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Abstract. We study the graded limits of minimal affinizations over a quantum loop algebra
of type D in the regular case. We show that the graded limits are isomorphic to multiple
generalizations of Demazure modules, and also give their defining relations. As a corollary
we obtain a character formula for the minimal affinizations in terms of Demazure operators,
and a multiplicity formula for a special class of the minimal affinizations.
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1 Introduction

Let g be a complex simple Lie algebra, Lg = g®C[t,t!] the associated loop algebra, and U,(Lg)
the quantum loop algebra. In [1], Chari introduced an important class of finite-dimensional sim-
ple Uy(Lg)-modules called minimal affinizations. For a simple U,(g)-module V', we say a simple
U,(Lg)-module V is an affinization of V' if the highest weight of Vis equal to that of V. One can
define a partial ordering on the equivalence classes (the isomorphism classes as a U,(g)-module)
of affinizations of V', and modules belonging to minimal classes are called minimal affinizations
(a precise definition is given in Section 2.6). For example, a Kirillov—Reshetikhin module is
a minimal affinization whose highest weight is a multiple of a fundamental weight. Minimal
affinizations have been the subjects of many articles in the recent years. See [7, 10, 12, 18, 19, 21]
for instance. For the original motivations of considering minimal affinizations, see [1, Introduc-
tion]. Given a minimal affinization, one can consider its classical limit. By restricting it to the
current algebra g[t] = g ® CJ[t] and taking a pull-back, a graded g[t]-module called graded limit
is obtained. Graded limits are quite important for the study of minimal affinizations since the
U,(g)-module structure of a minimal affinization is completely determined by the U(g)-module
structure of its graded limit.

Graded limits of minimal affinizations were first studied in [2, 5] in the case of Kirillov—
Reshetikhin modules, and subsequently the general ones were studied in [18]. In that paper,
Moura presented several conjectures for the graded limits of minimal affinizations in general
types, and partially proved them. Graded limits of minimal affinizations in type ABC were
further studied in [21]. In that paper the author proved that the graded limit of a minimal
affinization in these types is isomorphic to a certain g[t]-module D(wo&1, ..., w.&,). Here w, is
the longest element of the Weyl group of g, &; are certain weights of the affine Lie algebra g
which are g-dominant, and D(wo&1, ..., w.&,) is a g[t]-submodule of a tensor product of simple
highest weight g-modules, which is generated by the tensor product vy,e ® - -+ ® vy,¢, of the
extremal weight vectors with weights w.{;. As a corollary of this, a character formula for minimal
affinizations was given in terms of Demazure operators. In addition, the defining relations of
graded limits conjectured in [18] were also proved.

*This paper is a contribution to the Special Issue on New Directions in Lie Theory. The full collection is
available at http://www.emis.de/journals/SIGMA /LieTheory2014.html
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In type ABC a minimal affinization with a fixed highest weight is unique up to equivalence,
and the graded limit of a minimal affinization depends only on the equivalence class. As

a consequence, the module D(wo&1, ..., ws&,) can be determined from the highest weight only.
(If the highest weight is A = )  \jw; where w; are fundamental weights, then ; are roughly
1<i<n

equal to \;(w; +a;Ag) where Ag is the fundamental weight of g associated with the distinguished
node 0, and a; = 1 if the simple root «; is long and a; = 1/2 otherwise. For the more precise
statement, see [21].)

In contrast to this, in type D there are nonequivalent minimal affinizations with the same
highest weights. It was proved in [10], however, that even in type D if the given highest weight
satisfies some mild condition (see Section 2.6), then there are at most 3 equivalence classes of
minimal affinizations with the given highest weight. We say a minimal affinization is reqular
if its highest weight satisfies this condition. The purpose of this paper is to study the graded
limits of regular minimal affinizations of type D using the methods in [21].

In the sequel we assume that g is of type D,. Let 7 be Drinfeld polynomials and assume
that the simple U,(Lg)-module L,(7) associated with 7 is a regular minimal affinization. Then
in a certain way we can associate with Lq(7) a vertex s € {1,n — 1,n} of the Dynkin diagram
of g (see Section 2.6). In the case where the number of equivalence classes are exactly 3, this s
parameterizes the equivalence class of Lq(ﬂ'). In this paper we show that there exists a sequence
és), . ,E,(f) of g-dominant g-weights such that the graded limit L(7) of Ly(7) is isomorphic to
D(wofis), ey Wo ﬁf)) (Theorem 3.1). Here fj(s) depends not only on the highest weight of L, ()
but also s, and the correspondence is less straightforward compared with the case of type ABC
(see Section 3.1 for the precise statement). As a consequence, we give a character formula
for Ly(7) in terms of Demazure operators (Corollary 3.5). We also prove the defining relations
of the graded limits L(7) conjectured in [18] (Theorem 3.2), which also depends not only on the
highest weight but also s.

Recently Sam proved in [22] some combinatorial identity in type BC'D, and gave a multiplicity
formula for minimal affinizations in type BC using the identity and results in [4] and [21]. By
applying the identity of type D to our results, we also obtain a similar multiplicity formula
for a special class of minimal affinizations in type D, which gives multiplicities in terms of the
simple Lie algebra of type C' (Corollary 3.8).

The proofs of most results are similar to those in [21] and are in some respects even simpler
since the type D is simply laced. For example we do not need the theory of ¢-characters, which
was essentially needed in loc. cit.

The organization of the paper is as follows. In Section 2, we give preliminary definitions
and basic results. In particular, we recall the definition of the modules D(&q,...,¢&p), the clas-
sification of regular minimal affinizations of type D, and the definition of graded limits. In
Section 3 we state Theorems 3.1 and 3.2, and discuss some of their corollaries. The proofs of
Theorems 3.1 and 3.2 is given in Section 4.

2 Preliminaries
2.1 Simple Lie algebra of type D,

Let T = {0,1,...,n} and C = (cij); ;7 be the Cartan matrix of type D'V whose Dynkin diagram
is as follows:

0 n
(o) (e)
(2.1)
(o] (@] 0] (] (@] (@]

1 2 3 n—3 n—2 n—1
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Let J C T be a subset. In this paper, by abuse of notation, we sometimes denote by J the
subdiagram of (2.1) whose vertices are J.

