (VS = Fi(u
VZ(V{f_Fi(uk))szk: NE,i F,z(kz i( ))’ cIC,
SEi
k k k
R
Vz%(wf)szk:—%” Z’“‘”we LoielC,
Sy, i
k k k
T Ngi = e 8W))
Vogi(u') de = 2—F=——, iel.

Sg.
By Taylor’s expansion and ||0/l\zk || >0, for ¢ > 0 sufficient small, we get

(Vi + tdV) — F(u* + tdu®)
= (K = F(uh)) + eV, (Vf = Fi(})) " d2* + o2)

k= 4,04 - F)

= (v - Fi(u")) + - +o(t)
SEi
Ak 1- ~
(15 ) 0 - Bl + 50— o (| + )
SF,i SF.i
< —tor(|dZ" |7 + | @) + o(2). (54)

Furthermore, we consider ¢* < % < 0, by (19), (20), and the boundedness of by by
Lemma 5, we see that there exists a constant a > 0 such that oy >a >0,k € K”.For k € K"

large enough and ¢ > 0 small enough, we have
k k k k P C o pF (o
(vi +tdv ) —Fi(u +tdu ) <-act+o(t)<0, i€l (z )
Similarly, for k € K” large enough and ¢ > 0 small enough, we have

Ve (Wh + tdwk) < —att+o(t) <0, iely(zY),

g(uf +tau) < -ait +o(t) <0, i (2.

Page 20 of 24
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(ii) Consider the inequality (23). By (29) and Taylor expansion, for k € K” large enough

and ¢ > 0 small enough, it follows that

£ +tdZ") - £(2F) - atsz;(xk,yk)T dz-
=(1- a)tsz?(xk,yk)T dz" + o(¢)

<1-a)t0ck+0(t) <(1- oz)t@% +o(t) <0.

By summarizing the above discussion, we can conclude that the inequalities (23)—(26)
hold for k € K” large enough and ¢ > 0 small enough, that is, £ = inf{; : k € K"} > 0.

In what follows, based on & > £ > 0 (k € K”) we will deduce a contradiction. In
view of the monotone decreasing property of {£(z")} and limicxr £(2X) = f(z*), we have
limy_, o (z5) = £(z*). Moreover, from (23) and (29), for k € K” large enough, we have

ﬁ(zk+1) —ﬁ(zk) < athzf;(xk,yk)T dz" <atbck < af@%.

Taking the limit & £ cointhe inequality above, we obtain a contradiction.
From the above analysis, we can conclude that z* is a KKT point of the problem (6).
B. We now show that I¢(y*,v*, &) = ¥ (called Conclusion B).

From Lemma 4 and the updating rule of ¢ in Step 5, we see that
0+ ()’ =e Viel,

which implies that I° (y*, v e)=0.
Based on Conclusions A and B, and combining with Proposition 1, we can conclude that
z* is a KKT point of the MPCC (1). O

5 Numerical experiments
In this section, a preliminary implementation of Algorithm A is given on a Intel(R)
Core(TM) i5-7200U CPU (@ 2.50 GHz, 2.71 GHz) and RAM (4 GB). A Matlab code (Ver-
sion R2014a) is written corresponding to this implementation.

In our tests, referring to [21], we initialize Hy = E,;, and for k = 1,2,..., the approximate

Hessian matrix Hy is determined by the following equation:
Hy = VZZZer (Zkr Sk) + M Ensams
where E,.,2,, is an (1 + 2m)th-order identity matrix, /i is chosen as follows:

0, if Amin > Smaxs
hk =1 —Amin * Smins if |)Lmin| = Smax;

2| Aminl, otherwise,
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Table 1 The computational results

Problem dim fopt Algorithm A filtermpec snopt logo knitro
* itr itr itr itr itr
bard3m 6 -12.6787 -12.6787 38 4 10 23 66
flp2 4 0 6.2848e-11 9 - - - -
gauvin 3 20 20.0000 34 7 10 20 29
kth2 2 0 -5.2411e-06 12 2 4 1 7
kth3 2 0.5 0.5000 5 4 6 10 22
scholtes2 3 15 14.4898 15 2 3 1 16
scholtes3 2 0.5 0.5000 6 4 0 29 10
scholtes5 3 1.0 1.0000 8 1 3 10 8

where spin > 0 and s,y > 0 are sufficiently small and sufficiently large, respectively, A, is
the smallest eigenvalue of the following matrix:

k
st
Be= VL (&) = 3 ity Ve FA ) Vel = FA)
el I
Sl\(l/s,i k kT
—Zsz(%(ﬁ’f»"i))vz(%(%»Vi))
eVir"i

icl€
Sgi k kT
Y v V)
iely &i\x

In the numerical experiments, the parameters are chosen as follows:

o =0.49, e=107>, B=0.5, 6 =0.99, q=>3, =2,
r=1, C =100, ¥ =0.5, v=1, VYi=Ye=y3=Va=1,

20 -5
Smax = 107, Smin = 1077,

Algorithm A stops if one of the following termination criteria is satisfied:

(1) p(2~, AK) < 107° and I€ (5%, VK, &x) = 0.

