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1 Introduction

Quantum analogues of differential forms and differential operators on quantum groups or Hopf
algebras or quantum spaces have been studied extensively since the end of 1980s (see [4, 7, 10, 15,
17, 23, 24], etc. and references therein). As a main theme of noncommutative (differential) geo-
metry, the general theory of bicovariant differential calculus on quantum groups or Hopf algebras
was established in [24]. Woronowicz’s axiomatic description of bicovariant bimodules (namely,
Hopf bimodules in Hopf algebra theory) is not only used to construct/classify the first order
differential calculi (FODC) on Hopf algebras, but also leads to the appearance of Woronowicz’s
braiding [24, Proposition 3.1] (also see [22, Theorem 6.3]). Actually, the defining condition of
Yetter—Drinfeld module appeared implicitly in Woronowicz’s work a bit earlier than [20, 25]
(see [24, formula (2.39)]), as was witnessed by Schauenburg in [22, Corollaries 6.4 and 6.5]
proving that the category of Woronowicz’s bicovariant bimodules is categorically equivalent to
the category of Yetter—Drinfeld modules, while the latter has currently served as an important
working framework for classifying the finite-dimensional pointed Hopf algebras. The coupled
pair consists of a quantum group and its corresponding quantum space on which it coacts,
both of which in the pair were intimately interrelated [21]. On the other hand, the covariant
differential calculus on the quantum space Cj was built by Wess-Zumino [23] so as to extend
the covariant coaction of the quantum group GL4(n) to quantum derivatives. Along the way,
many pioneering works appeared by Ogievetsky et al. [17, 18, 19], etc.

Recall that for any bialgebra A, by a quantum space for A we mean a right .A-comodule
algebra X'. Here, we let A denote a certain Hopf quotient of the FRT bialgebra A(R), which is
related with a standard R-matrix R of the ABC'D series (cf. [10, 21]), and we set X := X,(fs; R)
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(adopting the notation in the book [10]). For the definition of polynomials fs in types ABCD,
we refer to [10, Definitions 4, 8, 12 in Sections 9.2 and 9.3]. Roughly speaking, viewing U,(g) as
the Hopf dual object of quantum group G, in types ABCD, one sees that the aforementioned
quantum space X is a left U,(g)-module algebra. As a benefit of the viewpoint, this allows
one to do the crossed product construction to enlarge the quantum enveloping algebra Uy(g)
into a quantum enveloping parabolic subalgebra of the same type but with a higher rank.
This actually contributes an evidence to support Majid’s conjecture [14] on the rank-inductive
construction of U,(g)’s via his double-bosonization procedure (see also a recent work [5] for
confirming Majid’s claim in the classical cases).

For types B and D, under the assumption that ¢ is not a root of unity, Fiore [2] used the
standard R-matrix for the quantum group SOy (N) (N = 2n+1 or 2n) to define some quantum
differential operators on the quantum Euclidean space Rév . Then he realized Uq—l(ﬁﬂ ~N) within
the differential algebra Diff (Rév ) such that Rév is a left U,-1(soy)-module algebra, and further
developed the corresponding quantum Euclidean geometry in his subsequent works. There were
many works [17, 18, 19], prior to [2], using quantum differential operators to describe the GL4(n)
and SOy(n), g-Lorentz algebra, and g-deformed Poincaré algebra, etc.

For type A, there appeared several special discussions in rank 1 case, see [9, 16, 23], etc.
To our interest, for arbitrary rank, different from [17] and [2], the second author [6] intro-
duced the notion of quantum divided power algebra A,(n) for ¢ both generic and root of unity.
He defined g-derivatives over A,(n) and realized the U-module algebra structure of Ay(n) for
U = Uy(sly), ug(sl,). A coherence realization of all the positive root vectors in terms of the
quantum differential operators was provided (in the modified ¢g-Weyl algebra W,(2n)) which
are compatible with the actions of Lusztig’s braid automorphisms [13]. Especially, this dis-
cussion of g-derivatives resulted in the definition of the quantum universal enveloping algebras
of abelian Lie algebras for the first time, and even the new Hopf algebra structure so-called
the n-rank Taft algebra (see [7, 11]) in root of unity case. Based on the realization in [6], Gu
and Hu [3] gave further explicit results of the module structures on the quantum Grassmann
algebra defined over the quantum divided power algebra, the quantum de Rham complexes and
their cohomological modules, as well as the descriptions of the Loewy filtrations of a class of
interesting indecomposable modules for Lusztig’s small quantum group ug(sl,).

For type C, it seems lack of corresponding discussions over the quantum symplectic space in
the literature. Here we consider the quantum enveloping algebra Uy(sp,,,) with n > 2 and its
corresponding quantum symplectic space X'(fs; R). We assume that ¢ is not a root of unity. We
define the g-analogues 0; := 0,/0z; of the classical partial derivatives and introduce left- and
right-multiplication operators z;, and z;, as in [9]. Our discussion also does not use the R-matrix
as a tool as in [2]. We consider the subalgebra Uq2" generated by some quantum differential
operators in the quantum differential algebra Diff(X'(fs;R)) (we call it the modified g-Weyl
algebra of type C, distinctive from the ordinary one, since it contains some extra automorphisms
as group-likes inside). Furthermore, we check the Serre relations of Uq2" and show X(fs;R) is
a Ugy(sp,y,)-module algebra. At last, we show that the positive root vectors of Uy(spy,,) defined
by Lusztig’s braid automorphisms in [13] can be realized precisely by means of the quantum
differential operators defined in Section 5.

The paper is organized as follows. Section 2 gives the definition of the quantum symplectic
space X (fs; R) and derives some useful formulas. In Section 3, we define the quantum differential
operators on X(fs;R) and a subalgebra Uq2” of Diff(X(fs;R)). We prove that the generators
of UqQ" satisfy the Serre relations which implies that Uq2” is a quotient algebra of Uj,(sp,,,).
We show that X (fs;R) is a Ug(spg, )-module algebra whose irreducible summands are just its
homogeneous subspaces. In Section 4, we provide inductive formulas to calculate all the positive
root vectors under the actions of Lusztig’s braid automorphisms of U,(sp,,,) from simple root
vectors. In Section 5, we give a coherence realization for all the positive root vectors of U,(sps,,)-
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For simplicity, we write X for X(fs;R). Let Ny (resp. N) be the set of nonnegative (resp.
positive) integers, R denote the set of real numbers, k the underlying field of characteristic 0.
Assume that ¢ is invertible in k and is not a root of unity. Let n > 2 be a positive integer. Set
I={-n-n+1,...,—1,1,....,n—1,n}and I'" ={1,...,n}.