Let I =T\{0},C = (¢ij)ijer be the Cartan matrix of type Dy, and g the complex simple Lie
algebra associated with C. Let h be a Cartan subalgebra and b a Borel subalgebra containing §.
Denote by A the root system and by Ay the set of positive roots, and let § € A be the highest
root. Let a; and w; (i € I) be the simple roots and fundamental weights respectively, and
set @y = 0 for convenience. Let P be the weight lattice and PT the set of dominant integral
weights. Let W denote the Weyl group with simple reflections s; (i € I), and w, € W the
longest element.

For each oo € A denote by g, the corresponding root space, and fix nonzero elements e, € gq,
fa € g_a and oV € b such that
v

[eoufa] = a\/7 [O[ 7604} = 260&7 [avafa] - _2foc

We also use the notation e; = ey, fi = fo, fori¢ € I. Set ny = @aeA Qg+q. For a subset J C I,

denote by gj C g the semisimple Lie subalgebra corresponding to J, and let hy = > Co) Ch.
icJ

2.2 Affine Lie algebra of type D!

Let § = g ® C[t,t '] @ CK @ Cd be the affine Lie algebra with Cartan matrix C, where K is
the canonical central element and d is the degree operator. Naturally g is regarded as a Lie
subalgebra of g. Define a Cartan subalgebra h and a Borel subalgebra b as follows:

~

h=h®CKaCd, b=bdn,dge tC[t.

Set ny =ny © g ®tCJt]. We often consider h* as a subspace of b* by setting (K, \) = (d,\) =
for A € h*. Let A be the root system of g, A+ the set of positive roots, A the set of real roots
and Are—A N AT, Set ap=0—-0,e0=f®t, fo=eyg@t" and af = K — 6.

Denote by Ag € b* the unique element satisfying (K,Ap) =1 and (h,Ag) = (d,Ag) =0, and
define P, P* C h* by

P=P®ZAN®Cs and Pt={ceP|(a),&)>0forallicT}.

Let W denote the Weyl group of g with simple reflections s; (i € I ) We regard W naturally as
a subgroup of W. Let £: W — Z>q be the length function. Let (, ) be the unique non-degenerate
W-invariant symmetric bilinear form on h* satisfying

(a,a)=2 for  aeA™  (b*,6) =(h",Ag) = (Ao,Ag) =0 and  (6,Ag) =1

Let 3 be the group of Dynkin diagram automorphisms of g, which naturally acts on /b\* and @,
and W the subgroup of GL(H ) generated by W and ¥. Note that we have W Y x W. The
length function £ is extended on W by setting Urw) =l(w) for T € 3, w € w.

Denote by V()) for A € PT the simple g-module with highest weight A\, and by V(A) for
A € P+ the simple highest Welght g-module with highest weight A. For a finite- dimensional
semisimple h-module (resp. h-module) M we denote by chy M € Z[h*] (resp. chy M € Z[h ]) its

character with respect to b (resp. /b\) We will omit the subscript h or [] when it is obvious from
the context.
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2.3 Loop algebras and current algebras

Given a Lie algebra a, its loop algebra La is defined as the tensor product a ® C[t,t~!] with the
Lie algebra structure given by [z ® f,y ® g] = [z,y] ® fg. Let a[t] and t*a[t] for k € Z~( denote
the Lie subalgebras a ® C[t] and a ® t*C[t] respectively. The Lie algebra a[t] is called the current
algebra associated with a.

For a € C*, let ev,: Lg — g denote the evaluation map defined by ev,(z ® f) = f(a)z, and
let V(A,a) for A € P be the evaluation module which is the simple Lg-module defined by the
pull-back of V' (\) with respect to ev,. An evaluation module for g[t] is defined similarly and is
denoted by V(A,a) (A € PT,a €C).

2.4 b-submodules D(&,...,&p)

Let &1,...,&p, be a sequence of elements belonging to the Weyl group orbits /V[?(ﬁ*) of dominant
integral weights of g. We define a b-module D(&y,...,&y) as follows. For each 1 < j < p let
A € PT be the unique element satisfying §j € WAJ, and take a nonzero vector vg; in the

1-dimensional weight space V(Aj )¢;- Then define

D(&,- &) = UB)(ve, @+~ ®vg,) CV(A) @ -+ @ V(A).

If (a;,&) <Oforallie Iand 1 < j <p, then D(¢1,...,&p) can be regarded as a g[t] @ CK & Cd-
module and in particular a g[t]-module.

Some of D({,...,&p) are realized in a different way. To introduce this, we prepare some
notation. Assume that V is a g-module and D is a b-submodule of V. For 7 € >, we denote
by F:V the pull-back (7~H*V with respect to the Lie algebra automorphism 7! on g, and
define a b-submodule F,D C F.V in the obvious way. It is easily proved that

FTD(&I:-'-agp) gD(Télv"wap)'

For i € 1 let p; denote the parabolic subalgebra be Cfi Cg, and set F;D = U(p;)D C V to be
the p;-submodule generated by D. Finally we define F,,D for w € W as follows: let 7 € ¥ and
w' € W be the elements such that w = 7w’ , and choose a reduced expression w' = s;, -+ s;, .
Then we set

FwD=F.F, ---F;, D CF.V.

Proposition 2.1 ([21, Proposition 2.7]). Let Al,... AP be a sequence of elements of 13+, and

wy, ..., wp a sequence of elements of W. We write wy, g = wywri1 -+ ws forr < s, and assume

P
that £(wp p)) = > L(w;). Then we have
j=1

D(U}[l’l]Al, ’LU[LQ}AQ, N ,w[lm_l}Ap_l, ’U)[Lp}Ap)
> Fu (D(AY) @ Fup (D(A?) ®@ -+ ®@ Fy_, (D(APTY) @ Fy, D(AP)) ). (2.2)

Let D; for i € I be a linear operator on Z[P] defined by
f—e%si(f)

1 —e

Di(f) = ;
where e* (A € P) are the generators of Z[P]. For w € W with a reduced expression w = iyt Sig
we set Dy, = D, -+ D;,. Ifw € W and w = 7w’ (reX v e W), we set D, = 7D,. The
operator D,, is called a Demazure operator. The character of the right-hand side of (2.2) is
expressed using Demazure operators by [16, Theorem 5|, and as a consequence we have the
following (see also [21, Corollary 2.8]).
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Proposition 2.2. Let A7 € Pt and w; € 1% (1 <3 < p) be as in Proposition 2.1. Then we
have

Cha D(w[l,l]Al, w[l?g]AQ, - ,w[Lp_l}Ap_l, w[l’p}Ap)

2

= Dy, (eA1 - Du, (eA Dy, (eNLl * D, (eAp)) .. ))

2.5 Quantum loop algebras and their representations

The quantum loop algebra Uy(Lg) is a C(q)-algebra generated by xzir, kil and hipy (i € 1,
r € Z, m € Z\ {0}) subject to certain relations (see, e.g., [6, Section 12.2]). U,(Lg) has a Hopf
algebra structure [6, 17]. In particular if V and W are U,(Lg)-modules then V ® W and V* are
also Uy (Lg)-modules, and we have (V@ W)* = W* @ V*.