(2) ld2" | < 1075, max{3& i € I} < 1075 and I° (o, /%, &) = 0.

The following test problems are selected from [34]. Algorithm A can find their solutions
within a small number of iterations. We compared Algorithm A with four algorithms, i.e.,
filtermpec, snopt, loqo, and knitro given in [35]. The computational results are given in
Table 1. The meaning of some notations in Table 1 are as follows:

Problem: The problem in [34].

dim: the dimensions of the variables (x, y);

itr: the number of iterations;

Jopt: the optimal value given in [34];
f*: the optimal value obtained by Algorithm A.

6 Conclusions

In this paper, based on Fischer—Burmeister function and working set techniques, a
primal—dual interior point QP-free algorithm for mathematical programs with comple-
mentarity constraints is presented. At each iteration, only two reduced linear equations
with the same coefficient matrix are solved to yield the search direction. The use of the
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working set decreases the computational cost. Moreover, the uniformly positive definite-
ness on the Lagrangian Hessian estimate Hy is relaxed. Under some mild conditions, the
proposed algorithm is globally convergent. The preliminary numerical results show that
the proposed algorithm is effective.

Funding
This research is supported by the National Natural Science Foundation (11561005) of China.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors completed the paper. The authors read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 26 June 2020 Accepted: 14 August 2020 Published online: 27 August 2020

References

1. Ferris, M.C,, Pang, J.S.: Engineering and economic applications of complementarity problems. SIAM Rev. 39, 669-713
(1997)

2. Luo, 2Q, Pang, J.S, Ralph, D.: Mathematical Programs with Equilibrium Constraints. Cambridge University Press,
Cambridge (1996)

3. Kocvara, M, Outrata, J., Zowe, J.. Nonsmooth Approach to Optimization Problems with Equilibrium Constraints:
Theory, Applications and Numerical Results. Nonconvex Optimization and Its Applications, vol. 28. Kluwer Academic,
Dordrecht (1998)

4. Dempe, S.: Foundations of Bilevel Programming. Nonconvex Optimization and Its Applications, vol. 61. Kluwer
Academic, Dordrecht (2002)

5. Fukushima, M.: A successive quadratic programming algorithm with global and superlinear convergence properties.
Math. Program. 35, 253-264 (1986)

6. Panier, ER, Tits, AL: A superlinearly convergent feasible method for the solution of inequality constrained
optimization problems. SIAM J. Control Optim. 25, 934-950 (1987)

7. Anitescu, M.: A superlinearly convergent sequential quadratically constrained quadratic programming algorithm for
degenerate nonlinear programming. SIAM J. Optim. 12, 949-978 (2002)

8. Fukushima, M., Luo, Z.Q, Tseng, P: A sequential quadratically constrained quadratic programming method for
differentiable convex minimization. SIAM J. Optim. 13, 1098-1119 (2003)

9. Jian, JB.: New sequential quadratically constrained quadratic programming method of feasible directions and its
convergence rate. J. Optim. Theory Appl. 129, 109-130 (2006)

10. Solodov, M.V:: Global convergence of an SQP method without boundedness assumptions on any of iterative
sequences. Math. Program. 118, 1-12 (2009)

11. Jian, JB, Tang, C.M,, Zheng, H.Y.: Sequential quadratically constrained quadratic programming norm-relaxed
algorithm of strongly sub-feasible directions. Eur. J. Oper. Res. 200, 645-657 (2010)

12. Jian, JB, Liu, Y:: A superlinearly convergent method of quasi-strongly sub-feasible directions with active set
identifying for constrained optimization. Nonlinear Anal,, Real World Appl. 12,2717-2729 (2011)

13. Jian, JB, Hu, QJ, Tang, CM.: Superlinearly convergent norm-relaxed SQP method based on active set identification
and new line search for constrained minimax problems. J. Optim. Theory Appl. 163, 859-883 (2014)