2 Preliminaries

2.1. Recall that the g-number [m], for m € Z is defined by [m], := q:;:qq:lm. Note that [0], = 0.
For m € N, the g-factorial is defined by setting [m],! := [1]4[2],- - [m]q and [0],! := 1. The
q-binomial coefficients are defined by

[m} — [mlg[m —1]g---[m —k+ 1],

q [q[2]g -~ - [Flg

for m,k € Z with k > 0, and [Tg]q :=1. Soif k > m > 0, then [T,?]q = 0. Set [A,B|, =
AB — vBA for v € k. When v =1, [-,-]; is the commutator [-,-]. The following three lemmas

can be checked directly and will be used many times in Sections 4 and 5.

Lemma 2.1. For u,v € k and u # 0, if AB = uBA, then

[4, BC]y = uB[A, Cly/u,

[A,CBJ, = [A,Cl,/uB, (2.1)
[CA, B, = u[C, Bl,juA,

[AC, B], = A[C, Bl,u,-

Lemma 2.2. For u,v,w € k and u # 0, if AC =uCA, then

HA’ B]”Ua C]w = [A7 [B, C]w/u]um

[[BvA]U’C]w = u[[Bac]w/unA]v/u (22)
Lemma 2.3. We have

[A7 B]q = _Q[37 A]q*h

[AB,C],2 = A[B,Cl, + q[A,C] B, (2.3)

[[Av B]Q7C]q = [A> [BaCHqQ + HA> C]q’B]Q' (2'4)
2.2. Recall that the simple roots of sp,,, are a1 = 2¢; and a; = €; —€;—1 for 2 < i < n, where

€ = (014,-..,0n;) and €1, ..., €, form a canonical basis of R™. Note that here « is chosen to be
longer than other simple roots. Let AT be the set of positive roots of sps,,, then

AT ={2¢, 4+ e |1 <i<n, 1<I<k<n}

2.3. Recall that the quantum universal enveloping algebra U, (sp,,,) generated by {E;, F;, K,

K, Liel *} has the defining relations as follows:

KK; = K;K;, KK '=K'K =1, (2.5)

KE;K ' =q¢"E;, KFK'=q"F, (2.6)
K;— K !

(B, F}] = 6 ————, (2.7)

qz'—q;l
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lfaij
1—a;; i
(—U{ ta”} BIE;E; "' =0, i#j] (2.8)
t=0 q;
1—a;; 1
<—1>t{ t} FIRF ™ =0, it (2:9)
t=0 q;

CHLTY 2(O‘i70‘j)
T ()

, and the Cartan matrix (a;j) of sp,,, in our indices is

2 -1 0 0 -« - 0
—2 2 1 0 - -0
0o -1 2 -1 0
0 o -1 2 -1
0 o0 =1 2

Note that ¢; = ¢, ¢; = q for 1 < i < n. The relations (2.8) and (2.9) are usually called the
Serre relations.

The algebra Uy(sp,,,) is a Hopf algebra equipped with coproduct A, counit € and antipode
S defined by

AEB)=E oK +10E, AF)=Fol+K ek, (2.10)
A(KF) = K e K, (2.11)
e(Bi) =e(F) =0, e(K™)=1, (2.12)

S(E)=-EK; ', S(F)=-KF,  S(K')=K"

forieIT.
2.4. Set A\ = ¢ — ¢q~'. By [10, Proposition 16 in Section 9.3.4], the quantum symplectic
space X is the algebra with generators x;, ¢ € I, and defining relations:

TjT; = qT;x], 1<, —i#], (2.13)
Tit_; = QPx_ixi + qz)\QiH, iel", (2.14)
where Q; := ) qj*"x_jxj for i € I'™, and X is a vector space with basis
1<j<n
{xi;Ln e J"Zn ‘ A—n,...,0n € NO}

By definition, for 1 <7 <n — 1, we have
Q= x_jx; + q€i41. (215)
From relations (2.13) and (2.14), we can obtain the following identities:

qzkuiv -n S k < _i7
Qi = { 219, —i<k<i, (2.16)
q 2z, i <k<n,

and

Qin = QjQi, 1,] € I,
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Set 2% := 2" "---2% and a := (a_n,a1_n,...,an), Where a_,,...,a, € Ng. We call the

n n
. a; a; . . . . .
monomial a:il” ---x; "™ whose subscripts are placed in an increasing order a normal monomial.

Write ¢; = (0,...,1,...,0) € R?" with 1 in the i-position and 0 elsewhere. Then a = 3" a;¢;.
Set [a| = >~ a;. Thus X = P, X™ is an No-graded algebra with X™ = Spany {z ||a| :leriz}
By indllfétion and using relations (2.13)—(2.16), we get
zix™ = ¢*M ™+ ¢TI m] Q2™

1 ~1
e = ¢* M 4+ "IN m) Qi

for i € I and m € Ny. Hence, for i € I'", we have

—i—1 n
x_jxt = H q% | ate-i, x%x; = H q | xote (2.17)
j=-n Jj=i+1
i—1 —i—1
mima = H qaj qa7i$a+£i + H q_“j qa*’*l/\[a_i]quHx“_a*i, (2.18)
j=-—n j=—n
n n —1—1
o= | T o q‘“wa*“+<Hq"k> IT o | pad@iin®=. (219)
j=1—i k=i j=—n

The following lemma will be used later.

Lemma 2.4. Fori € I, we have

_ (H q2az> Zqui+(a17j+---+aj71)xa+€fj+€j . (2.20)

l=—n j=t

Proof. We prove this lemma by induction on ¢ from n to 1. From (2.13) and (2.16), we have

a*'n“l‘l al—n Qan

a—
Q2 = @z’ Qualtsr 2l = gt (T  a

2a—n @1 —n+- tan—1ate—nten

=4q q

So the formula (2.20) holds for i = n. Suppose (2.20) holds for ¢ > 1. Then from (2.13), (2.15)
and (2.16), we obtain

al—q az a

Q12" < ” q° ) R VN T SRR
a— al—; a2 a
= < | | 7 ) P ay (@i 4 qQ) Ty

1
— < H q2al) qa2—i+"'+ai72xa"l‘&lfi"l‘&ifl + q1+2al—iQi$a.