Denote by Uy(Lny) and U,(Lb) the subalgebras of U,(Lg) generated by {:Jc i eI, relZ}
and {kﬂ him|i € I,m € Z\ {0}} respectively. Denote by U,(g) the subalgebra generated

by {xzio, kil | € I'}, which is isomorphic to the quantized enveloping algebra associated with

g. For a subset J C I, let U,(Lg;) denote the subalgebra generated by {:U”,kzﬂ him|i € J,
re€Z, meZ\{0}}.

We recall basic results on finite-dimensional U,(g)- and Uy(Lg)-modules. Note that in the
present paper we assume that g is of type D, and when g is non-simply laced some of indeter-

minates ¢ appearing below should be replaced by ¢; = ¢% with suitable d; € Z.
A U,(g)-module (or U,(Lg)-module) V is said to be of type 1 if V satisfies

V:@VA, V)\:{UEV|kiU:q<aiv’>\>U}.
AEP

In this article we will only consider modules of type 1. For a finite-dimensional module V

of type 1, we set chV = 3 e*dimV) € Z[P]. For A € Pt we denote by V,()\) the finite-
AEP
dimensional simple U,(g)-module of type 1 with highest weight A\. The category of finite-

dimensional U, (g)-modules of type 1 is semisimple, and every simple object is isomorphic to V()
for some \ € PT.
We say that a U,(Lg)-module V' is highest {-weight with highest /-weight vector v and highest

C-weight (v (u),; (U))iel € (C(g)[[u]] x C(q)[[u_l]])l if v satisfies Uy(Lg)v =V, :1:;;2) =0 for
alli € I, r € Z, and ¢ (u)v = 7" (u)v for all i € I. Here ¢ (u) € U,(Lh)[[u*!]] are defined as
follows:

¢;t(u)—k;tlexp< q—q~ thﬂu )
Theorem 2.3 ([8]).

(i) If V is a finite-dimensional simple Uy(Lg)-module of type 1, then V is highest {-weight,

and its highest {-weight ('yf(u),'yi_ (u))iel satisfies
-1 +
+ _ degm;(u) ﬂ-i(q ’LL) )
i (u) =q 2.3
VW) (s (2.3

for some polynomials m;(u) € C(q)[u] whose constant terms are 1. Here ( )* denote the
expansions at u = 0 and u = oo respectively.

(i) Conversely, for every I-tuple of polynomials w = (w1 (u), ..., mn(u)) such that w;(0) =1,
there exists a unique (up to isomorphism) finite-dimensional simple highest (-weight

U,(Lg)-module of type 1 with highest {-weight (’y;"(u),’yi_ (u))iel satisfying (2.3).
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The I-tuple of polynomials © = (ﬂl(u), e ,wn(u)) are called Drinfeld polynomials, and
we will say by abuse of terminology that the highest ¢-weight of V is 7 if the highest ¢-weight
(v (w),~; (u))ie] of V satisfies (2.3). We denote by L,(7) the finite-dimensional simple U, (Lg)-
module of type 1 with highest ¢-weight 7, and by v, a highest ¢-weight vector of L (7).

Let i — i be the bijection I — I determined by a; = —w, ().

Lemma 2.4 ([6]). For any Drinfeld polynomials 7 we have
Lg(m)" & Ly(7")

as Uy(Lg)-modules, where w* = (71'; (q*hvu))id and h is the dual Cozeter number.

2.6 Minimal affinizations

set wt(m) = > w; degm; € PT.
el

For an I-tuple of polynomials 7 = (m(u))iel,

Definition 2.5 ([1]). Let A € P*.

(i) A simple finite-dimensional U,(Lg)-module L4(7) is said to be an affinization of Vj(\)
if wt(m) = A

(ii) Affinizations V and W of V() are said to be equivalent if they are isomorphic as U,(g)-
modules. We denote by [V] the equivalence class of V.

If V is an affinization of V, (), as a U,(g)-module we have

V=V, @ P Vi)

n<A

with some m, (V) € Z>o. Let V and W be affinizations of V,()), and define m,(V'), m,(W) as
above. We write [V] < [W] if for all u € P, either of the following holds:

(i) mu(V) <my (W), or
(ii) there exists some v > u such that m, (V) < m,(W).

Then < defines a partial ordering on the set of equivalence classes of affinizations of Vg (\) [1,
Proposition 3.7].

Definition 2.6 ([1]). We say an affinization V' of V() is minimal if [V] is minimal in the set
of equivalence classes of affinizations of V() with respect to this ordering.

Forie I, a € C(q)* and m € Z~g, define an I-tuple of polynomials ﬂ'%)’a by

J 1, j #i.
We set Tl'ég = (1,1,...,1) for every i € I and a € C(g)*. The simple modules Lq(ﬂ%),a) are
called Kirillov—Reshetikhin modules.

Let us recall the classification of minimal affinizations in the regular case of type D, which
was given in [10]. (Similar results also hold in type E. See [7] for type ABCFG, in which
minimal affinizations are unique up to equivalence.) For that, we fix several notation. Set
S ={1,n—1,n} C I and define the subsets Iy C I (s € S) by 1 ={1,2,...,n =3}, I,_1 =
{n — 1}, I, = {n}. Note that I, is the connected component of the subdiagram I \ {n — 2}
containing s, and I \ I is the maximal type A subdiagram of I not containing s. For s € 5,

ee{+}, \=>Nw; € P and a € C(q)*, define Drinfeld polynomials w<(),a) as follows:
el
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o When s = 1, set wi(A\,a) = [] wg\? o, (the product being defined component-wise) with

i€l
a1 = a and
6()\1+2 E )\]+>\z+l_1)
aq 1<g<i , 2<1<n—2,
ai = cAit2 X AtAitn—2)
aq 1<j<n—t , t=n—1n.

o When s =n —1 or n, set w5(\,a) = [] Tl'g\i_)a_ with a; = a and
ie] e

'3

6()\14'2 E )\j+/\i+i—1)

aq I<i<i , 2<1<n—2,
cMt2 Y AHAidn—2)
a; = 9 aq 1<j<n—1 . i=s,
E()\1+2 Z /\j—)\i+n—4)
aq 1<j<n-—2 , 1€{n—1,n}, i#s.