14. Panier, ER, Tits, AL, Herskovits, J.N.: A QP-free, globally convergent, locally superlinearly convergent algorithm for
inequality constrained optimization. SIAM J. Control Optim. 26, 788-811 (1988)

15. Gao, ZY., He, GP, Wu, F: Sequential systems of linear equations algorithm for nonlinear optimization problems with
general constraints. J. Optim. Theory Appl. 95, 371-397 (1997)

16. Takahashi, W.: The split feasibility problem in Banach spaces. J. Nonlinear Convex Anal. 15, 1349-1355 (2014)

17. Shang, Y: A new filter QP-free method for the nonlinear inequality constrained optimization problem. J. Inequal.
Appl. 2018, Article ID 278 (2018)

18. Takahahsi, W, Yao, J.C.: The split common fixed point problem for two finite families of nonlinear mappings in Hilbert
spaces. J. Nonlinear Convex Anal. 20, 173-195 (2019)

19. Kanzow, C, Qi, H.D.: A QP-free constrained Newton-type method for variational inequality problems. Math. Program.
85,81-106 (1999)

20. Liu, WA, Shen, CG, Zhu, XJ,, Pu, D.G.: An infeasible QP-free algorithm without a penalty function or a filter for
nonlinear inequality constrained optimization. Optim. Methods Softw. 168, 1-28 (2005)

21. Bakhtiari, S, Tits, A.L.: A simple primal-dual feasible interior-point method for nonlinear programming with
monotone descent. Comput. Optim. Appl. 25, 17-38 (2003)

22. Yang, Y., Li, DH, Qi, LQ: A feasible sequential linear equation method for inequality constrained optimization. SIAM
J.Optim. 13, 1222-1244 (2003)



Li and Zhang Journal of Inequalities and Applications (2020) 2020:213 Page 24 of 24

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
33

34
35.

Chen, L, Wang, Y.L, He, G.P: A feasible active set QP-free method for nonlinear programming. SIAM J. Optim. 17,
401-429 (2006)

Jian, JB, Pan, H.Q, Tang, CM, Li, J.L.: A strongly sub-feasible primal-dual quasi interior-point algorithm for nonlinear
inequality constrained optimization. Appl. Math. Comput. 266, 560-578 (2015)

Jian, JB, Zeng, H.J, Ma, G.D.: Primal-dual interior point QP-free algorithm for nonlinear constrained optimization.
J.Inequal. Appl. 2017, Article ID 239 (2017)

Li, JL, Jian, JB.: A superlinearly convergent SSLE algorithm for optimization problems with linear complementarity
constraints. J. Glob. Optim. 33, 477-510 (2005)

Li, J.L, Huang, R.S,, Jian, J.B.: A superlinearly convergent QP-free algorithm for mathematical programs with
equilibrium constraints. Appl. Math. Comput. 269, 885-903 (2015)

Ma, CF, Liang, G.P: A new successive approximation damped Newton method for nonlinear complementarity
problems. J. Math. Res. Expo. 23, 1-6 (2003)

Mayne, D.Q, Polak, E.: Feasible directions algorithms for optimization problems with equality and inequality
constraints. Math. Program. 11, 67-80 (1976)

Fukushima, M., Luo, Z.Q,, Pang, J.S.: A globally convergent sequential quadratic programming algorithm for
mathematical programs with linear complementarity constraints. Comput. Optim. Appl. 10, 5-34 (1998)

Jiang, H.Y, Ralph, D.: Smooth SQP methods for mathematical programs with nonlinear complementarity constraints.
SIAM J. Optim. 10, 779-808 (2000)

Facchinei, F, Fischer, A., Kanzow, C.: On the accurate identification of active constraints. SIAM J. Optim. 9, 14-32 (1998)
Tits, AL, Wachter, A, Bakhtiari, S., Urban, TJ, Lawrence, C.T.: A primal-dual interior-point method for nonlinear
programming with strong global and local convergence properties. SIAM J. Optim. 14, 173-199 (2003)

Leyffer, S.: MacMPEC: AMPL collection of MPECS (2000). http://www.mcs.anl.go/~Leyffer/MacMPEC

Fletcher, R, Leyffer, S.: Solving mathematical programs with complementarity constraints as nonlinear programs.
Optim. Methods Softw. 19, 15-40 (2004)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.mcs.anl.go/~Leyffer/MacMPEC

	A global QP-free algorithm for mathematical programs with complementarity constraints
	Abstract
	Keywords

	Introduction
	Preliminaries and reformulation
	Description of the algorithm
	Global convergence
	Numerical experiments
	Conclusions
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