The induction hypothesis completes the proof. |

3 Quantum differential operators on X (fs;R)

3.1. We define some quantum analogs of differential operators on X.
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Definition 3.1. For any normal monomial 2% and ¢ € I, set

0;.x® = [a;]qx "1,

x;, .xt = za?,

Tip.x = a2y,

pi-x® = q"at,

gyt =g v
Let Diff(X) be the unital algebra of quantum differential operators on X generated by 0;, z;, ,
Tig, i and g ! with i € I. This algebra can be described precisely as the smash product of
a quantum group ®, and the symplectic space X', where the associative algebra ©, generated
by 0;’s (i € I) as well as u;’s (i € I), acting on X, is a Hopf algebra. For a detailed treatment
for type A case, one can refer to [6], where the quantum differential operators algebra is the
(modified) quantum Weyl algebra (of type A). Since we only use the actions of these quantum

differential operators on X, we omit the explicit presentation of Diff(X’).
Since ppp; = iy, we write
n —1
T = H,uj and T_i = H 1
j=i j=—n
for i € I'". Now we define a subalgebra of Diff(X).

Definition 3.2. For i € IT™ with i > 2, set

er =2l g i (r e, + Py e ,) 00,
A= s (g ey, + Py, )0,
ky = g2

€; 1= /liflﬂ;lT:il_leiLalfi — Tflﬂﬁz‘flR@',
fi = —mfmjﬁflivm@;q + 17wy, 0,
ki = poipy i
Let Uan be the subalgebra of Diff(X') generated by {e;, fi, ki, k:;l |ie I}

Applying the operators defined in Definition 3.2 to any normal monomial %, and using
Definition 3.1 and (2.17)—(2.19), we get

e1.a® = [ar]a™ T 4 A [aﬂqq*“‘h”*"*“fﬂQwa—%l, (3.1)

Fra® = a_y]pa® s 4 [“;] g2 Ha-nttasa)(), ga=2en (3.2)
q

kp.x® = gAla-1ma) e, (3.3)

ei.l‘a — qaifl_ai [al_i]qxa+5—i_51—i _ [ai]qma'f‘fifl_ai’ (34)

fz’-l'a — [a_i]q$a_87i+617i _ qalfi_a—i[ai_l]qxa_fi—l‘f'&" (3.5)

kia® = ¢t-im0-itaioimaiga (3.6)

for1 <i<n.
The following two lemmas will be used later.
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Lemma 3.3. Fori,j € I, we have

0, i 7 Js 0, i 7 J,
ei.Qj =4 —T_;x;-1, 1=73>1, and lej = § T1-5Z5, 1=7>1,
2y, i=j=1, a1, i=j=1
Proof. It follows immediately from (3.1) and (3.5). |

Lemma 3.4. For any two normal monomials *,z° and i € I we have

kiil.(acaacb) = (k:iil.x“) (kgﬂ.mb),
(e.z®) (k:i.xb) + x® (ei.l‘b),

= (fi.:n“)xb + (k;l.:n“) (fi.xb).

Proof. We prove this lemma by induction on |a|. For |a| = 1, write 2% = x;, j € I. The asser-
tion of this lemma for |a| = 1 can be derived from the relations (2.17) (2.18) (2.20), (3.1)-(3.6)
and Lemma 3.3 directly. We omit this straightforward and lengthy verification. Suppose that
the lemma holds for any normal monomial 2% with |a| = m. Let z¢ be a normal monomial with
lc| = m+ 1. We can write 2 = xj2%, where |a| = m and j is the smallest index in (c_p,...,cp)

such that ¢; # 0. Since z%z? can be written as a linear combination of normal monomials, by
the induction hypothesis, we get

k:i.(mcxb) = k:i.(xjx“xb) = (l{:lfn])(/@(mamb)) = (klxj)(krzx“) (ki.:vb) = (k‘@xc) (k:z-.xb).
Then

ei.(xcxb) = ei.(xjxaxb) = (ei.xj)(ki.(x“:rb)) +x; (ei.(x“:rb))
= (ej.x;) (k;.x®) (kia®) + zj (e;.a®) (ki.a®) + ;2 (e;.2°)
= (ei.(mjza)) (k:l-.:nb) + z€ (ei.xb) = (ei.mc) (ki.xb) + a:c(ei.a:b).

Other relations can be proved similarly. |

The following lemma can be easily checked by definition.

Lemma 3.5. For any m € Z we have

[m + 1]y =qlmlg+q ™ = ¢ [m]g +¢™, (3.7)
"5, ], = e o)
[m; 1} o 'y mq = q¢' 7" [m]g. (3.9)

Now we state one of our main theorems.

Theorem 3.6. The generators e;, fi, ki, /-ci_l, ielt, of qu" satisfy the relations (2.5)—(2.9)
after replacing E;, F;, K;, Ki_l by e;, fi, ki, k:i_l, respectively. Hence, there is a unique sur-
jective algebra homomorphism W : Uy(spsy,) — UqQ” mapping E;, F;, K;, KZ-_1 to e;, fi, ki, ki_l,
respectively.
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Proof. The relations (2.5) are clear. Using (3.1)—(3.6), the relations (2.6) can be easily checked.
For (2.7), we only prove the case i = j = 1, the others can be checked similarly. For any normal
monomial z¢, using (3.1)—(3.3) and Lemmas 3.3 and 3.4, we get

e1f1.a® = [a_l]qzel.xafefﬁel + A [a;} q272(“‘"+'"+a*2)61.(ng“%sfl)
q

_ [a_l]q2€1'$a—e_1+a1 A {051} q2—2(a7n+...+a_2)92 (elwa—2a_1)
q

= [afl]qz [a1 + 1]q2$a

1 _
+A ([‘“; } [a_1]g + [GQI} [al]‘F) g?Aan a2 Qg
q q

+)\2 [afl} [al} q4—4(a,n+~--+a,2)QQQZxa—Zs,l—Zsl
2 Iql 214

and

frera® = ar]p fra® 7o 40 [C;l} g?2amntta2) g (o)
q

a

= lar]@fra == 40 |

|| gttt (k7.0 (.0029)
q

= [a1]2la—1 + 1] 2"

2 ([a‘lf Y e+ 5] qu) et e-eie
q q

+)\2 |:a71i| [al} q4,4(a_n+...+a72)9292‘ra728717251'
2 141214

Using (3.7) and (3.8), we obtain

le1, f1].2® = ([a—1]g2lar + 1]g2 — [a1]2la—1 + 1] 2)2”

= (la—1]p2q®™ — [al]q2q2a—1)xa = a1 — ay]px”.