Remark 2.7. The Drinfeld polynomials 7w$(\, a) are determined so that they satisfy the fol-
lowing property: if » € S\ {s} and J = I\ I, the simple Uy(Lgs)-module L,(7<()\, a)ys)
is a minimal affinization of the U,(gs)-module V,(A|y,), where m$(), a); denotes the J-tuple
(Wi()\,a)j(u))jej (see [10, Theorem 3.1]).

Define the support of A = \jww; € PT by
i

supp(A) ={i e I|\; >0} C 1.
Theorem 2.8 ([10, Theorem 6.1]). Let A € PT.

(i) Ifsupp(A\)NIs; = & for some s € S, then there exists a unique equivalence class of minimal
affinizations of Vy(X), and the equivalence class is given by

{Lq(m5(N, a)) }E € {£}, a € C(g)*}

with v € S\ {s} (here the choice of r is irrelevant since w,(\,a) = w5 (X, a) holds for r,
e S\ {s}).

(ii) If supp(A) N Is # & for all s € S and A\p—2 > 0, then there exist exactly three equivalence
classes of minimal affinizations of Vy(X), and for each s € S

{Ly(mi(\a)) | € (£} a e )"}
forms an equivalence class.

We call A € PT regular if X satisfies one of the assumptions of (i) or (ii) in Theorem 2.8. We
call a minimal affinization is regular if its highest weight is regular.

Remark 2.9 ([9]). In the remaining case when supp(A\) NI; # @ for all s € S and \,,_2 = 0,
the number of equivalence classes of minimal affinizations increases unboundedly with A, and
the classification of minimal affinizations has not been given except for the type Djy.
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2.7 Classical limits and graded limits

Let A = C[g,q~!] be the ring of Laurent polynomials with complex coefficients, and denote
by Ua(Lg) the A-subalgebra of Uy(Lg) generated by {k;*!, (23 )k/[k]q! li€el,r€ZkeZso},

7,7

where we set [k], = (¢* — ¢7%)/(g — ¢ ') and [k],! = [k]4[k — 1], - - - [1]4- Define Ua(g) C U,(g)
in a similar way. We define C-algebras U;(Lg) and U;(g) by

Ui(Lg) = C®a Ua(Lg) and  Ui(g) = C®a Ua(g),

where we identify C with A/(q — 1). Then the following C-algebra isomorphisms are known to
hold [17], [6, Proposition 9.3.10]:

U(Lg) = Ui(Lg)/(ki —1]i € Dy g,  Ulg) = Ui(g)/(ki —1|i € D)y, () (2.4)

where (k; — 1|i € I)y, (1) denotes the two-sided ideal of U;(Lg) generated by {k; — 1]i € I},
and (k; — 1]i € I)y, (q) is defined similarly.

Let w = (m1(u),..., ™y (u)) be Drinfeld polynomials, and assume that there exists b € C*
such that all the roots of 7r;(u)’s are contained in the set bg? (it is known that in order to
describe the category of finite-dimensional U,(Lg)-modules, it is essentially enough to consider
representations attached to such families of Drinfeld polynomials. For example, see [13, Sec-
tion 3.7]). Note that wF(\, a) satisfies this assumptions when a € C*¢%. Let La(w) be the
Ua(Lg)-submodule of Ly(7) generated by a highest ¢-weight vector v;. Then by the isomor-
phism (2.4),

Ly(w) = C®a La(m)

becomes a finite-dimensional Lg-module, which is called the classical limit of Lq(7).
Define a Lie algebra automorphism ¢y : g[t] — g[t] by

gob(:z®f(t)) =z® f(t—0) for xeg,feClt.

We consider Ly(7) as a g[t]-module by restriction, and define a g[t]-module L(7) by the pull-
back ¢j (Lqg(m)). We call L(w) the graded limit of Ly(m). In fact, at least when m = 7w (), a),
it turns out later from our main theorems that L(7r) is a graded g[t]-module, which justifies the
name “graded limit”. Set Uy = 1 ®a vy € L(7), which generates L(7) as a g[t]-module. The
following properties of graded limits are easily proved from the construction (see [2]).

Lemma 2.10. Assume wt(m) = A.

(i) There exists a surjective g[t]-module homomorphism from L(w) to V(X,0) mapping vx to
a highest weight vector.

(ii) The vector vy satisfies the relations
n, [t]ox =0, (h@t")0r = Sko(h, o for h € b,k >0, and

FANTG —0 for iel

(iii) We have
ch Ly(7) = ch L(m).

(iv) For every u € Pt we have

[Lq(m) : Vo(w)] = [L(m) - V()]

where the left- and right-hand sides are the multiplicities as a Uy(g)-module and g-module,
respectively.
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3 Main theorems and corollaries

Throughout this section, we fix A = > \w; € Pt, e € {+} and a € C*¢%, and abbreviate
el
s =7wi(Aa) forseS={1,n—1,n}.

3.1 Main theorems

Denote by 791 € ¥ (resp. 7,—1,, € ) the diagram automorphism interchanging the nodes 0
and 1 (resp. n — 1 and n). We will not use other elements of ¥ in the sequel.

For s € S and 1 < j < n, define 5}5) = §J(-S)()\) € P as follows:

o When s = 1, let m,m’ be such that {m,m'} = {n — 1,n}, A\, = max{\,—1,\,} and A,y =
min{A,—1, An }, and define

)‘j(wj+A0)7 1§j§n_27
eV = I h (@t + @+ o)y G=n—1,
()‘m_)‘m’)(wm+A0), ] =n.

o When s = n, set

n—3
0, if Z i < A1,
0= =1
- n—3
max{l <j<n=3] Y N> )\n_l}, otherwise,
i=j
_ n—3
and A =X,_1 — >_ A;. Then define
i=0+1
)\j(?ﬂj—l—/\o), 1§j<£, j=n-—2n,
é.(n) _ )\Z(wﬁ + AO) + j\wnfla Jj=1,
J )\j(w]- + wn-1 + Ao) + 5[05]-1;\(73”_1 + Ao), {<j<n-—2,
07 j =n—1.

o When s =n — 1, set §J(-n_1)(/\) =Tpn-1n (§J(-n)(7n_1yn)\)).

Note that we have A = > §J(»S) mod ZAg + Q6 for all s € S.

1<j<n
Theorem 3.1. The graded limit L(ws) is isomorphic to D(wofgs), .. ,wofy(f)) as a g[t]-module.

For o = " njoy € A4, set supp(a) = {i € I'|n; > 0} C I. We define a subset ASf) C Ay for
el
s €S by

Agf) = U {a e Ay|supp(e) C T\ I, }.
reS\{s}

Note that if o € Af), then the coefficient of c; in o is 0 or 1 for all ¢ € [.
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Theorem 3.2. The graded limit L(ms) is isomorphic to the cyclic g[t]-module generated by
a nonzero vector v subject to the relations

ny[tjv =0, (h ® tk)v = Oro(h, \)v for hebh, k>0,

f{\ﬁlv =0 for el and (fa®@t)hv=0 for ac€ Agf).

We prove Theorems 3.1 and 3.2 in Section 4.

Remark 3.3. The defining relations of Theorem 3.2 were conjectured in [18, Section 5.11], and
proved there for g of type Dy. Let Iy = ILi{n—2}, A\;y = > Njw; and Ap;p = A=Ap. Inloc. cit.,
IS
the author also conjectured that the graded limit L(7r) is isomorphic to the g[t]-submodule of
L(wi(Ary,a)) @ L(wi(Ap g, a))

generated by the tensor product of highest weight vectors. This is easily deduced from Theo-
rem 3.1.

3.2 Corollaries

The module D(woffs), . ,wof,({s)) in Theorem 3.1 has another realization introduced in Sec-
tion 2.4. Define o € W by
0 = T0,1Tn—1,n5152 " Sp—1-
The proof of the following lemma is straightforward.
Lemma 3.4.
(i) For 0 < j <mn, we have
@jt+1 + Ao, 0<j<n-—3

wn—1+wn+A07 j:n_27

o(wj+ Ao) = mod QJ,

Wp—1+w+Ay, j=n-—-1,
@p—1 + Ao, Jj=mn,
and o(wp—1) = wp—1 mod Q0.
(ii) We have L(woc™ 1) = £(wo) + (n — 1)l(o).
Assume s # n — 1 for a while. For 1 < j < n — 1 define Ags) = J_ij(-s), and set Agf) = ,(f).

The following assertions are easily checked using Lemma 3.4(i):

AiA 1<j<n-2
Agl) =70 = J=nTs mod QF, and
)\m’AOa Jj=n-—1,
AjAo, 1<j<f or j=n-—2,
AP = 8 M\ + Aewpt, j=4, mod QJ.

Aj(@n—1 + Ao) + 6ndj1 M (wn + Ag), £<j<n-—2

In particular, each A;S) belongs to Pt. We obtain the following chain of isomorphisms from

Theorem 3.1, Lemma 3.4(ii), and Proposition 2.1:

L(my) = D(wetl, .. wetl®) = D(wot®, weel®, ... wetl?))
~ Fu, (D(AY) @ F, (D(AY) @ -+~ @ F, (D(AY),) ® F,D(AY)) ). (3.1)

where the second isomorphism obviously holds by definition. Hence by Proposition 2.2 and
Lemma 2.10(iii), the following holds.
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Corollary 3.5. If s € {1,n}, we have

(s

(s) ) ) ©)
Cth(TrS> :Dwo (eAn .Do_(eAl ...Do_(eAn—Z .Do_(eAn—l)) ...))‘6A0:66:1_
Let N = 7,1 A, and set m], = @5 (N, a). It is easily seen from Theorem 3.1 that
ch Ly(mn—1) = Tn—1,n ch Ly(7),).
Hence we also obtain the character in the case s =n — 1.
Remark 3.6.

(i) It is possible to use other elements of W in the expression of ch Ly(ms). That is, if w; € W
n—1
(1 <j<n-—1)satisty w[Lj]A‘gs) = 5](-5) and L(wowpy p—1)) = £(ws) + 2:1 l(w;) (here we set
]:

w5 = wiws - - -wj), then it follows that

ch Lq(ﬂ-s) = Dwo (6A£ls> : le (eAgS) e Dwn—Q (6ASZ2 ) Dwn—l (eASll)) T )) }BAO:e‘;:l’

For example w; = sj_15j_2---517p,1 satisfy the above conditions when s = 1. Our choice
is made so that the results are stated in a uniform way.

(ii) The right-hand side of the isomorphism (3.1) has a crystal analog, and using this we can
express the multiplicities of Lg(7,) in terms of crystal bases. For the details, see [21,
Corollary 4.11].

Our next result is a formula for multiplicities of simple finite-dimensional U,(g)-modules
in Ly(7r1) which can be deduced from our Theorem 3.2 and the results of [4] and [22]. For that,
we prepare a lemma.

Lemma 3.7. Assume that V is a cyclic finite-dimensional g[t]-module generated by a b-weight
vector v, and nyi[t] & th[t] acts trivially on v. Let p € PT, and W be the g[t]-submodule of
V ® V(p,0) generated by v ® vy, where v, denotes a highest weight vector. Then for every
v € P*, we have

(W:V(w+p]=[V:V(),
where [:] denotes the multiplicity as a g-module.
Proof. Note that
(W :V(v+ p)] =dim{w € W4, [ nyw = 0}. (3.2)
Since
W = Un_[f) (v @) = U(n) (U (tn_[f])v 0 v,)
and W is a finite-dimensional g-module, we see that

{fwe Wiy |ngw=0}={we (U(tn_[t])v® UM)VJFM |niw=0}

={we (U(tn_[t])v), |nyw=0} v, ={we (Un_[t])v), |njw=0} v,

Hence the assertion follows from (3.2). [
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Let sp,,_o be the simple Lie algebra of type Cj,—1, and denote by P, its weight lattice and by
@’ (1 < i< n-—1)its fundamental weights. We assume that @’ are labeled as [15, Section 4.8].
Define a map ¢: P* — Py by

5! . k3
L Z HiToi | = E (s’ + min{pn_1, i}, ;.
1<i<n 1<i<n-—2

Corollary 3.8. For every p € P, we have

[SL()\) (Vsp (wip)) Al (L(M))]v lf Hn — Un—1 = An - )\n—lv
0, otherwise.