Since q; = ¢,

k 7]{:71 2(a,1—a1) _ —2(a—1_a1)
! 11 at=1 2 q72 " = [a_1 — ar]px”.
q1 — ql q- —q
Hence
ky — kit
le1, fi] = —
a —q

Consider the first Serre relation (2.8). For the case i = 1 and j = 2, we need to prove

6%62 — [2]2e1€0€1 + 626% =0.

Set e12 := [e1, e2],2. It is equivalent to show
[61, 6172](1—2 =0. (310)

By (3.1), (3.4), (3.6) and Lemmas 3.3-3.5, we get

2+a_1fa2wa+€_2781 —2a1 xa+5_1752

— [a2]qq
3—2(a—p+-+a—_2)—a1 szafslfsg

e12.2% = —[a1]qq

— Aai]qlaz]qq
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2

From Lemmas 3.3 and 3.4 and the relation kgeiks 1 — ¢=2e; which has been proved before, it is

easy to show
6172.(92117&) =y (61,2.33“) + (6162.92)(1€1k§2.$a).

Using the above two formulas and the identity

Q[al]q[al — 1]q2 — [al]qz [a; — 1]q - A [C;l}qqlf‘“ =0,

which is easy to check, we can verify [e,e1,2],~2.2% = 0 by direct computation. So the rela-
tion (3.10) holds.
Consider the first Serre relation (2.8) for i = 2,7 = 1. We need to prove

eser — [3],e3e1ea + [3]4e2e165 — erel = 0.
It is equivalent to show

[e2,[e1,2, e2]]2 = 0. (3.11)
In order to verify the first Serre relation (2.8) for j =i+ 1 and 4,5 > 1, i.e.,

eleir1 — [2]geieitie; + eirre] =0,
it is equivalent to show

[eq, [€is €ix1]qlq—1 = 0. (3.12)

It is not hard to check (3.11) and (3.12) after applying their left hand sides to z®. For |i—j| > 2,
the first Serre relation is [e;, ej] = 0, which is obvious.

The second Serre relation can be verified similarly.

This completes the proof. |

Due to the above theorem, we can realize the elements of the quantum group U,(sp,,) as
certain g-differential operators on X. In other words, X is a left U,(sp,,, )-module.

Let (H,m,n,A,e,S) be a Hopf algebra. Recall that an algebra A is called a left H-module
algebra if A is a left H-module, and the multiplication map and the unit map of A are left
H-module homomorphisms, that is,

hia=e(h)la, (3.13)
h.(a'a”) = (hay.a)(he).a), (3.14)
for any h € H, a’,a” € A, where A(h) =37 h1) ® hy).
Theorem 3.7. The algebra X is a left Uy(spy,)-module algebra.

Proof. It is sufficient to check (3.13) and (3.14) on the generators of U,(sps,), since € and A
are algebra homomorphisms. The relations (2.12) and (3.1)—(3.6) imply (3.13). Lemma 3.4,
(2.10) and (2.11) imply (3.14). [

3.2. We consider the decomposition of X' into a direct sum of irreducible Uy (sp,,, )-submodu-
les. Recall that X = ®m€No X™, where X™ is the subspace of homogeneous elements of degree
m.

Proposition 3.8. The vector space X™ is a finite-dimensional irreducible Uy (sps,,)-module with

highest weight vector ™, and highest weight me,.

Proof. The assertion follows at once from the facts that the symmetric powers of the vec-
tor representation of sp,,, are irreducible and the theory of finite-dimensional representations
of Uy(g) is very similar to that of g when ¢ is not a root of unity (see [12]), especially, they have
the same character formulas for the irreducible modules. |
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4 Positive root vectors of U,(sp,,,)

We are going to list all positive root vectors of U,(sp,,,) in Uq2". We first recall some notions.

Let m;; be equal to 2, 3, 4 when a;;aj; is equal to 0, 1, 2, respectively, where a;; are the entries
of the Cartan matrix of sp,,. The braid group B associated with sp,,, is the group generated
by elements si, ..., s, subject to the relations

SZ'SjSZ'Sj“- = 8j8¢8j8¢'-- s ) 7&],

where there are m;; s’s on each side. Lusztig introduced actions of braid groups on U,(g)
in [12, 13]. The following two propositions can be found in many books, for example [8, 10, 13],
etc.

Proposition 4.1. To everyi, i € I, there corresponds an algebra automorphism T; of Uy(spy,,)
which acts on the generators K;, E;, F; as

T(K;) = K;K; 7, Ti(E)=-FK ',  T(F)=-KE,
s

T(E) = Y (~1'G B " VEE, o i,
r=0

T;(Fy) = Z(—l)rqi_TFi(T)FjFi(iaijfT), for i # 7,
r=0

where Ei(r) = E]/[r]g,! and FZ-(T) = F]'/[r]g,!. The mapping s; — T; determines a homomorphism
of the braid group B into the group of algebra automorphisms of Uy(sps,,).

The operators T; defined by Proposition 4.1 are Lusztig’s T{Ll [13, Section 37.1.3].
Proposition 4.2. The operators T; satisfy the following relations.
1. Fori,j € I'™ with |i — j| > 1, we have
Ti(Ej) = Ej,  TiT; = TiT;.
2. For 2 <i,j5 <n with |i — j| =1, we have
Ti(Ej) = [Ei, Ejlg,  TT3(E;) = B, T = T;TT;.
3. For1<i#j <2, we have
T\(Ez) = [Er, Eolg2,  [21T2(En) = [y, [E2, Er]ge],

TT»T1(Ey) = Es, Ty T2 (Ey) = Eq, TVILT T =TTV T5Th.

The Weyl group W of sp,,, generated by reflections wy, ..., w, (corresponding to the simple
roots of sp,,,) has the longest element wy whose reduced expression is

wo =71 Yns

where v; = wjw;—1 -+ wy - - - wi—jw; (cf. [1]). Write wy = wj, w;, - - - w;,, for this reduced expres-
sion. Then

51 = @y, 52 = Wy, (aiz)’ SR BN = Wiy Wiy - 'wiN_1(aiN)

exhaust all positive roots of sp,,.
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Definition 4.3. The elements

Es =T, Ti, - -+ T

tr—1

(Eir)7 1§T§N7

are called positive oot vectors of U,(sp,,,) corresponding to the roots f3,’s.