[Lq(m1) : Vo(u)] = {

Here S, (v € P)) denotes the Schur functor (see [22, Section 1]) with respect to the partition
n—1 n—1

( DORZND DR Z TR I/n_l), and V¥ (v) denotes the simple $py,,_o-module with highest weight v.
=1 =

Proof. It suffices to show that the right-hand side is equal to [L(71):V (1)] by Lemma 2.10(iv).

Note that Theorem 3.2 and [4, Theorem 1] imply that the graded limit L(7r) is isomorphic to the

g[t]-module “P(X,0)FN¥)” in the notation of [4], where we set U ={a €A, | (a, wp_1+w0,)=2}.

Then in the case A,,—1 = A, our assertion is a consequence of [4, Theorem 2] and [22, Theorem 1].
Let us assume \,_1 # A\, and set N = A\, — \,,v. We have

L(m) = D(weel”, ... woeM)

by Theorem 3.1, and we easily see that D(wO&(Ll)) ~ V(Nwp,,0) holds. Hence by applying
Lemma 3.7 with V = D(woggl), . ,wofg_)l) and pu = Nw,,, we have for every v € P that

D(weg”, o wot) s Vv + V)] = [D(watl” o wol) - V),

and the right-hand side is equal to [L(7§(A — Nw@p,,a)) : V(v)] by Theorem 3.1. Hence the
assertion is deduced from the case \,_1 = A,,. The proof is complete. |

4 Proofs of main theorems

Note that the theorems for s = n — 1 and s = n are equivalent because of the existence of
diagram automorphism of g interchanging n — 1 and n. Therefore, throughout this section we
assume that s % n — 1, and prove the theorems only for the case s = 1,n. Similarly as the

previous section we fix A = 3 Njw; € P, e € {#} and a € C*¢%, and write 7wy = wE(\, a).
i€l

Let Ms(X) denote the module defined in Theorem 3.2. We shall prove the existence of three

surjective g[t]-module homomorphisms. More presicely, we prove Mg(A) = L(m;) in Section 4.1,

D(wol?, .. wetl?)) = My(A) in Section 4.2, and L(m) — D(weé'”, ... we&l) in Section 4.3.
Then both Theorems 3.1 and 3.2 immediately follow from them.
4.1 Proof for Mg(\) — L(ms)

Though the proof is similar to that in [18], we will give it for completeness.
Let vy, be a highest f-weight vector of Ly(7), and set Or, = 1 ® vy, € L(ms). In order to
prove Mg(\) — L(ms), it is enough to show the relations

(fa® ), =0  for aecAl, (4.1)

since the other relations hold by Lemma 2.10(ii).
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Let r € S\ {s} and J = I\ I,. Then the subalgebra U,(Lg;) C U,(Lg) is a quantum loop
algebra of type A. By [10, Lemma 2.3|, the U,(Lg )-submodule of L,(s) generated by v,

is isomorphic to the simple U,(Lg)-module with highest (-weight ((7rs)z(u))Z ;- Denote this
Uy(Lg)-submodule by Li. Then we see from Remark 2.7 and [10, Theorem 3.1] that Lj, is also
simple as a Uy(gs)-module. From this and the construction of graded limits, it follows that the

Lgj-submodule
L' = U(Lgy)vx, C L(ms)

is simple as a gj-module. Hence the restriction of the surjective homomorphism L(7s) — V (A, 0)
in Lemma 2.10(i) to L’ is an isomorphism, which obviously implies (g; ® t)Ur, = 0. Now the
relations (4.1) obviously follow from the definition of A(f). The proof is complete.

4.2 Proof for D(woés), ey Wo€®) — M (N)

Throughout this subsection, we assume that s € {1,n} is fixed. Note that some notation
appearing below may depend on s though it is not written explicitly.
Let us prepare several notation. For 1 < p < g < n, set

N ap +apr1 + -+ ag, g<n-—1,
P Oép+ap+l+"'+an—2+an7 q=n.

Note that
Ay ={apqglp<q,(pg) #(n—1,n)} U{opn+agn1|p<q<n}

Set 0; = 8;8i41---sp—1 € W for 1 <i <n and o9 = 70,1Th—1,n01 = 0. For 0 < i < n and
1<j<n—1,define p; j: A — Z>( by

n—1
pij(e) = max {0, —(a, 00" IA) .
k=
When j < n —1, we have
pn.j(@) = po,jt1(c) + max {0, —(a,Ags))} = pojii(a)  for e AT (4.2)

since Ag-s) € P+,

Lemma 4.1. Let 1 <i<nandl < j<n-—1, and assume that a« = § + kd € ﬁﬂf satisfies
pij(a) > 0.

(i) If i =n, we have
Be{—apn-1|p<niU {_(O‘p,n +agn-1)|p<g< n}
(i) If 1 <i<mn-—1, we have

Bed{aigli <qg<n}U{-api|p <ifU{-apnl|p#i}
U{ = (apn + @gn-1) D <q<n,p#iq#i}.
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Proof. In both the cases s =1 and s = n, it follows from Lemma 3.4(i) that
ak_jAgj) € Z Z>o(wp + Ao) + Z Z>o(wop + wn—1 + Ao)
0<p<n 1<p<n
holds for every 1 < j < k < n — 1. Hence p, j(a) > 0 implies § € —Ay and k > 1, and if
B = —> tia; then we have
i€l

tp+th1>k>1 for some 1<p<n.

This immediately implies the assertion (i). Note that p; j(o) = pi+1,j(sia) holds for 1 <i <n—1
by the definition of p; ;. Hence p; j(a) > 0 implies that we have either & = o; or a = s;v for
some y € ﬁff such that p;y1(y) > 0. From this, the assertion (ii) is easily proved by the
descending induction on 1. |

For0<i<nand1<j<n-—1,set

D(i,j) = D(O’iAgs), O'Z'O'A(S) .. 70i0n—j—1A£Lszl)7 and

J+1
v(i,J) :vUiAgs) ®UaiaA() QKRR € D(1,7).

s n—j—1 (s)
1 oo ITIAT

Fora=p8+ké € AT with B € A and k € Z, denote by x, € g the vector ez ® tk. For i € f,
define a Lie subalgebra n; of ny by

n; = @ Cxo @ tb[ﬂ.

aeﬁf\{ai}

We shall determine the generators of the annihilators Anng g, yv(4, j) inductively, along the lines
of [21, Section 5.1]. For that, we need the following lemma which is proved in [14, Section 3]
(see also [21, Lemma 5.3]).

Lemma 4.2. Let V' be an integrable g-module, T a finite-dimensional b-submodule of V,ie T
and & € P such that (a;, &) > 0. Assume that the following conditions hold:

(i) T is generated by a H—weight vector v € Ty satisfying e;v = 0.
(ii) There is an ad(e;)-invariant left U(n;)-ideal T such that

Anng g yv = Uy )e; + Uny )T
(iii) We have chy FiT = Dichg T
Let v' = fi(ai’g)v. Then we have
Anng g ' = U(ﬁ”eﬁah@ﬂ + U(ny)ri(2),

where r; denotes the algebra automorphism of U(g) corresponding to the reflection s;.

Proposition 4.3. The following assertion (A; ;) holds for every 0 <i<n and1<j<n-—1

(Aiy) Anngeav(,j) =U@y) | > Cz2 T gy

aEAT?
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Proof. We will prove the assertion by the descending induction on (¢, j). The assertion (A, ,—1)
is obvious since D(n,n — 1) = Cv(n,n — 1) is a trivial ny-module and p,,—1(a) = 0 for all
a € A, Since

U(”’?j) = ’UA(‘S) ® ’U(O,j + 1)7
J
we easily see that (Ag ;1) implies (A, ;) by (4.2), and (A ;) implies (Ag ;) since

D(0,j) = Fryy7y 1, D(1,5)  and  po () = p1,(70,1Tn—1,n00)-

n—1 . ~
It remains to show that (A, ;) implies (A;—1,;) when 2 < i <n. Let £(4,j) = > Uiak*JA,(:) € P,
k=

which is the weight of v(4, j). Since (a;_1, Jiak*jAgj)) > 0 holds for all £ > j by Lemma 3.4(ii),
we have

ei—1v(i,7) =0  and f-(fi_l’g(i’j))v(i,j) e C*v(i — 1,7).

1
In addition, we have p;_1 j(a) = p; j(si—1c) for a € ﬁfﬁ and in particular
pi-1,j(iz1) = pij(—ai—1) = (aim1, (4, 7))

Therefore, it suffices to show the ad(e;—1)-invariance of the left U(n;_1)-ideal

Z,j =U(m;_1) Z Clid (@ 4 tht]
A\ {1}

by Lemma 4.2 (note that the condition (iii) holds by Proposition 2.2). Since p; j(c;—1+Z~d) = 0
holds by Lemma 4.1, we have

[61'_1, th[t]] =¢;-1Q® t(C[t] - Ii,j-
Hence it is enough to verify that
[ei_l, :Cgi’j(a)Jrl] S Ii,j (43)

for every a € ﬁﬂf\{ai_l}. If « = —aj—1+k6 (k > 0), then (4.3) follows from th[t]Be;—1 ®tC[t] C
Z; ;. Hence we may assume that o satisfies [[ei_l, wa] , xa] =0. If [ei_l, xa] =0, (4.3) is obvious,
and otherwise we have

[eifl,ng’j(a)ﬂ] c C:cﬁ“j(o‘)xami,l.

It is directly checked from Lemma 4.1 that if § € ﬁﬂf satisfies 8 — ;1 € ﬁf, then p; ;(5) = 0.
Hence we have p; j(a 4+ oj—1) = 0, and (4.3) follows. The proof is complete. [

In the sequel we write p = pg 1 for brevity. Note that we have

pla) = Z maX{O,—(a,fj(-s))}.

1<j<n—1

The following assertions are proved from the definition of §J(-S)’s by a direct calculation.

(i) Assume that s = 1.
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(a) For B+ ké € A™, p(8 + ké) = 0 holds unless
—B€{opn+agn-1|p<gqg<n} and k=1.
(b) We have

n—2
P( — (apn +agn-1) + 5) = Z Aj+ A
Jj=q

(ii) Assume that s = n.
(a) For B+ kd € A, p(B + kd) = 0 holds unless

—B € {apn-1|p<n-—3} and k=1, or
—p € {opn +agn-1|p<qg<n} and k=12

(b) We have

n—3
p(—0ppn—1+9) = min Z Ajs An—1 ¢, and
Jj=p

n—3
mln{z >\ja>\n1}+ )\j, if k=1,
Jj=pr Jj=q
p( - (ap,n + Oéq,nfl) + k'(g) = L
mln{ZAJ,Anl}, if k=2.

Jj=q

y5Sn—1

Set D = D(&({g),és), e ) and vp = Ve(s) ®v(0,1) € D. By Proposition 4.3, we have

Anng s,y op = Anngg,v(0,1) = Uny) Z (ng(a”l + tht]
ae&f
Let vy € Mg(N) denote the generator in the definition. The proof of the following lemma is
elementary (see, e.g., [20, Lemma 4.5]).

Lemma 4.4. If 3,y € ﬁff satisfy (8,7) = —1, 2% vy = 0 and SC,CY+1UM = 0 with b,c € Z>o,

B
then xgi‘jlvM =0 holds.

Lemma 4.5. There exists a (h @ ny)-module homomorphism from D to Ms(\) mapping vp
to v -

Proof. Since th[tlupy = 0 and the h-weights of both vp and vy are A, it suffices to show
xﬁ(a)HUM =0 for all a € &f

First we consider the case s = 1. The assertion for o = —(ap, +agn-1)+0 with p < ¢ < nis
proved by applying Lemma 4.4 with 8 = —ay ,, +0 and v = —a 4. The assertion for remaining
o€ ﬁf’f is easily proved from the defining relations of Mj(\).

n—3
Next we consider the case s = n. If Y~ A; > \,_1, the assertion for o = —ay,,,—1+0 is proved
by applying the lemma with 8 = —ap,nj,gp—i— 0,7 = —ap—1. Otherwise it is proved by applying the
lemma with 8 = —oy n—3, 7 = —n—2n—1+0. The assertion for « = — (v ,+ap—1)=+9 is similarly
proved, and then the assertion for a = —(ap n + agn—1) + 6 is verified by applying the lemma
with 8 = —(apn+an—1)+0 and v = —ayn—2. Finally the assertion for o = —(ap n,+agn—1)+20
is shown by applying the lemma with 8 = —ay,, + 6 and v = —ayn—1 + 0. The assertion for

remaining o € A’f is easily proved from the defining relations of M, (). |
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Now we can prove the existence of a surjective g[t]-module homomorphism

D(wotl®, woe'™ .. wee' ) = M,(\)

by exactly the same arguments with [21, two paragraphs below Lemma 5.2] from Lemma 4.5.
Since D(wo&(f),woés), . woﬁﬁl‘?l) &~ D(wogf), e ,wofés)) holds by definition, the proof is com-
plete.