Set

Qi = 2€; and Oy = € + €

forl1<i<mnand1l<I[<k<n. We can list all positive roots in the ordering according to the

above reduced expression for the longest element wq as follows

1.1,

a12, 022, 0_12,

023, 013, 33, Q®—13, Ot—23,
-

On—1,ns; On—2n, .-y Aln, Ann, X_1n, X-2n, ..., Xl_nn-
Write

Ei,i = Eai,i and E:I:l,k =F

Otk

It is clear that F ;1 = E and we will check in Corollary 4.5 that E,, = F; for all 1 <1i < n. Set

T, =TT_--T--T; 1T, 1<i<n.

By Definition 4.3, all the positive root vectors of U,(sp,,) associated to the above ordering

of AT are as follows, for any 1 < j < n,

Bjrj =TTy 1 (Ej),

EL]‘:T . T,y] 1TT 'E+Q(EZ'+1), for 1<i<y—1,

Ejj =Ty Ty TjTj1 - To(Ey),
E—i,j —T«/ . T% 1T Ty - -~T%(Ei+1), for 1< < J.

Lemma 4.4. For1l <i<j <n, we have

+1(E ) [ Eit1lg,
T% 1T Ty, (E; ) = Ej,
Ty T Ty T = (15T ) (T Ty) - - - (TiTia) Ty, (LT -

Proof. It is easy to see from (2.6) and (2.7) that
[Er, Bnle . K1) o =0 and  [Ey, F1] =0,
then by Proposition 4.1 and relations (2.1) and (2.2), we get

Ty ([Ea, Er]2) = [T1(E2), Ti(E1)] e = [[E1, Ea) g, —FlKl_l]q2

= —[[Br, Ba]g2, | K [ = —[[By, Fi), Bo] o K

K — Kt _
=—[1 - ,Eg} Ki'= B,

q2

Tjt1).

= s e R

N TN TN TN
O R
NN NN

N N N N
o J O Ot
 — = D
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The relation (4.6) is clear, since for ¢ > 1 we have

T, Ti(Bi) =TTy, TiTia (Ei) =TTy, (Eit1) = Ti(Eit1) = [Ei, Eitlg.

We use induction on j to prove (4.7). For j = 2, this is obvious by Proposition 4.2(3). Now
suppose that (4.7) holds for some j with 2 < j < n. Then Proposition 4.2(2) and induction

yield

T, Tjn Ty, (Ej1) = T, (T T30 T5) Ty, Tj(Ejya)
=T;T,, (T TjTj1)Ty,  Tj(Ejt1)
= TJTJ—HTWJ 1TT“/] 1(TJ+1T (Ej+1))
= TjTj1 (T, TiTy,_, (Ej)) = TjTj11(E)) = Ejpa.

To prove (4.8), we use induction on j — i. For j — ¢ = 0, we have
Ty Tjn Ty =TTy, TjTjn Ty = 11y, Tjn 1T = TjTjn Ty, TiT4
Suppose that (4.8) holds for some j —7 — 1 > 0. Then by induction, we get

Ty T Ty Tin Ty = (1T ) (TjTy) - - (T Tig2) Ty, (Tia Tigo - - - Tj1) T
= (T; Ty (T Ty) - - (Ti1 Ti2) (T, Tiia Ti) Tiga - - - T
= (TjTj42)(Tj1T5) - - (Tia Tiga)(

So (4.8) holds.
Using (4.7) and Proposition 4.2(1), we get the following corollary easily.

Corollary 4.5. For any 1 < j < n, we have
Ty Ty Ty Ty Ty () = B,

that iS, El—]}j = Eaj = Ej.

TT1+1) (LT Tiga -

Tj41).

Proposition 4.6. The positive oot vectors of Uy(sp,,) have the following commutation rela-

tions:
E1p = [E1, Es)pe

E_ij=|E_j-1,Ejl;, 3<i+2<j<n,
Eij=|Eij-1,Ejlq, 3<i+2<j<n,

4.9)
10)
11)
12)

)

—~ o~~~
= e e~
—= = =

13

Bj1j=Eji-1, Bj24le, 3<5<m,

Ejj=12" B, By, 2<j<n
Proof. Relation (4.9) is clear. For ¢ > 1, by Proposition 4.2 and the identity (4.8), we obtain
that

T%+1T+2Ti+1Tw (Eit1)

= Tit1Ti 2T, Ti1 Tiv2 Ty, (Eir) = Ti1 Tig2 Ty, Tia Ty, ([Eigo, Eivilg)
= [Ti1 15, Tiv2Tiv1 (Eiv2), Ti1 Tig 2 T4, Tip 1 Ty, (Eig1) g
= [Ti11 T, Tiq2Tiv1(Eiv2), Tiv1Tiv2(Bit1)]q = [Tiv1Ty, (Eig1), Eiyalq

So Proposition 4.2, (4.4), (4.8) and the above formula show that for 1 <i < j —1

E—i,j :Tw T’YJ 1T FARE Ti(Ei-i-l)
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(T, -+ Ty o) (T T Ty -+ Ti1) T (Eigr)
(Tyy -+ Ty o )(Tja ) - - - (Ti2 Tig3) (Tiga Tig2) Ty (Tier -+ - T3 T5) T, (Eiiga)
= (T, - 'ij_z)(Tj—lTj) (Tig2Ti43) T T, Tipo Tia Tig 2 T, (Eir)
= (T -+ Ty )T Tj) - (Tiw2Tin3) T Ty Tir Ti2 Tipr Ty, (Eiy1)
= (T -+ Ty ) (TjaTy) - - - (Tis2Tig3) T, z+2Tz+1Tz(Ez'+1)
(T, -+ Ty )(T5aTy) -+ (Ti2Tig3) [Tia T, (Eig1), Eiralg
(T, -+ Ty o) [Tj1 - Ti2Tia T3, (Ei), (T51T5) - - - (Tis2Tir3) (Eig2)]g
= [T’Yl o 'T’Yj721—.‘7*1 ’ "Ti+2Ti+1T¢(El+l) E; ]q - [E* i,j— 1,E]]

Hence the relation (4.10) holds.
For j =i+ 2, the relations (4.2) and (4.6) yield
Eiivo =Ty - Ty Tivo(Eip1) = Ty, -+ T, ([Bigr, Bigolg) = [Eiiv1, Biyolg-