4.3 Proof for L(mws) — D(’wof(s) ceey ’on,(f))

We shall prove the assertion in the case ¢ = + (the case € = — is similarly proved). For i € I,
set
_Jn—=2—14, i<n-2
bi 1, 1=n—1,n,

which is the distance between the nodes i and n — 2 in the Dynkin diagram. We need the
following lemma that is proved from [3].

Lemma 4.6.

(i) Letir,...,ip €I, br,...,b, € C(q)* and l1,...,l, € Zo, and assume that
b, ¢ q%>0pqlr—lsHpir =i | forall r <s.

Then the submodule of L (ﬂ'ljlgl) ®---®L (Trl(ipg ) generated by the tensor product of

highest £-weight vectors is isomorphic to Lq< H Wl(,ikbk>

(ii) Ifi,j eI, be C(q)*,l € Zso and —|p; — pj| < k < |pi — pjl, then Lq(wl(fg) ®Lq(7'rl(7j2q,c) 18
stmple.
Proof. (i) For r < s, it is directly checked that L, (ﬂ'l(:sgs) ® L (71'1(“2 ) satisfies the condition

of [3, Corollary 6.2], which assures that the module is generated by the tensor product of highest
£-weight vectors. Hence

Ly (”l(;pgp) ® Ly (W(ipfl) ) ®---@L (7"1(;1131)

lp—lybp—l

is also generated by the tensor product of highest ¢-weight vectors (see [3, sentences above
Corollary 6.2]). Now the assertion (i) follows by dualizing the statement and applying Lemma 2.4

(the bijection ¢ — i in the lemma is 7,1 ,,). (ii) We see from the above argument that L (71'1(12) ®

Ly(w l(]b) ) 1s both cyclic and cocyclic, and hence simple. |

Lemma 4.7. Leti € I\{n—2,n—1}, b€ C*¢” andl € Z>q. The graded limit L(ﬂ'l(b) l(b o ),1)

is isomorphic to D (lwe(w; + wn—1 + Ag)) as a gt]-module.
Proof. Note that

O (1) _ ! (l(w; + @no1), bq(‘s“*l)l*i“) if i<n-—3,
LT Lpgri=t = {’n’l+ (l(wn + wn,l),bq_l_”‘ﬂ) if i=n.

Hence by Sections 4.1 and 4.2, there exists a surjective homomorphism

D(lwo(wi+wn,1+Ao))H}L( (2 (n—1) )

lbqu*1
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Therefore it suffices to show the equality of the dimensions. By Lemma 4.6(ii), we have

Ly(mi)my o s) = Lo(m()) © Lo(m)) )

Lbgri~! LbgPi=t/?

which implies

dime L({m=D.) = dimg Ly(anid )

1,bgPi—1 T bgpi—1
= dimc(g) Ly (]} - dimgg) Lo(m)y 1) = dime L(() - dime L(mfy ),
= dim¢ D(lwo(wi + Ao)) - dimg D(lwo(wn_l + Ao)),

where the last equality follows from [5, Proposition 5.1.3]. On the other hand, we have
dim¢ D(lwo(wi + w1 + Ao)) = dim¢ D(lwo(wi + Ao)) -dim¢ D(lwo(wn_l + Ao))
by [11, Theorem 1]. Hence the assertion is proved. [

Now let us begin the proof of the assertion L(mws) — D(woés), e ,wO&({s)). First we prove
this in the case s = n. Let (a;);er be the sequence in the definition of 7, = 7} (), a), and define
U,y(Lg)-modules Lg[j] for 1 <j <n—2and j =n by

Ly (wg{%) if j<t j=n-—2mn,

L Lq(Tr( aggs) ® La(m (flm( ) Aﬂ%’jw%z_me_l), ?f j=4, | »
Lq("x, e sena) @ La(my ) w0 ) if £=0, j=1,
Lq(ﬂ'g\]],a] /\?aj)q pi— )7 otherwise.

There exists an injective U,(Lg)-module homomorphism
Ly(m,) = Lg[l] ® - -+ @ Ly[n — 2] ® Lg[n]

by Lemma 4.6, and this induces a U (Lg)-module homomorphism
La(my) = LA[l]®---® La[n — 2] ® La[n],

where we set

LA[]] _ LA(ﬂ-)a if Lq[]] = Lq(ﬂ-)v
La(m!) @ La(w?), if Lglj] = Le(m!) ® Ly(m?).
Applying C ® o — and taking the pull-back with respect to the automorphism ¢z, we obtain
a g[t]-module homomorphism L(m,) — @); L[j], where L[;j] denotes the graded limit or the
tensor product of the two graded limits. Note that, by construction, this homomorphism maps

a highest weight vector of L(7r,,) to the tensor product of highest weight vectors. By Lemma 4.7
and [5, Proposition 5.1.3], we have

D(()\g — Nwo(we + Ag)) ® D(S\wo(wé + wp—1 + AO)), if j=1¢,
L[]] = D(j\wo(wn,l + Ao)) (%9 D(Alwo(wl + Wp—-1 + Ao)), if £=0, j=1,

D (wofj(-n)) , otherwise.
Hence in order to complete the proof, it suffices to show that

D((Ae — Nwo(w + Mo), Mvo(w¢ + @n1 + Ag)) = D(wet”),  and
D (Awo(wn—1 + Ao), Mwo (w1 + @n—1 + Ag)) = D(woﬁln)) when ¢ =0.
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The first isomorphism follows since we have

D(wot(™) = Fyyoe (M) 2 F,y oo (D((\e = N)Ao) ® D(Mwn—1 + Ao)))

w w

=~ D((Ae — Nwo (e + Ao), Awo(wy + @1 + o))

by Proposition 2.1, and the second one is also proved similarly. The proof for s = n is complete.
The case s = 1 can be proved by a similar (and simpler) argument in which we replace the
definition of Lg[i] given in (4.4) by the following:

Lq ('71-5\];-),%)7 Jj<n-—2
Lyljl = § Lq (“(An;/),am,“&?,am,)v j=n-—1,
Lq (ﬂg\nrz)—Am/,am/qkm)’ j =n.
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