Yi+1

For j > i+ 2, by (4.2), (4.6) and (4.8), we have

Eij =15 - 'TWJ 5T ‘Ti+2(Ei+1)
=Ty Ty, (T3 T5)(Tj—2Tj—1) - - - (Tiw2Ti3) Ty Tiwz - - Tja T (Ei1)
:Tw ij ( Jj— IT)(TJ 2T ) (TH—2Tz+3) %+1 (Ez—i-l)
=Ty 15, (T 1T)(Tg 2T 1) (Tir2Tigs) ([Eiga,s z+2] )
:[T ’ Tw 2T lT =2 z+2(Ez+1) ] [ 3,j—1 ]

So the relation (4.11) holds.
For j > 3, using the relations (4.1) (4.4) and (4.11), we have

Ej1j="Ty T (Ej) =Ty - Ty, ,Tja Ty, T (Ej)
=15 - "T’ijzT 1T’Y ([Ej 1s ] )
= [T’Yl"'T’Yj72TJ TWJ 2(E ) : T T (Ej)]q
= [Barjj1, Ty - Ty, ([, ] )]q = [Ej—lv[T%"'ij—Q(Ej—l)ij]q]q
= [Ej-1, [Ej-24-1, E]]q}q = [Ej-1, Ej-2,lq-
That is, the relation (4.12) holds.

It is easy to check that ThT), = T4, Ty for any i € I, so for j > 2, using (4.2)—(4.5) and
Proposition 4.2(3), we obtain

Eij;j=T," T% Ty - To(Fy)
= 20,1y, - Ty, TjTj—1 -+ T3([Ea, [E2, B 2])
:[2];1[T71 Ty, TjTj1 - T5(B2), Ty, -+ Ty, TTjo1 -+ T5([E2, By )]
= [2];1[E1»J"T’Yl Ty 1T 'T3([E2’E1]q2)]
= [2];1[E17j7TW2”'T% TiTi1 - Ty (B, Bl ge)]
=20, [Bry Ty - Ty TiTj—1 -+ - T5(E2)]
= (2, [Erj, Ty, - Ty, TiTj—1 - - - TsTW T Ty ()|
=20, [Bry Ty -+ Ty, T - TsToT1(Es)] = [2], ' [Ev, Eoj)-

This proves (4.13). [

Remark 4.7. By Proposition 4.6, we can perform a double induction first on ¢ then on j with
1 <4 < j < n to obtain all the positive root vectors F; ; from simple root vectors.
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5 Realization of positive root vectors of U,(sp,,)

In order to realize all the positive root vectors of U,(sp,,) directly and concisely as certain
operators in Diff(X), we introduce some new operators.

Definition 5.1. For i € I, set

- i
Ao =Tpy1 = Top—1:=1, A= H I A= Hﬂj,
=i =
D_; = MiT__Z'l_la—iv D=1 1A 105,
Xy = p ey, Xip = Ay,

and
q)o = 0, \Ifn+1 = 0,
i . . n . .
P, .= qu_ZAi_lgfj@j, U, = Tzizq]_ZT:f.%ij%jR,
J=1 Jj=1
Xy =" N (X iy + M2 0i19;).
Then we get
Uy = X_i, Xip + 941, (5.1)
P, = A?_lgfigi + q_l(I),L;L (52)

The commutation relations in the following three lemmas will be used frequently in this
section.

Lemma 5.2.
1. Fork,l eI andi€ I™, we have

—0i.k

Opp = Dy, Xiphr = ¢ O uXin, X =q 0 X,

2. Fori,j eI withi < j, we have

g’iv@—i]q — [%ZRaf—ZL] — 07
X, Dilg=[D-,Xi,]q = 0.
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4. Fori € IT, we have
DiXip = A (AP0 = 1), XipgDi=q\ (i - 1),
DXy, = AT (PR 1), X, @ =xT1(u? 1),
Then

[Qia-%iR] = q2,UJ127 [QiaxiR](ﬂ = q27 [%zR,Q ] _17
[@,i,f{,iL] = un—za [ina%*iL]qQ =4q, [:{7”‘,@71‘][1_2 = 7q_1'

Proof. Applying both sides of each identity to any normal monomial x%, using (2.17) and
Definitions 3.1 and 5.1, we can obtain these commutation relations. |
By Definition 5.1, Lemmas 2.1 and 5.2 and (5.2), it is easy to check the following lemma.
Lemma 5.3. The operators ®; and V; satisfy the following commutation relations.

1. ForieI" andt,k,l € I with |t| <i and |k| > i, we have
(W5, ] = [@i, k] = 0,

(Wi, pklg—1 = s, p1]q = 0,
(Wi, ptil -1 =[P4, pixilq = 0.

2. Fori,j € IT withi < j, we have

(D4, Vjlq = [D-i, ¥j]g-1 =0,
-1 = (¥, Xiplg =0,
= [®;, X;jplg = 0.

3. Fori,j € IT withi<j, we have

(@i, Dj]g-1 = [®i,D—;]q =0,
(Wi, X, D,11) = —¢ 2,727 13571 1. X,
[\I/iyx—j—lLCD— | = q]+1 ' 2 —j— 1%—1 1. %R
50
(Wi, X, Dj41] = q[¥4, X—jo1, D] (5.3)
4. Fori e I™ we have
D’Lv \Ijl]q - q%—’LLa (54)
\I/u%—zL]q - 0
zR]q = qQAQQ*U

i, X
i, X lL]q—1 :Ai 1:“’ i
X oip)g = AL — AT X, @iy

5. Fori k € I, we have

Dk, Dk, Wil gy = 0. (5.5)
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From now on, Lemma 2.1 is frequently used without extra explanation.
Lemma 5.4. The operators X_;,, for i € I'" satisfy the following commutation relations.

1. ForieI", k,l €I with |k| <i and |l| # i, we have

X i k] = [Xipspun=y] = [Xip pinZ;], = 0. (5.6)

2. Fori € I, we have

[Q“%—i}%]q = [%—iRP%—Z'L] =0,
(X_ins XipDiv1lg = CXim1y — PN i X,
[%_iR’ %—i—ng—i]q = _qi+2A2,iH22%_i_1L .

3. Fori,j € I withi< j, we have

[:{iRv }:—jR] = [x—jRﬂ :{—iL]q =0, [inx—le = [:D—ivx—leq =0. (5'10)

Proof. Using Lemmas 5.2 and 5.3, we can prove this lemma directly. We only show (5.8) for

example. For i € I'", by definition of X¥_;,,, Lemma 5.2 and (5.1), we have

i, XipDitalg = [0 A (17X i, + M2 0i1D5), X1y D],
= q'AT (X iy, XipDir1], + g AN (121D, XipDit1],
= "N (X i, Xig Dy + AN [P0, X Dt
=0+ ¢ A [(Xim1, Xip1, + i1 Vig2) D, %iR@iH]q
= ¢ MEX 1, (X 1,901 — XipgDip1Xi41,9:)
+ ¢ TIANE T 0[D;, XigleDiv1
= ¢ AMZX 1, (DiXip Xiv1,Di1 — XiyDiDi11Xiv1,)
+ ¢T3N U 0D
= ¢ M2 X1, (D4, Xip)Xi 1,001 — XipgDi[Dig1, Xig1])
+q A 0D
= ¢ N2 Xy (0 (i — 1) — (1 = Vi) + 4P 00D
= ¢ (e — )Xo, @A 0D
=X i1, — TN X,
that is, (5.8) holds. [
Corollary 5.5. Fori,j € I with i < j, we have
[X_jr: [Dj, Wilg] = 0. (5.11)

Proof. For 1 <i < j <n, Lemma 5.2 yields

n
[0, Wily = D5, 72 Y a" TRy Bayy | =72 4 TITID Xk, Bl
k=i q k=i
7j—1
= _)\Tzi Z qk_ZT:lgfkakagj + qj—z—lTEiT:jQx_jL [@j, ij]zF
k=i



Realization of Ug(sp,,) within the Differential Algebra on Quantum Symplectic Space 17

7j—1
_ k—i_2 _—2 j—i+1,_2 __—2
_—)\E q ZTfiT_k%_kL%kRQj-i-q] ¢ T,Z-T_j:f_jL,
k=1

then by (5.6), (5.7) and (5.10), we have

7j—1
[X—jrs (D), Wilg] = —A Z CIIHTEJ__;? [X—jrs Xk X D] + qjinrsziT—_]? [X—jr> X—j,]
‘77 .
=—A Z qk_ZTEiT:lg [X—jrs X—kp)eXkz D5 =0,
k=i
that is, (5.11) holds. |

We are now in the position to realize all the positive root vectors Ey; ; of Uy(sps,) as e+ ;
in Diff(X).
Definition 5.6. For i,j € I with i < j, set
€—ij = (_1)i+jq_2(xiR©j - [Qja \I/i—l-l]q@—i);
€ii = [2];1717__11 (X—in®i + ¢ 2[4, 11]495),

eij = (=1 T (X, D5 + ¢ 1 X, (@0, X5, ]g)-

The next lemma says that the operators which realize the simple root vectors of U,(sp,,,)
defined in Definition 5.6 coincide with those defined in Definition 3.2.

Lemma 5.7. e 1 =e1 and e1—;; = ¢; for 1 <i < n.

Proof. From (2.20), it is easy to show that

n
a _ —1 2 j—i—2_—24 . _a
Oz =71 117, g q T_jf{_]L.'{JR.x

j=i

for any normal monomial z%. Then it yields from (2.19) that

n
Tjp = TlT:ilu?Alfi.%fiL + AT17T_1 Z q]_z_lT:]Z}:ij%jRQi
J=i+1
= TlT__Z'l,Ungl—i:{—iL + )\TIA—iT__Z‘l_l\IJi-i-l@i-
Write e; in terms of the new operators defined in Definition 5.1. By (5.4), we get

er =2 ¢ it (r e, + Py a1, )0

= [2](1 17-__11 (qilz{—lL + qu%%_u + qAN%1W2©1)71©1
=2 T (7 Xy, + X1,) D1 = (20, T (072D, Ualg + Xo1,) D1 = enn,
and for i > 1
€ = i1ty T 4T O — T @150 =q "X D1 —q X 1,D;
=q ([0, V] D1 — Xic1,90:) = €114

This completes the proof. |

Proposition 5.8. The commutation relations (4.9)—(4.13) remain valid if E is replaced by e.
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Proof. (1) To prove ej2 = [e1, e2],2, we compute the following four brackets first. By (2.3),
(5.1), (5.8), (5.9) and Lemma 5.2, we get

(X151, X1, D22 = X101, X1,D2] + ¢[X 15, X1,D2]D1
=X 1,01, X1,] 202 + CI(QQX 2R — q"A\2 X s, ) Dy
=X 1,02+ X 9,01 — ¢°p X0, D4
= ¢ (uiX_1, + M2 09D1) Do + 3 X0, D1 — PpZ 13X 2, D4
= iX 1,00+ QZMQ (X, X2, + qu? 9 U3) DDy
+ ¢ X 9,01 — ¢ i X 2, D1
= CuiX 1, Do+ @l (13 — 1) X 9, D1+ ¢ A2 112, V309D
+ X 9,01 — ¢ X 0, D1 (4.9'a)
= X 1,00 — p2 X 0,01 — Cpd i X2, D1 + ¢7[2]X 2,01,
[071 % 1,00, X1, 5] o = g7 X1, D1, X1l nD2 = AR, (601 — 1) — ¢ (47 — 1)) D2
=qX_1, (" +1 - ¢u})D2 = q(q[2)g — °p3) X -1, D2
= ¢*[2]gX 1,92 — ¢* X1, Do, (4.9'D)
(X 1,01, g% 2,9 1] = —qX 1,[01,X 2,0 1] — X 15, X 2,D 1]
= =X 1, %X 2, [D1,D ]y + ¢ p2 X 2, Dy

= p? X, D1, (4.9'c)
[¢7'%_1,D1, —q%—zL@—ﬂqz = —q[X_1,,X 2,D1];D1 = —¢*X_2,[X_1,,D1]D1
= @X 9, 421D = Pt X 2,0 (4.9'd)

It is easy to see that

le1, e2]g2 = [e11,e-12]p2 = —q—2[2];1717:11[3€_1R©1+ g X1, D1, %1,D2— qX_2,D_1] 2
So from (4.9'a)—(4.9'd), we obtain

le1, €]z = T (X1, D2+ X 9,D1) = €12

(2) To prove e_;; = [e—;j—1,€5]q for 3 < i+ 2 < j < n, we compute the following four
brackets first. By (2.4), (5.3) and Lemma 5.2, for 3 <i+ 2 < j < n, we get

[XipDj-1,Xj-1,9lg = Xip[Dj-1, Xj-1,9jlq
= %' [33] 1,.’{3‘ 1R] 2©j = QQ:{iR@j, (4.10’&)
H@j—la H—l] KD—“:{J 1R© ]q = [[9] 17\I’i+1]q7:{j—139j]q©—i
= [Dj-1, [Wit1, Xj—1,D;]]2D—i + [[Dj-1, Xj—1,D}]g, Yit1]¢D—i

[ Jj— 17[ it1, X Jj— 1R© H 2D + ng—h:{j—lz«z]tf@jv \Iji-i-l]q@—i
[QJ 1, [ z+1, G— 1R© H 2D, +q [@j, \I/i+1]q®7i, (4.10/b)
[XipDj-1,a%X—j, D1-j]g = q[XiyDj-1, X, D15 = 0, (4.10°c)

[D)-1,Wit1]¢®—i, ¢X—j, D1-5lq = [Dj-1, Vit1lg, ¢X—j, D110
=q[Dj-1,[Yit1, X, D1-;]]2D—i + q[[Dj-1, X, D1-5]q, z+1] D
=01, Vi1, Xj-1,9;]]2D—i + q[[Dj-1, X [ D15, Viy1]gD
= D)1, Wi, Xj1, 0,02 (4.10d)
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From (4.10'a)—(4.10'd), it is easy to see that

le—ij—1,€jlq = [e~ij—1,€1-j4lq
= (=)™ g X Djo1 — [Dj—1, Vir1)gD—i, Xjm1,D; — X —j,D1-4]q
= (1) g2(X,,D; — [0, Vis1]gD—i) = e_ij.

(3) To prove e; j = [e; j—1,€j]q for 3 <i+2 < j <n, we compute the following four brackets
first. By (2.2), (5.8), (5.9), Lemmas 5.2 and 5.3, for 3 <i+2 < j < n, we get

[X-i,Dj1,Xj-1,D]g = X-iy [Qj_hxj_lR]qQ@j =X, 9, (4.11a)
[Z kS il ®ir Xeip ], X 1R©] =q" [%ij%jflRQj}q[q)h%fiL]q
=q (X, — qj+2A%fjuj71%—jL)[(bi7x_l'L]q

S AR S [ T S PEvias Ay G T S [ TN ) (4.11'b)
[X—i,Dj-1, =X, D1-5]q = —aX i, X [Dj-1,D1-5]¢ = 0, (4.11'¢)
[0 X1 (@i Xy lgy =X, 1], = =0 (X1, X—j, D151 @i, X g

= quHA%ij?fl:{—jL (@5, X—i,]q- (4.11d)

From (4.11’a)—(4.11'd), it is easy to see that

leij—1,€lg = (=1 g2 mr (X, @1+ ¢ B[00, X ] Xjm1,95— ¢X—j, D1-j]g
lq)

= (1) T (X, D5 4 ¢ TR [0, X, ]g) = e

(4) To prove ej_1; = [ej—1,€ej—2,|q for 3 < j < n, we compute the following four brackets
first. By (2.2) and Lemmas 5.2-5.4, for 3 < j < n, we get

[Xj—2,9j-1, %2, Dj]g = ¢ ' [Xj—2,, X2—j,D;] 2D, 1
= q X2, X2, 14001 =0, (4.12'a)
qj_3[3€j 21201 X @2, Xajy Jalg = € 72X (Xm0, (@2, Xajy, 1] D
@R[ 92, Xjm2p)g Xag ) @D = — @ T X [AT 5D, Xy, ] 0D

= —q]_lA?—ﬁm [D2-j, Xo—ji ]2 D1 = —¢’ AT X, D1, (4.12'b)
—q[X1-j,Da—j, Xo—j, Djlg = —q[X1-j,D2—j, Xo—j, 14D
= —qX1-j, [D2-j, X2, |2 D; = —¢*X1-5,D;, (4.12'c)
T2 X1y Do, X [®j2, Koyl = 0 TP X [X1y, Doy, [ @2, Ko ],

— _qj72x—jR%1_jL [@2_]', [(bj—27 %2—jL]Q]q
_ qj71%—jR%1—jL [Q)j_27 [%2_jL7©2_j]q—2]q2 — qu]'%—ijl—jL [(I)j—Qa _qil]qQ
N T @y (4.12'd)

From (4.12'a)—(4.12'd), it is easy to see that

[ej—1,€j-2,lq
= (—1)7q7 177 [Xj-2,Dj-1 — 4X1-j, D2, Koy, D) + ¢/ X[ @0, Koy, o],
= (1T (X, D5 + @ P E L (AT 9D — Mg Xy, Py2))
= (1T (X, D5 + @R[, Xy )e) = eo1ge
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(5) To prove e;; = [2],e1,5,e1,] for 2 < j < n, we compute the following four brackets
first. By Lemma 5.2, (5.1), (5.5) and (5.11), for 2 < j < n, we get
(X195, %1,9;] = q_l[%—lu le]QQ? = _)\x_lelR@?7 (4.13'a)
—[X-1,9;,[0;, Wa]g® 1] = —¢7 [Xo1,, [0, W2]yD-1]¢D; = —[D;, Yal[X-1,,D-1]D;
= g4 [D5, ¥2]D; = qp? 1[5, ¢ pT (V1 — X1, X1,)]4D;

= [D;, V1]¢D; + AX_1, %1,D7, (4.13'b)
X n D1, X1,9;] = X, [01,%1,D,]y = X [01, X1,]2D; = XD, (4.13c)
—[X—jp D1, [0, Vo]¢D 1] = —q[X_j,, [Dj, Yol¢D-1]-1D1

= —q[X_jp, [Dj, V2]g]D 191 = 0. (4.13'd)

It is easy to see that

[eljj, 6_17]'] = (—1)i+jq72 [TlT__ll(:f_lL@j + f_jRgl), %1}1@]' — [@j, ‘Ifg]qu—l]
(—1)i+jq727'17':11 [x—lL:Dj + :{—jRglyleQj — [@j, \I’Q]q@_l].

So from (4.13'a)—(4.13'd), we get
e e—15] = (D)™ T (X505 + 472D, U1]4D;) = [2]ge;-
We complete the proof. |

Hence, we can obtain the operators e4;; from e; by the same inductive formulas that we
used to get F4; ; from E;. In other words, all the positive root vectors E; ; of Uy(sp,,) can be
realized by the operators e; ; in the subalgebra Uz" of Diff(X).
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